
Comput. Methods Appl. Mech. Engrg. 217–220 (2012) 153–167
Contents lists available at SciVerse ScienceDirect

Comput. Methods Appl. Mech. Engrg.

journal homepage: www.elsevier .com/locate /cma
Hybrid perturbation-Polynomial Chaos approaches to the random algebraic
eigenvalue problem

B. Pascual, S. Adhikari ⇑
Civil & Computational Engineering Research Center, College of Engineering, Swansea University, Singleton Park, Swansea SA2 8PP, UK

a r t i c l e i n f o a b s t r a c t
Article history:
Received 3 June 2011
Received in revised form 22 December 2011
Accepted 12 January 2012
Available online 1 February 2012

Keywords:
Stochastic finite element method
Random eigenvalue problem
Perturbation
Polynomial Chaos
Iterative methods
0045-7825/$ - see front matter � 2012 Elsevier B.V. A
doi:10.1016/j.cma.2012.01.009

⇑ Corresponding author. Tel.: +44 (0) 1792 602088;
E-mail address: S.Adhikari@swansea.ac.uk (S. Adhi
The analysis of structures is affected by uncertainty in the structure’s material properties, geometric
parameters, boundary conditions and applied loads. These uncertainties can be modelled by random
variables and random fields. Amongst the various problems affected by uncertainty, the random eigen-
value problem is specially important when analyzing the dynamic behavior or the buckling of a structure.
The methods that stand out in dealing with the random eigenvalue problem are the perturbation method
and methods based on Monte Carlo Simulation. In the past few years, methods based on Polynomial
Chaos (PC) have been developed for this problem, where each eigenvalue and eigenvector are represented
by a PC expansion. In this paper four variants of a method hybridizing perturbation and PC expansion
approaches are proposed and compared. The methods use Rayleigh quotient, the power method, the
inverse power method and the eigenvalue equation. PC expansions of eigenvalues and eigenvectors are
obtained with the proposed methods. The new methods are applied to the problem of an Euler Bernoulli
beam and a thin plate with stochastic properties.

� 2012 Elsevier B.V. All rights reserved.
1. Introduction

The algebraic eigenvalue problem arises in a variety of fields, for
example, in buckling of columns and shells [1], vibration of elastic
bodies [2] and electromagnetism. Accurate methods to calculate
the eigensolutions of a deterministic matrix have been available
for long (see, for example, [3]), but such is not the case when the
matrix considered is random. When random matrices are consid-
ered, the joint pdf of eigenvalues is only available for some special
random matrix distributions, as the Gaussian Orthogonal Ensemble
[4] and Wishart matrices [5]. Randomness can be introduced in the
system by random parameters (e.g. Young’s modulus, mass density)
and consequently propagated to the system matrices such as the
mass and stiffness matrices. Using the stochastic finite element
method [6], these matrices in turn can be represented by a linear
combination of deterministic matrices, where the coefficients are
random variables [7,8].

Several methods have been developed to solve the algebraic
random eigenvalue problem. Methods dealing with large amounts
of uncertainty are based on Monte Carlo Simulation (MCS). These
strategies are based on ordering the samples depending on the
distance between them and on calculating the eigenvalues of a
sample using the ones of a close sample. This ordering can be based
on algorithms from the traveling salesman problem and space
ll rights reserved.
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reduction [9], component mode synthesis [10], or can be done in
a tree-type data structure [11], and the relation between eigen-
values of close samples is obtained using different initialization
strategies for the power method. The start-vector used is the result
from the iteration process of the previous sample. The initialization
strategies and size reduction methods reduce the computational
time of MCS, but for smaller uncertainties, more efficient methods
are available.

Methods that can be applied to small uncertainties are based on
the perturbation method [12]. First applications date from the late
sixties [13,14], and a series of modified methods have been devel-
oped. A comparison of several of these methods is given by Chen
et al. [15]. Other perturbation-based methods use iterations or
linear combination of deterministic and first order derivative of
eigenvectors to deal with larger uncertainties or to allow reanalysis
of structures [16–19]. Other methods available are based on
crossing theory [20], Kronecker product [21], the dimensional
decomposition method [22,23], asymptotic integral method
[24,25], collocation methods [26], the use of interpolations, re-
sponse surface methods and meta-models [27–29] and possibilistic
approaches [30]. Williams [31] used an auxiliary function where the
derivative of the eigenvector equals the eigenvalue multiplied by
the eigenvector.

Several authors have applied Polynomial Chaos (PC) [6]
based methods to the random algebraic eigenvalue problem. A
PC expansion of eigenvalues and eigenvectors was obtained by
Ghosh et al. [32] using MCS for the calculation of the coefficients
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of the expansion. Verhoosel et al. [33] developed an iterative pro-
cedure based on the inverse power method and Rayleigh quotient
to obtain PC expansions of the eigensolutions. Ghanem and Ghosh
[34] substituted eigenvalues and eigenvectors by their PC expan-
sion in the eigenvalue problem. Coefficients were obtained from
the nonlinear problem with the help of a norm equation for the
eigenvectors. A modification of the previous method using enrich-
ment functions was derived by Ghosh and Ghanem [35].

It can be observed that even if research has been carried out both
on the perturbation and PC methods for the random eigenvalue
problem, no method hybridizing both approaches is yet available.
Efficient methods hybridizing PC and other methods have been
proposed for the elliptic problem [36,37], where a reduction of
the size of the linear system to be solved was achieved. The aim
of the present paper is to gain efficiency on the PC algorithms for
random eigenvalue problems through the use of results from the
perturbation method. The outline of the paper is as follows. The
basic theories of the perturbation method and PC are discussed
respectively in Sections 2.1 and 2.2. PC expansion of eigenvalues
is obtained in Section 3 using the Rayleigh quotient where eigen-
vectors are obtained from the perturbation method or from one of
the methods developed to update eigenvectors. Four new methods,
namely reduced spectral power method (RSPM), reduced spectral
inverse power method (RSIPM), reduced spectral constrained coef-
ficients method (RSCCM) and spectral constrained coefficients
method (SCCM) are proposed to update the eigenvectors in Section
4. The four methods allow us to obtain an updated PC expansion of
the eigenvectors and eigenvalues using Rayleigh quotient. A sum-
mary of the proposed methods is given in Section 5. A comparison
of the methods is performed for the problem of a beam with sto-
chastic properties in Section 6 and for a thin plate with stochastic
properties in Section 7.
2. Stochastic Finite Element method for the random eigenvalue
problem

The deterministic eigenvalue problem is given by the equation

AuðjÞ ¼ kðjÞuðjÞ; ð1Þ
where A 2 Rn�n is the system matrix, uðjÞ is the jth eigenvector, kðjÞ is
the corresponding eigenvalue and n is the degrees of freedom of the
system. The system matrix is obtained from the generalized eigen-
value problem KyðjÞ ¼ kðjÞMyðjÞ so that A ¼M�1=2KM�1=2 and
uðjÞ ¼M�1=2yðjÞ. In a dynamic problem, matrix K is the stiffness ma-
trix and M is the mass matrix. The system matrix A is assumed to be
symmetric. Randomness in the matrix A can be introduced by a
parameter (e.g. Young’s modulus) represented by a random field.
The random field can be approximated with a finite set of random
variables using a discretization procedure (see, e.g. [7,38]). For
example, the random field is discretized using the Karhunen–Loève
(KL) expansion [6] and truncated after M terms. Then, the system
matrix A can be approximated by the following KL expansion

A ¼ A0 þ
XM

i¼1

niAi: ð2Þ

Here A0 is the mean of the system matrix and Ai are the matrices
obtained from using the eigenfunctions of the KL expansion in the
Finite Element formulation of A. It is observed that in a more gen-
eral case, the random system matrix A can be approximated using
a set of independent identically distributed random variables
n1; . . . ; nM such that

A ¼
XP

r¼1

CrAr ; ð3Þ

where Cq are a set of P polynomials of increasing order in n1; . . . ; nM

orthogonal with respect to the pdf of the random variables
n1; . . . ; nM . Generally they are chosen from the Wiener–Askey scheme
of polynomials [39], but can be orthogonal with respect to an arbi-
trary probability density function [40]. In the next subsections, the
perturbation method and the PC method are used to approximate
the eigenvalues and eigenvectors of the stochastic system matrix.

