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Abstract 

This paper investigates the use of an electrostatic device to improve the performance of MEMS 

piezoelectric harvesters in the presence of manufacturing uncertainties. Different type of uncertain 

parameters including thickness, air gap and Young’s modulus has been considered.  It is shown 

that existing uncertainty in the geometric and structural parameters of a harvester, can change the 

resonance frequency and consequently results in a lower output power from the harvesters 

designed for a nominal excitation frequency. The experimental data from the literature is used to 

model the uncertainty in the analytical model of the harvester and Monte Carlo Simulation (MCS) 

is used for uncertainty propagation. It is found that the uncertainty effects can results in two sets 

of samples. The first set of samples are those with resonance frequency higher than nominal values 

and the second set includes samples having resonance frequencies lower than nominal value.  This 

paper demonstrates the use of an electrostatic device that can compensate the effects of variability 

in the harvester by tuning the resonance frequency to the nominal design. The proposed device 

composes of a symmetric arrangement of two electrodes to decrease the resonance frequency from 

its nominal value. However, achieving a very good symmetric conditions in the device in the 

micro-scale is not feasible and therefore the effects of unsymmetric arrangement due to 

manufacturing variability is investigated. On the other hand, the device includes two arch shape 

electrodes which can be used to create a hardening effect to increase the resonance frequency of 

samples which have resonance frequencies smaller than the nominal value. 
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1. Introduction 

Harvesting energy from a variety of ambient energy sources (e.g. solar, wind and vibration) is one 

of the promising ways to provide power for Micro Electro Mechanical Systems (MEMS) in 

different applications ranging from wireless sensor networks to medical implants [1-4]. Using 

vibration source has gained more popularity due to its high availability in various environments. 

There are different transduction methods that can be used to convert mechanical vibrations into 

electrical energy. The most common types of transduction mechanisms are electrostatic, 

electromagnetic and piezoelectric. Electrostatic energy harvesters can convert ambient vibrations 



to the electrical energy using a charged variable capacitor which its capacitance changes due to 

the mechanical vibrations. Any change in the capacitance results in a charge rearrangement on the 

electrodes of the capacitor and consequently the charge flows through the electrical circuit [5]. 

Electromagnetic vibration based energy harvesters usually consist of a coli, permanent magnet and 

a suspension spring. According to the Faraday law of electromagnetic induction, when the coil 

experiences a change in the magnetic flux because of a relative motion between the magnet and 

the coil, electrical energy is generated [6]. In piezoelectric energy harvesters, the mechanical 

energy of vibrations is transformed by a piezoelectric material to electrical energy. When a 

piezoelectric material is deformed, the central molecules in the crystal become polarized and form 

a dipole. If the dipoles are arranged, then two surfaces of the material become positively and 

negatively charged [7]. Due to the compatibility between piezoelectric material deposition and 

MEMS fabrication process, piezoelectric convertors have been recognized to offer more benefits 

[8].  

Generally, in vibration based energy harvesters (VEHs) the maximum energy can be harvested 

when the harvester excited at its resonance frequency. In most cases the resonance frequency of 

the harvester dose not match the frequency of vibration source and consequently the output power 

decreases significantly. There are two methods to increase the efficiency of the VEHs: broadening 

the bandwidth and tuning the resonance frequency of the harvester [9-10].    

In the last few years, many studies focused on these methods to improve the harvested power of 

VEHs. Masana and Daqaq [11] developed an electromechanical nonlinear model of an axially 

loaded, tunable, and couple clamped end energy harvesting beam. They illustrated that the axial 

static load can be used to tune the system over a wide range of frequency. Challa et 

al. [12] investigated a vibration energy harvesting device with autonomously tunable resonance 

frequency. They used a piezoelectric cantilever beam array with magnets attached to the free ends 

of cantilever beams to tune resonance frequency of the system by magnetic force. Miller et 

al. [13] proposed a passive self-tuning beam resonator with sliding proof mass along the beam. 

This model enables the energy harvesting system to adjust the natural frequency of the system and 

thereby increase the energy harvested over time. Erturk and Inman [14] investigated the broadband 

high-energy orbits in a bistable piezomagnetoelastic energy harvester over a range of excitation 

frequency. Malaji and Faruque Ali [15] analysed broadband energy harvesting using multiple 

linear harvesters. They showed that bandwidth of harvesting frequency can be increased by using 

an array of coupled pendulums with mechanical grounding. In addition, they found that the 

bandwidth and the total harvested power saturates with the number of pendulums. 

