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SUMMARY

In general, the damping matrix of a dynamic system or structure is such that it can not be simultaneously
diagonalized with the mass and stiffness matrices by any linear transformation. For this reason the
eigenvalues and eigenvectors and consequently their derivatives become complex. Expressions for the
first- and second-order derivatives of the eigenvalues and eigenvectors of these linear, non-conservative
systems are given. Traditional restrictions of symmetry and positive definiteness have not been imposed
on the mass, damping and stiffness matrices. The results are derived in terms of the eigenvalues and
left and right eigenvectors of the second-order system so that the undesirable use of the first-order
representation of the equations of motion can be avoided. The usefulness of the derived expressions
is demonstrated by considering a non-proportionally damped two degree-of-freedom symmetric system,
and a damped rigid rotor on flexible supports. Copyright © 2001 John Wiley & Sons, Ltd.
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1. INTRODUCTION

The characterization of eigenvalues and eigenvectors constitutes a central role in the design,
analysis and identification of linear dynamic systems. As a result, the study of the variation of
the eigenvalues and eigenvectors due to variations in the system parameters, or more precisely
the sensitivity of eigensolutions, has emerged as an important area of research. Sensitivity of
eigenvalues and eigenvectors with respect to some system parameters may be represented
by their derivatives with respect to those parameters. In one of the earliest works, Fox and
Kapoor [1] gave exact expressions for the first derivative of eigenvalues and eigenvectors with
respect to any design variable. Their results were obtained in terms of changes in the system
property matrices and the eigensolutions of the structure, and have been used extensively in a
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wide range of application areas of structural dynamics. The expressions derived in Reference
[1] are valid for symmetric undamped systems.

However, it is well known that in many problems in dynamics the inertia, stiffness and
damping properties of the system cannot be represented by symmetric matrices or self-adjoint
differential operators. These kinds of problems typically arise in the dynamics of actively
controlled structures and in many general non-conservative dynamic systems, for example—
moving vehicles on roads, missile following trajectories, ship motion in sea water or the
study of aircraft flutter. The asymmetry of damping and stiffness terms is often addressed in
the context of gyroscopic and follower forces. Many authors [2—5] have extended Fox and
Kapoor’s [1] approach to determine eigensolution derivatives for more general asymmetric
conservative systems. For these kinds of systems, Nelson [6] proposed an efficient method
to calculate the first-order derivative of eigenvectors which requires only the eigenvalue and
eigenvector under consideration. Murthy and Haftka [7] have written an excellent review
on calculating the derivatives of eigenvalues and eigenvectors associated with general (non-
Hermitian) matrices.

The work discussed so far does not explicitly consider the damping present in the system.
In order to apply these results to systems with general non-proportional damping it is required
to convert the equations of motion into state-space form (see Reference [8] for example). Al-
though exact in nature, the state-space methods require significant numerical effort as the size
of the problem doubles. Moreover, these methods also lack some of the intuitive simplicity
of the analysis based on ‘N-space’. For these reasons the determination of the derivatives
of eigenvalues and eigenvectors in N-space for non-conservative systems is very desirable.
Note that unlike undamped systems, in damped systems the eigenvalues and eigenvectors, and
consequently their derivatives, become complex in general. Recently, some authors have con-
sidered the problem of the calculation of first-order derivatives of eigensolutions of viscously
damped symmetric systems. Bhaskar [9] has obtained the derivative of eigenvalues using
a first-order formalism. Lee ef al. [10, 11] have proposed a similar approach to determine
natural frequency and mode shape sensitivities of damped systems. Recently, Adhikari [12]
derived an exact expression for the first-order derivative of complex eigenvalues and eigen-
vectors. The results were expressed in terms of the complex eigenvalues and eigenvectors
of the second-order system and the first-order representation of the equation of motion was
avoided. Later Adhikari [13] suggested an approximate method to calculate the first derivative
of complex modes using a modal series involving only classical normal modes.

First-order derivatives are useful for practical problems as long as the perturbations of
the system parameters remain ‘small’. To consider a wide range of changes in the design
parameters the linear approximation associated with the first-order derivatives may not be suf-
ficient. Apart from large perturbations of system parameters, Brandon [14] has shown that the
second-order eigensolution derivatives are not negligible compared to the first-order derivatives
when the system has closely spaced natural frequencies. Second-order eigensolution deriva-
tives are also required in design optimization to calculate the so-called ‘Hessian Matrix’. For
these reasons there has been considerable interest in obtaining the second-order derivatives
of the eigensolutions. Plaut and Huseyin [3] gave an expression for the second derivative
of the eigenvalues for asymmetric systems. Rudisill [5] suggested a similar expression for
the second derivative of the eigenvalues and went on to derive the second derivative of
the eigenvectors. Brandon [15] derived the second derivative of the eigenvalues and eigen-
vectors for the case when the system matrices are linear functions of the design variables.
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Chen et al. [16, 17] derived the second-order derivative of eigenvectors in terms of a series
in the eigenvectors. Friswell [18] proposed a method, similar to Reference [6], to obtain the
second-order derivative of the eigenvectors which employs only the eigensolutions of inter-
est. Most of the methods discussed so far do not explicitly consider damped systems. In
order to apply these results to obtain the second derivatives of the eigensolutions of general
(non-proportionally) damped systems, the state-space formalism is required.

In this paper, the first and second derivatives of the eigenvalues and eigenvectors of linear
asymmetric non-conservative systems are derived in N-space. It is assumed that, in general,
the damping matrix cannot be diagonalized simultaneously with the mass and stiffness matrix
by any linear transformation and that the system does not possess repeated eigenvalues. In
Section 2, we briefly discuss complex eigenvalues and eigenvectors of asymmetric linear multi
degree-of-freedom discrete systems. The first-order derivatives of the complex eigenvalues are
derived in Section 3. The result is expressed in terms of the corresponding right and left
eigenvectors and the eigenvalue of the system. In Section 4 the first-order derivative of the
right and left eigenvectors are obtained. The derivation uses the first-order representation
of equations of motion and then relates the first-order eigenvector derivatives to the right
and left eigenvectors of the original system. Joint second-order derivatives of the complex
eigenvalues with respect to two design parameters are derived in Section 5 in terms of the
first-order derivatives of eigenvalues and eigenvectors obtained before. In Section 6, second
order derivatives of right and left eigenvectors are obtained. A symmetric two-degree-of-
freedom non-conservative system is considered in Section 7 to illustrate the usefulness of a
special case of the derived expressions. A rigid rotor on flexible supports, subject to gyroscopic
effects, is used as an example of an asymmetric system.