2.1. Perturbation method for the random eigenvalue problem

Among the various methods developed to solve the random
eigenvalue problem, the perturbation method is widely used due
to its simplicity and computational efficiency. The different pertur-
bation methods available to analyze the random eigenvalue prob-
lem are based on keeping different number of terms in the Taylor
series expansions. The first order perturbation of the jth eigenvalue
is given by

kðjÞ ¼ kðjÞ0 þ
XM

i¼1

ni
@kðjÞ

@ni
where

@kðjÞ

@ni
¼ uT

j0
@A
@ni

uj0: ð4Þ

For the case of (2), @A=@ni ¼ Ai. Perturbation methods can also be
applied to eigenvectors, and the eigenvalues can then be obtained
using the Rayleigh quotient. This approximation of eigenvalues is
more accurate than the one obtained by directly applying the per-
turbation method via the Taylor series expansions [15]. If kðjÞ0 and
uj0 are the jth deterministic eigenvalue and the corresponding
eigenvector, an expression for the first-order perturbation of the
eigenvector can be given by Hasselman and Hart [14]

uðjÞ ¼ uj0 þ
XM

i¼1

ni
@uðjÞ

@ni
: ð5Þ

The deterministic eigenvectors satisfy the following properties

uT
j0uj0 ¼ 1 and uT

j0
@uðjÞ

@ni
¼ 0: ð6Þ

Different methods have been developed to calculate the derivatives
of the eigenvectors. One of these methods expands the derivative of
eigenvectors as a linear combination of deterministic eigenvectors
[41,13], so that

uji ¼
@uðjÞ

@ni
¼

XN

m¼1;m–j

ajimum0 where ajim ¼
1

kðjÞ0 � kðmÞ0

uT
m0
@A
@ni

uj0: ð7Þ

For the case of (2), @A=@ni ¼ Ai. This equation is used when all
deterministic eigenvectors are calculated. If only a limited number
of eigenvectors were calculated, other methods described by Nelson
[42] could be applied. The case of complex or repeated eigenvalues
is not dealt with here. The perturbation method for such cases is
derived, for example in [43–46]. For the case of repeated eigen-
values, the space corresponding to a given eigenvalue is the space
spanned by its two eigenvectors, so that the proposed methods
would be valid for the eigenvalues that are not repeated but not
for the repeated one. The case of veering of modes is dealt with,
for example in [47,48], and the proposed method does not allow
to deal with this problem.

2.2. Polynomial Chaos approach for the random eigenvalue problem

Uncertainty is represented by a finite set of random variables
fn1; . . . ; nMg defined on the probability space ðN;BN; PnÞ. Any ran-
dom quantity of interest of the system considered is then defined
on this probability space, in particular, eigenvalues and eigenvec-
tors. The eigensolutions are assumed to have finite second-order
moments, and can be represented in the space of square integrable
functions L2ðN; dPnÞ, and a basis of functions Ck in L2ðN; dPnÞ can be
defined. The representations of kðjÞ and uðjÞ on the basis functions
Ck truncated after P terms can be given by
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kðjÞðn1; . . . nMÞ ¼
XP

k¼1

kjkCkðn1; . . . nMÞ; ð8Þ

uðjÞðn1; . . . nMÞ ¼
XP

k¼1

uðjÞk Ckðn1; . . . nMÞ; ð9Þ

where kjk and uðjÞk are unknowns and the basis functions considered
here are PC [6]. The basis functions Ck are obtained from the tensor
product of several univariate orthogonal polynomials up to a fixed
total-order specification o. The total number of polynomials used
as basis functions for order o can be obtained as P ¼ ðM þ oÞ!=
ðM!o!Þ [7]. For example, if the random variables n1; . . . ; nM are Gauss-
ian, the polynomials generally used are Hermite polynomials. The
univariate Hermite polynomials of order m can be calculated from
the equation HmðniÞ ¼ ð�1Þm expðn2

i =2Þ@m expð�n2
i =2Þ=@mni, where

each polynomial depends on a Gaussian random variable ni.
PC has already been used in the context of the algebraic random

eigenvalue problem by Ghanem and Ghosh [34]. In [34], eigen-
values and eigenvectors were substituted by their expansions,
i.e., kðjÞ and uðjÞ are replaced in Eq. (1) by their expansions from
Eqs. (8) and (9). The resulting equation is projected on the basis
in L2ðN;BN; PnÞ through the Galerkin method, that is, the equation
is multiplied by each basis function Cp and subsequently the mean
of the equation is taken. The resulting system of equations of size
P � n relating the unknowns kjl and uðjÞl can be given by

XP

r¼1

e0r � Ar

 ! uðjÞ1

..

.

uðjÞP

2
664

3
775 ¼X

P

l¼1

kjle0l � I

uðjÞ1

..

.

uðjÞP

2
664

3
775: ð10Þ

For the case of (2), the matrix on the left hand side reduces to
c0 � A0 þ

PM
i¼1c1i � Ai

� �
. Here the elements in the kth row and pth

column of the P � P matrices c0; c1i and e0l are respectively c0kp ¼
E½CkCp�; c1ikp ¼ E½niCkCp�, with i ¼ 1; . . . M and e0lkp ¼ E CkCpCl

� �
with

l ¼ 1; . . . P, and � denotes the Kronecker product. If the norm of the
eigenvectors is also prescribed, the nonlinear system of equations
can be solved with iterative techniques. A good initial approxima-
tion is often needed to obtain a fast convergence.

An iterative procedure to obtain PC expansions of eigenvalues
and eigenvectors has been proposed by Verhoosel et al. [33] based
on the inverse power method. The algorithm of the iteration can be
concisely described by the following steps:

1. kðjÞðqþ1Þ ¼ uðjÞðqÞ
� �T

ðA0 þ
PM

i¼1niAiÞuðjÞðqÞ.

2. uðjÞðqþ1Þ ¼ kðjÞðqþ1Þ � kðjÞ0

� �
A0 þ

PM
i¼1niAi � kðjÞ0 I

h i�1
uðjÞðqÞ.

3. uðjÞðqþ1Þ !
uðjÞðqþ1Þ

uðjÞðqþ1Þ

��� ���
L2
S

where uðjÞðqþ1Þ

��� ���
L2

S

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPP
k¼1E C2

k

h i
uðjÞkðqþ1Þ

� �T
uðjÞkðqþ1Þ

r
.

4. Define errors �1qþ1 ¼ k½A0 þ
PM

i¼1niAi � kðjÞðqþ1ÞI�kL2
S

and �2ðqþ1Þ ¼
jV

k
ðjÞ
ðqþ1Þ

�V
k
ðjÞ
ðqÞ
j

jV
k
ðjÞ
ðqÞ
j with V

kðjÞðqÞ
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPP

k¼1
k2

jkðqÞE C2
k½ �

q
kj1ðqÞ

, the coefficient of variation

of the eigenvalue.

