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Recent research in the field of finite element model updating (FEM) advocates the adoption of
Bayesian analysis techniques to dealing with the uncertainties associated with these models.
However, Bayesian formulations require the evaluation of the Posterior Distribution Function
which may not be available in analytical form. This is the case in FEM updating. In such cases
sampling methods can provide good approximations of the Posterior distribution when
implemented in the Bayesian context. Markov Chain Monte Carlo (MCMC) algorithms are the
most popular sampling tools used to sample probability distributions. However, the efficiency
of these algorithms is affected by the complexity of the systems (the size of the parameter
space). The Hybrid Monte Carlo (HMC) offers a very important MCMC approach to dealing
with higher-dimensional complex problems. The HMC uses the molecular dynamics (MD)
steps as the global Monte Carlo (MC) moves to reach areas of high probability where the
gradient of the log-density of the Posterior acts as a guide during the search process. However,
the acceptance rate of HMC is sensitive to the system size as well as the time step used to
evaluate the MD trajectory. To overcome this limitation we propose the use of the Shadow
Hybrid Monte Carlo (SHMC) algorithm. The SHMC algorithm is a modified version of the
Hybrid Monte Carlo (HMC) and designed to improve sampling for large-system sizes and time
steps. This is done by sampling from a modified Hamiltonian function instead of the normal
Hamiltonian function. In this paper, the efficiency and accuracy of the SHMC method is tested
on the updating of two real structures; an unsymmetrical H-shaped beam structure and a
GARTEUR SM-AG19 structure and is compared to the application of the HMC algorithm on the
same structures.

& 2014 Elsevier Ltd. All rights reserved.
1. Introduction

Finite element models (FEMs) are well-known numerical methods used to provide approximate solutions for complex
engineering problems [1,2]. In mechanical engineering the FEM method is often used for computing displacements, stresses
and strains in structures under a set of loads. However, FEM results degrade with an increase in problem complexity. The
result is that the FEM results for the complex system differ from those obtained from experiments [3,4]. These differences
can mainly be attributed to modeling errors, especially the uncertainties associated with modeling some structural feature
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(and properties as per manufacturing process) and or modeling the possible dynamics of those features. Therefore, the
initial FE model needs to be updated to match the measured data. There are two main classes of model updating: direct
method and the indirect (iterative) methods. The direct methods are computationally efficient approaches that update the
FEM matrix components in one step [5,6]. However, high quality measurements as well as accurate FE models are required
for this updating process. Using direct methods often results in unrealistic updating parameter values hence these
parameters lose their physical meaning. On the other hand iterative FEM methods use cost functions to iteratively reduce
the error between the experimental and analytical results. This is done by modifying (updating) the uncertain parameters in
the modeled system [7]. The most common iterative approaches are the sensitivity-based updating methods see Link [8] for
a review. In the last decade, the nature-inspired optimization algorithms have been widely applied in the area of model
updating. These algorithms represent a class of probabilistic search algorithms that cope well with non-convex optimization
problems. In these algorithms, controlled random steps are used during the searching procedure where the new search
position is somehow based on the previous one. Levin et al. [9] applied the simulated annealing (SA) method and the genetic
algorithm (GA) to update simulated and experimental systems while Marwala [4] used a Particle Swarm Optimization (PSO)
algorithm to update a H-Beam structure.

Unfortunately, most of deterministic algorithms based on optimization do not quantify the involved uncertainties in
structures tests. In the case of uncertain systems, the classical deterministic algorithms based on optimization do not quantify
the involved uncertainties and this may degrade the accuracy of the obtained results. On the other hand, uncertainty
quantification methods are designed to quantify uncertainties in engineering problems [4,7,10]. There are two main classes of
uncertainty quantification methods: Probabilistic methods and non-probabilistic methods. Probabilistic methods such as
Bayesian methods, perturbation methods are based on probability theory in which the uncertain parameters are modeled as
random parameters. The interval arithmetic and the fuzzy methods belong to the non-probabilistic class [7].

In recent years Bayesian model updating techniques have shown promising results in systems identification type
problems–of which FEM updating is one [4,11–13]. The Bayesian approach possesses the ability to characterize and quantify
the uncertainties of a modeled system. This can be done by representing uncertain parameters as random vectors with a
joint probability density function (PDF). This density function is known as the posterior distribution function. The use of
Bayesian techniques becomes useful when an analytical solution to this function, the posterior, is not available. This is the
case in FEM updating because of the high dimensional parameter search space.

Different methods have been proposed to estimate the PDF – the most common method being the maximum likelihood.
This method represents an asymptotic approximation to the full Bayesian solution and it can be applied in the case where
the unknown parameters are modeled as Gaussian. The most probable values are obtained by maximizing the likelihood
function and the covariance matrix is obtained by using the Hessian of the likelihood function [9].

An alternative to the above is to use sampling techniques to estimate the PDF. Different methods such as Latin Hypercube
Sampling (LHS) [14], Orthogonal Array Sampling [15] have been developed to predict complex distributions. The LHS
method has been employed in model updating by Khodaparast [7]. Among sampling methods the most popular are the
Markov chain Monte Carlo (MCMC) methods. These methods allow sampling from a large class of distributions and some of
these algorithms cop well with the dimensionality of the sample space. The Metropolis–Hastings (MH) algorithm is the
most common MCMC algorithm [16–19]. This method samples from a proposed PDF and the acceptance-rejection step is
used to ensure that the Markov chain is reversible with respect to the stationary target density function [19]. The proposed
PDF used to generate the samples forms a randomwalk trajectory during the search. In the MH algorithm smaller transitions
can assure a high acceptance rate but a large amount of time is needed to cover more space during the search procedure.
The random walk step becomes useless for complex systems where highly correlated samples can be obtained with a poor
mixing of the chain and the MH acceptance rate will decrease exponentially. The MH algorithm has been implemented on
the FEM updating problem [4,12,20].

Ching et al. [21] successfully applied another MC method called Gibbs sampling [22] to solve high-dimensional model
updating problems. Based on the MH algorithm, Ching and Cheng [23] introduced the Transitional Markov Chain Monte
Carlo (TMCMC) algorithm and Muto and Beck [24] applied it to the updating of hysteretic structural models. Cheung and
Beck [11] applied the Hybrid Monte Carlo (HMC) method to update a linear structural dynamic model with 31 uncertain
parameters. The probabilistic Bayesian model updating approach used in [11] was able to characterize modeling
uncertainties associated with the underlying structural system. The HMC method promises the ability to solve higher-
dimensional complex problems. The Monte Carlo trajectory it uses is guided by the derivative of the target log-density
probability which leads towards areas of high probability during the searching process [25]. In this method the updated
parameter vector is treated as a system displacement and an auxiliary variable, called the momentum vector, is introduced
to construct a new Molecular Dynamic (MD) system. The total system energy – called the Hamiltonian function – is
evaluated using the Störmer-Verlet (also called leapfrog integrator) algorithm. However, the Störmer–Verlet integrator does
not conserve energy especially when the time step used and/or the system size are considered large. To overcome this
limitation, a modified HMC algorithm called the Shadow Hybrid Monte Carlo (SHMC) was proposed in [26].

In this paper the SHMC is implemented for its proposed good-ability to sample the posterior PDF. This method is tested
on updating FE models of an unsymmetrical H-shaped Structure and the GARTEUR SM-AG19 structure. The accuracy,
efficiency and limitations of the SHMC technique are compared to those of the HMC algorithm on the same structures.