It should be highlighted that only systems with distinct eigenvalues are considered in this
paper. The eigensystem derivatives of conservative systems with repeated eigenvalues have
been considered in depth [19—-22]. Even for conservative systems, the derivatives with respect
to more than one parameter do not exist, in general. The physical reason for this is that small
perturbations to the parameters often cause the eigenvalues to become distinct. Unfortunately,
these distinct eigenvectors are usually not consistent for different parameters, leading to the
notion that only certain sets of parameters are permissible [21, 22]. There is a further difficulty
for damped systems. It has recently been shown that if a unit rank change in the viscous
damping matrix of a proportional damped system leads to a repeated eigenvalue (that was
not an eigenvalue of the original system), then the modified system will defective [23]. A
defective system does not have a full set of eigenvectors, and thus calculating the eigenvalue
and eigenvector derivatives for such a system is clearly unreasonable. Recent research has
demonstrated that higher rank modifications to the damping matrix also produce defective
systems [24]. Because of these difficulties it will be assumed, in this paper, that the eigenvalues
are distinct.

2. COMPLEX EIGENVALUES AND EIGENVECTORS

The equations of motion describing the free vibration of a linear, damped discrete system
with N degrees-of-freedom are

Mii(¢) + Ci(¢) + Ku(t) =0 (1)
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where M, C and KeRY*" are the mass, damping and stiffness matrices, respectively,
u(t) € RV is the vector of generalized co-ordinates, and ¢ € R* denotes time. The traditional
restrictions of symmetry and positive definiteness are not imposed on M, C and K, however,
it is assumed that M~ exists. Taking the Laplace transform of Equation (1) and without loss
of generality, assuming all the initial conditions are zero, we have

s*Mii + sCii + Kii =0 2)

Here, @ is the Laplace transform of u(z), s =iw with i=+/—1 and w € R™ denotes frequency.
The eigenvalues s; associated with Equation (2) are the roots of the characteristic polynomial

det[s"M + sC + K] =0 3)

The order of the polynomial is 2N and the roots appear in complex conjugate pairs. For
convenience in this paper, we arrange the eigenvalues as

* ok *
815825 cevsSNsSTs855--sSn “4)

where (e)* denotes complex conjugation. The right eigenvalue problem associated with the
above equation can be represented by the A-matrix problem [25]

S}ZMUJ+S]CUJ+KUJZO, ijl,,N (5)

where s; € C is the jth latent root (eigenvalue) and u; € CV is the jth right latent vector (right
eigenvector). The left eigenvalue problem can be represented by

SVM+5v/C+v/K=0", Vj=1,....N (6)

where v;€C" is the jth left latent vector (left eigenvector) and (e)" denotes the matrix
transpose. When M, C and K are general asymmetric matrices the right and left eigenvectors
can easily be obtained from the first-order formulations, for example, the state-space method
[26] or Duncan forms [27]. Equation (1) is transformed into the first-order (Duncan) form as

A3(t) + B3(1)=0 (7)
where .o/, 8 € R*V*2V are the system matrices and 3(z) € R?V is the state vector given by
[c ™ [K O ()
&i—[M O], @_{O M} and 3(1‘)—{1.1(0} ®)

In the above equation O is the N x N null matrix and Iy is the N x N identity matrix. Taking
the Laplace transform of Equation (7) we obtain

s.od7+ Bi=0 )

Here, 7 is the Laplace transform of 3(¢). The right eigenvalue problem associated with
Equation (9) can be expressed as

sjd1; + Bz, =0, Vj=1,...,2N (10)

where s5; € C is the jth eigenvalue and z; € C?V is the jth right eigenvector which is related
to the jth right eigenvector of the second-order system as

(3]
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The left eigenvector y; € C*V associated with s; is defined by
5y A +y B=0 (12)

Assume that the left eigenvectors y; can be expressed by

)Yy 13
Y { Yzf} (13
where yy;,y2; € CV. Substituting y; into Equation (12) and simplifying, the following equations
may be obtained:

5i(yi,C +y,;M) +y; ;K = 0

; . (14)
syuM = y,M
Elimination of y; gives
yi; [§M+5C+K]=0 (15)

By comparing this with Equation (6), one obtains y;; =v;. Since it has been assumed that M
is non-singular, from the second equation of (14), y2; =s;v;. Thus, the left eigenvectors of the
first-order system can be related to those of the second-order system by

v} e

For distinct eigenvalues it is easy to show that the right and left eigenvectors satisfy an
orthogonality relationship, that is

Y Az, =0 and y'Bz,=0, Vj#k (17)

The above two equations imply that the dynamic system defined by (7) possesses set of
biorthogonal eigenvectors with respect to the system matrices. Premultiplying Equation (10)
by y; one obtains

)Z-T%zj:—sj)f&fzj (18)
The eigenvectors may be normalized so that
1
Y Az = (19)

Vi
where y; € C is the normalization constant. In view of the expressions of z; and y; in Equations

(11) and (16) the above relationship can be expressed in terms of the eigensolutions of the
second-order system as

1
v [25M + Clu; = > (20)
J

There are several ways in which the normalization constants can be selected. The one that is
most consistent with traditional modal analysis practice, is to choose y; = 1/2s;. Observe that
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this degenerates to the familiar mass normalization relationship v/Mu; =1 when the damping
is zero. It should be noted that y; will be assumed constant and should not vary with the
design parameters. If y; =1/2s; then 7; should be fixed, based on the baseline model.

