
Abstract

A method for efficiently representing realizations of computationally expensive
random fields is proposed. The approach, known as the emulator, consists of building
a statistical approximation of realizations of such random fields. It is based on few
runs of a code that performs the discretization of the random field via the Karhunen-
Loève expansion. This study is aimed at the incorporating emulators to reduce the
computational cost of stochastic finite element codes. Numerical results of emulating
realizations of a Gaussian homogeneous two-dimensional random field are presented.
It is shown that proposed approach can reduce simulation cost of random fields for
stochastic finite element applications.

Keywords: stochastic finite element method, stochastic partial differential equations,
Karhunen-Loeve expansion, gaussian stochastic process, Monte Carlo simulation, bayesian
statistics.

1 Introduction

The realistic modeling and prediction of engineering systems can be better achieved
when uncertainty is taken into account. This can be done by incorporating uncertainty
into the partial differential equations that govern the system’s response. The random
aspects of modelling might involve uncertain material properties, uncertain bound-
ary conditions, uncertain manufacturing tolerances. These uncertainties can be repre-
sented by stochastic coefficients in a system of stochastic partial differential equations.

Engineering systems can be quite complex to analyze, and addressing such com-
plexity requires the employment of numerical algorithms with a sound theoretical ba-
sis. The Finite Element Method (FEM) has proved to be well suited for a large class
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of engineering problems, and thus it is a natural candidate to be extended in order
to accommodate random functions [1]. Such extension is known as the Stochastic Fi-
nite Element Method (SFEM), which incorporates random field models for the elastic,
mass and damping properties of a given engineering system [2]. Mathematically, the
problem is formulated as follows: find the response vector u ∈ Rn such that

Λu = f (1)

where Λ ∈ Rn×n is a stochastic differential operator and f ∈ Rn is the (possibly ran-
dom) excitation vector. Broadly speaking, the SFEM aims at characterizing the global
probabilistic structure of the random response u. However, when a system with a large
number of degrees of freedom is investigated, a code designed to solve Equation (1)
can become prohibitively expensive to run. Such cost can be measured, for example,
in terms of the CPU time employed or the required computer capability. These codes,
as well as the underlying mathematical models will be henceforth referred to as sim-
ulators. A simulator is a function η : Rn → R that, given an input x, it returns an
output y = η(x). There already exist several methods to reduce the execution cost of
an expensive simulator η(·), such as local polynomial regression and neural networks.
Another possible approach is the Bayesian Analysis of Computer Code Outputs [3].
This technology is based on the Analysis and Design of Computer Experiments [4]
and uses concepts of Bayesian Statistics. It essentially consists in constructing an ap-
proximation to the simulator, called an emulator. More precisely, an emulator is a
statistical approximation to the simulator η(·), in the sense that it provides a probabil-
ity distribution for it. The main idea behind emulation is the following: Given some
prior beliefs about η(·), an initial set of runs is treated as training data that will be
used to update such beliefs. As it will be seen, these prior information will rely on
a Gaussian stochastic process. The number of training runs will be small relative to
the size of the input domain of the simulator, since by assumption it is computer in-
tensive. Upon updating, the emulator will interpolate/extrapolate the available data at
unsampled inputs, whereas it will return the known value of the simulator at each of
the initial runs. Emulators have already been implemented in several scientific fields.
A brief account of such applications can be found in [5].

The present paper will explore the use of emulators in the SFEM in order to re-
duce the computational cost of studying engineering systems with random mechanical
properties. In Section 2, the problem posed by Equation (1) will be set in the context
of Stochastic Mechanics. Emphasis will be put on explaining how to discretize the
random field associated with the operator Λ. Section 3 will provide an overview of
the theory behind the implementation of emulators. In section 4, an emulator will be
used to produce realizations of a discretized random field.

2 Random Field Discretization

Let (Θ,F , P ) be a probability space and let L2(Θ,F , P ) be the Hilbert space of ran-
dom variables with finite second moment. A random field H(x, θ), with x ∈ Rn and
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θ ∈ Θ, is a curve in L2(Θ,F , P ), that is a collection of random variables indexed by
x [6]. Hence, H(x0, θ) for a given x0 is a random variable and H(x, θ0) for a given θ0

is a realization of the random field. A Gaussian random field is such that for any N ,
the vector [H(x1, θ0), . . . ,H(xN , θ0)]

T is Gaussian. Moreover, it is homogeneous if its
mean µ(x, θ0) and variance σ2(x, θ0) are constant and its autocorrelation coefficient
ρ(x, x′) is a function of x and x′ only. This autocorrelation function may take many
distinct forms. One example is the one of the exponential type