A mismatch between the resonance frequency and vibration source frequency may exist either due 

to changes in the working conditions or excessive manufacturing tolerances and errors. In MEMS 

devices due to the fabrication process such as mask alignment, deposition, photolithography, 

etching and drying, manufacturing tolerances are generally high and in some cases it can be higher 

than ±10% of nominal values [16]. Therefore, parameter uncertainty can significantly affect the 

performance of MEMS devices. Uncertainty analysis of MEMS devices has been studied by 

several authors in the literature. Agarwal and Aluru [17] presented a framework to quantify 
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different kind of outputs in MEMS structure such as deformation and electrostatic pressure in these 

devices. Agarwal and Aluru [18] proposed a framework to include the effect of uncertain design 

parameters of MEMS devices. Based on this framework they investigated the effect of variations 

in Young's modulus, induced because of variations in manufacturing process parameters or 

heterogeneous measurements, on the performance of a MEMS switch.  

In this paper, an electrostatic device has been proposed to compensate the effect of manufacturing 

uncertainties on performance of MEMS piezoelectric harvesters. In this model, the resonance 

frequency of harvester is tuned using an arch electrode and two straight electrodes. The 

manufacturing uncertainty could potentially change the harvester’s resonance frequency and 

consequently the direction of the deviation from its nominal value may be positive or negative. 

Therefore, there is a need for tuning the harvester’s resonance frequency to a higher (hardening) 

or lower (softening). Based on applying voltage to the aforementioned electrodes, the resonance 

frequency of harvester can be adjusted through hardening and softening mechanisms. Applying 

DC voltage to the arch shaped electrode creates a tensile follower force which can increase the 

resonance frequency of harvester linearly. On the other hand, the resonance frequency of harvester 

can be decreased by applying voltage to the straight electrodes which creates a softening 

nonlinearity. The Galerkin method has been used to discretised the equations of motion. To show 

the results, a single mode approximation of the harvester has been considered. Due to the 

nonlinearity of the electrostatic force, finding the analytical solution for the derived equations is 

challenging. Therefore, in this work shooting method has been used to solve the derived equations. 

By considering 2000 samples, the distribution of the resonance frequency and harvested power of 

samples have been estimated using MCS in presence of structural uncertainty. 

2. Model description and mathematical modeling 

Figure 1 shows the proposed model in this paper. The model is an isotropic micro-beam of 

length 𝐿, width 𝑎, thickness ℎ, density 𝜌 and Young’s modulus 𝐸, sandwiched with piezoceramic 

layers having thickness ℎ0, Young’s modulus 𝐸0 and density 𝜌0 throughout the micro-beam length 

and located between two straight-shaped electrodes and one arc-shaped electrode. As illustrated 

in Figure 1, the piezoceramic layers are connected to the resistance (𝑅) and the coordinate system 

is attached to the middle of the left end of the micro-beam where x and z refer to the horizontal 

and vertical coordinates respectively. The free end of the micro-beam is attached to the two arc-

shaped comb fingers which subtend angle 𝛼 at the base of the beam and remain parallel to the 

fixed arc-shaped electrode. The governing equation of transverse motion can be written as [19] 

 

𝜕2

𝜕𝑥2 (𝐸𝐼(𝑥, �̂�)
𝜕2�̂�

𝜕𝑥2 ) +   𝜌𝐴(𝑥, �̂�)
𝜕2�̂�

𝜕�̂�2
+ �̂�𝑎

𝜕�̂�

𝜕�̂�
+ 𝐹𝑓(�̂�)

𝜕2�̂�

𝜕𝑥2
 

−�̂�(�̂�) 𝑣(�̂�) (
𝑑𝛿(𝑥)

𝑑𝑥
−

𝑑𝛿(𝑥 − 𝐿𝑐)

𝑑𝑥
) = 𝐹𝑒(�̂�) + 𝑧0�̂�2 (𝜌𝐴(𝑥, �̂�) + 𝑀𝑡𝛿(𝑥 − 𝐿)) cos(�̂��̂�) 

(1) 
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and subjected to the following boundary conditions 

 

�̂�(0, �̂�) = 0     
𝜕�̂�(0, �̂�)

𝜕𝑥
= 0          

𝜕

𝜕𝑥
(𝐸𝐼(�̂�, �̂�)

𝜕2�̂�(𝐿, �̂�)

𝜕𝑥2 ) = 𝑀𝑡 (
𝜕2�̂�(𝐿, �̂�)

𝜕�̂�2
)   

𝜕2�̂�(𝐿, �̂�)

𝜕𝑥2
= 0 

 

(2) 

where �̂� shows the stochastic parameters, which have been used as an input to the mathematical 

model. 