For all the steps of the iterative procedure where it is needed, the
coefficients of the PC expansions are obtained using the Galerkin
method. The subscripts ðqÞ and ðqþ 1Þ denote the number of the
iteration. That is, kðjÞðqÞ is the PC expansion of the jth eigenvalue at
iteration q, while kjkðqÞ denotes the kth coefficient of the expansion,
so that kðjÞðqÞ ¼

PP
k¼1kjkðqÞCk. Similarly, uðjÞðqÞ is the PC expansion of the

jth eigenvector at iteration q, so that uðjÞðqÞ ¼
PP

k¼1uðjÞkðqÞCk.
The two methods discussed here can be used to obtain the eigen-

value and eigenvector coefficients kjk and uðjÞk of the PC expansions
given by Eqs. (8) and (9). From these PC expansions, the pdf of eigen-
values and eigenvectors can be obtained by a Monte Carlo Simula-
tion. This is done by sampling the set of independent Gaussian
random variables n1; . . . ; nM . The corresponding values of the basis
functions Ck are calculated and subsequently introduced in the PC
expansions of eigenvalues and eigenvectors given by Eqs. (8) and
(9). A numerical approximation to the pdf of eigenvalues from the
samples of eigenvalues can then be obtained. Moments of eigen-
values and eigenvectors can also be derived from Eqs. (8) and (9).
The first and second moments of eigenvalues are given by

E kðjÞ
h i

¼
XP

k¼1

kjkE Ck½ � ¼ kj1; ð11Þ

E kðjÞ
� �2
� 	

¼
XP

k;l¼1

kjkkjlE CkCl½ � ¼
XP

k¼1

k2
jkE C2

k

h i
: ð12Þ

Similarly, the first and second moments of the eigenvectors can be
calculated

E uðjÞ
� �

¼
XP

k¼1

uðjÞk E Ck½ � ¼ uðjÞ1 ; ð13Þ

E uðjÞ uðjÞ

 �T

h i
¼
XP

k;l¼1

uðjÞk uðjÞl

� �T
E CkCl½ � ¼

XP

k¼1

uðjÞk uðjÞk

� �T
E C2

k :
h i

ð14Þ
3. Rayleigh quotient method for the Polynomial Chaos
expansion of eigenvalues

The Rayleigh quotient can be used to obtain an approximation
to the eigenvalue kðjÞ if an approximation to eigenvector uðjÞ is
available

kðjÞ ¼
uðjÞ

 �T AuðjÞ

uðjÞð ÞT uðjÞ
: ð15Þ

This method to obtain eigenvalues is similar to step 1 of the algo-
rithm by Verhoosel et al. [33], but here, the eigenvectors do not
need to be normalized as the Rayleigh quotient already removes
the effect of the norm of eigenvectors on eigenvalues through the
denominator. The eigenvalues of the random algebraic eigenvalue
problem can be expanded with a PC expansion such that the jth
eigenvalue is given by Eq. (8). Substituting this expansion in the
expression of the Rayleigh quotient in Eq. (15) leads to

XP

k¼1

kjkCk

 !
uðjÞ

 �T

uðjÞ ¼ uðjÞ

 �T XP

r¼1

CrAr

 !
uðjÞ ð16Þ

In the following subsections, the eigenvectors uðjÞ will be substi-
tuted by different approximations, allowing to obtain the coeffi-
cients kjk from a linear system of equations. It is noted that, once
a description of eigenvectors is available, two approaches to calcu-
late the PC expansion of eigenvalues are available. Here, the expan-
sion is obtained using Galerkin method, but non-intrusive methods
could also be applied [49].

3.1. Perturbation of the eigenvectors

Using the first-order perturbation of the jth eigenvector, the
corresponding eigenvalue can be approximated using the Rayleigh
quotient by substituting uðjÞ from Eqs. (5) and (7) into Eq. (16)

XP

k¼0

kjkCk

 !
uT

j0uj0 þ 2
XM

i¼1

niuT
j0uji þ

XM

i;g¼1

ninguT
jiugi

 !

¼
XP

r¼1

uT
j0Aruj0Cr þ 2

XP

r¼1

XM

g¼1

uT
j0ArujgngCr þ

XP

r¼1

XM

g;h¼1

uT
jgArujhngnhCr : ð17Þ
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The Galerkin method is applied to Eq. (17) (i.e. the equation is mul-
tiplied by the pth PC basis function Cp and mean of the equation is
taken) and the resulting equation is simplified using properties gi-
ven by Eq. (6). Then, coefficients kjk of the PC expansion of kðjÞ can
be obtained from the equations

PP
k¼1

kjk c0kp þ
PM

i;g¼1
uT

jiujgc2igkp

 !
¼
PP
r¼1

uT
j0Aruj0c0rp þ 2

PP
r¼1

PM
g¼1

uT
j0Arujgc1grp

þ
PP
r¼1

PM
g;h¼1

uT
jgArujhc2ghrp:

ð18Þ

This equation reduces, for the case of A given by Eq. (2), to

XP

k¼1

kjk c0kp þ
XM

i;g¼1

uT
jiujgc2igkp

 !
¼ kðjÞ0 d0p þ

XM

i¼1

uT
j0Aiuj0d1ip

þ
XM

i;g¼1

2uT
j0Aiujg þ uT

jgA0uji

� �
d2igp

þ
XM

i;g;h¼1

uT
jgAiujhd3ighp;

ð19Þ
where p ¼ 1; . . . ; P. Matrix c0 has already been defined as a diagonal
matrix with element in the kth row and pth column given by
c0kp ¼ E CkCp

� �
. Similarly, the P � P matrix c2ig has elements

c2igkp ¼ E CkCpning

� �
and column vectors of length P d0;d1i;d2ig and

d3igh have their pth term given by d0p ¼ E Cp
� �

;d1ip ¼ E Cpni

� �
;d2igp ¼

E Cpning

� �
and d3ighp ¼ E Cpningnh

� �
respectively. This notation for

matrices c and d is such that for each matrix the mean of the prod-
uct of, respectively, one and two polynomials Ck is calculated. The
numerical subindex (e.g. 1;2) indicate the number of random vari-
ables multiplying those polynomials inside the mean operator. Eq.
(19) can be represented by the linear system of equations

c0 þ
XM

i;g¼1

uT
jiujgc2ig

 ! kj1

..

.

kjP

2
664

3
775 ¼ kðjÞ0 d0 þ

XM

i¼1

uT
j0Aiuj0d1i

þ
XM

i;g¼1

2uT
j0Aiujg þ uT

jgA0uji

� �
d2ig

þ
XM

i;g;h¼1

uT
jgAiujhd3igh ð20Þ

and the coefficients kjk of the eigenvalue expansion can be obtained
by solving the P � P linear system given by Eq. (20).

3.2. Reduced Polynomial Chaos eigenvectors

The PC expansion of an eigenvector is given by Eq. (9). A possi-
ble approach to reduce the size of the system is to assume the vec-
tors uðjÞk can be expressed as a linear combination of the vectors uj0

and uji, such that

uðjÞk ¼ aðjÞ0kuj0 þ
XM

i¼1

aðjÞik uji: ð21Þ

The reduction is performed when M þ 1 < n, otherwise, the system
obtained is equivalent to the full system where the eigenvector is
given in Eq. (9), for M þ 1 ¼ n, or the vectors uj0;uji are linearly
dependent, for M þ 1 > n. In the cases where M þ 1 P n, the system
is not reduced, but a projection of the eigenvectors on the determin-
istic eigenvectors can be performed. This procedure will be devel-
oped in Section 3.3. The idea of expanding the random
eigenvectors into a basis formed by the deterministic eigenvector
and its first derivative has already been used by Nair and Keane
[19], and an accurate approximation to eigenvectors was obtained.
Substituting Eq. (21) in Eq. (9), the eigenvector can be expanded as
uðjÞ ¼
XP

k¼1

aðjÞ0kCk

 !
uj0 þ

XM

i¼1

XP

k¼1

aðjÞik Ck

 !
uji ¼ Uj

PP
k¼1

aðjÞ0kCk

..