ρ(x, x′) = e−α1|x(1)−x
′
(1)
|−α2|x(2)−x

′
(2)
| (2)

where x(i) denotes the i-th coordinate of x and α1, α2 are known as correlation lengths.
Random fields are a useful tool to model random mechanical properties of engi-

neering systems, such as Poisson’s ratio, Young’s modulus or yield stress. It is well
known that, for a linear n-degree-of-freedom system, the FEM eventually yields a
system of the form

Ku = f (3)

where K ∈ Rn×n is known as the stiffness matrix and f ∈ Rn is the forcing vector. If
uncertainty is to be taken into account, as in Equation (1), K becomes a random matrix.
This means that the stiffness matrix becomes a function of the spatial coordinates and
a random dimension, namely

K(x, θ) = H(x, θ)Kdet (4)

where Kdet is the deterministic part of the stiffness matrix. To keep notation simple,
K(x, θ) will be denoted as K but understood as being a random matrix. An analogous
treatment apply to u(x, θ) and f(x, θ).

Suppose one is interested in quantifying the uncertainty in Equation (3) induced
by the random properties in the system. When implementing the deterministic FEM,
functions are represented by a set of parameters, that is, the values of the function and
its derivatives at the nodal points. In the case of the SFEM, the random field involved
is discretized by representing it as a set of random variables. Therefore,H(x, θ) needs
to be discretized in order to solve the associated system of random algebraic equations.
The solution to this problem will enable uncertainty quantification. An advantageous
alternative for discretizingH(x, θ) is the Karhunen-Loeve expansion (KLE), for which

H(x, θ) =
∞∑
i=0

√
λiξi(θ)φi(x) (5)

where {ξi(θ)} is a set of random variables, {λi} a set of constants and {φi(x)} an
orthonormal set of deterministic functions. In particular, {λi} and {φi(x)} are the
eigenvalues and eigenfunctions of the covariance kernel K(·, ·), that is, they arise
from the solution of the integral equation

∫

Rn

K(x1, x2)φi(x)dx1 = λiφi(x2) (6)
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According to Sudret and Der Kiureghian [6], the truncated KLE of H(x, θ) up to M
terms is defined as

H(x, θ) = µ(x) +
M∑
i=1

√
λiξi(θ)φi(x) (7)

They also show that applying the KLE, the system in Equation (3) becomes

[K0 +
∞∑
i=0

Kiξ(θ)]u = f (8)

where each Ki is a deterministic matrix.
Note that this is not the only available technique to discretize the random field

H(x, θ). There are more discretization methods that can be divided into three cate-
gories, at least: point discretization, average discretization and series expansion meth-
ods [6]. Of course, the KLE belongs to the third classification. Nevertheless, the KLE
has uniqueness and error-minimization properties that make it a convenient choice
over other available methods. See [7] for a detailed study of the cited and other KLE
properties.

In particular, engineers are interested in obtaining the probability density function
and the cumulative distribution function of u in order to assess the reliability of the
system. However, this objective can prove to be difficult to achieve and the approach
is limited to obtaining the first few statistical moments of u. There exist several strate-
gies, such as perturbation and projection methods, to deal with this problem. An
account of these methods is given in [8].

Before attempting to incorporate emulators to the solution process of the above
problems, this paper will focus on the problem of efficiently generating realizations
of the random field H(x, θ). It will be shown that this can be a computationally ex-
pensive task as the number of points in which the random field realization is to be
evaluated increases. The approach adopted here will prove useful compared against
a Monte Carlo simulation setup, where the principle is to simulate a large number of
realizations of the random field, then compute for each sample the response vector u
and treat such response statistically.

3 Emulators

Suppose that N points, namely x1, . . . , xN , are chosen in the input domain of the
simulator η(·). Each of these will be known as a design point. The set {y1 =
η(x1), . . . , yN = η(xN)}, resulting from the evaluation of η(·) in each design point,
will be called training set. According to O’Hagan [3], an emulator of η(·) should
satisfy some minimal criteria:

1. It should produce the known value of the output for each design point, with no
uncertainty.
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2. At any x that is not a design point, it should provide a probability distribu-
tion whose mean value constitutes a plausible interpolation/extrapolation of the
training data. Moreover, the probability distribution around this mean value
should represent the uncertainty about how the emulator might interpolate/extrapolate.

Naturally, it is also desirable that emulation results at least as efficient as other avail-
able techniques, in terms of reducing the associated computational cost.