The normalization in Equation (20) is insufficient and the eigenvectors are not unique to
the extent of an unknown scalar multiplier. Normalizing u; and v; so that their norms are
equal is insufficient since the eigenvectors may be multiplied by any complex scalar of unit
modulus. The normalization approach adopted here was described by Nelson [6] and Murthy
and Haftka [7]. For the jth eigenvector pair the eigenvectors are normalized so that the n;th
elements are equal. Thus,

{uj}n_/ = {Vj}n/ (21)

where {e}; denotes the jth element of a vector. n; is chosen so that the corresponding elements
of the eigenvectors are as large as possible. Thus,

W [V 3y | = max|{u; 3 [[{V; 1| (22)

The first-order formulation described above, although exact in nature, requires significant
numerical effort to obtain the eigensolutions as the size of the problem doubles. Moreover, this
approach also lacks some of the intuitive simplicity of the analysis based on ‘N-space’. For
these reasons, the determination of eigenvalues and eigenvectors in N-space for asymmetric
non-conservative systems is very desirable. Ma and Caughey [28] (see Theorem 3) have
shown that in the special case, when M~!'C and M~'K commute, the linear asymmetric
non-conservative system (1) can be decoupled by an equivalence transformation and hence
the N-space method can be used. But in general, linear non-conservative systems do not
satisfy this condition and some kind of approximate methods have to be used for further
analysis. Meirovitch and Ryland [29] and Malone ef al. [30] used a perturbation method
to determine the eigensolutions of gyroscopic systems. Recently, Adhikari [31] proposed a
Neumann series-based method in which the (complex) right and left eigenvectors of the
non-conservative systems are expressed as a series in corresponding undamped eigenvectors.
Adhikari’s method can be used to obtain the complex eigensolutions up to any desired level
of accuracy without using the state-space formalism. This motivates us towards developing
procedures to obtain the eigensolution derivatives in N-space.

We suppose that the variation of interest in the structural system defined by Equation
(1) can be described by a set of m parameters (design variables), g={g1,92,-..,9gm}' € R",
so that the mass, damping and stiffness matrices become functions of g, that is M, C and
K:g— RN, Consider two arbitrary elements of the design vector g, say g, and g4. For
convenience, the notation (e),=0(e)/dg, and (e) 5= 0%(e)/0g, g, is used. Our aim is to
obtain the first and second derivatives of the eigenvalues s;, right eigenvectors u; and left
eigenvectors v; with respect to any arbitrary entries of the design vector, or more precisely,
want to obtain the expressions for s;,, Wy, Vi Sjap, Wisp and v;,p.

3. FIRST-ORDER DERIVATIVES OF THE EIGENVALUES

In this section, we will derive an expression for first-order derivative of the complex
eigenvalues of asymmetric non-conservative systems. For notational convenience rewrite
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Equations (5) and (6) as

Fu;,=0 (23)
and
vaFj =07 24)
where the regular matrix pencil
F,=F(s;,g)= [ssz +5C+K]ecVV (25)

Differentiating Equation (23) with respect to g, one obtains
F,u;+Fu;,=0 (26)
where F;, is equivalent to 0F;/0g,, and may be obtained by differentiating Equation (25) as
E.=F +5.6; (27)

Here the terms F;, and G, are defined by

Fj,a = 5_'/'2M,oc + SjC,O( + K,az

(28)
G; = 25M+C
Premultiplying Equation (26) by v/ one obtains the scalar equation
v Eu;=0 (29)

since vaFju ;» =0 from Equation (24). Now substituting F;, from Equation (27) into the above
equation we obtain the expression for derivative of the jth complex eigenvalue as
vVE.u  v[$M, +5C, + K]

B _ 30
& VASLY v/ [25M + Clu; (30

The derivative of a given eigenvalue requires the knowledge of only the corresponding eigen-
value and right and left eigenvectors under consideration, and thus a complete solution of the
eigenproblem is not required. Equation (30) can be used to derive the derivative of eigenvalues
for various interesting special cases:

1. Symmetric conservative system [1]: In this case, M=M", K=K" and C=0 results
in s;=iw; where w; €R is the jth undamped natural frequency and v; =u; € RV. Thus,
from Equation (30),

uT K — (,{)ZM u;
_2iwji@,1:(w)#: J[ ,zuTM_:lj “] ¥
J

(1)

which is a well known result.
2. Asymmetric conservative system [2, 3]: In this case, C=0, and hence u; e RY, v, e RV
and Equation (30) reduces to

v/ Ky — oM, ]u,
(a)jz),d = vaM:lj

(32)
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3. Symmetric non-conservative system [9, 12]: In this case, M=MT, K=K" and C=C"
results in v; =u; and reduces Equation (30) to
u} [S}zM’a + SjC)l + K,x] llj

A = —
/ u;r[ZS]M =+ C]uj (33)

Following a similar approach the derivatives of the eigenvalues of undamped and damped
gyroscopic systems can also be obtained as special cases of Equation (30).

4. FIRST-ORDER DERIVATIVES OF THE EIGENVECTORS

For asymmetric systems, we need to obtain the derivatives of both right and left eigenvectors.
At this stage, it turns out to be useful to perform the calculations in state-space and then relate
the results to the right and left eigenvectors of the second-order system. Thus, the derivatives
of the right and left eigenvectors of the first-order system with respect to some design variable
g, will be determined at first.

It is convenient to rewrite Equations (10) and (12) in the following form:

#z;=0 (34)
and
y % =0 (35)
where the complex matrix pencil 2 is defined as
P, =5/ + B CN*N (36)

Differentiating Equations (34) and (35) with respect to g, one obtains

P+ P2, =0 (37)
and
Y Pty =0" (38)
where from Equation (36),
Py =S8 oA +Sj4+ B, (39)

In the above equations, z;, and y;, denote the derivatives of the right and left eigenvectors
with respect to g, that we want to obtain.

Because it has been already assumed that the system has distinct eigenvalues, the right and
left eigenvectors form a complete set of vectors. Thus, we can expand z;, and y; , as complex
linear combinations of z; and y,, for all /=1,...,2N. Thus an expansion of the following
form is considered:

N
Zin =) a4 L (40)
=1
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and

2o
Yj,a:;bjl yi (41)

Here a;,“) and bj(,“), VIi=1,...,2N, are sets of complex constants to be determined. Substitut-
ing the assumed expansion for z;, from Equation (40) into Equation (37) and premultiplying
by y/! gives

2N
Vi Pty + 2 ayf st + Bz, =0 (42)

Using the biorthogonality relationship of the right and left eigenvectors described by Equa-
tion (17) and also using Equation (18), we obtain

@) _ Vi 242

o= Nk=1,...,2N; k#] 43
jk ygde(Sj—Sk)’ ) ) B #‘] ( )

Similarly, substituting the assumed expansion for y; , from Equation (41) into Equation (38),
postmultiplying by z; and using the biorthogonality relationship, gives

T
Y, &0tk

P =R
B Vi A2 (s; — 1)

Vk=1,...,2N; k#j (44)
The expressions for a},f) and bj(ky) derived above are not valid when k=j. To obtain aj(-j‘)
and l)fj‘) we begin by differentiating Equation (19)

Vit + At + Y A2, =0 (45)

Substituting the assumed expansion for z;, and y;, from Equations (40) and (41) and also
making use of the biorthogonality property, one has