.

PP
k¼1

aðjÞMkCk

2
6666664

3
7777775
;

ð22Þ

where the rectangular matrix Uj is formed with the columns of the
deterministic eigenvector and its derivatives with respect to each
random variable

Uj ¼ uj0 uj1 . . . ujM½ � 2 Rn�ðMþ1Þ: ð23Þ

This expansion will be used in the next section, where coefficients

aðjÞ0k; a
ðjÞ
ik will be obtained. After obtaining the set of coefficients

aðjÞ0k; a
ðjÞ
ik , the PC expansion of the jth eigenvalue is obtained using

the Rayleigh quotient. That is, the new eigenvectors from Eq. (22)
are substituted in Eq. (16)

XP

k¼0

kjkCk

 ! XP

l;m¼1

aðjÞ0maðjÞ0l ClCmuT
j0uj0 þ 2

XM

i¼1

XP

l;m¼1

aðjÞ0maðjÞgl ClCmuT
j0uji

 

þ
XM

i;g¼1

XP

l;m¼1

aðjÞimaðjÞgl ClCmuT
jiugi

!
¼
XP

r;l;m¼1

aðjÞ0maðjÞ0l CrClCmuT
j0Aruj0

þ 2
XM

i¼1

XP

r;l;m¼1

aðjÞ0maðjÞil CrClCmuT
j0Aruji

þ
XM

i;g¼1

XP

r;l;m¼1

aðjÞimaðjÞgl CrClCmuT
jgAruji: ð24Þ

As in the previous subsection, the equation is simplified using prop-
erties given by Eq. (6). Then, the equation is multiplied by Cp and
mean is taken. The coefficients of the eigenvalue expansion can
be retrieved from the set of equations

XP

k¼1

kjk

XP

l;m¼1

glmpk aðjÞ0l aðjÞ0m þ
XM

i;g¼1

aðjÞimaðjÞgl uT
jiujg

 !

¼
XP

r;l;m¼1

grlmp aðjÞ0l aðjÞ0muT
j0Aruj0 þ 2

XM

i¼1

aðjÞ0maðjÞil uT
j0Aruji

 

þ
XM

g;i¼1

aðjÞgmaðjÞil uT
jgAruji

!
: ð25Þ

If the system matrix is given by Eq. (2), the previous equation re-
duces to

XP

k¼1

kjk

XP

l;m¼1

glmpk aðjÞ0l aðjÞ0m þ
XM

i;g¼1

aðjÞimaðjÞgl uT
jiujg

 !

¼
XP

l;m¼1

aðjÞ0l aðjÞ0m k0je0lmp þ
XM

i¼1

uT
j0Aiuj0e1ilmp

 !

þ
XP

l;m¼1

aðjÞ0l

XM

i;g¼1

aðjÞim2uT
j0Agujie1glmp

þ
XP

l;m¼1

XM

i;g

aðjÞimaðjÞgl uT
jiA0ujge0lmp þ

XM

h¼1

uT
jiAhujge1hlmp

 !
: ð26Þ

Here p ¼ 1; . . . ; P; e0lmp ¼ E ClCmCp
� �

; e1glmp ¼ E CmClCpng

� �
; gklmp ¼

E CkClCmCp
� �

. As formerly, the set of coefficients kjk can be found
solving a linear equation similar to the one obtained in Eq. (20).
The set of coefficients aðjÞ0k; a

ðjÞ
ik have yet not been defined. They are

calculated in the next section, following three approaches, namely,
the reduced spectral power method, the reduced spectral inverse
method and the reduced spectral constrained coefficients method.
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3.3. Polynomial Chaos eigenvectors projected on deterministic
eigenvectors

The PC expansion of an eigenvector is given by Eq. (9). The vec-
tors uðjÞk can be expressed as a linear combination of the determin-
istic eigenvectors uj0, such that

uðjÞk ¼
Xn

i¼1

XP

k¼1

aðjiÞk Ck

 !
ui0 ¼ U0

PP
k¼1

aðj1Þk Ck

..

.

PP
k¼1

aðjnÞk Ck

2
6666664

3
7777775
¼ U0 In � C1 . . . CP½ �ð Þ

aðj1Þ1

..

.

aðj1ÞP

..

.

aðjnÞP

2
6666666664

3
7777777775
;

ð27Þ

where U0 is the matrix of deterministic eigenvectors. This calcula-
tion of the Rayleigh quotient uses the coefficients aðjÞ0k; a

ðjÞ
ik obtained

from the spectral constrained coefficients method obtained in Sec-
tion 4.4. After obtaining the set of coefficients aðjÞ0k; a

ðjÞ
ik , the PC expan-

sion of the jth eigenvalue is obtained using the Rayleigh quotient.
That is, the new eigenvectors from Eq. (27) are substituted in Eq. (16)

XP

k¼1

kjkCk

 ! Xn

k¼1

XP

l;m¼1

aðjkÞm aðjkÞl ClCm

 !

¼
XP

r;l;m¼1

Xn

g;k¼1

uT
g0Aruk0aðjkÞm aðjgÞl ClCmCr : ð28Þ

Eq. (28) is multiplied by Cp and mean is taken, leading to

Xn

k¼1

XP

l;m¼1

aðjkÞm aðjkÞl glm

 ! kj1

..

.

kjP

2
664

3
775 ¼ XP

r;l;m¼1

Xn

g;k¼1

vT
g0Arvk0aðjkÞm aðjgÞl glmr;

ð29Þ

which, if the system matrix is given by a KL expansion, reduces to

Xn

k¼1

XP

l;m¼1

aðjkÞm aðjkÞl glm

 ! kj1

..

.

kjP

2
664

3
775 ¼X

n

k¼1

kðkÞ0

XP

l;m¼1

aðjkÞm aðjkÞl e0lm

þ
Xn

g;k¼1

XM

i

vT
g0AivT

k0

XP

l;m¼1

aðjkÞm aðjgÞl e1ilm;

ð30Þ

where glm is a matrix indexed by ðk;pÞ and e0lm; e1ilm and glmr are
vectors indexed by p. The set of coefficients aðjiÞk have yet not been
defined. They are calculated in the next section, following the spec-
tral constrained coefficient method.

4. Updating of the eigenvectors

When considering a deterministic eigenvalue problem, several
iterative methods are available to approximate each eigenvector
with a desired accuracy [3]. The power method is based on the fact
that a symmetric matrix B with eigenvalues vi and eigenvectors xi

multiplied s times by itself can be expressed in terms of the sth
power of its eigenvalues through Bs ¼

Pn
i¼1vs

i xixT
i . If the eigen-

values have distinct values, the expression is dominated byPr
i¼1vs

i xixT
i where vi are the r larger or dominant eigenvalues.

Therefore, the power method is an iterative method that allows
the obtention of the eigenvector corresponding to the largest
eigenvalue through Bsv, where v is the start-vector of the iteration
algorithm, and s is the step of the iteration. A shift of origin (i.e.
ðB� pIÞ, where p 2 R) allow convergence of ðB� pIÞsv to different
eigenvectors. When the inverse of B is considered, it is observed
that B�s is dominated by

Pr
i¼1 1=vs

i


 �
xixT

i where vi are the r smallest
eigenvalues. If the power method is applied to the matrix
ðB� pIÞ�1, the inverse power method is obtained, and the product
ðB� pIÞ�sv converges to the eigenvector corresponding to the
eigenvalue closest to p [3]. In a deterministic system, these two
methods allow to update a given approximation to an eigenvector.
In the following subsections, the power and inverse power meth-
ods are extended to the stochastic case for updating the PC expan-
sions of the eigenvectors. Two other methods are also developed to
update eigenvectors, based on the eigenvalue equation.