In the next section a short theoretical background of finite element model is presented. In Section 3 the poster-
ior distribution function of the uncertain parameters of the FEM are presented. Section 4 introduces the HMC technique.
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Section 5 introduces the SHMC technique which is used to predict the Posterior PDF of the FEM updating parameters.
Section 6 presents the construction of the Shadow Hamiltonian function. Section 7 presents an implementation of Bayesian
FEM updating on an unsymmetrical H-shaped Structure. Section 8 presents the second implementation of the Bayesian FEM
updating on the GARTEUR SM-AG19 structure. Section 9 concludes the paper.
2. Finite element model background

In finite element modeling, an N degree of freedom dynamic structure may be described by the matrix equation of
motion [12,29,30]:

M €xðtÞþC _xðtÞþKxðtÞ ¼ fðtÞ; ð1Þ
where M,C and K are the mass, damping and stiffness matrices of size N�N, x(t) is the vector of N degrees of freedom and f
(t) is the vector of loads applied to the structure. In the case that no external forces are applied to the structure and if the
damping terms are neglected (i.e. its influence is very small, C�0), the dynamic equation may be written in the modal
domain (natural frequencies and mode shapes) where the error vector for the ith mode is obtained from:

ð�ðωm
i Þ2MþKÞϕm

i ¼ εi ð2Þ

ωm
i is the ith measured circular natural frequency (ωm

i ¼ 2πf mi and f mi is the ith measured natural frequency), ϕm
i is the ith

measured mode shape vector and εi is the ith error vector. In Eq. (2), the error vector εi is equal to 0 if the systemmatricesM
and K correspond to the modal properties (ωm

i and ϕm
i ). However, εi is a non-zero vector if the system matrices obtained

analytically from the finite element model do not match the measured modal properties ωm
i and ϕm

i .

3. Bayesian Inference

In order to update the FE model the uncertain model (system) parameters have to be identified. This paper does not deal
with identifying the uncertain parameters of a model but assumes they have a prior been identified. The identification of the
uncertain parameters in a potential list of parameters is a feature selection problem [31,32,46]. Having obtained the
uncertain parameters Bayesian inference can then be used to calculate their posterior distribution(s). Bayesian approaches
are governed by Bayes [12,29,31] rule:

PðθjDÞpPðDjθÞPðθÞ ð3Þ
where θ represent the vector of updating parameters and the mass M and stiffness K matrices are functions of the updating
parameters θ (M¼M(θ) and K¼K(θ)). The Dmatrix is the measured modal properties (the natural frequencies f mi and mode
shapes ϕm

i ). The quantity P(θ) known as the prior probability distribution function, is a function of the updating parameters
in the absence of the data D. The quantity P(θ|D) is the posterior probability distribution function of the parameters in the
presence of the data D. P(D|θ) is the likelihood function [4,20,31].

The likelihood function is the probability of the modal measurements in the presence of uncertain parameters. This
function can be defined as the normalized exponent of the error function that represents the differences between the
measured and the analytic modal properties (i.e. frequencies in Eq. 4):

PðDjθÞ ¼ 1
ðð2π=βÞÞNm=2∏Nm

i ¼ 1ω
m
i

exp �βc

2
∑
Nm

i

f mi � f i
f mi

 !2
0
@

1
A ð4Þ

where βc is a constant, Nm is the number of measured modes and fi¼ fi(θ) is the ith analytical frequency obtained from
the FEM.

The prior function represents the prior knowledge about the updating parameters (θ). For structural system the prior
knowledge could be the observation that parameters near joints should be updated more intensely than for those
corresponding to smooth surface areas far from joints. The prior PDF for parameters θ¼ ðθi; …; θQ Þ in Eq. 5 is assumed to be
Gaussian and is given by [20,29,32]:

PðθÞ ¼ 1

ð2πÞQ=2∏Q
i ¼ 1ð1=

ffiffiffiffiffi
αi

p Þ
exp � ∑

Q

i

αi

2
:θi�θ0

i :
2

 !
ð5Þ

where Q is the number of parameters to be updated, θ0 ¼ ðθ0
1; …:;θ0

Q Þ represents the mean value of the updated vector and
αi is the coefficient of the prior PDF for the ith updated parameter. The notation ||n|| denotes the Euclidean norm of n. If αi is a
constant for all the updating parameters in Eq. (5) then the updated parameters will be of the same order of magnitude. Eq.
(5) may be viewed as a regularization parameter [12,20,33]. In Eq. (5) Gaussian priors are conveniently chosen because many
natural processes tend to have a Gaussian distribution.

The posterior distribution function of the parameters θ given the observed data D is denoted as PðθjDÞ and is obtained by
applying Bayes' theorem as represented in Eq. (3). The distribution PðθjDÞ is calculated by substituting Eqs. (4) and (5) into
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Eq. (3) to give

PðθjDÞp 1
Zsðα;βÞ

exp �βc

2
∑
Nm

i

f mi � f i
f mi

 !2

� ∑
Q

i

αi

2
:θi�θ0

i :
2

0
@

1
A ð6Þ

Where

Zsðα;βÞ ¼
2π
β

� �Nm=2

∏
Nm

i ¼ 1
f mi ð2πÞQ=2 ∏

Q

i ¼ 1

1ffiffiffiffiffi
αi

p ð7Þ

The Eq. (6) can be written in the following Normal distribution form:

PðθjDÞ ¼ 1
ð2πÞðNm þQ=2ÞjΣjð1=2Þ

exp �1
2
ðX�μÞTΣ�1ðX�μÞ

� �
ð8Þ

Where

X ¼ f 1; …: f Nm
;θ1;…:;θQ

� �
; μ¼ f m1 ; …: f mNm

;θ0
1;…:;θ0

Q

h i
and Σ�1 ¼

βc

f m
2

1

0 …

0 ⋱ 0
⋮ 0 βc

f m
2

Nm

0

0

α1 0 ⋮
0 ⋱ 0
… 0 αQ

2
6666666666664

3
7777777777775

In most cases, the analytical form of the posterior PDF solution is not be available due the complexity of the system as well
as the high dimensionality of the parameter search space. In these situations, the sampling methods provide the only
practical solution to estimating this function. Sampling techniques can simplify the Bayesian inference by providing a set of
random samples from the posterior distribution [11, 12, 20, 29, 31, 34]. If Y is the observation of certain parameters at
different discrete time instants then the Total Probability theorem provides the probabilistic information for the prediction
of the future responses Y at different time instants. Consider the following integral;

PðY jDÞ ¼
Z

PðYjθÞPðθjDÞdθ ð9Þ

Eq. (9) depends on the posterior distribution function. The dimension of the updating parameters and the complexity of the
modeled system make it very difficult to obtain an analytical solution. Therefore, sampling techniques, such as Markov chain
Monte Carlo (MCMC) methods are employed to predict the updating parameter distribution and subsequently to predict the
modal properties. Given a set of Ns random parameter vectors drawn from a PDF PðθjDÞ, the expectation value of any
observed function Y can be easily estimated.

The integral in Eq. (9) can be solved using sampling algorithms [11,31,35,36]. These algorithms are used to generate a
sequence of vectors fθ1; θ2;…;θNs g where Ns is the number of samples and these vectors can be used to form a Markov
chain. This generated vector is then used to predict the form of the posterior distribution functionPðθjDÞ. The integral in
Eq. (9) can be approximated as

~Yffi 1
Ns

∑
Ns

i ¼ 1
GðθiÞ ð10Þ

where G is a function that depends on the updated parameters θi. As an example, if G¼θ then ~Y becomes the expected value
of θ. Generally, ~Y is the vector that contains the modal properties and Ns is the number of retained states. In this paper, the
HMC and the SHMC methods are used to sample from the posterior PDF.

4. The Hybrid Monte Carlo (HMC) method

The Hybrid Monte Carlo method, known as the Hamiltonian Monte Carlo method, is a method for solving higher-
dimensional complex problems [11,25,29,31,36]. The HMC combines a Molecular Dynamic (MD) trajectory with a Monte
Carlo (MC) rejection step [12]. In HMC, a dynamical system is considered in which auxiliary variables, called momentum,
pARN , are introduced. The updated vector θ is treated as displacements. The total energy (Hamiltonian function) of the new
dynamical system is defined by Hðθ;pÞ ¼ VðθÞþWðpÞ, where the potential energy is defined by VðθÞ ¼ � lnðPðθjDÞÞ and the
kinetic energy WðpÞ ¼ pTM�1p=2 depends only on p and some chosen positive definite matrix MARN�N .