T
Yiji,aZj

() ()
i T DQ'TMZ./

(46)
The second equation for aj(j?‘) and bj(j“) comes from the relative normalization expression for
the left and right eigenvectors, Equation (22). It is clear that if the n,th elements of the left

and right eigenvectors remain equal then so do the corresponding elements of the derivatives.
Thus,

{uj,a}nj = {Vj,ot}nj = {Zj,x}n/ = {Yj,a}nj (47)

Substituting the assumed expressions for z;, and y,;, from Equations (40) and (41), into
Equation (47), gives

o o 1 2N o o
b —af) =g 8 @l mdy = B0 v (48)
"k
Since all the quantities on the right-hand side of (48) are known, the constants a;f) and bj(;‘)
are easily computed from Equations (46) and (48).
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The constants a},f),bj(,f), Vk=1,...,2N, expressed in Equations (43), (44), (46) and (48)
are not very useful because they are in terms of right and left eigenvectors of the first-order
system. In order to obtain a relationship in terms of the eigenvectors of the second-order
system we utilize the expressions of z; and y; in Equations (11) and (16), respectively. First
consider Equation (43). Substituting &, from Equation (39) and using the biorthogonality

relationship in Equation (17), when k # j+N the numerator on the right side of this equation is

yg%mzj = y,? [Sjéﬂ,a + %%]Zj

v ! s5Co+K, sM, u;
N Sk Vi SjM,a —M’a siu;

== v];l: I:SJZM,at + SjC,oc + K,ac] uj (49)

Utilizing the expression of the normalization in (19) from Equation (43) we have

Vi [siM, +5,C o + K o ]u;

(s — s%)

a® =

=~ , Vk=1,....2N, k£j,j+N (50)

When k=j+ N, from the ordering of the eigenvalues in Equation (4) we have s, =s; and
Ve =Y;. Recalling the expression of s;, in Equation (30), the numerator on the right side of
Equation (43) is

V2ot =Y [+ Bt + 5.3 A1
vj‘T [(s; + 57 )M + Clu;
v/ [25M + Clu;
= (v =, V) [FM, + 5C, + K, ]u (51)

= V;T [szM,o: + Sjc,a + K,oc] uj - va [SJZM,ac + st,o: + K,x] uj

where the scalar

v Gy +5)M + Cly;
nt’/ - VJT [ZSjM + C] llj

=V (s + 5 )M+ Clu, (52)
Using this relationship, Equation (43) becomes

o) (vf =1, ¥) " [T MLy + 5,C.0 + K],

— jy*
v = 23(s)

(53)

where (o) denotes the imaginary part of (e). Following a similar procedure, Equation (44)
becomes

VIsIM, +5C o + K, |u,

(85— sk)

bj(,f):—yk , Vk=1,....2N, k#j,j+N (54)
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and
O Y SML 4 5C0 + Ko (u) — nyu)) (5%)
Jj+N J Z\S(Sj)
where the scalar 7, is
v/ [(s; + 57 )M + Clu;
i LS5
u = = M+ C 56
=Mt Cquy, Y M Cl (56)
From Equations (46) and (48) we also have
(7) b(d) [ZSJM +C Ju; (57)
and
b(a) J(Jx) Z [ (1){11"}”/ - bi(ka){vk}”/} (58)

{J}n/ =

Equations (50), (54), (57) and (58) completely determine a},f),bj(:), Vk=1,...,2N, from the
right and left eigenvectors of the second-order system and derivatives of the system property
matrices.

It is interesting to observe that if the system is undamped, that is, when u; =u;, v =y,

and C=0, the scalar constants are unity, #,, =1,, = 1, which implies that a(j‘) —b(j“) =0.

Now returning to the assumed expansion of z;, and Y;.. in Equations (40) and (41) it may
be noted that they are vector equations with 2N rows. In view of the expressions for z; and y;
in Equations (11) and (16), the first N rows are the derivatives of right and left eigenvectors
of the second-order system. Thus, taking only the first N rows of Equation (40) and recalling
the order of the eigenvalues in (4) one obtains

u,=q (“) +a(“) u; + Z [ uk+a(,2Nuk} (59)
k#/

Similarly, taking only the first N rows of Equation (41) the derivative of left eigenvector
of the second-order system can be obtained as

Vi =BV + BV +z (B3 Ve + B¢y (60)
k#l

The expressions derived above relate the derivatives of the right and left eigenvectors to
the derivative of the system property matrices and the eigenvectors of the second-order sys-
tem. The (complex) eigenvectors of the second-order system can be obtained exactly from
the (real) eigenvectors of the corresponding undamped system [31]. It in turn indicates that
first-order eigen-sensitivity analysis of asymmetric non-conservative systems can be performed
simply by a proper ‘postprocessing’ of the eigensolutions of the corresponding conservative
systems. Because the state-space formalism is avoided this approach provides significant re-
duction in computational effort. In effect, we need to solve only two Nth-order eigenvalue
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problems instead of solving two 2Nth-order eigenvalue problems. Moreover, this approach
also provide good physical insight as the simplicity of the N-space eigenvectors are pre-
served. Equations (59) and (60) can be used to obtain the derivative of eigenvectors for
various useful special cases:

1. Symmetric conservative system [1]: In this case, M=M', K=K" and C=0. The
eigenvalues are 5; =1iw; where w; is the jth undamped natural frequency and v; =u; =
vi=u; e RY. As explained before the coefficient associated with u; in Equation (59)
Vanlshes and with usual mass normalization }; = 1/2iw;. Using these Equation (59) gives

I B P v ow K, — ofM ], 1 1
uj,zx - ET(lejuj M’“uj)uj B ,;_}1 2160k 1a), — iwk B iCOj + ia)k
1 N ouf[K, — oM ,]u;
:—E(u Myll])ll/"‘ Z wjz_jwlzf Uy (61)

k#/

which is a well-known result.
2. Asymmetric conservative system [2,3]: In this case, C=0, u;€RY and v;eR".
Equations (59) and (60) reduce to

N vI[K, — oM ,]u;

1 T
n=—= (VM ,u;)u; L 62
ujw 2 (vj > ll])llj + k;l wjz — (Dﬁ Uy ( )
k#j
and
1 VK, — o’ M, Ju
Vo= =5 (VMaw)y; + z e p—— (63)
(=7 o

3. Symmetric non-conservative system [12]: In this case, M=MT', K=K" and C=C",
and thus v; =u; and reduces expression (59) to

1 (lr!< — ﬂU.Vj)TE,xuj' "
Wy = =30 (0] G Juy =7 = 2§(SJ) K
u'F u; u'Fu;
—Z o e (64)
Sj k j — Sk

k#/

The term associated with u;, however, has not been explicitly obtained in Reference [12].