To illustrate the above criteria, take a trivial one-dimensional simulator and sup-
pose for a moment it is computer intensive. Figure 1(a) depicts the case when five
training runs (the circles) are used. The mean of the distribution provided by the emu-
lator (the dots) approximates the real values of the simulator (the solid line) at several
untried inputs across the input domain. As required, it returns the known value of
the simulator at each training run. Figure 1(b) shows upper and lower bounds of two
standard deviations for the mean of the distribution provided by the emulator. Note
how uncertainty is equal to zero in each of the training runs, as it would be expected,
since the emulator returns the true value of the simulator in these points.
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(a) Interpolation/extrapolation with 5 design
points.
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(b) The corresponding uncertainty. Two standard
deviations.

Figure 1: Approximation to the simulator y = cos(x) and uncertainty about its mean, using
5 design points. The solid line is the true output of the simulator. The circles represent the
training runs, and the dots are the mean of the posterior distribution and the uncertainty bounds,
respectively.

Suppose the number of training runs is increased. Note how the approximation im-
proves, as shown in Figure 2(a). In the same way, Figure 2(b) depicts how uncertainty
is reduced. Observe however that despite the number of training points employed,
uncertainty increases very rapidly when extrapolating the training set.

That η(·) is an expensive simulator means that it can only be evaluated at a lim-
ited number of inputs. From the perspective of Bayesian Statistics, η(·) is a random
variable in the sense that its value is unknown until it is actually run. Thus, a charac-
terization of the relationship between the input and the unknown output must first be
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(a) Interpolation/extrapolation with 7 design
points.
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deviations.

Figure 2: Approximation to the simulator y = cos(x) and uncertainty about its mean, using
7 design points. The solid line is the true output of the simulator. The circles represent the
training runs, and the dots are the mean of the posterior distribution and the uncertainty bounds,
respectively.

selected . Subjective information about this relationship should be combined with ob-
jective information provided by the training set to predict the output of the simulator
at untried inputs.

Begin by assuming that the random function η(·) is of the form

η(x) = h(·)T β(x) + Z(x) (9)

where h(·) ∈ RN is a vector of known functions and β is a vector of unknown co-
efficients. The function Z(·) is assumed to be a stochastic process with mean zero
and covariance function Cov(Z(x), Z(x′)). A common choice for Z(·) is the Gaus-
sian stochastic process. It is said that Z(·) is a Gaussian stochastic process if for any
choice {x1, . . . , xN} ⊆ Rn, the vector [Z(x1), . . . , Z(xN)]T has a multivariate normal
distribution. As noted in [9], it is used in practice for much the same reasons that the
normal distribution repeatedly appears in Statistics: it is convenient, flexible and quite
often realistic. From this definition, the expression η(·) ∼ N(m(·), σ2C(·, ·)) means
that η(·) has a Gaussian process distribution with mean function m(·) and covariance
σ2C(·, ·). If a linear structure of the form m(·) = h(·)T β is assumed for the mean,
the interpretation of Eq. (9) becomes clear, that is, the random function η(·) deviates
from the mean of its distribution following a Gaussian stochastic process.

An important assumption is to consider η(·) to be a smooth, continuous function
of its inputs. It follows that if x and x′ are close together, then the values of Z(x)
and Z(x′) should also be close. It is therefore reasonable to think that the correlation
between η(x) and η(x′) increases when the distance between x and x′ decreases and
viceversa. This assumption implies that each element of the training set provides con-
siderable information about η(·) for inputs close to the corresponding design points.
Hence, the uncertainty about the value of untried inputs decreases as the number of
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design points increases because the maximum distance from any design point is re-
duced (recall criterion 2 above). The use of this extra information is the feature that
accounts for greater efficiency of the use of emulators over Monte Carlo methods, as
pointed out by O’Hagan [3].

A common choice of a covariance function, and the one that will be adopted here-
after is

Cov(η(x), η(x′)) = σ2e−(x−x
′
)T B(x−x

′
) (10)

where B is a positive definite diagonal matrix of smoothness parameters. Observe
that C(x, x) = 1 and that it decreases as the distance between two points increases, as
required for a correlation function.