 

Fig. 1. Schematic of the proposed energy harvester 

 

In Equation (1), �̂� is the transverse deflection of the beam relative to its base at the position �̂� and 

time �̂�,  𝑐𝑎 is the viscous air damping coefficient, 𝛿(�̂�) is the Dirac delta function, 𝑧(�̂�) is the base 

excitation function, 𝐹𝑓 is the follower force which is applied to the harvester by the arched-shaped 

electrode, 𝐹𝑒  is the electrostatic force which is applied to the harvester by the straight-shaped 

electrodes, 𝑣(�̂�) is the voltage across the electrodes of each piezoceramic layer, �̂� is the coupling 

term which is dependent on the type of connection between the piezoceramic layers (i.e. series or 

parallel connections). By considering the parallel connection between these layers and Kirchhoff's 

laws, the electrical circuit equation can be expressed as  

𝐶𝑝(�̂�)
𝑑𝑣𝑝(�̂�)

𝑑�̂�
+

𝑣𝑝(�̂�)

2𝑅
+ 𝑖𝑝(�̂�, �̂�) = 0 (3) 

where the internal capacitance (𝐶𝑝), coupling term (𝜃𝑝) and the current source can be obtained as 

[19]  

𝐶𝑝(�̂�) =
휀3̅3

𝑠 𝑎𝐿𝑐

ℎ0 
,                �̂�𝑝(�̂�) =

�̅�31𝑎

ℎ0
 ((ℎ0 +

ℎ

2
)

2

−
ℎ2

4
),   (4) 



𝑖𝑝(�̂�, �̂�) =
�̅�31𝑎

2
(ℎ0 + ℎ) ∫

𝜕3�̂�(�̂�, �̂�)

𝜕𝑥2𝜕�̂�
𝑑𝑥

𝐿𝑐

0

 

and 휀3̅3
𝑠  is the permittivity component at constant strain with the plane stress assumption for the 

beam. Using electrostatic principles, the electrostatic force between the micro-beam and the 

straight electrodes (𝐹𝑒) can be written as [20] 
 

𝐹𝑒(�̂�) =
휀0𝑎 𝐻(𝑥) 

2
(

𝑉1
2

(𝑔01 − �̂�)2
−

𝑉1
2

(𝑔02 + �̂�)2) (5) 

where 

𝐻(𝑥) = 𝐻(𝑥 − �̂�1) − 𝐻(𝑥 − �̂�2) (6) 

In Equation (5), 휀0 is the permittivity of free space, 𝐻(�̂�) is the Heaviside function, 𝑉1 is the 

applied DC voltage to the straight electrodes, 𝑔01 and 𝑔02 are the air gaps between the micro-beam 

and the straight electrodes. By applying voltage to the arched-shaped electrode shown in Figure 1, 

the amplitude of 𝐹𝑓 can be tuned. Figure 3 shows for a small angular deflection of the micro-beam 

(𝜃), the angular overlap between the fingers and the arched-shaped electrode is always 2𝛼 and the 

force remains a follower force in all conditions.    

 

  
(a) (b) 

Figure 3: A micro-beam with an arc-shaped comb fingers in its (a) unperturbed state and (b) perturbed 

state. 
 

Based on electrostatic principles, the amplitude of the follower force (𝐹𝑓) can be written as  

𝐹𝑓(�̂�) =
휀0𝑎

𝑔𝑟
2  𝑉2

2𝐿𝛼  (7) 

where 𝑔𝑟 is the radial gap between the comb fingers and arched-shaped electrode, a is the width 

of the resonator, L is the length of the beam (the thickness of the arched-shaped electrode can be 

ignored), and 𝑉2 is the applied voltage to the arched-shaped electrode.  For convenience, Equations 

(1) and (3) can be rewritten in a non-dimensional form as follows 



𝜕2

𝜕𝑥2 (𝑠1(𝑥, 𝜓)
𝜕2𝑤

𝜕𝑥2 ) + 𝑠2(𝑥, 𝜓)
𝜕2𝑤

𝜕𝑡2
+ 𝑐𝑎

𝜕𝑤

𝜕𝑡
 

                      +(𝛼𝑓(𝜓) 𝑉2
2)

𝜕2𝑤

𝜕𝑥2
− 𝜗𝑝(𝜓) 𝑣𝑝(𝑡) (

𝑑𝛿(𝑥)

𝑑𝑥
−

𝑑𝛿(𝑥 − 𝑙𝑐)

𝑑𝑥
) 