The Hamiltonian dynamics associated with Hðθ;pÞ are governed by:

dθ
dt

¼M�1pðtÞ; dp
dt

¼ �∇VðθðtÞÞ ð11Þ
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In this paper, Molecular Dynamic simulations are performed under the conditions of constant temperature T, constant
volume V, and constant number of particles N (canonical ensemble). The density function ρðθ;pÞ of the canonical ensemble
follows a Boltzmann distribution. This ensemble is believed to be good representation of the distribution of the Hamiltonian
system if it is in thermal contact with a much larger system of temperature T. A nice feature of this ensemble is that position
θ and momentum p are independent for separable Hamiltonians [37].

The joint distribution derived from the Hamiltonian function can be written as: ρðθ;pÞpexpð�βBHðθ;pÞÞ where
βB ¼ ð1=KBTÞ and KB is a Boltzmann constant and T is temperature. It is easy to see that ρðθ;pÞ can be rewritten as
ρðθ;pÞpexpð�βBVðθÞÞ:expð�βBWðpÞÞ or ρðθ;pÞpPðθjDÞ:expð�βBp

TM�1p=2Þ. Clearly, sampling θ from the posterior
distribution can also be obtained by sampling ðθ;pÞ from the joint distribution ρðθ;pÞ where θ and p are independent
according to Hðθ;pÞ (a separable Hamiltonian function).

The evolution of ðθ;pÞ through time t can be numerically achieved by using the Störmer–Verlet or leapfrog scheme
[11,12]

p tþδt
2

� �
¼ pðtÞ�δt

2
∇VðθðtÞÞ ð12Þ

θðtþδtÞ ¼ θðtÞþδtM�1p tþδt
2

� �
ð13Þ

pðtþδtÞ ¼ p tþδt
2

� �
�δt

2
∇VðθðtþδtÞÞ ð14Þ

where δt is the time step and ∇V is obtained numerically by finite differences as:

∂V
∂θi

¼ VðθþΔhÞ�Vðθ�ΔhÞ
2hΔi

ð15Þ

Δ¼ ½Δ1;Δ2;…;ΔN�is the perturbation vector and h is a scalar which dictates the size of the perturbation of θ.
In practice, the Störmer–Verlet algorithm does not preserve the property of Eq. (10), where the probability density

function is proportional to expð�βBHðθ;pÞÞ [25]. In order to satisfy the property of Eq. (11), an accept–reject step must be
added. In such a case, after each iteration of Eqs. (12)–(14), the resulting candidate state is accepted or rejected according to
the Metropolis criterion based on the value of the Hamiltonian Hðθ;pÞ. Thus, if ðθ; pÞ is the initial state and ðθn

;pnÞ is the
state after the equations above have been updated, then this candidate state is accepted with probability
minð1; expf�βBΔHgÞ, ΔH¼Hðθn

;pnÞ�Hðθ;pÞ. The obtained vector θn will be used for the next iteration. The algorithm
stopping criterion is defined by the number of θ samples (Ns). The HMC algorithm can be summarized as follows:
1)
P
te
A value θ0 is used to initiate the algorithm.

2)
 Initiate p0 such that p0�N(0,M)

3)
 Initiate the leapfrog algorithm with ðθ;pÞ and run the algorithm for L time steps to obtain ðθn

;pnÞ:

4)
 Update the FEM to obtain the new analytic frequencies and then compute Hðθn

;pnÞ.

5)
 Accept ðθn

;pnÞ with probability minð1; expf�βBΔHgÞ.
Repeat steps (3–5) to for Ns samples.
In practice, the time step of the HMC method is bounded ðδtminoδtoδtmaxÞ. The performance of the HMC method
degrades when the time step of the Störmer–Verlet integrated and/or the system size are large [26]. A significantly large
time step increases the numerical errors caused by the integrator used to evaluate the Hamiltonian function. The error
caused by the integrator can cause the Hamiltonian function to fluctuate and thus increase the rejection rate of the
algorithm (no samples accepted in the case where δtZδtmax). To avoid a large rejection rate, the time step of this algorithm
has to be less than δtmax. In the case where δt is too small, a high acceptance rate of HMC algorithm is obtained, however a
large number of samples are needed to cover more space during the search (especially when δtrδtmin). On the other hand,
relatively larger δt facilitates a significant jump from the existing samples and so a better exploration of the phase space. To
overcome these inconveniences, an adjusted HMC algorithm based on the exploit of the Modified Hamiltonian function is
proposed.

5. The Shadow Hybrid Monte Carlo method

The SHMC method is a generalization of HMC where the main idea of SHMC is to use a modified Hamiltonian
approximation ~Hðθ;pÞ to sample from the extended phase-space of the shadow Hamiltonian rather than the configuration
space alone [26,29]. This approach overcomes the acceptance rate decrease of the HMCmethod when the system size N and/
or time step δt is relatively large (The SHMC method expends the HMC time step). The formulation of the SHMC method
requires the introduction of a parameter (a constant) c. Consider ~ρðθ;pÞ as a target density function for SHMC where:

~ρðθ;pÞ pexpð�βB
~Hðθ;pÞÞ; ð16Þ
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~Hðθ;pÞ ¼ maxðHðθ;pÞ; H½2k�ðθ;pÞ�cÞ: ð17Þ

where H 2k½ �ðθ;pÞ is an accurate shadow Hamiltonian defined in Section 6.The arbitrary constant c allows H 2k½ �ðθ;pÞ to depart

from Hðθ;pÞ since H 2k½ �ðθ;pÞ can have a significant separation from the original Hamiltonian Hðθ;pÞ. In SHMC, a new set of

momentum p are generated from a Gaussian (Nð0;MÞ PDF. However, this momentum vector is accepted or rejected
according to the Metropolis acceptance–rejection step (a non-separable Hamiltonian function). The complexity of drawing
new momentums from the non-separable Hamiltonian function is solved by using the von Neumann approach [38,39]. This
approach is summarized as follows: Consider a complicated target distribution f ðzÞ where samples must be generated from.
The acceptance–rejection method generates a random number with a probability distribution function f ðzÞ. First the
probability distribution function is split as f ðzÞ ¼ CgðzÞhðzÞ where hðzÞ is a simple PDF, C is a constant and 0rgðzÞr1. Then a
random variable Z with PDF hðzÞ is generated. Next a uniform random number U from (0,1) is generated. Finally, if UrgðzÞ,
then Z has the PDF f ðzÞ. Otherwise repeat the process. In our case f ðzÞ ¼ ~ρðθ;pÞ where:

~ρðθ;pÞ ¼ expð�βB maxðHðθ;pÞ; H 2k½ �ðθ;pÞ�cÞÞ
¼ expð�βBHðθ;pÞÞminð1; expf�βBðH 2k½ �ðθ;pÞ�c�Hðθ;pÞÞgÞ ð18Þ

Then Eq.(18) can be written as:

~ρðθ;pÞ ¼ expð�βBVðθÞÞexpð�βBWðpÞÞminð1; expf�βBðH 2k½ �ðθ;pÞ�c�Hðθ;pÞÞgÞ ð19Þ

Consider that C ¼ expð�βBVðθÞÞ, hðpÞ ¼ expð�βBWðpÞÞ and gðpÞ ¼ minð1; expf�βBðH 2k½ �ðθ;pÞ�c�Hðθ;pÞÞgÞ. In this case, the

vector p is generated from the Gaussian distribution h(p); then it is accepted or rejected according to
minð1; expf�βBðH 2k½ �ðθ;pÞ�c�Hðθ;pÞÞgÞ.