As a consequence of the above, the prior knowledge about η(·), given β and σ2,
is represented as having a Gaussian process distribution with linear mean function
h(·)T β and covariance expressed by Equation (10). Mathematically,

η(·)|β, σ2 ∼ N(h(·)T β, σ2C(·, ·)) (11)

This prior distribution contains subjective information about the relationship between
the input and the unknown outputs. This prior belief must be updated by adding
objective information. Suppose there are N design points that produce the vector of
observations y = [y1 = η(x1), . . . , yN = η(xN)]T and the output of η(·) at an untried
input x is to be estimated. Carrying out the suitable integration as in [10], it can be
shown that the distribution that results from incorporating the observations y is

η(·)|y, σ2 ∼ N(m∗∗(·), σ2C∗∗(·, ·)) (12)

Conveniently enough, this posterior distribution is also a Gaussian process distribu-
tion. The complete expressions of m∗(·), C∗(·, ·), m∗∗(·) and C∗∗(·, ·), as well as the
procedure to obtain the posterior distribution (12) from the prior distriburtion (11),
are given in the Appendix. There, it can be seen that m∗∗(·) does not include any
terms involving η(·). Thus, it provides a fast approximation of η(x) for any x (recall
again criterion 2 above). The conditioning on σ2 can also be eliminated. Haylock and
O’Hagan [10] also show that

η(x)−m∗∗(x)

σ̂
√

(n−q−2)C∗∗(x)
n−q

∼ tn−q (13)

which is a t-distribution with n − q degrees of freedom (not to be confused with the
degrees of freedom in a finite element method context). The expression for σ̂ and the
meaning of q are also contained in the Appendix.

In light of the above discussion, the algorithm to approximate a simulator η(·) is
the following.

Algorithm 1: Emulation
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1. Select N initial design points x1, . . . , xN .

2. Obtain the vector of observations y = [y1 = η(x1), . . . , yn = η(xn)]T .

3. Update the prior distribution (11), which contains subjective information, by
adding the objective information y and obtaining the posterior distribution (12).
Calculate m∗∗(·), the mean of the updated posterior distribution given the data
y. Such mean constitutes an approximation of η(x) for any x.

Step 1 in the algorithm above requires some consideration. The selection of the
initial design must be done carefully when dealing with an expensive simulator. It
would be ideal to extract the most information about η(·) out of the minimum number
of evaluations possible. One strategy for selecting a set of inputs to evaluate the code
is to choose the design points such that they are evenly spread throughout the input
domain of η(·). In that case, random sampling from the distribution of the inputs could
be a suitable strategy. Nevertheless, this scheme might have a disadvantage. Consider
a case where the output is influenced by only a few components of each input vector.
McKay et al. [11] proposed Latin hypercube sampling as a solution to this problem.
Latin hypercube sampling can be viewed as an extension of Latin square designs to
higher dimensions. Each dimension is guaranteed to be fully represented. Note that
this is not the only existing strategy. An overview of some other approaches can be
found in [8].

4 Application

Consider a Gaussian homogeneous two-dimensional random field H(x, θ) with mean
µ = 50, variance σ2 = 0.09 and exponential autocorrelation function with correla-
tion lengths [0.03, 0.03]T . Let the order of the KLE be M = 10. The estimation of
these parameters is an interesting problem in its own right. Since the purpose of the
present study is to explore the capabilities of emulators in the SFEM context, the pa-
rameters above are chosen freely and following no particular methodology. Given this
information, the relevant simulator is

η(x, θ) = µ +
10∑
i=1

√
λiξi(θ)φi(x) (14)

The spatial domain of the simulator was chosen to be the square regionRL = [0, L]×
[0, L]. This domain was then divided into square elements and the coordinates of the
nodal points calculated ((L + 1)2 in total). The truncated KLE was then calculated
based on the results by Ghanem and Spanos [1], who provide analytical expressions
for the eigenvalues and eigenfunctions corresponding to a random field with the above
characteristics. Let L = 20. Figure 3 shows a realization, H(x, θ0), of the above ran-
dom field, which in terms of Equation (14) would be η(x, θ0) for every x ∈ R20.
In order to apply Algorithm 1, the design points (x, θ)1, . . . , (x, θ)N were selected
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Figure 3: Realization of the Gaussian homogeneous random field H(x, θ).

according to a Latin hypercube design. The value of N was chosen to be 10% of
the number of nodes. Note however that the design points do not necessarily, and
in general do not coincide with any of the nodes, if a Latin hypercube design is to
be selected. The training runs were used to construct the posterior distribution (12)
and its mean m∗∗(·) was calculated to infer the values of the random field realization
in each node. As for the calculation smoothness parameters, a method suggested by
Haylock [12] was implemented. Briefly speaking, if b is the diagonal of the matrix B
in Equation (10) then the density function f(B|y) was derived and a maximum likeli-
hood estimator of b was obtained. Figure 4 shows the values of m∗∗(·) compared with
the actual realization of the random field, as well as the design points employed in the
construction of the emulator. Being H(x, θ) a two-dimensional random field, appreci-
ation of the accuracy of the approximation provided by the emulator in Figure 4 can be
difficult. Figure 5, on the contrary, offers a comparison between the real values of the
random field realization and the emulated values. The exercise above was carried out
for several values of L and thus an increasing number of nodes. The time employed to
produce one realization of the corresponding random field for an increasing number
of nodes is shown in Table 1.