         = 𝛼𝑒(𝜓) 𝑉1
2 (

𝐻(𝑥)

(1 − 𝑤)2
−

𝐻(𝑥)

(𝑟(𝜓) + 𝑤)2) + (𝜎1𝑠2(𝑥, 𝜓) + 𝜎2𝛿(𝑥 − 1))Ω2 cos(Ω𝑡) 

(8) 

𝑑𝑣𝑝(𝑡)

𝑑𝑡
+ 𝜆(𝜓) 𝑣𝑝(𝑡) + 𝛾(𝜓) ∫

𝜕3𝑤

𝜕𝑥2𝜕𝑡
𝑑𝑥

𝑙𝑐

0

= 0 (9) 

where 

𝑤 =
�̂�

𝑔01
                𝑥 =

𝑥

𝐿
                𝑡 =

�̂�

𝑇
,              𝛺 = 𝑇�̂�, 𝑙𝑐 =

𝐿𝑐

𝐿
 

𝑐𝑎 =
�̂�𝑎𝐿4

(𝐸𝐼)𝐶  𝑇
,                 𝑇 = √

 (𝜌𝐴)𝐶𝐿4

(𝐸𝐼)𝐶
, 𝜗𝑝 =

�̂�𝑝𝐿2

(𝐸𝐼)𝐶𝑔01
, 𝛼𝑓 =

휀0𝑎𝐿3𝛼 

(𝐸𝐼)𝐶𝑔𝑟
2 

𝛼𝑒 =
휀0𝑎𝐿4 

2𝑔01
3 (𝐸𝐼)𝐶

, 𝜎1 =
𝑧0𝐿4 (𝜌𝐴)𝐶

𝑇2(𝐸𝐼)𝐶𝑔01
, 𝜎2 =

𝑧0𝐿3𝑀𝑡

𝑇2(𝐸𝐼)𝐶𝑔01
, 𝜆 =

𝑇

2𝑅𝐶𝑝
,   

 

𝛾 =  
�̅�31𝑎𝑔01(ℎ0 + ℎ)

2𝐶𝑝𝐿
, 𝑟 =

𝑔02

𝑔01
, 𝑠1 =

𝐸𝐼(�̂�, 𝜓)

(𝐸𝐼)𝐶
,    𝑠2 =

 𝜌𝐴(�̂�, 𝜓)

(𝜌𝐴)𝐶
 

 

(10) 

where (𝐸𝐼)𝐶 and (𝜌𝐴)𝐶 are related to the bimorph part of the beam. To eliminate the spatial dependence 

in Equations (8) and (9) the Galerkin decomposition method is used. The deflection of the micro-

beam can be represented as a series expansion in terms of the eigenfunctions of the micro-beam, 

i.e. 

𝑤(𝑥, 𝑡) = ∑ 𝑈𝑖(𝑡)𝜑𝑖(𝑥)

𝑁

𝑖=1

 

 

(11) 

where 𝜑𝑖(𝑥) is the ith linear undamped mode shape of the straight micro-beam and 𝑈𝑖(𝑡) is the ith 

generalized coordinate. Equations (8) and (9) can be converted into a system of differential 

equations using this method. A single-mode approximation yields the following equations 

 

�̈�(𝑡) + 2𝜇𝜔𝑛 �̇�(𝑡) + 𝜔𝑛
2𝑈(𝑡) − 𝜃𝑝 𝑣𝑝(𝑡) = 𝛼𝑡 ∫ (

 𝑉1
2𝐻(𝑥)

(1 − 𝑈𝜑)2
−

 𝑉1
2𝐻(𝑥)

(𝑟 + 𝑈𝜑)2) 𝜑 𝑑𝑥
1

0

 

+𝐹 Ω2 cos(Ω𝑡) 

 

(12) 

�̇�𝑝(𝑡) + 𝜆 𝑣𝑝(𝑡) + 𝛽 �̇�(𝑡) = 0 (13) 

where 



𝑀 = ∫ 𝑠2(𝑥, 𝜓) 𝜑2(𝑥)
1

0

𝑑𝑥, , 𝐶 = 𝑐𝑎 ∫ 𝜑2(𝑥)
1

0

𝑑𝑥, , 𝐾𝑓 = 𝛼𝑓 𝑉2
2 ∫ 𝜑(𝑥)