The accepted–rejected step is repeated until a new momentum vector is accepted. Choosing the right parameter c can
increase the efficiency of this method by reducing the number of attempts required to generate the new momentum vector.

Next, the system is integrated using an MD step. The SHMC algorithm can be summarized as follows [26,29]:
1.
(

Please
techni
Set initial value θ0.

2.
 Repeat for Ns samples.

(a)
b)

ci
qu
MC step:
a) Generate p such that p�Nð0;MÞ
b) Accept with probability ð1; expf�βBðH 2k½ �ðθ;pÞ�c�Hðθ;pÞÞgÞ,
c) Repeat until a new p is accepted
te th
e, M
MD step:
a) Initiate the extended leapfrog algorithm with (θ,p) and run the algorithm for L time steps to obtain ðθn

;pnÞ
b) Update the FEM to obtain the new analytic frequencies and then compute ~Hðθn

;pnÞ
c) Accept ðθn

;pnÞ with probability minð1; expf�βBΔ ~HgÞ.
Both MC and MD steps are depending on the parameter c (see SHMC algorithm above) where this parameter has a
significant effect on the simulation. When c is positively large, the SHMC algorithm matches the HMC algorithm (with
different momentum) and this will decrease MD step acceptance rate (in the case that δt and/or system size are large), on
the other hand the MC step acceptance rate increases. Conversely, a large negative c value increases the acceptance rate of
the MD step and decreases the acceptance rate of the MC step (again in the case that δt and/or system size are large). In this
paper, the value of c is chosen proportional to the average difference between the Hamiltonian and the shadow Hamiltonian.
Finally, in order to calculate balanced values of the mean the results must be reweighted. This can be done by using
ρðθ;pÞ= ~ρðθ;pÞ before evaluating the averages. The average of an observable B is giving by [26,29]:

B¼∑Ns
i ¼ 1B:ai
∑Ns

i ¼ 1ai
;where ai ¼

expð�βBHðθ;pÞÞ
expð�βB

~Hðθ;pÞÞ
ð20Þ

6. Construction of the Shadow Hamiltonian

In Hamiltonian systems, the effects of discretization error could be analyzed by examining the “modified equations” of
this system [27,28]. These equations are exactly satisfied by the (approximate) discrete solution [27,40,41]. The modified
equations are defined by an asymptotic expansion in powers of the discretization parameter. The modified integrator is
Hamiltonian if and only if the integrator is symplectic [26,27]. The integrator is symplectic if ∂yφðyÞT J∂yφðyÞ � J, where

y¼φðyÞ is a numerical integrator, J ¼ 0 I
�I 0

� �
and I is an identity matrix. There is also evidence that the numerical

solution of symplectic integrators stays close to the solution of a modified Hamiltonian Hδtðθ;pÞ for very long times [26,27].
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The Störmer–Verlet integrator is symplectic, which indicates that its modified differential equation is Hamiltonian.
The modified Hamiltonian of this integrator is given by:

Hδt ¼Hþ δt2
1
12

fW ; fW ;Vgg� 1
24

fV ; fV ;Wgg
� �

þδt4
7

5760
fV ; fV ; fV ; fV ;Wgggg� 1

720
fW ; fW ; fW ; fW ;Vgggg

�

þ 1
360

fV ; fW ; fW ; fW ;Vggggþ 1
360

fW ; fV ; fV ; fV ;Wgggg� 1
480

fV ; fV ; fW ; fW ;Vggggþ 1
120

fW ; fW ; fV ; fV ;Wgggg
�
þ…

ð21Þ

where the notation fA;Bg ¼∇θA∇pB�∇pA∇θB represents the Poisson bracket of two functions depending on θ and p. This
formula is obtained from the symmetric Baker–Campbell–Hausdorff formula [42]. Skeel and Hardy [27] show how to
compute a modified Hamiltonian using a splitting method. The goal is to compute:

H 2k½ �ðθ;pÞ ¼ Hδtðθ;pÞþOðδt2kÞ ð22Þ

where H 2k½ �ðθ;pÞ is a shadow Hamiltonian of order 2k. The construction adds a new position variable and a conjugate
momentum variable β(t) to obtain an extended Hamiltonian HðyÞ ¼ ð1=2Þ _yT JyT where y¼ ½θT

;α;pT ;β�T and α¼1. This
extended Hamiltonian is homogeneous of order 2.The y is formed using a numerical solution of the extended Hamiltonian
system and the final result satisfies Eq. (22). More details can be found in [26–29]. The formula for the 4th and 8th shadow
Hamiltonians, k¼2 and k¼4, respectively are:

H½4�ðθ;pÞ ¼ A10�
1
6
A12 ð23Þ

H 8½ �ðθ;pÞ ¼ A10�
2
7
A12�

19
210

A14þ
5
42

A30þ
13
105

A32�
1

140
A34 ð24Þ

where the Aij are defined as

Aij ¼
μδiθδjp�δjθμδip�μδiβ : j¼ 0

μδiθδjp�δjθμδip : ja0

8<
: ð25Þ

and δθ represents the central difference of vector θ defined by δθ¼ θð1=2Þ �θ�ð1=2Þ, and the averaging operator μθ is

similarly defined by μθ¼ ð1=2Þðθð1=2Þ þθ�ð1=2ÞÞ. Note that θð1=2Þ ¼ θðtþðδt=2ÞÞ and θ�ð1=2Þ ¼ θðt�ðδt=2ÞÞ. To evaluate the
leapfrog algorithm, we again use Eqs. (12)–(14), and we include the term β(t), where β(t) is evaluated according to

βðtþ1Þ ¼ βðtÞþ δtðθðtÞ∇VðθðtÞÞ�2VðθðtÞÞ ð26Þ
In this paper, the SHMCn (for convenience the n refers to both SHMC4 and SHMC8) method is investigated on the updating of
structural beam models. The first example is a simple unsymmetrical H-shaped aluminum structure and the second
example is a GARTEUR SM-AG19 structure. The results of this method will be compared with those obtained by using an
HMC method.
7. Unsymmetrical H-shaped structure

The unsymmetrical H-shaped aluminum structure is shown in Fig. 1. The structure was divided into 12 elements and
each was modeled as an Euler–Bernoulli beam. The structure was excited at the position indicated by the double arrow and
the acceleration was measured at 15 different positions. The structure was excited using an electromagnetic shaker and a
roving accelerometer was used to measure the response. A set of 15 frequency-response functions were calculated. See [4]
for more details about this structure.
Fig. 1. The H-shaped aluminum structure.
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7.1. H-beam simulation

The measured natural frequencies are: 53.9 Hz, 117.3 Hz, 2041.4 Hz, 254.0 Hz and 445.0 Hz. In this paper the moments
of inertia and the cross section areas of the left, middle and right subsections of the beam (as labeled in Fig. 1) are updated.
The updating parameter vector is thus θ¼ fIx1; Ix2; Ix3;Ax1;Ax2;Ax3g. The Young's modulus for the beam is set to 7.2�1010 N/m2

and the material density is set to 2785 kg/m3. The temperature T¼300 K, βB ¼ ð1=KB300Þ where KB¼
0.00198719 kcal mol�1 K�1. The updating parameters θ are bounded by maximum values equal to [3.73�
10�8,3.73�10�8,3.73�10�8,4.16�10�4,4.16�10�4,4.16�10�4,4.16�10�4] and minimum values are equal to [1.7�10�8,
1.7�10�8,1.7�10�8,2�10�4,2�10�4,2�10�4]. The boundaries help to keep the updated vector physically realistic.

In Eq. (6) the constant βc of the posterior distribution is set equal 10. The coefficients αi are set equal to ð1=σ2
i Þ, where σ2

i
is the variance of the i th parameter and the variance vector is defined as σ ¼ ½5� 10�8; 5� 10�8;

5� 10�8; 5� 10�4; 5� 10�4; 5� 10�4�. The constant βc and the variance σ in Eq. (6) are chosen so that the weight of
Table 1
Initial and updated parameters using HMC, SHMC4 and SHMC8.