4.1. Reduced spectral power method

The power method has been used in the context of spectral
stochastic finite element method (SSFEM) by Lee and Singh [21]
to obtain the mean and covariance of the eigenvectors. Only one
iteration was performed, so that the random eigenvectors were
obtained by multiplying the deterministic eigenvectors by the sys-
tem stochastic matrix from Eq. (2). Here, the equation used to
derive the reduced spectral power method (RSPM) is based on
the deterministic power method equation

kðjÞðqÞu
ðjÞ
ðqþ1Þ ¼ AuðjÞðqÞ; ð31Þ

where the subscripts ðqÞ and ðqþ 1Þ indicate the number of the iter-
ation. Substituting the PC expansion of eigenvalues from Eq. (8) into
Eq. (31) leads to

XP

k¼1

kjkðqÞCk

 !
uðjÞðqþ1Þ ¼ AuðjÞðqÞ; ð32Þ

where the initial approximation to the eigenvector is given by

uðjÞð0Þ ¼ uj0 þ
XM

i¼1

niuji: ð33Þ

Substituting Eq. (9) into Eq. (32) and applying the Galerkin method
to the resulting equation would lead to a P � n linear system from
where the unknown vectors uðjÞk could be retrieved. A reduction in
the system is performed by projecting the qth iteration of the jth
eigenvector uðjÞðqÞ into the subspace defined by the deterministic
eigenvector and its derivatives, as in Eq. (21). In the iterative case,
eigenvector and constants uðjÞ; aðjÞ0k and aðjÞik are obtained from an iter-
ation and, therefore, are expressed respectively as uðjÞðqÞ; a

ðjÞ
0k;ðqÞ and

aðjÞik;ðqÞ. The system is reduced from a P � n system to a ðM þ 1Þ � P
system, and the unknowns of the reduced system are the set of
coefficients aðjÞ0k; a

ðjÞ
ik for k ¼ 1; . . . ; P and i ¼ 1; . . . M. Eq. (32) projected

in the subspace spanfuj0; . . . ;ujig can be rewritten as

XP

l¼1

kjlðqÞCl

 !
UT

j Uj

PP
k¼1

aðjÞ0k;ðqþ1ÞCk

..

.

PP
k¼1

aðjÞMk;ðqþ1ÞCk

2
6666664

3
7777775
¼ UT

j AUj

PP
k¼1

aðjÞ0k;ðqÞCk

..

.

PP
k¼1

aðjÞMk;ðqÞCk

2
6666664

3
7777775
; ð34Þ

The iterative algorithm can be derived easily by multiplying Eq. (34)
by Cp and taking the mean

XP

l¼1

kjlðqÞU
T
j Uj

PP
k¼1

aðjÞ0k;ðqþ1ÞE CkClCp
� �

..

.

PP
k¼1

aðjÞMk;ðqþ1ÞE CkClCp
� �

2
6666664

3
7777775
¼ E CpUT

j AUj

PP
k¼1

aðjÞ0k;ðqÞCk

..

.

PP
k¼1

aðjÞMk;ðqÞCk

2
6666664

3
7777775

2
6666664

3
7777775

ð35Þ

An expression for uðjÞð1Þ is calculated, which corresponds to one itera-
tion. An accurate solution is expected from one iteration as the first-
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order perturbation of eigenvectors are close to the exact solution.
Furthermore, accuracy might be compromised if a large number of
iterations are performed. This is so because the deterministic power
method converges to the eigenvector corresponding to the largest
eigenvalue when a considerable number of iterations are performed.
The first iteration is obtained from Eq. (35) where a01;ð0Þ ¼ ai2;ð0Þ ¼ 1
and all the other coefficients are 0 and kjlð0Þ are obtained from
Eq. (20). The vector of unknown coefficients a ¼ ½aðjÞ01ð1Þ . . . aðjÞ0Mð1Þ
aðjÞ11ð1Þ . . . aðjÞipð1Þ . . . aðjÞMPð1Þ�

T is the solution to the linear system

XP

l¼1

ðkjlð0ÞU
T
j Uj � e0lÞ

 !
a ¼ f: ð36Þ

The P � P matrices e0l are such that their kth row and pth element is
e0lkp and

f ¼

PP
r¼1

uT
j0Aruj0c0r þ

PM
i

PP
r¼1

uT
j0Arujkc1ir

PP
r¼1

uT
j1Aruj0c0r þ

PM
i

PP
r¼1

uT
j1Arujkc1ir

..

.

PP
r¼1

uT
jMAruj0c0r þ

PM
i

PP
r¼1

uT
jMArujkc1ir

2
666666666664

3
777777777775

ð37Þ

can be rewritten, for the case of a system matrix given by a KL
expansion, as

f ¼

kðjÞ0 d0 þ
PM
i¼1

uT
j0Aiuj0d1i þ

PM
i;k¼1

uT
j0Aiujkd2ik

PM
i¼1

uT
j1A0uji þ uT

j1Aiu0j

� �
d1i þ

PM
i;k¼1

uT
j1Aiujkd2ik

..

.

PM
i¼1

uT
jMA0uji þ uT

jMAiu0j

� �
d1i þ

PM
i;k¼1

uT
jMAiujkd2ik

2
6666666666664

3
7777777777775
: ð38Þ

The deterministic power method can update the eigenvectors if the
initial approximation is close to the solution, but as the number of
iterations increases, the method converges to the eigenvector corre-
sponding to the largest eigenvalue. The reduced spectral power
method is likely to suffer from the same drawback. The reduced
spectral inverse power method is derived in the next subsection
to try to overcome this difficulty.

4.2. Reduced spectral inverse power method

The reduced spectral inverse power method (RSIPM) developed
here is based on the deterministic inverse power method equation

A� kðjÞ0 I
� �

uðjÞðqþ1Þ ¼ kðjÞðqÞ � kðjÞ0

� �
uðjÞðqÞ; ð39Þ

where the subscripts ðqÞ and ðqþ 1Þ indicate the number of the iter-
ation. Substitution of the PC expansion of eigenvalues from Eq. (8)
into Eq. (39) leads to

A� kðjÞ0 I
� �

uðjÞðqþ1Þ ¼
XP

k¼1

kjkðqÞCk � kðjÞ0

 !
uðjÞðqÞ; ð40Þ

where the initial approximation to the eigenvector is given by Eq.
(33). As in the previous subsection, an approximation to uðjÞðqþ1Þ could
be obtained by applying the Galerkin method to Eq. (40). This
approximation requires the solution of a P � n linear system. A
reduction of the size of the system is achieved by projecting the
equation in the subspace spanfuj0; . . . ;ujig where the size of the
new system is ðM þ 1Þ � P. The approximation to the jth eigenvec-
tor uðjÞðqþ1Þ can be expressed as the eigenvector from Eq. (22) where
subscripts ðqþ 1Þ are added to uðjÞ; aðjÞ0k and aðjÞik . The projection of
Eq. (40) leads to

UT
j AUj � kðjÞ0 UT

j Uj

� �
PP
k¼1

aðjÞ0k;ðqþ1ÞCk

..

.

PP
k¼1

aðjÞMk;ðqþ1ÞCk

2
6666664

3
7777775
¼

XP

k¼1

kjkðqÞCk � kðjÞ0

 !
UT

j Uj

�

PP
k¼1

aðjÞ0k;ðqÞCk

..

.