1

0

𝜑𝐼𝐼(𝑥)𝑑𝑥,  

𝐾𝑚 = ∫ (𝑠1
𝐼𝐼(𝑥, 𝜓)𝜑𝐼𝐼(𝑥) + 2𝑠1

𝐼(𝑥, 𝜓)𝜑𝐼𝐼𝐼(𝑥) + 𝑠1(𝑥, 𝜓)𝜑𝐼𝑉(𝑥))𝜑(𝑥)
1

0

𝑑𝑥,    

𝐹 =
1

𝑀
(𝜎1 ∫ 𝜑(𝑥)𝑠2(𝑥, 𝜓)

1

0

𝑑𝑥 + 𝜎2 ∫ 𝜑(𝑥)
1

0

𝛿(𝑥 − 1)𝑑𝑥) , 𝛼𝑡 =
𝛼𝑒

𝑀
, 

𝛽 =  𝛾 (
𝑑𝜑(𝑙𝑐)

𝑑𝑥
) , 𝜇 =

𝐶

2𝑀𝜔𝑛
,         𝜔𝑛 = √

𝐾𝑚 +  𝐾𝑓

𝑀
, 𝜃𝑝 =

𝜗𝑝

𝑀
 (

𝑑𝜑(𝑙𝑐)

𝑑𝑥
) 

 

(14) 

Due to the electrostatic nonlinearity in Equation (8), finding an analytical solution to study the 

dynamic behavior of the system is quite complicated. However, there are different methods to find 

an approximated analytical solution of Equations (8) and (9). Previously the authors (Madinei et 

al. [21]) used harmonic balance method to study the dynamic behavior of the system by 

considering approximated electrostatic force using Taylor expansion. They assumed symmetric 

electrostatic force in their approximation and showed that acceptable convergence can be obtained 

by including the terms up to ninth-order. However, in the presence of manufacturing uncertainties 

the electrostatic force could be unsymmetric due to the variabilities in the air gap and more terms 

may be needed to be included to reach acceptable convergence. Therefore, using harmonic balance 

method makes the uncertainty propagation tedious because for every different sample, the number 

of truncated terms should be determined.   In current work, shooting method [22] is used to study 

the dynamic behavior of the system. Generally, the shooting method is a powerful and useful 

method to find periodic solutions of a nonlinear system, and it is computationally more time 

efficient than direct integration methods. The method can also find the unstable solutions although 

this is not needed for the analysis in this paper. By introducing  𝑋1 = 𝑈, 𝑋2 = �̇� and 𝑋3 = 𝑣𝑝 , 

Equations (12) and (13) can be rewritten as 

�̇�1 = 𝑋2, (15) 

�̇�2 = 𝐹 cos(Ω𝑡) − 2𝜇𝜔𝑛𝑋2 − 𝜔𝑛
2𝑋1 + 𝜃𝑝𝑋3 + 𝛼𝑡  𝑉1

2 ∫ (
𝐻(𝑥)

(1 − 𝑋1𝜑)2
−

𝐻(𝑥)

(𝑟 + 𝑋1𝜑)2) 𝜑 𝑑𝑥
1

0

 (16) 

�̇�3 = −𝜆 𝑋3 − 𝛽 𝑋2 

 
(17) 

To find the periodic solution of Equations (15), (16) and (17), we need to search for an appropriate 

set of initial condition (𝜂1, 𝜂2, 𝜂3). To proceed with the shooting technique, for convenience, we 

define the following variables 

𝑋4 =
𝜕𝑋1

𝜕𝜂1
, 𝑋5 =

𝜕𝑋1

𝜕𝜂2
, 𝑋6 =

𝜕𝑋1

𝜕𝜂3
 

𝑋7 =
𝜕𝑋2

𝜕𝜂1
, 𝑋8 =

𝜕𝑋2

𝜕𝜂2
, 𝑋9 =

𝜕𝑋2

𝜕𝜂3
 

𝑋10 =
𝜕𝑋3

𝜕𝜂1
, 𝑋11 =

𝜕𝑋3

𝜕𝜂2
, 𝑋12 =

𝜕𝑋3

𝜕𝜂3
 

 

(18) 



 The shooting technique requires simultaneously integrating Equations (15), (16) and (17) plus the 

time derivatives of the variables (�̇�4 − �̇�12) in time domain for one period of excitation. The initial 

conditions for solving the set of differential equations are defined as 

𝑋1(0) = 𝜂10, 𝑋2(0) = 𝜂20, 𝑋3(0) = 𝜂30, 𝑋4(0) = 1, 𝑋5(0) = 0,    

𝑋6(0) = 0,             𝑋7(0) = 0, 𝑋8(0) = 1, 𝑋9(0) = 0, 𝑋10(0) = 0,   

𝑋11(0) = 0, 𝑋12(0) = 1 

(19) 

 𝜂10, 𝜂20 and 𝜂30 are initial guesses for the initial condition that result in periodic solution. 