Initial θ0 θ vector, HMC method σi
μi
(%)¼c.o.v. θ vector, SHMC4 method σi

μi
(%) ¼c.o.v. θ vector, SHMC8 method σi

μi
(%)¼c.o.v.

Ix1 2:73� 10�8 2:21� 10�8 12.67 2:18� 10�8 12.60 2:24� 10�8 12.51

Ix2 2:73� 10�8 2:6� 10�8 1.37 2:49� 10�8 3.99 2:52� 10�8 1.47

Ix3 2:73� 10�8 2:9� 10�8 16.5 2:96� 10�8 14.93 2:94� 10�8 16.32

Ax1 3:16� 10�4 4:0� 10�4 1.39 4:05� 10�4 2.19 4:04� 10�4 1.54

Ax2 3:16� 10�4 2:3� 10�4 1.1 2:46� 10�4 2.10 2:41� 10�4 1.40

Ax3 3:16� 10�4 2:4� 10�4 1.95 2:25� 10�4 3.20 2:29� 10�4 1.78

Table 2
Natural frequencies and errors for HMC, SHMC4 and SHMC8.

Mode Measured
frequency (Hz)

Initial
frequency
(Hz)

Error
(%)

Frequencies HMC
method (Hz)

Error
(%)

Frequencies SHMC4

method (Hz)
Error
(%)

Frequencies SHMC8

method (Hz)
Error
(%)

1 53.9 51.40 4.63 52.93 (0.17%) 1.8 52.94 (0.04%) 1.79 53.05 (0.05%) 1.58
2 117.3 116.61 0.59 118.82 (0.21%) 1.3 118.23 (0.15%) 0.79 118.7 (0.15%) 1.2
3 208.4 201.27 3.42 208.81 (0.24%) 0.2 207.91 (0.27%) 0.23 208.61 (0.27%) 0.1
4 254.0 247.42 2.59 254.41 (0.22%) 0.16 253.84 (0.17%) 0.06 253.91 (0.17%) 0.03
5 445 390.33 12.28 444.13 (0.41%) 0.2 443.0 (0.20%) 0.45 443.22 (0.20%) 0.40
Total
average
error

_ _ 4.70 _ 0.73 _ 0.66 _ 0.66

Fig. 2. The total average error for the algorithms.
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the likelihood term in Eq. (6) will be greater than the second term in the PDF. The number of samples Ns is set to 1000, the
time step is set to 0.0045 s and the constant c¼0.001. Each algorithm has been implemented over 20 independent runs. The
final results tabulated in Tables 1 and 2 are the average of these 20 runs (different initial momentum in each run gives
slightly different results).

Table 1 presents the initial, updated and corresponding coefficient of variation values of the updating vector obtained by
each method. The coefficient of variation (c.o.v.) represents the estimated standard deviation divided by the estimated mean
θ for each algorithm. The estimations of the middle beam parameters are better than the left and the right beams
parameters, and this can be seen from the values of the coefficient of variation in Table 1 (the standard deviation of the
middle beam updated parameters are lower than those obtained for both left and right beams). The reason could be that the
structure was excited at the position indicated by the double arrow (located on the middle beam), which means more
information of the middle beam is used for the updating process.

Table 2 presents the updated natural frequencies for each mode (the coefficient of variation inside the parenthesis
represents the estimated standard deviation divided by the estimated frequency), the absolute mode error and the final
model error in percentage form for all three algorithms. The percentage error is defined by the differences between the
updated value of the natural frequency and its experimental value divided by the experimental value. Different methods
have been used to update the H-shaped beam structure [4] where the total average error obtained by using Nelder Mead
(NM) Simplex method is 2.14% while the Genetic Algorithm (GA) reduced this error to 1.1%. The Response-Surface (RS)
method produced a total average error equal to 1.84% while the Particle Swarm Optimization (PSO) algorithm reduced the
error to 0.4%.

The error between the first measured natural frequency and that of the initial model was 4.63%. When applying HMC
method this error was reduced to 1.8% and by implementing SHMC4,8 it was reduced to 1.79% and 1.58%, respectively.
In overall, the updated FEM natural frequencies for all three algorithms are better than the initial FEM. The SHMC algorithms
produced slightly better total error results than the HMC algorithm. The updating using these methods improved the error
from 4.7% to 0.66% which is an acceptable percentage comparing to the results previously obtained by NM, GA and RS
methods.

Fig. 2 shows the total average error vs. number of iterations for the three algorithms for 1000 iterations. The y-axis (Total
Average Error) is plotted by using the base 10 logarithmic scale. Fig. 2 is obtained by evaluating the mean value of the
samples at each iteration (i) for all algorithms. The total average error is computed from the average of the errors between
the analytical and the experimental frequencies. The results obtained shows that the three algorithms converge fast and
within the first 200 iterations (200 samples will be enough to obtain good updated parameters). The constant c¼0.001
resulted in a reduced average error (see Table 2). The choice of a poor c may degrade the performance of the MC step
because the rejection rate of the MC step decreases when cis small. This can be very expensive in terms of momentum
sampling time.

The efficiency of HMC and SHMC algorithms directly depends on the chosen time step δt. A large time step helps to
sample from an extended phase-space (cover more space) during the search operation. This can cause faster convergence
but with few samples. The time step of δt ¼ 0:0045 s provided a good sampling acceptance rate for all methods: HMC and
SHMC4,8 (99.9%). When times step δt increases, the SHMCn method samples with reasonable efficiency and keeps the
acceptance rate higher than the HMC method (see Fig. 3). The SHMC algorithm can be viewed as a generalization of HMC
algorithm that samples from a PDF in all of phase space. However, these methods show some performance degradations as
δt approaches its upper bound due to the instabilities in the MD integrator and the faster motions of the system [26].
Fig. 3. Sampling acceptance rate at different time steps for the algorithms.
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To verify this, different time step are used to run all three algorithms and obtain the acceptance rate vs. time step graph.
The acceptance rate (AR) of both algorithms is evaluated by calculating the ratio of accepted moves to total moves
attempted. Fig. 3 shows the sampling acceptance rate for time steps between 0.006 s and 0.01 s.

The HMC acceptance rate starts decreasing from the time step of 0.006 s (99.7%) until it reaches 0% (no updated values
for the θ vector) at time step 0.01 s (the upper bound time step of the HMC algorithm is δtmax ¼ 0:01 s). On the other hand,
the SHMC methods maintain a good acceptance rate. At time step 0.006 s both SHMC4,8 have an acceptance rate equal to
99.9%. The SHMC4 maintains this value until δt ¼ 0:0066 s and starts decreasing from δt ¼ 0:0068 s (93.9%) to reach an
acceptance rate equal to 66% at time step δt ¼ 0:01 s which is better than the HMC algorithm (upper bound time step of the
SHMC4 algorithm is larger than 0.01 s.). The SHMC8 maintains the initial acceptance rate for larger time steps (until
δt ¼ 0:007s) but then gradually reduces to 80.3% by the δt ¼ 0:01 s time step. A large time step marginally affects all three
algorithms' results where the acceptance rate of SHMC8 algorithm decreases to 80.3% for δt ¼ 0:01 s which is far better than
the HMC algorithm. In this example, the SHMC method successfully extended the time step upper bound where
δtSHMC

max ⪢0:01 s. The value of the constant c used to plot Fig. 3 is equal to 0.001.
The results from Table 2 are not conclusive on which algorithm is better for this relatively simple FEM problem. To

explore this issue further a more complex structure is considered in the next section.