PP
k¼1

aðjÞMk;ðqÞCk

2
6666664

3
7777775
: ð41Þ

The unknowns of the iteration can be obtained by multiplying Eq.
(41) by Cp and taking the mean

XP

r¼1

UT
j ArUj

PP
k¼1

aðjÞ0k;ðqþ1ÞE CrCkCp
� �

..

.

PP
k¼1

aðjÞMk;ðqþ1ÞE niCkCp
� �

2
66666664

3
77777775
� kðjÞ0 UT

j Uj

PP
k¼1

aðjÞ0k;ðqþ1ÞE CkCp
� �

..

.

PP
k¼1

aðjÞMk;ðqþ1ÞE CkCp
� �

2
66666664

3
77777775

¼
XP

l¼1

kjkðqÞU
T
j Uj

PP
k¼1

aðjÞ0k;ðqÞE CkClCp
� �
..
.

PP
k¼1

aðjÞMk;ðqÞE CkClCp
� �

2
66666664

3
77777775
� kðjÞ0 UT

j Uj

PP
k¼1

aðjÞ0k;ðqÞE CkCp
� �

..

.

PP
k¼1

aðjÞMk;ðqÞE CkCp
� �

2
66666664

3
77777775
:

ð42Þ

For the first iteration, the approximation to the jth eigenvaluePP
k¼1kjkðqÞCk can be obtained from Eq. (20), that is, after applying

the Rayleigh quotient using the first-order perturbation of eigen-
vectors. The coefficients used for the first iteration are
a01;ð0Þ ¼ ai2;ð0Þ ¼ 1 and all the other coefficients of vector a are 0.
The unknown coefficients a0k;ð1Þ and aik;ð1Þ can be found by solving
a linear system of equations where

S ¼
XP

r¼1

ðUT
j ArUjÞ � e0q � kðjÞ0 ðU

T
j UjÞ � c0

 !
ð43Þ

reduces, if the system matrix is given by a KL expansion, to

S ¼
XM

i¼1

ðUT
j AiUjÞ � c1i þ ðUT

j ðA0 � kðjÞ0 IÞUjÞ � c0

 !
ð44Þ

such that

S

a01ð1Þ

..

.

a0Mð1Þ

a11ð1Þ

..

.

aipð1Þ

..

.

aMPð1Þ

2
6666666666666666664

3
7777777777777777775

¼

kj1ð0ÞE C2
1

h i
� kðjÞ0 E C1½ �

..

.

kjPð0ÞE C2
P

h i
� kðjÞ0 E CP½ �

PM
g¼1
ðuj1ÞT ujg

PP
k¼1

kjkð0Þc1gk1 � kðjÞ0 d1g1

� 

..

.

PM
g¼1
ðujiÞT ujg

PP
k¼1

kjkð0Þc1gkp � kðjÞ0 d1gp

� 

..

.

PM
g¼1
ðujMÞT ujg

PP
k¼1

kjkð0Þc1gkP � kðjÞ0 d1gP

� 

2
6666666666666666666666666664

3
7777777777777777777777777775

: ð45Þ
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In the next section, a third method to update the eigenvectors is
proposed.

4.3. Reduced spectral constrained coefficients method

The reduced spectral constrained coefficients method (RSCCM)
developed here is based on the eigenvalue equation

A� kðjÞðqÞI
� �

uðjÞðqþ1Þ ¼ 0n; ð46Þ

where the subscripts ðqÞ and ðqþ 1Þ indicate the number of the iter-
ation and 0n ¼ ½0 . . . 0�T 2 Nn. The quantity kðjÞðqÞ is the PC expansion of
the jth eigenvalue from the qth iteration. Substitution of the PC
expansion of eigenvalues from Eq. (8) into Eq. (46) leads to

A�
XP

k¼1

kjkðqÞCkI

 !
uðjÞðqþ1Þ ¼ 0n; ð47Þ

where the initial approximation to the eigenvalues is given by
Eq. (20). As in the previous subsections, an approximation to
uðjÞðqþ1Þ could be obtained by applying the Galerkin method to Eq.
(47) and assuming a term of ½uðjÞ1ðqþ1Þ . . . uðjÞPðqþ1Þ� is known and equal
to one. This assumption allows the removal of the singularity of
the linear matrix. The ‘constrained’ term, that is the term set to 1,
is the element whose value is expected to be the largest. Heuristi-
cally, it is assumed that this term is the term of uðjÞ1ðqþ1Þ in the posi-
tion of the largest term of the deterministic eigenvector. If another
term of the PC expansion of the eigenvector were to be larger, our
assumption of the position of the largest term of the vector would
not be correct. Therefor, the method would be repeated by con-
straining this term, that is, the term in the position of the obtained
largest term, to one. This approximation requires the solution of a
P � ðn� 1Þ linear system.

A reduction to the size of the system is achieved by projecting
the equation in the subspace spanfuj0; . . . ;ujig where the size of
the new system is ðM þ 1Þ � n. This projection is equivalent to ex-
press the jth eigenvector uðjÞðqþ1Þ as the eigenvector from Eq. (22)
where subscripts ðqþ 1Þ are added to uðjÞ; aðjÞ0k and aðjÞik . The projec-
tion of Eq. (47) leads to

UT
j AUj �

XP

k¼1

kjkðqÞCkUT
j Uj

 !
PP
k¼1

aðjÞ0k;ðqþ1ÞCk

..

.

PP
k¼1

aðjÞMk;ðqþ1ÞCk

2
66666664

3
77777775
¼ 0Mþ1: ð48Þ

The unknowns of the iteration can be obtained by multiplying Eq.
(48) by Cp and taking the mean

XP

i¼1

UT
j AiUj � kjiðqÞU

T
j Uj

� � !
PP
k¼1

aðjÞ0k;ðqþ1ÞE CiCkCp
� �

..

.

PP
k¼1

aðjÞMk;ðqþ1ÞE CiCkCp
� �

2
66666664

3
77777775
¼ 0Mþ1:

ð49Þ

Reordering the rows and columns obtained from the previous sys-
tem considering k ¼ 1; . . . ; P, the coefficients ½a01; . . . ; a0M ; a11;

. . . ; aip; . . . ; aMP� are the solution of the system

XP

i¼1

ðUT
j AiUj � kjiðqÞðUT

j UjÞÞ � e0i

 !
a ¼ 0PðMþ1Þ: ð50Þ
If the system matrix is given by a KL expansion,this system of equa-
tions reduces to

ðUT
j A0UjÞ�c0þ

XM

i¼1

ðUT
j AiUjÞ�c1i�

XP

i¼1

kjiðqÞðUT
j UjÞ�e0i

 !
a¼0PðMþ1Þ:

ð51Þ

As in the case of the full system, a term of the vector a ¼ ½aðjÞ01ðqþ1Þ
. . . aðjÞMPðqþ1Þ�, namely aðjÞ01ðqþ1Þ, is assumed to be equal to one and an
ðM þ 1Þ � ðn� 1Þ linear system is obtained. For the first iteration,
the approximation to the jth eigenvalue

PP
k¼1kjkCk can be obtained

from Eq. (20), that is, after applying the Rayleigh quotient using the
first-order perturbation of eigenvectors.

4.4. Spectral constrained coefficients method

The spectral constrained coefficients method (SCCM) developed
here is based on the eigenvalue equation given by Eq. (46), where
the eigenvector uðjÞðqþ1Þ is projected in the set of deterministic eigen-
vectors U0, as in Eq. (27), such that

UT
0 A� kðjÞðqÞI
� �

U0

PP
k¼1

aðj1Þkðqþ1ÞCk

..

.