Generally, these initial guesses deviate from the exact one by an error or correction 𝛿𝜼. By 

calculating the values of 𝑋4 − 𝑋12 at one-period and substituting them in the below algebraic 

system of equations the error can be found for each set of initial guesses [22]. 

 [[

𝑋4

𝑋7

𝑋10

𝑋5

𝑋8

𝑋11

𝑋6

𝑋9

𝑋12

] − [𝐼]] [

𝛿𝜂1

𝛿𝜂2

𝛿𝜂3

] = [

𝜂10 − 𝑋1(𝑇, 𝜂10, 𝜂20, 𝜂30)
𝜂20 − 𝑋2(𝑇, 𝜂10, 𝜂20, 𝜂30)
𝜂30 − 𝑋3(𝑇, 𝜂10, 𝜂20, 𝜂30)

] 
(20) 

By trying different initial guesses and using Equation (20), the error (𝛿𝜂1, 𝛿𝜂2 and 𝛿𝜂3) can be 

minimized and a convergence is achieved. Then, the peak power through the resistance can be 

obtained by substituting  𝑣𝑝 into the following equation 

𝑃0 =
𝑣𝑝

2

𝑅
 (21) 

3. Numerical Results and Discussion 

To demonstrate the results of analysis presented in the previous section, a bimorph piezoelectric 

micro cantilever beam is considered with the geometrical and material properties as listed in Table 

1. 

Table 1.  Geometrical and material properties of the harvester. 

Length, L (μm) 3000 

Width, a (μm) 1000 

Thickness, h (μm) 4 

Thickness, ℎ0 (μm) 2 

Young’s modulus, E (GPa) 169.6 

Young’s modulus, 𝐸0 (GPa) 65 

Air gap, 𝑔0 (μm) 40 

Air gap, 𝑔𝑟 (μm) 3 

Damping coefficient, 𝑐𝑎(N.s/m) 0.002 

Density of Si beam, 𝜌 (kg/m3) 2330 

Density of PZT, 𝜌0(kg/m3) 7800 

Equivalent piezoelectric coefficient, �̅�31(Cm−2) -11.18 

Permittivity component, 휀3̅3
𝑠 (nF/m) 13.48 



Based on the experimental results [16], the most important variations of the fabrication 

parameters include thickness, air gap and Young’s modulus.  To show the effect of these 

parameters on the performance of the harvester, a Gaussian distribution of parameters are assumed 

[16] and given in Table 2. 

Table 2.  Most sensitive parameters to manufacturing uncertainties [16]. 

Data  Mean Std COV (%) 

Thickness, h (μm) 4 0.35 8.75 

Thickness, ℎ0 (μm) 2 0.175 8.75 

Young’s modulus, E (GPa) 169.6 16.58 9.78 

Young’s modulus, 𝐸0 (GPa) 65 6.35 9.78 

Air gap, 𝑔0 (μm) 40 2.52 6.3 

Air gap, 𝑔𝑟 (μm) 3 0.18 6.3 

 

  
(a) (b) 

Figure 4: (a)Variation of the piezoelectric peak power with load resistance at nominal resonance 

frequency (b) Displacement frequency response curve with the optimal resistance 

Considering the mean parameters of the micro beam, the optimal resistance of the harvester 

is obtained at its resonance frequency. As shown in Figure 4a, by exciting harvester at its resonance 

frequency, 12.6 nW power can be harvested at the optimal resistance. To investigate the effect of 

the manufacturing uncertainties on the performance of the MEMS piezoelectric harvester, different 

number of samples are generated and the Monte Carlo simulation is used for uncertainty 

propagation. Figure 5a shows that the Probability density function (PDF) of the power do not 

significantly change when the number of samples increased from 1500 to 2000, hence 2000 

samples will be enough for uncertainty analysis.  



  
(a) (b) 

Figure 5: Probability density function of (a) resonance frequency and (b) harvested power. 