Following similar approach derivative of the right and left eigenvectors for undamped and
damped gyroscopic systems can also be obtained as special cases of Equations (59) and (60).

5. SECOND-ORDER DERIVATIVES OF THE EIGENVALUES

In this section, we derive an expression for the joint derivatives of the complex eigenvalues
with respect to two independent design parameters, say g, and gg. Differentiating Equation (26)
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with respect to g one obtains
Fiopu; +F o0, 5+ F puj o + B =0 (65)

The term F, .4 appearing in the above equation can be obtained by using Equations (27) and
(28) as

Fo.p = [F.lp=[F.+5.Gls

_ (66)
= (ol +5..Gjp +5.45G)
where the terms [INTJ-,(X], s and G; 3 are
[ 5 = Eup + 515G
with
.ap =5 Moo + 57C.ap + Kiop 67)
G, =25M,, +C,
and
Giy=G,p+ 25 M
Combining Equations (66) and (67), F, ,; is obtained as
Fop=Fap +5.6Gr0 +50Gip + 25,05, sM + 5,4G; (68)
Premultiplying Equation (65) by v/ yields
Y Bty + Vi E L+ Vi pu 4 ViFg =0 (69)

By virtue of Equation (24), the last term of this equation is zero. Using Equation (27) for
F,, and F; 3 we can rewrite Equation (69) as

VI E g+ V] [F o, + 5G]+ V] [E) 5 +5,.5G)]u;,, =0 (70)

Now substituting F; ,; from Equation (68) into the above equation we obtain the expression
for the joint derivative of the jth complex eigenvalue as with respect to g, and g as

1 T2 ~ ~
59 = VTG, Y (Fyap + 552G + 555Gy

V(B + 850G + VI (B g + 55,56, + 257,05, 57 Muj] (71)

All the terms in the right side of this equation are known, and are related to the first-order
derivative of the eigensolutions and the derivatives of the mass, damping and stiffness matrices
with respect to the parameters g, and gg. The first-order derivatives of the complex eigenvalues
and eigenvectors have to be obtained from Equations (30) and (59) derived before. Second-
order derivatives of the eigenvalues of undamped systems have been studied in References
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[32, 3, 5, 33]. Their results may be obtained as a special case of Equation (71) by substituting
C =0 and utilizing the usual mass orthogonality of the real undamped modes.

One particular special case which is useful in many applications is the double derivative
of the eigenvalues with respect to any one parameter, where the system matrices are linear

functions of g. Thus, setting o= and setting F/,x/f equal to zero, from Equation (71) we
obtain

2
Sj, 000 = TG [
J ]

TE 1uja+sja(v G] A+ V] 'Gu;,) + sjavaMuj] (72)

Similar problems have been discussed by Brandon [15] in the context of undamped systems.
One may verify that for undamped systems, Equation (72) reduces to the equivalent expression
derived in Reference [15].

6. SECOND-ORDER DERIVATIVES OF THE EIGENVECTORS

In this section we derive an expression for the joint derivatives of the right and left eigen-
vectors of the second-order system with respect to two independent design parameters, say ¢,
and g;. Since it has been assumed already that the system has distinct eigenvalues, the right
and left eigenvectors form a complete set of vectors. Thus we can expand z;,; and y; .5 as

complex linear combinations of z; and y,, for all /=1,...,2N, as

Zup = IZXNII s (73)
and

Yjep = IZXN:I df(laﬂ)yl (74)
Here c(,“) and d(,“), VI=1,...,2N, are sets of complex constants to be determined. Differenti-

ating Equatlon (37) with respect to gp one obtains
Dot + Lpalip + P plia+ Pzjap =0 (75)

Substituting the assumed expansion of z;,; from Equation (73) into this equation and pre-
multiplying by y! one obtains

NPty + Vi P, xz,ﬁykg’ﬁz,ﬁzé“ﬁ)Twﬂﬁ] =0 (76)

Using the biorthogonality relationship between the right and left eigenvectors described by
Equation (17) and also in view of Equation (18), we obtain

(o) _ YDty + YL Dl T YL D _ -
C; , Vk=1,....2N, k 77
* Vi Azi(s; — si) 7J 7
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Similarly, differentiating Equation (35) successively with respect to g, and gg, substituting the
assumed expansion of y; ,; from Equation (74) and then postmultiplying by z] one obtains

Y Prapti + ¥}y Pt + YLD g
Vi Az (s; — si)

4 = - , Vk=1,...,2N, k# (78)

The constants c;,fﬁ ) and dj(,f‘ﬁ ) given above are not very useful since they are in terms of left

and right eigenvectors of the first-order system. Following the procedure in the appendix these
constants can be related to the left and right eigenvectors of second-order system and their
first derivatives.

To obtain C}(fﬁ ) and dj(fﬁ ) we first differentiate Equation (45) by g; and obtain

Yap )+ Yol 2+ VALY, ol
Y A+ Y Aot Y gAY A Y] A2 =0 (79)

Substituting the assumed expansion of z;,; and Yy, ,; from Equations (73) and (74) and also
making use of the biorthogonality property,

(2B) (o) _ T T
cj/? + djj“ == Y L op2; +Y; et o2

YAz, [
T A2+ YA g Y AT Y A2+ Y A 2] (80)

From the above equation it may be noted that cj(-j‘-xﬁ ) and dj(j”ﬁ ) are not derived uniquely but
defined as a joint sum. As for the first-order derivatives of the eigenvectors, the second
equation for these constants comes from the relative normalization expression for the left
and right eigenvectors, Equation (22). It is clear that if the n;th elements of the left and
right eigenvectors remain equal then so do the corresponding elements of the second-order
derivatives. Thus,

{wiapbn, = Vit = {2Zjuptn, = {Yjupbn, (81)

Substituting the assumed expressions for z;,s and y;,s from Equations (73) and (74), into
Equation (81), gives

1 2N
c” —d;,-“’”zw > [zt — A {yi}n,) (82)
i =)

Since all the quantities on the right-hand side of (82) are known, the constants c;j“ﬁ) and %ﬁjz/f)
are easily computed from Equations (80) and (82).