5 Conclusions

The Stochastic Finite Element Method extends its deterministic counterpart, the Finite
Element Method, by including random field models that account for the uncertainty
present in real-life engineering systems. The discretization of such random fields,
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Figure 4: Emulation of the values of H(x, θ) at the nodal points. The initial design is
shown lying on the lower plane.
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Figure 5: Emulation of the values at the nodal points.

necessary to solve the associated system of stochastic partial differential equations is
usually carried out using the Karhunen-Loeve expansion. Obtaining a realization of
a random field H(x, θ) can be time-consuming, especially if one is to evaluate this
realization in a large number of points throughout the spatial dimension x. To tackle
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No. Nodes Time (secs.) Direct Time (secs.) Emulator
121 9.56 0.07
256 19.92 0.24
441 34.43 0.75
961 76.23 6.05

1681 131.29 17.76
2601 273.18 59.66

Table 1: Number of nodes vs. CPU time employed

this difficulty, the use of Gaussian process emulators has been proposed. Emulators
provide a fast approximation to the values of a random field realization using only
a relatively small set of such values as training data. A realization of a Gaussian
homogeneous two-dimensional random field was emulated, increasing the number of
nodal points to be evaluated, using the information provided by a set of training runs
a tenth of the size of the training set. Good agreement between the original and the
emulated values was observed.

The next step in the integration of emulators and the SFEM is the inclusion of
more general non-Gaussian random fields that represent the mechanical properties of
an engineering system in a more realistic manner. The main objective however, is to
emulate random fields that model the response of the system and the evaluation of the
efficiency of that approach against current available methodologies.

Appendix

A.1. Updating of the Prior Distribution

In this section the process of updating the prior distribution (11) to obtain the posterior
distribution (12) is outlined. Define H = [h(x1), . . . , h(xN)]T and A ∈ Rn×n with
A`j = C(x`, xj) ∀`, j ∈ {1, . . . , N}. Hence

y|β, σ2 ∼ N(Hβ, σ2A) (15)

To incorporate the objective information y and obtain the distribution of η(·)|y,β, σ2,
use of the following result, given in Krzanowski [13].

Theorem. Let z ∈ Rn be a random vector such that z ∼ N(µ, Σ). Partition z

as
(

z1

z2

)
, where z1 ∈ Rp and z2 ∈ Rn−p. Consequently, partition µ =

(
µ1

µ2

)

and Σ =

(
Σ11 Σ12

Σ21 Σ22

)
, so that E[zj] = µj and Cov(zj, zk) = Σjk. Then, z1|z2 ∼

N(µ̃, Σ̃), where µ̃ = µ1 + Σ12Σ
−1
22 (z2 − µ2) and Σ̃ = Σ11 − Σ12Σ

−1
22 Σ21.
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From this result, it follows that

η(·)|y,β, σ2 ∼ N(m∗(·), σ2C∗(·, ·)) (16)

where
m∗(x) = h(x)T β + t(x)A−1(y−Hβ) (17)

C∗(x, x′) = C(x, x′)− t(x)T A−1t(x′) (18)

t(x) = [C(x, x1), . . . , C(x, xN)]T (19)

Removing the conditioning on β using standard integration techniques, obtain the
posterior distribution

η(·)|y, σ2 ∼ N(m∗∗(·), σ2C∗∗(·, ·)) (20)

where
m∗∗(x) = h(x)T β̂ + t(x)A−1(y−Hβ̂) (21)

C∗∗(x, x′) = C∗(x, x′) + (h(x)T − t(x)T A−1H)(HT A−1H)−1(h(x)T − t(x)T A−1H)T

(22)
β̂ = (HT A−1H)−1HT A−1y (23)

Regarding Eq. (13), q is the rank of H. The term σ̂ in the expression is equal to

σ̂2 =
yT (A−1 − A−1H(HT A−1H)HT A−1)y

N − q − 2
(24)
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