 

Due to the variability of the parameters, the resonance frequencies of the samples have a 

large deviation from one sample to another and this can significantly decrease the performance of 

the harvester. Figure 5b shows that the mean resonance frequency of the harvester is 406 Hz, 

however there are many samples which have resonance frequencies either greater or less than the 

mean value. On the other hand, because of this variability in resonance frequency, the harvested 

power of most samples are far away from the power of the system with the mean parameters when 

it is excited by mean/nominal resonance frequency (see Figure 5a). In order to compensate the 

effect of manufacturing uncertainties, the resonance frequency of samples can be adjusted by 

applying voltage to the electrodes. Figure 6a shows that by applying voltage to the straight 

electrodes, the resonance frequency of micro-beam decreases due to the softening nonlinearity of 

the electrostatic field. Considering this nonlinearity, there are multiple solutions for the micro 

beam response within the frequency range close to the frequency of vibration source. In order to 

harvest more power, the micro beam response should be at the higher of the two solutions and 

close to the resonance frequency. However, being at the higher solution depends on the initial 

conditions and therefore the response at the higher amplitude cannot be guaranteed. Using the 

applied DC voltage can ensure the response of the harvester to be in the higher solution. For a 

given excitation frequency if the harvester response happens to be in the lower amplitude solution 

the DC voltage is increased until a region is reached where the harvester only has a single solution. 

The DC voltage is then slowly reduced and the harvester follows high amplitude solution until the 

resonance is obtained. 



  
(a) (b) 

Figure 6: Tuning resonance frequency of micro beam using (a) softening (𝑑2 − 𝑑1 = 0.5𝐿) and (b) 

hardening (𝛼 = 30°) mechanism 

As shown in Figure 6a, by applying 8 V to the electrodes, the resonance frequency of the 

sample is decreased by 7.5 percentage to match the frequency of vibration source. Consequently, 

the harvested power can be increased by 13.2 nW. On the other hand, Figure 6b shows that the 

resonance frequency of micro beam can be increased by applying a follower force. In Figure 6b, 

an arbitrary sample with resonance frequency less than 406 Hz has been considered. Using 

hardening mechanism and applying 13.6 V, the resonance frequency of the sample can be 

increased by 7.7 percentage and therefore more power can be harvested. 

In both mechanisms, the resonance frequency of sample is tuned based on the electrostatic force. 

The magnitude of this force can be controlled by voltage, air gap and overlapping area between 

electrodes. Generally, the air gap and overlapping area is considered as designed parameters and 

they are constant. However, based on Table 2, the air gaps between electrodes will be affected by 

manufacturing uncertainties. Therefore, depending on the air gaps between electrodes, the 

resonance frequency of sample can be tuned by applied DC voltage. In hardening mechanism, by 

applying voltage to the arch shape electrodes the resonance frequency of the harvester is changed 

linearly but in the softening mechanism due to the geometric configuration of the electrodes, the 

behavior of the harvester is affected by electrostatic nonlinearity.  



  
(a) (b) 

Figure 7: (a)Tuning resonance frequency of symmetric model (𝑔01 = 𝑔02 = 40μm)  (b) comparison of 

symmetric and unsymmetric model (𝑔01 = 44.6μm, 𝑔02 = 36μm) 

 

In addition, due to the variabilities in the air gap between two straight electrodes the system 

may become unsymmetric. According to Equation (5), amplitude of the electrostatic force can be 

controlled by applied DC voltage (𝑉1) and the air gap between electrodes. As shown in Figure 7a, 

by considering equal initial gaps between electrodes (𝑔01 = 𝑔02 = 40μm), the resonance 

frequency of the sample can be tuned to the nominal frequency by applying 10.1 V to the 

electrodes. However, by including the variabilities in the air gap, resonance frequency shifting for 

the same sample can be done by applying 8 V to the electrodes (See Figure 7b). Therefore, in 

comparison with symmetric model depending on the initial gaps between electrodes in the 

unsymmetric model, the applied DC voltage may either increased or decreased. In addition, as 

shown in Figure 8 the steady state response of output power for unsymmetric model can be 

different in comparison with the symmetric model. In the unsymmetric model due to the nonzero 

static deflection, the output voltage will be affected by a DC offset. Therefore, the output voltage 

will be swinged between two different values, instead of usual +𝑣𝑎𝑐 V and −𝑣𝑎𝑐  V. Consequently, 

there will be double picks in the steady state response of the output power in the unsymmetric 

model (see figure 8a). 

 



  
(a) (b) 

Figure 8: Steady state response of the output power at 406 Hz (a) unsymmetric model (𝑉1 = 8 𝑉) (b) 

symmetric (𝑉1 = 10.1 𝑉) 

 

Generally, in nonlinear energy harvesters the maximum power can be harvested when the 

harvester is working at upper branch in vicinity of its resonance frequency. By any changes in the 

initial condition, the harvester tend to jump down to the lower branch and therefore the harvested 

power will be decreased significantly. As shown in Figure 9a, by jumping down from point 𝑃2 in 

Figure 7b the harvested power decreases by 89 percentage.  