8. The Garteur Sm-Ag19 structure

The GARTEUR SM-AG19 structure was used as a benchmark study by 12 members of the GARTEUR Structures and
Materials Action Group 19 [43–48]. The aeroplane has a length of 1.5 m and a width of 3 m. The depth of the fuselage is
15 cm with a thickness of 5 cm. The material used was aluminum and the overall mass is 44 kg. In order to increase the
damping, a 1.1�76.2�1700 mm3 viscoelastic constraining layer was bonded to the wings. Further details are described in
reference [44]. Fig. 4 shows the finite element model (beam) of the aeroplane. In our models all element materials are
considered to be standard isotropic. The beam elements of the model were modeled as Euler–Bernoulli elements

8.1. Garteur simulation

The experimental test data used in this work is data obtained by DLR Göttingen, Germany in above study. The measured
natural frequencies (Hz) data are: 6.38, 16.10, 33.13, 33.53, 35.65, 48.38, 49.43, 55.08, 63.04, 66.52 Hz. The parameters of the
structure to be updated are the right wing moments of inertia and torsional stiffness ðR_Imin;R_Imax;R_ItorsÞ, the left wing
moments of inertia and torsional stiffness ðL_Imin; L_Imax; L_ItorsÞ, the vertical tail moment of inertia ðVTP_Imin) and the overall
structure's density ρ. The temperature T¼300 K, βB ¼ ð1=KB300Þwhere KB ¼ 0:00198719 kcal mol�1 K �1. The update vector
is thus given by θ¼ ½ρ;VTP_Imin; L_Imin; L_Imax; R_Imin;R_Imax; L_Itors; R_Itors�. The Young's modulus for the aeroplane is also
set to 7.2�1010 N/m2. In Eq. (6) the constant βc of the posterior distribution is set equal 100. All coefficients αi are set
equal to ð1=σ2

i Þ, where σ2
i is the variance of the ith parameter and σ ¼ ½5� 102; 5� 10�9; 5� 10�9;

5� 10�7; 5� 10�9; 5� 10�7;5� 10�8; 5� 10�8 �. The mean values of the updated vector and their bounds are given
in Tables 3 and 4 respectively. The time step is set at δt ¼ 3 ms and the number of samples is Ns¼1000. The constant of
Fig. 4. FEM Garteur Structure.

Table 3
The initial values of the updating parameters for the GARTEUR example.

Parameter ρ ðkg=m3Þ VTP_Imin (10�9 m4Þ L_Imin ð10�9 m4Þ L_Imax ð10�7 m4Þ
2785 8:34 8.34 8.34

Parameter L_Itors (10
�8 m4Þ R_Imin ð10�9 m4Þ R_Imax ð10�7m4Þ R_Itors ð10�8m4Þ

4.0 8.34 8.34 4.0
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Table 4
The bounds of the updating parameters for the GARTEUR example.

Max Min
ρ 3500 2500

VTP_Imin 12� 10�9 5� 10�9

L_Imin 12� 10�9 5� 10�9

L_Imax 12� 10�7 5� 10�7

R_Imin 12� 10�9 5� 10�9

R_Imax 12� 10�7 5� 10�7

L_Itors 6� 10�8 3� 10�8

R_Itors 6� 10�8 3� 10�8

Table 5
Initial and updated parameter values for the 3ms time step.

Initial (the mean vector) θ0 HMC Method
δt¼3 ms θ

σi
μi
(%)

c.o.v
SHMC4 Method
δt¼3 ms θ

σi
μi
(%)

c.o.v
SHMC8 Method
δt¼3 ms θ

σi
μi
(%)

c.o.v

ρ 2785 2667.33 1.97 2666.85 2.27 2686.97 2.98
VTP_Imin 8:34� 10�9 6:938� 10�9 5.62 6:961� 10�9 5.50 7:154� 10�9 6.92

L_Imin 8:34� 10�9 10:12� 10�9 2.34 10:12� 10�9 2.27 10:13� 10�9 3.38

L_Imax 8:34� 10�7 7:899� 10�7 2.61 7:919� 10�7 2.75 8:018� 10�7 3.34

R_Imin 8:34� 10�9 10:15� 10�9 2.13 10:13� 10�9 2.21 10:12� 10�9 3.38

R_Imax 8:34� 10�7 6:11� 10�7 3.14 6:096� 10�7 4.02 6:109� 10�7 4.21

L_Itors 4� 10�8 4:043� 10�8 1.95 4:036� 10�8 2.09 4:024� 10�8 2.61

R_Itors 4� 10�8 3:571� 10�8 2.17s 3:563� 10�8 2.49 3:573� 10�8 3.18

Table 6
Modal results and Errors for all algorithms at two different time steps.

Mode Measured
frequency (Hz)

Initial FEM
frequencies (Hz)

Error
(%)

HMC frequencies
(Hz) δt¼3 ms

Error
(%)

SHMC4 frequencies
(Hz) δt¼3 ms

Error
(%)

SHMC8 frequencies
(Hz) δt¼3 ms

Error
(%)

1 6.38 5.71 10.47 6.313 (0.95%) 1.06 6.312 (1.30%) 1.07 6.301 (1.83%) 1.23
2 16.10 15.29 5.01 15.866 (0.81%) 1.45 15.875 (1.38%) 1.40 15.93 (1.94%) 0.98
3 33.13 32.53 1.82 32.236 (0.75%) 2.70 32.238 (1.43%) 2.69 32.33 (2%) 2.42
4 33.53 34.95 4.23 33.90 (0.76%) 1.10 33.88 (1.52%) 1.04 33.93 (2.13%) 1.19
5 35.65 35.65 0.012 35.643 (0.31%) 0.02 35.62 (1.45%) 0.083 35.589 (2.04%) 0.17
6 48.38 45.14 6.69 48.84 (0.61%) 0.95 48.80 (1.36%) 0.87 48.783 (1.90%) 0.83
7 49.43 54.69 10.65 49.871 (1.45%) 0.89 49.86 (1.61%) 0.88 49.702 (2.26%) 0.55
8 55.08 55.60 0.94 54.364 (0.83%) 1.30 54.418 (1.47%) 1.20 54.591 (2.06%) 0.89
9 63.04 60.15 4.59 63.888 (0.68%) 1.35 63.896 (1.39%) 1.36 63.828 (1.95%) 1.25
10 66.52 67.56 1.57 67.446 (0.029%) 1.39 67.447 (1.48%) 1.39 67.449 (2.07%) 1.40
Total
Average
errors

_ _ 4.6 _ 1.22 _ 1.20 _ 1.09

I. Boulkaibet et al. / Mechanical Systems and Signal Processing ] (]]]]) ]]]–]]] 11
c¼0.01 was found to provide good results. Each algorithm has been run over 10 independent simulations. The final results
tabulated in Tables 5 and 6 are the average of these 10 runs.

A number of studies have been made to update the GARTEUR SM-AG19 structure. Mares et al. [49] reduced the error to
0.66% by applying a sensitivity method to update a number of parameters. Link et al. [50] summarized the results obtained
by seven participants where each participant updated different set of parameters using different computational methods.
The average error varied between 0.69% and 2.03% for all participant results. A modification was made to the wing of the
original structure and this time the average error between the participants varied being between 1.02% and 1.50%. In this
study two MCMC algorithms are implemented to update the FEM of the above structure.

Table 5 presents the initial value (the mean material or geometric value) of the update vector θ and the updated
values obtained by HMC and the SHMC4,8 methods for the time step of δt ¼ 0:003 s. The corresponding coefficient of
variation (c.o.v) is also presented.