The values of the constants cj(fﬁ ) and d](]“ﬂ ) have been expressed in terms of the eigenvec-
tors of the first-order system and thus, cannot be used directly for N-space-based analysis.
Following the procedure outlined in the appendix these constants can be related to the right
and left eigenvectors of second-order system and their first derivatives.

Now following an approach similar to that used before to determine the first derivative,

one may consider only the first N rows of Equation (73) to obtain the second derivative of
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right eigenvectors of the second-order system. Using the fact that the eigenvalues occur in
complex conjugate pairs u; .,z can be expressed as

g i b h
= (oc/ )ul +C(ffrl)v“ + Z [ (of/)u + C(Z-/;-Bv“k] (83)
k#/

Again, considering only the first N rows of Equation (74) and following a similar procedure,
the joint derivatives of the left eigenvectors of the second-order system with respect to g,
and gp can be expressed as

B B of
= + A0 + 32 (A v+ ] (84)
k#/

All the terms in the right-hand side of Equations (83) and (84) are related to the first-order
derivatives of the eigensolutions and the derivatives of the mass, damping and stiffness matri-
ces with respect to the parameters g, and gg. The first-order derivatives of the complex eigen-
values and eigenvectors are obtained from Sections 3 and 4. The expressions of the second-
order derivative of the complex eigenvectors derived here are very general in nature—undamped
systems, symmetric non-conservative systems, damped and undamped gyroscopic systems may
be considered as special cases. One particular case that is useful in many applications is the
double derivative of the eigenvectors with respect to any one parameter, and where the system
matrices are linear functions of g. For this case, the forms of Equations (83) and (84) will

still be valid but the values of the constants c;,fﬁ) and di(kf‘ﬂ) appearing in these equation will be

different. These may be obtained by setting o« = § and setting l~7/ ¢ €qual to zero. Thus, we have

2 .
) — Vk
G = G- [ViE W 4 (55 + 518,09 Muy
+ 5.0 (Vi Cottj 4+ v Cuy ) + 2555,V Mu; + 257 viMwy],  Vk=1,....2N, k#j
(85)
and
(owox) 2’))
djk = [V xF},fxuk + (s + Sk)SJ o Muk
(s =)~/
+ 8.0 (v C ot + V], Cup ) + 2555,V M + 257, vIMu ], Vk=1,...,2N, k # j
(86)
The sum of constants, ¢ j(j“) + d(““) is given by
e +d = =29, {v], G m; + v G, + V], G
+ 5.2 (Vi Mu; + v Mu;, +2v/M,u;) | (87)

The difference in these constants is given by Equation (82).
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Problems similar to this have been discussed by Brandon [15] in the context of undamped
systems. One may verify that for undamped systems Equation (85) reduces to the equivalent
expression derived in Reference [15].

7. AN EXAMPLE OF A SYMMETRIC SYSTEM

A simple two-degree-of-freedom system has been considered to illustrate a possible use of
the expressions developed so far. Figure 1 shows the example, together with the numerical
values of the masses, spring stiffnesses and damping. When the eigenvalues are plotted versus
a system parameter they create family of ‘root loci’. When two loci approach each other
they may cross or rapidly diverge. The latter case is called ‘curve veering’. It is known that
during veering rapid changes take place in the eigensolutions and this produces an interesting
example to apply the results derived in this paper.
The system matrices for the example are

_|m 0 e -c |kt k =k
M_{O m]’ C= [—c c} and K_{ —kys ka4 ks (88)

Because all the system matrices are symmetric the left and right eigenvectors are same in
this case. We have focused our attention on calculating the first and second order derivatives
of the complex eigenvalues with respect to the damping parameter ‘c’. The derivative of the
system matrices with respect to this parameter may be obtained as

M _ dC[l —1] dK

de ~ 7 de | -1 1 and de

0 (89)

Figure 2 shows the real parts (normalized by dividing with +/k;/m) of the first derivative of the
eigenvalues with respect to ¢ over a parameter variation of k,. This plot was obtained by the
direct programming of Equation (30) in MaTLaB™. The complex eigenvalues and eigenvectors

£} . i
g 004 :'\\ /,", — cigenvaluc | |
k= P~ - - - eigenvalue 2
2 ; |
S 00 J \
Z .
£
z O
]
=4
-0.02 :
0 1 2 3
Kk,
Figure 1. The two-degree-of-freedom discrete Figure 2. The real parts of first derivatives of
system, m=1kg, k1 =1000N/m, k3 =20N/m, the eigenvalues with respect to the damping pa-
¢=4.0Ns/m. rameter (c) for the mass, spring damper system,

normalized by —+/ki/m.
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0.06

0.031

-0.03r

Real(second derivative of eigenvalue)

-0.06

Figure 3. The real parts of second derivatives of  Figure 4. A schematic of the rigid rotor example.
the eigenvalues with respect to the damping pa-
rameter (c) for the mass, spring damper system,

normalized by —+/k;/m.

appearing in this equation were obtained from the procedure outlined in Reference [31].
The real part has been chosen to be plotted here because a change in damping is expected
to contribute to a significant change in the real part of the eigenvalue. Since the value of
the connecting spring constant k; is quite small, we expect a strong veering effect in this
case. The change in the values of the derivatives around the veering region, that is when
0.75 <ky/k1 <1.25, shows that the both the natural frequencies are very sensitive to small
changes in the value of c. This could be guessed intuitively: because k; is small, the damper
becomes the only ‘connecting element’ between the two masses, so any change made there
is expected to have a strong effect.

The real parts of the second derivatives of the eigenvalues with respect to ¢ over a parameter
variation of k, are shown in Figure 3. Equation (72) is applied to obtain these results. The
first derivatives of the eigenvectors appearing in this equation are calculated using Equation
(64). Observe the sharp changes in the value of the second derivatives in the veering region
(when 0.75 <ky/k; <1.25). The near-zero value of the double derivatives outside this region
indicates that the first derivatives are approximately constant, which may be verified from
Figure 2. Note that the values of the second derivative in the veering region are about the
same magnitude as the corresponding values of the first derivative. This illustrates that the
second-order derivatives can not be neglected in this region.