  
(a) (b) 

Figure 9: (a) The output power of the harvester at lower branch (𝛺 = 406 𝐻𝑧, 𝑉1 = 8 𝑉)  (b) Moving 

from lower branch to higher one by decreasing voltage approach. 

 

Figure 9b shows that in the case of jumping down to the lower solution (𝑃0), the applied 

DC voltage is increased until a region is reached where the harvester only has a single solution. 

Then by delivering a gradually decreasing voltage in the fixed frequency direction the harvester 

follows high amplitude solution until the resonance is obtained. 



 The voltage source in both symmetric and unsymmetric models can be charged through 

the harvested power from the electrostatic side. Generally, electrostatic harvesters require an 

energy cycle to convert the mechanical energy to the electrical energy [24]. The energy conversion 

cycles mostly rely on charge or voltage constraint concepts. In both cycles, electrical charge is 

stored in a variable capacitor when its capacitance is high. Then the capacitance of the capacitor 

is reduced to the minimal by mechanical vibration, and eventually the capacitor will be discharged.  

Considering the voltage constraint cycle, as shown in Figure 10a, there are two variable capacitors 

between beam and straight electrodes. In each cycle of vibration, these capacitors charged and 

discharged continuously and they can charge the voltage source (𝑉1) based on the voltage 

constraint cycle. Therefore, in both symmetric and unsymmetric model the voltage source is self-

chargeable and the harvested power from electrostatic side is used to keep the voltage source 

constant [21]. 

 

 

 

(a) (b) 

Figure 10: (a)Variable capacitors in the proposed model (b) Electrical circuit 

 

Considering all samples, the performance of the harvester can be increased by using hardening and 

softening mechanisms. Figure 11 shows significant increase in the harvested power of samples 

after using the softening and hardening mechanisms. By applying different voltages to the 

electrodes, the resonance frequency of the samples matches the excitation frequency and it can 

harvest more power.   

 

Figure 12 shows that by applying DC voltage to the straight electrodes (𝑉1) up to 26.6 V and the 

arch electrodes (𝑉2) up to 24 V, the harvested power of samples can be improved significantly and 

consequently, in comparison with Figure 5b, most of samples are shifted to the region around the 

power of the system with the mean parameters. As shown in Figure 11a the mean applied DC 

voltage to the straight electrodes (point A) is 8.5 V and in most cases the harvested power of 

samples is closed to the power of the system with the mean parameters. 



  

(a) (b) 

Figure 11: Harvested power of samples based on (a) softening and (b) hardening mechanism 

 

However, in hardening mechanism, the mean applied DC voltage (point B in figure 10b) is 3.7 V 

greater than mean applied DC voltage in softening mechanism. Furthermore, the mean harvested 

power of samples in hardening mechanism is less than 12 nW. Therefore, the electrostatic 

nonlinearity in the softening mechanism can make the tuning mechanism more efficient in 

comparison with the hardening mechanism.  

  
(a) (b) 

Figure 12: (a) Applied DC voltage versus harvested power for softening mechanism and (b) hardening 

mechanism 

 

In the current analysis, a constant optimal resistance (70 kΩ) is used for all samples; however this 

resistance can be optimized for each sample [21]. In addition, since the axial deflection of the beam 

is negligible, the power loss of voltage source 𝑉2 is small. Considering the results of both 

mechanisms, as shown in Figure 13 by using the electrostatic force in both mechanisms the effect 



of manufacturing uncertainties can be compensated and after tuning the resonance frequencies of 

samples, the harvested powers of samples are varied between 8 to 14 nW. 
 

 

 
Figure 13: Harvested power of samples before and after applying DC voltage 

4. Conclusions 

In this paper, the effect of manufacturing uncertainties on the performance of MEMS piezoelectric 

harvesters was investigated. The steady state solution was obtained by using shooting method and 

2,000 samples were considered based on the Monte Carlo simulation. The results showed that due 

to the variability of parameters, the resonance frequencies of the samples in most cases were far 

away from the excitation frequency and results in lower harvested power. Two tuning mechanisms 

were used to compensate the effect of manufacturing uncertainty. Based on these mechanisms, it 

was observed that the harvested power can be increased by applying DC voltage to the straight 

electrodes and arch shaped electrode up to 26.6 V and 24 V, respectively. In addition, it was shown 

that due to the nonlinearity in the softening mechanism, it is more efficient than the hardening one. 

However, the use of the softening mechanism for all samples requires the resonance frequency of 

the nominal system to be greater than excitation frequency. 
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