PP
k¼1

aðjnÞkðqþ1ÞCk

2
66666664

3
77777775
¼ 0n: ð52Þ

It is assumed that the vector of coefficient multiplying the jth eigen-
vector is ½aðjjÞ1ðqþ1Þ . . . aðjjÞPðqþ1Þ� ¼ ½1 0 . . . 0�. The rectangular matrix of
eigenvectors where the jth eigenvector is not included is denoted
by U0j and the resulting system is given by

XP

k¼1

UT
0jAkU0j � kjkI

� �
Ck

 !

PP
k¼1

aðj1Þkðqþ1ÞCk

..

.
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PP
k¼1
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.

PP
k¼1

aðjnÞkðqþ1ÞCk

2
6666666666666666666666664

3
7777777777777777777777775
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PP
i¼1

uT
10Aiuj0ni

..

.

PP
i¼1

uT
ðj�1Þ0Aiuj0ni

PP
i¼1

uT
ðjþ1Þ0Aiuj0ni
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.

PP
i¼1

uT
N0Aiuj0ni

2
6666666666666666666666664

3
7777777777777777777777775

:

ð53Þ

As formerly, the system of equations is multiplied by Cp and mean
is taken

XP

k¼1

ðUT
0jAkU0j � kjkðqÞIÞ � e0k

 !
aðjð1ÞÞ1ðqþ1Þ

..

.

aðjðj�1ÞÞ
Pðqþ1Þ

aðjðjþ1ÞÞ
1ðqþ1Þ

..

.

aðjnÞPðqþ1Þ

2
666666666666664

3
777777777777775

¼ �
XM

i¼1

UT
0Aiuj0

� �
� d1i:

ð54Þ

If the system matrix can be expressed through a KL expansion, the
previous equation reduces to



Fig. 1. Euler–Bernoulli beam with spatially varying random bending rigidity wðx; hÞ.
The length of the beam is L ¼ 1:65 m, the section area is A ¼ 8:2123e� 5 m2, the
density is q ¼ 7800 kg/m3 and the mean of the bending rigidity random field is
E wðx; hÞ½ � ¼ 5:7520 kg m2.
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K0j � c0 þ
XM

i¼1

UT
0jAiU0j � c1i �

XP

k¼1

kjkðqÞI� e0k

 !
aðjð1ÞÞ1ðqþ1Þ
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aðjðj�1ÞÞ
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¼ �
XM

i¼1

UT
0Aiuj0

� �
� d1i; ð55Þ

where K0j is a diagonal matrix whose diagonal elements are the set
of deterministic eigenvalues kðjÞ0 . The initial approximation kðjÞð0Þ is jth
diagonal term from UT

0AU0. In the next section, the proposed meth-
ods are summarized.

5. Summary of the proposed methods

Three hybrid perturbation-PC approximations and an approxi-
mation based on a projection on the deterministic eigenvectors
basis are proposed for the solution of the algebraic random eigen-
value problem arising in structural dynamics. The random eigen-
values are firstly approximated with a PC expansion using the
first-order perturbation of eigenvectors in the Rayleigh quotient.
These results can be further improved if the eigenvectors are updated
using the reduced spectral power method, the reduced spectral in-
verse power method, the reduced spectral constrained coefficients
method or the spectral constrained coefficients method (RSPM,
RSIPM, RSCCM and SCCM), respectively. These methods allow us to
obtain PC expansions of the eigenvectors. These expansions are then
used in the Rayleigh quotient to obtain an improved PC expansion of
each eigenvalue. Alternatively, direct MCS can be performed on the
Rayleigh quotient to obtain the moments of the eigenvalues. The pro-
posed methods can be implemented by the following steps:

1. Calculate A0 and the system KL expansion matrices Ai 8i ¼
1; . . . ;M.

2. Obtain the deterministic eigenvalues and eigenvectors kðjÞ0 ;u0j.
3. Use Eq. (7) to obtain the first-order perturbation of eigenvectors

uðjÞ ¼ u0j þ
PM

i¼1ni@uðjÞ=@ni.
4. Calculate the PC expansion of eigenvalues using the Rayleigh

quotient from Eq. (20), obtained using the first-order perturba-
tion of eigenvectors and the truncated Karhunen–Loève expan-
sion of the stiffness matrix.

5. Calculate a new approximation to eigenvectors using one of the
four proposed methods
� The coefficients of the PC expansions involved in each eigen-

vector approximation are obtained with the reduced spectral
power method (RSPM) from Eq. (36).

� The coefficients of the PC expansions involved in each eigen-
vector approximation are obtained with the reduced spectral
inverse power method (RSIPM) from Eq. (45).

� The coefficients of the PC expansions involved in each eigen-
vector approximation are obtained with the reduced spectral
constrained coefficients method (RSCCM) from Eq. (50) or
Eq. (51) if the system matrix is given by a KL expansion.

� The coefficients of the PC expansions involved in each eigen-
vector approximation are obtained with the spectral con-
strained coefficients method (SCCM) from Eq. (54) or Eq.
(55) if the system matrix is given by a KL expansion.

6. Calculate the PC expansion of eigenvalues using Rayleigh quo-
tient as in step 4 if another step of the iteration is going to be
performed.

7. Calculate the first and second moments of the eigenvalues using
Eq. (11) and (12) or through direct MCS of the Rayleigh quotient
using the PC expansion of the eigenvectors.
6. Numerical example: Euler–Bernoulli beam with stochastic
properties

A clamped-free beam with equation of motion

� @2

@x2 EIðx; hÞ @
2v
@x2

 !
� qA

@2v
@t2 þ py ¼ 0

Throughout � L=2 6 x 6 L=2; ð56Þ

with v the vertical displacement of the centroidal axis, py the verti-
cal load applied to the beam and EIðx; hÞ is represented by a random
field. The system is shown in Fig. 1, where the values of the param-
eters appearing in the equation are given. The system is discretized
with the finite element method, using 100 elements. Details of the
method can be found, for example, in the book by Dawe [50]. Uncer-
tainty is introduced in the system by a Gaussian random field rep-
resenting the bending rigidity, that is, wðx; hÞ ¼ EI with mean
E wðx; hÞ½ � ¼ 5:7520 kg.m2. The discretization of wðx; hÞ is done by
the KL decomposition of the exponential autocorrelation function
Cðx1; x2Þ ¼ e�jx1�x2 j=L, that is wðx; hÞ ¼

P1
i¼1kifini where the eigen-

values and eigenfunctions of the correlation function ki; f iðx1Þ are
obtained after solving the equation

R L=2
�L=2 Cðx1; x2Þf ðx2Þdx2 ¼ kf ðx1Þ

and ni is a set of Gaussian independent random variable. The KL
expansion is truncated after M ¼ 5 terms, so that the corresponding
KL expansion of the stiffness matrix is A ¼ A0 þ

P5
i¼1niAi. More de-

tails on the KL expansion of the autocorrelation function used can
be found in [6]. The effect of two different standard deviations of
the random field is studied. These standard deviations are respec-
tively 7% and 15% of the mean of the random field. Standard devia-
tions of 7% and 15% are considered with the view that they
represent the cases of low and high randomness without producing
a swapping of the modes. The maximum order of the Hermite poly-
nomial used is 4, so that P ¼ 126 polynomials are used as basis
functions. Only the results corresponding to the first 10 eigenvalues
are considered as the chances of modal overlap increases for higher
modes.

Results obtained with the proposed methods are compared
against the results from first-order perturbation method from Eq.
(4) and MCS with 5000 samples. Convergence of the MCS results
is ensured by choosing this number of samples. The moments are
obtained by performing MCS on the Rayleigh quotients using PC
expansion of eigenvectors and 5000 samples. Figs. 2 and 3 show
the mean and standard deviation of the eigenvalues obtained with
the first order perturbation and proposed methods for a standard
deviation of 7% of the mean of the random field. In these figures
the variation of percentage error of the corresponding quantities
with respect to MCS results are also shown. The percentage errors
are explicitly reported in Tables 1 and 2 to show the relative accu-
racies of the different methods.