8. AN EXAMPLE OF AN ASYMMETRIC SYSTEM

A simple rotating machinery example will now be used to demonstrate the calculation of
eigensystem derivatives for asymmetric systems. Figure 4 shows a schematic of a rigid rotor
on flexible supports. The rotor consists of a rigid cylinder of length 0.5 m, diameter 0.2 m and
mass density 7810kg/m?. The rotor is supported in bearings that are modelled using springs
and dashpots. The spring stiffnesses are k,; = 1.6 GN/m, ky, = 1.4 GN/m, k,; =1.1 GN/m and
ky» =1.6 GN/m. The dashpots all have a damping coeflicient of 1kNs/m. For this exercise
the four degrees of freedom are the lateral displacement of the rotor mass centre, and the
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Figure 5. The Campbell diagram for the Figure 6. The imaginary part of the first derivative
rotor example. of the eigenvalues for the rotor example.
0.08

0.041 foa

-- eigenvalue 1
—0.04F | — eigenvalue 2
- - - eigenvalue 3

eigenvalue 4

Imag(second derivative of eigenvalues)

008 5000 10000 15000

Rotor Speed (rpm)

Figure 7. The imaginary part of the second derivative of the eigenvalues for the rotor example.

rotation about the two axes orthogonal to the rotor axis. The asymmetry in the equations of
motions arises from the gyroscopic effects that increase with rotational speed. Figure 5 shows
the Campbell diagram (the change in the damped natural frequency with rotor speed) and
clearly shows that the gyroscopic effects are significant, particularly, in the higher modes. The
asymmetric spring stiffnesses mean that the modes in the two lateral planes are not equal at
zero speed, and this is clearly seen in Figure 5. Figures 6 and 7 show the imaginary parts of
the first and second derivatives of the eigenvalues with respect to the rotor mass, respectively.
The imaginary part is chosen because the rotor mass is likely to have a significant influence on
the damped natural frequency. As expected the derivatives are large near the veering regions.

To demonstrate the calculation of the eigensystem derivatives a single rotor speed is chosen.
A suitable speed is near one of the two veering regions at about 8300 and 12 500 rpm, where
the natural frequencies become close. A rotor speed of 8300 rpm is chosen, which produces
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Table 1. The eigenvalues and their first and second derivatives for the rotor example.

Eigenvalues, s; ds;j/dm d2s;/dm?

—8.2247 + 130.17i 0.068774 — 0.52184i —1.2251 x 107° + 6.0452 x 107
—10.406 + 153.51i 0.33511 — 0.389261 —2.4198 x 1072 — 5.5357 x 107%
—11.651 + 159.22i —0.27082 — 0.25210i 2.3254 x 1072 4 6.3482 x 1072
—29.689 + 347.53i —1.6848 x 107* — 9.6179 x 10~% 3.0769 x 107° 4+ 1.9497 x 1077

the system matrices

r122.68 0 0 0
0 122.68 0 0
M= (90)
0 0 2.8625 0
0 0 0 2.8625
2 0 0 0
co 0 2 0 0 ©1)
|0 0 0125  0.53315
[0 0 —0.53315 0.125
and
2.1 0 0 0.025
0 3 —0.05 0
K= (92)
0 —0.05 0.1875 0
0025 0 0 0.13125

Table 1 gives the eigenvalues for this system and Table II shows the second and third
eigenvectors, where the left and right eigenvectors are normalised according to Equations
(20) and (21), with y;=1/2s;. The second and third eigenvectors are chosen because the
corresponding eigenvalues are close, as shown in Figure 5. Suppose we wish to take the
derivatives of the eigensystem with respect to the rotor mass, m. Thus,

0

@:0 and %:0 (93)

dM 0
0’ dm dm
0

dm

S O O ==
S O = O
S O o O

Table I also gives the first and second derivatives of the eigenvalues and Table II gives
the derivatives of the second and third eigenvectors with respect to the rotor mass. It is clear
that the second derivatives are significant and should not be neglected at this rotor speed.
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Table II. The second and third eigenvectors and their first and second derivatives for the rotor example.

u

7.2538 x 1073 — 4.5894 x 1073

0.026271 — 0.077468i
—0.078310 — 0.20164i
0.24732 — 0.12197i

V2

7.2538 x 1073 — 4.5894 x 1073

—0.026271 4 0.077468i
0.078310 + 0.20164i
0.24732 — 0.12197i

u3
8.4324 x 1073 + 1.6450 x 1073;
0.029840 + 0.061027;
0.097315 — 0.22388i
0.33389 + 0.11301;
V3
8.4324 x 1073 + 1.6450 x 1073;
—0.029840 — 0.061027i

du;/dm
—8.0043 x 107* 4 1.7854 x 10™%;
—3.3198 x 1073 = 3.5156 x 1073
—2.4789 x 1073 4 0.017494;
—0.025341 — 1.4616 x 103

de/dm
—8.0043 x 10™* +1.7854 x 10~%;
33198 x 1073 +3.5156 x 1073
24789 x 1073 — 0.017494i
—0.025341 — 1.4616 x 1073

dll3/dm
21216 x 107* — 5.0674 x 10~%
3.0957 x 107 — 6.2541 x 1073
—9.6786 x 107> — 0.013136i
0.015577 — 0.013703i

dvs/dm
2.1216 x 107* = 5.0674 x 10~
—3.0957 x 107* + 6.2541 x 1073}

d*uy/dm?
9.2346 x 1075 4 1.4436 x 1074
—2.6742 x 107 + 1.4492 x 1073
45493 x 1073 — 57370 x 1074
1.4882 x 1073 + 6.3048 x 1073
d?v,y/dm?
9.2346 x 1075 + 1.4436 x 10~ %
2.6742 x 107% — 1.4492 x 1073;
—4.5493 x 1073 +5.7370 x 10~
1.4882 x 1073 4 6.3048 x 1073
d?u3/dm?
—1.9000 x 10™* + 7.2052 x 10~%;
—1.5355 x 1073 + 3.7855 x 10~ %
—1.3803 x 1073 +4.5250 x 1073
—6.1042 x 1073 = 1.2157 x 1073
d’vs/dm?
—1.9000 x 104 + 7.2052 x 10~¢
1.5355 x 1073 — 3.7855 x 10—*

9.6786 x 107> 4+ 0.013136i
0.015577 — 0.013703i

—0.097315 4 0.22388i

i
i

1.3803 x 1073 — 4.5250 x 103;

0.33389 + 0.11301i i

—6.1042 x 1073 — 1.2157 x 103

9. CONCLUSION

In the presence of general non-conservative forces linear dynamic systems do not possess
classical normal modes but possess complex modes. The first and joint second-order deriva-
tives of the eigenvalues and eigenvectors of such systems have been derived. It is assumed
that the mass matrix is non-singular and the system does not possess any repeated roots. The
approach taken here avoids the use of the first-order formulation of the equations of motion
and is consistent with traditional modal analysis procedures. For this reason the derived ex-
pressions can provide good physical insight and can be used effectively in model updating,
damage detection and design optimization. The advantage is that the damping matrix is con-
sidered, in addition to the mass and stiffness matrices currently used. The results obtained
here are very general in nature; undamped systems, symmetric non-conservative systems, and
damped or undamped gyroscopic systems can be considered as special cases.