The updated parameters obtained by all of the algorithms are physically realistic. There is a small difference between the
final updated values obtained by the HMC and both SHMC algorithms. This is because of the way that the SHMC algorithms
use the non-separable Shadow Hamiltonian function for sampling. Furthermore the SHMC algorithms use two extra
parameters when evaluating the MC and MD step (the constants c and βðtÞ).
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Fig. 5. Normal probability plots for ρðθ1Þ, L_Imax(θ4), L_Itors(θ7) and R_Itors(θ8) from HMC, SHMC4 and SHMC8 algorithms for the GARTEUR example. Straight
line indicates a Gaussian distribution of data. The normalization constants θ01 θ04, θ

0
7 and θ08 are the initial values for, for, L_Imax , L_Itors and R_Itors for each

simulation (see Table 3). a) Normal probability plot for ρ (HMC), b) Normal probability plot for ρ (SHMC4), c) Normal probability plot for ρ (SHMC8),
d) Normal probability plot for L_Imax (HMC), e) Normal probability plot for L_Imax (SHMC4), f) Normal probability plot for L_Imax (SHMC8), g) Normal
probability plot for L_Itors (HMC), h) Normal probability plot for L_Itors (SHMC4), i) Normal probability plot for L_Itors (SHMC8), j) Normal probability plot for
L_Itors(HMC), k) Normal probability plot for R_Itors (SHMC4) and l) Normal probability plot for R_Itors (SHMC8).

Please cite this article as: I. Boulkaibet, et al., Finite element model updating using the shadow hybrid Monte Carlo
technique, Mech. Syst. Signal Process. (2014), http://dx.doi.org/10.1016/j.ymssp.2014.06.005i

I. Boulkaibet et al. / Mechanical Systems and Signal Processing ] (]]]]) ]]]–]]]12

http://dx.doi.org/10.1016/j.ymssp.2014.06.005
http://dx.doi.org/10.1016/j.ymssp.2014.06.005
http://dx.doi.org/10.1016/j.ymssp.2014.06.005


Fig. 6. 2-Dimensional histogram plots for ρ vs L_Imax and R_Itors vs R_Itors for HMC and SHMC4,8 algorithms for the GARTEUR example. The red area in the
graphs indicates the high probability area. a) 2-Dimensional histogram plot for (ρ vs L_Imax) (HMC), b) 2-Dimensional histogram plot for ( L_Itors vs R_ITORS)
(HMC), c) 2-Dimensional histogram plot for (L_Imax) (SHMC4), d) 2-Dimensional histogram plot for ( L_ITORS vs R_Itors) (SHMC4), e) 2-Dimensional histogram
plot for (ρ vs L_Imax) (SHMC8) and f) 2-Dimensional histogram plot for (L_Itors vs R_Itors) (SHMC8).
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It can be seen that the coefficient of variation is small for all algorithms (less than 6% for both HMC and SHMC4, and less
than 7% for the SHMC8 algorithm). The time step used provides a good acceptance sampling rate of 99.9% for all algorithms.
The additional parameter, c, of SHMC algorithm is used to control the difference between the modified and the true
Hamiltonian function. In this paper, the value of c is chosen so that the modified Hamiltonian function can depart from the
true Hamiltonian function. However, different choices of c might obtain better errors.

Fig. 5 presents the Gaussian probability plots for four of the eight updated parameters using the three algorithms. This
plot is a good way to verify whether the updating parameters follow a Gaussian distribution (which is difficult to decide
from histogram plots). In these figures θi refers to the sequential numbering of the updating parameters in the updating
vector, i.e. θi¼ρ (density) and θ4 refers to L_Imax as listed on Table 4. The effect of the non-separable Shadow Hamiltonian
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function and the SHMC reweighting step are more pronounced in the graphs shown in Fig. 5 where all algorithms give
different probability distribution form. The density distribution from both HMC and SHMC4 methods is almost ideal
Gaussian distributed (display some non-Gaussian behavior in the tails). The same comment can be made for L_Imax
Fig. 7. The correlation between the updated parameters (HMC algorithm).

Fig. 8. The correlation between parameters (SHMC8 algorithm).

Table 7
Initial and updated parameter values for the 4.8ms time step.

Initial
(the mean vector) θ0

HMC
method δt ¼ 4:8 ms θ

SHMC4

method δt ¼ 4:8 ms θ

σi
μi
(%)

c.o.v
SHMC8

method δt ¼ 4:8 ms θ

σi
μi
(%)

(c.o.v)

L_Imin 2785 2785 2737.66 3.42 2727.91 2.52
VTP_Imin 8:34� 10�9 8:34� 10�9 7:467� 10�9 10.54 7:456� 10�9 5.45

L_Imin 8:34� 10�9 8:34� 10�9 10:15� 10�9 1.63 10:16� 10�9 0.97

L_Imax 8:34� 10�7 8:34� 10�7 8:184� 10�7 2.93 8:204� 10�7 2.90

R_Imin 8:34� 10�9 8:34� 10�9 10:14� 10�9 1.52 10:14� 10�9 1.19

R_Imax 8:34� 10�7 8:34� 10�7 6:305� 10�7 2.30 6:079� 10�7 1.45

L_Itors 4� 10�8 4� 10�8 3:969� 10�8 3.24 4:006� 10�8 2.08

R_Itors 4� 10�8 4� 10�8 3:623� 10�8 1.81 3:586� 10�8 1.48
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distribution obtained by SHMC4 algorithm. The HMC algorithm produces distributions close to the Gaussian one for both
LItorsand R_Itors. In general, distributions obtained by the three algorithms showed non-Gaussian behavior.

Fig. 6 represents the 2-Dimensional histogram plots for the pairs, ρðθ1Þvs L_Imaxðθ4Þ and L_Itorsðθ7Þ vs R_Itorsðθ8Þ. The plots
shows the region of most probable values of the updated parameters where both HMC and SHMC4,8 algorithms were able to
find parameters with high probability (the red region in Fig. 6). Also, all algorithms HMC and SHMC4,8 produces different
histograms (different samples). This can be attributed to the SHMC reweighting step and also the degree of the shadow
Hamiltonian function.

Figs. 7 and 8 show the correlation between all updated parameters for both algorithms, namely HMC and SHMC8 (SHMC4

and SHMC8 had almost the same correlations). Small values indicate that both parameters are weakly correlated (o0.3),
however large values (40.7) indicate that the parameters are highly correlated while zero indicates that the parameters are
not correlated. A positive correlation indicates that the variables are positively related while a negative correlation indicates
the opposite. In the current study Figs. 7 and 8 indicate that for both algorithms, all parameters are correlated (all values are
not 0). Both algorithms indicate that the pairs ðR_Imin; R_ImaxÞ, ðL_Imin; R_ImaxÞ and ðR_Imax; L_IminÞ are highly correlated while
ðρ; R_ImaxÞ, ðρ; R_ImaxÞ and ðρ; R_IminÞ are weakly correlated.

Table 6 shows the modal results and output errors for the different sampling algorithms. The values inside the
parenthesis represent the coefficient of variation (c.o.v). The results show that the updated FEM natural frequencies are
better than the initial FEM for all algorithms. The error between the second measured natural frequency and that of the
initial model is 5.01%. With the HMC method this error is reduced to 1.45% and by implementing the SHMC4 and SHMC8 it
was further reduced to 1.40% and 0.98% respectively. A similar observation can be made for the fourth, sixth, seventh, eighth
and ninth natural frequencies. The SHMCn (both SHMC4 and SHMC8) produce a smaller final total average error compared to
Table 8
Modal results and errors for all algorithms for a time step of 4.8 ms.

Mode Measured
frequency
(Hz)

Initial FEM
frequencies
(Hz)

Error
(%)

Frequencies HMC
method (Hz)
δt¼4.8 ms

Error
(%)

Frequencies SHMC4

method (Hz) δt¼4.8 ms
Error
(%)

Frequencies SHMC8

method (Hz) δt¼4.8 ms
Error
(%)

1 6.38 5.71 10.47 5.71 10.47 6.284 (2.06%) 1.50 6.291 (2.15%) 1.40
2 16.10 15.29 5.01 15.29 5.01 16.043 (2.19%) 0.35 16.049 (2.28%) 0.32
3 33.13 32.53 1.82 32.53 1.82 32.453 (2.26%) 2.04 32.454 (2.36%) 2.04
4 33.53 34.95 4.23 34.95 4.23 33.991 (2.4%) 1.38 33.993 (2.50%) 1.38
5 35.65 35.65 0.012 35.65 0.012 35.517 (2.30%) 0.37 35.545 (2.40%) 0.29
6 48.38 45.14 6.69 45.14 6.69 48.879 (2.15%) 1.03 48.559 (2.24%) 0.37
7 49.43 54.69 10.65 54.69 10.65 49.367 (2.55%) 0.13 49.451 (2.65%) 0.043
8 55.08 55.60 0.94 55.60 0.94 55.093 (2.32 %) 0.02 54.888 (2.42%) 0.35
9 63.04 60.15 4.59 60.15 4.59 63.628 (2.19%) 0.93 63.717 (2.29%) 1.07
10 66.52 67.56 1.57 67.56 1.57 67.458 (2.34%) 1.41 67.450 (2.44%) 1.40
Total
Average
errors

_ _ 4.6 _ 4.6 _ 0.92 _ 0.87

Fig. 9. The total average error for the three algorithms for different time steps.
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that obtained by the HMC algorithm for the same initial time step. The initial total average error was 4.6% but after using the
HMC, SHMC4 and SHMC8 methods it reduce to 1.22%, 1.20% and 1.09% respectively. Another observation can be made from
the results of Table 8 which indicate that all algorithms give a robust estimation of the updated parameters which can be
verified by the low (less than 3%) values of c.o.v for all modes.

The time step, δt ¼ 0:003 s, provides a good acceptance sampling rate for all methods: HMC and SHMC (99.9%). Fig. 9
shows the total average error versus number of iterations for the three algorithms. Convergence results for two time steps
δt ¼ 0:003 s and δt ¼ 0:0048 s are plotted on the same graph. In these simulations c¼0.01. The y-axis (Total Average Error) is
plotted by using the base 10 logarithmic scale. Fig. 9 shows the efficiency of these algorithms where 150–200 iterations
(150–200 samples) will be enough to obtain a good average error. The three algorithm almost have the same convergence
rate when time step δt ¼ 0:003 s. However, the error decreases faster for both SHMC4,8 algorithms when the time step is
δt ¼ 0:0048 s (convert in the first 100 iterations). This indicates that the SHMCn algorithm is more efficient that the HMC
algorithm for large time steps.

The updated parameter results of the δt ¼ 0:0048 s time step and their coefficient of variation (c.o.v) are given in Table 7. The
time step is large enough to allow significant jumps of the algorithm during the searching process. This leads to better modeling
results, see Table 8. In this setting the HMC method gives poor updating parameters where no updating happened (the same
initial values). This is because the time step δt ¼ 0:0048s does not conserve the Hamiltonian function which leads to a high
rejection rate in the algorithm. The use of this time step caused significant numerical errors of the integrator used to evaluate the
pair ðθ;pÞ. In this case, the Hamiltonian function starts fluctuating with time which causes a sudden decrease of the acceptance
rate (the acceptance rate decreases to less than 1% when the time step is δt ¼ 0:0048 s). The acceptance rate for SHMC4 is 71%
and 78% for the SHMC8 algorithm, which is an acceptable rate compared to that for the HMCmethod. The estimation error (c.o.v)
is small for SHMCn algorithms where the error is less than 11% for SHMC4 algorithm and less than 6% for the SHMC8 algorithm.

Changing the time step for both methods provided different results from those in Table 5. In the case where the time step
is increased (δt ¼ 0:0048 s), the SHMC method improves the most. This can be seen in Table 8 where the total average error
is reduced to 0.92% for SHMC4 algorithm and 0.87% for SHMC4 algorithm. However, this is not the case for HMC where the
acceptance rate decreases to less than 1% and the updated vector obtained from the HMC does not improve the FEM results.
Fig. 10 shows the acceptance rate versus time step. The acceptance rate for both methods is 99.9% when the time step is
3 ms. The acceptance rate starts decreasing when the time step increases for both methods but this decrease is faster and
more significant in the case of the HMC method. When the time step δt ¼ 3:4 ms, the acceptance rate for the HMC method
decreases slightly to 98.7% and stays the same for the SHMCn methods (99.9% for both). When the time step is 3.8ms the
SHMC8 acceptance rate reduces slightly to 99.8% while that of the SHMC4 decreases to reach 88.2%. However, the HMC
method acceptance rate is significantly decreased to 53.2%. Finally, when the time step reaches 4.8 ms, the acceptance rate
reduces to 78.6% for the SHMC8 and to 70.8% for the SHMC4 which is an acceptable rate comparing to that obtained by the
HMC method (less than 1%). Fig. 8 was plotted when the constant c¼0.01.

Despite the detailed mathematical formulation of the SHMCn this algorithm is easier to program. Albeit some extra
memory (compared to the HMC algorithm) is needed for the extra parameters as well as the reweighting step during the
execution of the program. However, with a good choice of the constant c, the SHMCn algorithms performs very well. Sweet
et al. [51] proposed a method to optimize the SHMC algorithm. This method is based on finding the mean and variance of
the difference between the shadow Hamiltonian and the Hamiltonian which will be useful to find optimal values for both c
and δt. Moreover, the SHMC method successfully extended the time step upper bound where δtSHMC

max ⪢4:8 ms (see Fig. 8)
which allows large jumps during the search. Updating large structures with many updated parameters (more than 20
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parameters) using the SHMC algorithms could be worth investigating since the parameters size in this approach has less
effect (in term of stability and errors) than that of the HMC algorithm [26].

Different approaches have been made to improve the HMC efficiency. Neal [52] used the “reject” and “accept” windows
to improve the acceptance rate of the HMC algorithm while Fischer et al. [53] introduced an extra parameter to generalize
the HMC algorithm by enhancing sampling at low temperatures which is done by sampling from a mixed canonical
ensemble. Combining the SHMC algorithm with some of these modifications mentioned above is considered in FEM
updating and also will consider the differences between the above methods and other variations of the Hamiltonian Monte
Carlo method.

9. Conclusion

This paper promotes the use of a Bayesian approach to finite element model updating. Using the Bayesian approach in
this updating problem requires the evaluation of the posterior distribution function (PDF). Unfortunately due to the high
dimensionality and complexity of updated structures, the posterior function is not available in analytical form. Traditionally
numerical methods are then used to approximate such a function. The most popular of these are the Markov Chain Monte
Carlo (MCMC) based sampling methods.

In this paper the Hybrid Monte Carlo (HMC) method is implemented to approximate the posterior distribution function.
The results and limitations of the HMC on the FEM updating problem are highlighted. To overcome some of these
limitations, we proposed the use of a modified version –which is based on a shadow Hamiltonian – called the Shadow HMC.
The SHMC uses a modified Hamiltonian approximation to sample from the extended phase-space of the shadow
Hamiltonian rather than the configuration space alone.

Two different real structures each with a given set of updating parameters are used as test cases for these sampling
techniques.

The simulation results of the more complex structure indicate that some stiffness parameters are highly correlated and
some of them are weakly correlated. Furthermore the updated parameters are not jointly Gaussian where some of these
parameters have forms very close to a Gaussian distribution. Both methods provided good updates on the modal data and
significantly reduced the FEM errors. In both simulation test cases the SHMC techniques gives better results than the HMC
method.

In this study, the efficiency of these algorithms is shown where both methods converge fast for a given time step.
However the SHMC method is more efficient than HMC where it provides good samples at larger time steps, which is not
the case with the HMC method where the sampling rate decreases with an increased time step (the SHMC method extended
the time step upper bound).

Future work will consider looking at the difference a two variable cost function makes in the updating of the finite
element model. This could perhaps reveal certain subtleties in the application of the proposed sampling method.
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