APPENDIX. DETERMINATION OF THE COEFFICIENTS ¢’ AND di”

The coefficients c/.(k“’g) and dj(,‘fﬁ), Vk=1,...,2N, in Equations (73) and (74) completely de-
termine Z;,; and y;,s. In Section 6 they are expressed in terms of the system property
matrices and eigenvectors of the first-order system. In order to carry out a sensitivity analysis
in ‘N’-space they must be related to the system property matrices and eigenvectors of the
second-order system.
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First, consider the expression for cf,f‘ﬁ ) k # j, in Equation (77). Differentiating the expression

of &, in Equation (27) with respect to g, one obtains

Py =[P, +5..Al, where P, =s,4;,+ B, (A1)

Differentiating again with respect to gz gives

Prap =P p=Prop + 550+ S0y 5 + Sj.apt (A2)

Using the biorthogonality property of y[ and z; the first term of the numerator of the right-
hand side of (77) can be rewritten as

Vi Poapty = Yi Praply + 8. pYi A aZ; + 5,251 A g2 (A3)

The terms appearing on the right side of this equation can be expressed in terms of the
second-order eigensolutions and system properties. The first term reduces to

T
x v 5;iC .5+ K5 ssM u;
i {1 [ [ a0 )
SiVk

§Mop =My | | sy,
= Vi [M_ 5 + 5Cp + K 4]u;

(A4)

The second term on the right side of Equation (A3) produces

T
Vi C o M o u;
) TJZ{“ R ’ ) ’
S5j.6Yk Laj = Sj.p SKVi M, O 54y (43)

_ T T
= 55,5V Cultj + 55 5(s; + 51 )v M 0

Similarly expressing the last term, Equation (A3) can be represented in terms of the second-
order eigensolutions and system properties as

Ve Zapti = Vi [ Mup +5,C up + K p]w; +55,5vi C o,
+ 55, 5(s; + s )V M + 5,V C pu; + 57,0(s; + s6)Vi M gu; (A6)

Now differentiating the expression for z; in Equation (11) with respect to g gives

_ uj. g
Zjp= (AT)
v Sj,p0; + SjUp

Using this relationship, the second term in the numerator expression for (#,‘fﬂ ), k #j, in Equation
(77) can be expressed as

Vi }T |:S‘jC4 + K’x -I-SMC SjM,a + Sj’aM‘| { llj’ﬁ }

T
Vi Dol p =
KR {Ska §M.; + 5;..M -M., 8, pWj.p + SW; p
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=v; [;izM,a + 5,Co + Ko g + 55,9 Cuj g + 5 505 — s )V M,
+ 810087 + SOV MU, g + 570575V Mu; (A8)
Similarly, the last term in the numerator of the right-hand side of Equation (77) can also be

expressed in terms of the second-order eigensolutions. Now from Equations (A6), (A8) and
(77) we finally have

1
@) — _ Ts?M ; K s]u;
C}k (Sj _ Sk)Vg [2SkM + C]Uk {Vk [Sj Lo + S]CJ‘/; + a“ﬁ]uj

+ Vi [P M+ 5C0 + Ko Jw g + Vi [P Mg + 5,C. 5 + K gluy

+ 57,5057 + 55 ) (Vi ML gu; + viMu; g) + 55 5(s; + 5) (Vi MLu; + v Mu; )

+ (55— 5) (55, 5V Mo, + 55,V M_gw;) + 57,5 (Vi C pu; + v Cu; 4)

+5:.5(ViCom; 4+ v Cu; ) + 25,85, 5 Mu; b, Vk=1,...,2N, k#j (A9)

For the left eigenvectors the coefficients cé(,fﬂ ), k #j can be obtained from Equation (78).

Following a similar procedure used to obtain c.(k“ﬁ ) we can represent dj(,fﬂ ) in terms of the
second-order eigenvectors and their derivatives and the derivatives of the system property

matrices as

1
(Sj — Sk )v,f[2skM + C]llk

dyP = - X Vi [ MLy + 5,C o + K g ug

+ V5 [FM, + 5C o + K Jue + v, [M g+ 5C 5 + K ]u,

T T T T
+ 57,0085 + 56) (v M_gu + v, Mug ) + 55 5(s; + 50) (v Mg + v, Muy)
+ (Sj - Sk)(Sj,ﬁY,-TM,allk + Sj,o:YI'TM,ﬁuk) + S0 (VjTC, U + Y,T/;Cllk)

+5.5(VCome +v],Cup) + 255,559 M}, Vk=1,...,.2N, k#j  (Al0)

Now consider the coefficients cj(fﬁ ) and d;;‘ﬁ ) expressed in Equations (80) and (82). All the
terms appearing in the numerator of the right side of Equation (80) can be expressed in terms
of system property matrices, second-order eigenvectors and their derivatives. To illustrate the
procedure for a typical term consider the (third) term y]Tﬁ&izj,z. Using the expression of z; ,
(and similarly for y; g also) in Equation (A7) one has

T
Y gtz = v cm e
’ ’ S, pYi T 8;Vip M O | | 5.0 +su;,

=V 4[C + 25M]u; , + 5,V ;Mu; +5; v/ Mu, , (A1)
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Expressing the other terms using a similar procedure, Equation (80) becomes

@B) | ) _
Gty =

1
 2vI[sM + Clu;

+ v/ [25M 5 + C gl o + v [25M , + C,Ju; + v/ [25M , + C,Ju;

X {v![25M 5 + Cplu; + V1, [25M 5 + C glu;

+V,[25M + Clu; 5 + v, 5[25M + Clu, , + 5., (V; ;Mu; + v/ Mu, 5 + 2viM,u;)
+5:4(V,Mu; + v/ Mu; , + 2v/M,u;) } (A12)

With the above definitions, and Equation (82), c}fﬂ) and dfj“ﬁ ) Vk=1,...,2N, are expressed in
terms of the system property matrices, eigenvectors and their first derivatives of the second-
order system.
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