Now we consider the case of higher uncertainty. Figs. 4 and 5
show the mean and standard deviation of the eigenvalues obtained
with the first order perturbation and the proposed methods for a
standard deviation of 15% of the mean of the random field.

The variation of percentage error with different modes with re-
spect to MCS results are also shown. The percentage errors are again
explicitly given in Tables 3 and 4 to show the relative accuracies of
the different methods. As expected, in general the errors are larger



Fig. 2. Mean and corresponding percentage error of the first ten eigenvalues of the beam obtained with Monte Carlo Simulation (MCS) using 5000 samples, first-order
perturbation method (Perturbed), Rayleigh quotient using first-order perturbation of eigenvectors (RQPEv) the proposed reduced spectral power method (RSPM), reduced
spectral inverse power method (RSIPM), reduced spectral constrained coefficient method (RSCCM) and spectral constrained coefficient method (SCCM). The standard
deviation of the discretized random field is 7% of the mean value.

Fig. 3. Standard deviation and corresponding percentage error of the first ten eigenvalues of the beam obtained with Monte Carlo Simulation (MCS) using 5000 samples,
Perturbed, RQPEv, RSPM, RSIPM, RSCCM and SCCM. The standard deviation of the random field is 7% of the mean value.

Table 1
Percentage errors in mean obtained using the proposed methods for the first ten eigenvalues. The standard deviation of the discretized random field is 7% of the mean value.

Eigenvalue number Perturbed RQPEv RSPM RSIPM SRCCM SCCM

kð1Þ 5.191e�2 3.441e�4 8.992e+2 5.190e�2 9.358e�5 9.012e�5

kð2Þ 6.079e�2 2.562e�4 1.077e+0 6.079e�2 4.161e�5 4.877e�5

kð3Þ 6.158e�2 3.244e�4 1.206e�1 6.158e�2 4.050e�6 3.156e�5

kð4Þ 6.372e�2 3.872e�4 2.686e�2 6.372e�2 1.660e�5 9.959e�5

kð5Þ 6.504e�2 4.519e�4 1.553e�2 6.504e�2 5.550e�6 2.764e�4

kð6Þ 6.584e�2 5.236e�4 9.030e�3 6.584e�2 3.941e�5 6.475e�4

kð7Þ 6.633e�2 6.053e�4 6.235e�3 6.633e�2 1.333e�4 1.373e�3

kð8Þ 6.665e�2 6.982e�4 4.975e�3 6.665e�2 2.969e�4 2.762e�3

kð9Þ 6.687e�2 8.026e�4 4.436e�3 6.687e�2 5.569e�4 5.427e�3

kð10Þ 6.702e�2 9.188e�4 4.274e�3 6.702e�2 9.474e�4 1.067e�2
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than the ones from the previous case where the amount of random-
ness in the system was comparatively lower.

It can be observed that the error of the RSIPM and the first-order
perturbation method are very close. This is due to the fact that, if
the random variables are set to zero, the matrix of the RSIPM
becomes singular. For small standard deviation, it is heuristically
expected that the projection of the updated eigenvector on the
deterministic eigenvector is much larger than the projection on
the other vectors. An eigenvector updated with RSIPM is conse-
quently likely to be close to the related deterministic eigenvector.
The first-order perturbation method can be considered as the
result of applying the Rayleigh quotient using the deterministic
eigenvectors. Consequently, it is expected that both methods lead
to similar results.

For the RSPM it can be observed that the error of the first eigen-
value is the highest of all. It has already been commented that the
power method converges to the largest eigenvalues, and this fact is
likely to be the reason behind the error in the approximation to the
first eigenvalues. Consequently, the RSPM is expected to lead to
good results for the larger eigenvalues, which are not studied here.

We note that the SRCCM and the SCCM results are more accu-
rate than the ones obtained with the Rayleigh quotient using



Table 2
Percentage errors in standard deviation obtained using the proposed methods for the first ten eigenvalues. The standard deviation of the discretized random field is 7% of the
mean value.

Eigenvalue number Perturbed RQPEv RSPM RSIPM SRCCM SCCM

kð1Þ 6.637e�2 3.550e�2 3.101e+4 7.637e�2 3.492e�2 3.491e�2

kð2Þ 4.129e�2 2.095e�3 3.372e+0 5.128e�2 1.442e�3 1.285e�3

kð3Þ 5.174e�2 5.921e�3 2.050e�1 6.174e�2 5.311e�3 4.053e�3

kð4Þ 5.472e�2 9.169e�3 3.143e�2 6.471e�2 8.549e�3 3.806e�3

kð5Þ 5.650e�2 1.083e�2 2.884e�2 6.650e�2 1.015e�2 3.165e�3

kð6Þ 5.747e�2 1.154e�2 2.026e�2 6.747e�2 1.072e�2 2.074e�2

kð7Þ 5.804e�2 1.190e�2 1.674e�2 6.804e�2 1.081e�2 5.613e�2

kð8Þ 5.840e�2 1.211e�2 1.523e�2 6.840e�2 1.057e�2 1.230e�1

kð9Þ 5.864e�2 1.225e�2 1.454e�2 6.864e�2 9.965e�3 2.472e�1

kð10Þ 5.881e�2 1.236e�2 1.423e�2 6.880e�2 8.899e�3 4.813e�1

Table 4
Percentage errors in standard deviation obtained using the proposed methods for the first ten eigenvalues. The standard deviation of the discretized random field is 15% of the
mean value.

Eigenvalue number Perturbed RQPEv RSPM RSIPM SRCCM SCCM

kð1Þ 2.782e�1 8.210e�2 2.258e+5 2.882e�1 6.755e�2 6.727e�2

kð2Þ 2.591e�1 1.134e�2 2.222e+2 2.690e�1 6.361e�3 6.800e�3

kð3Þ 2.875e�1 2.097e�2 1.026e+0 2.975e�1 3.262e�3 2.751e�3

kð4Þ 3.012e�1 2.915e�2 5.953e�1 3.112e�1 1.024e�2 9.579e�3

kð5Þ 3.090e�1 3.392e�2 4.719e�1 3.190e�1 1.262e�2 1.285e�2

kð6Þ 3.134e�1 3.676e�2 2.779e�1 3.234e�1 1.077e�2 1.385e�2

kð7Þ 3.161e�1 3.898e�2 1.862e�1 3.261e�1 4.393e�3 1.377e�2

kð8Þ 3.178e�1 4.105e�2 1.428e�1 3.278e�1 8.731e�3 1.292e�2

kð9Þ 3.190e�1 4.312e�2 1.222e�1 3.290e�1 3.322e�2 1.131e�2

kð10Þ 3.198e�1 4.527e�2 1.130e�1 3.298e�1 7.636e�2 8.809e�3

Table 3
Percentage errors in mean obtained using the proposed methods for the first ten eigenvalues. The standard deviation of the discretized random field is 15% of the mean value.

Eigenvalue number Perturbed RQPEv RSPM RSIPM SRCCM SCCM

kð1Þ 2.436e�1 6.603e�3 1.694e+4 2.436e�1 1.037e�3 9.479e�4

kð2Þ 2.846e�1 6.281e�3 2.324e+1 2.846e�1 3.263e�4 4.351e�4

kð3Þ 2.884e�1 7.245e�3 2.638e+0 2.884e�1 1.856e�4 5.955e�5

kð4Þ 2.986e�1 8.433e�3 5.809e�1 2.986e�1 3.142e�4 1.837e�4

kð5Þ 3.048e�1 9.715e�3 3.356e�1 3.048e�1 1.530e�5 2.338e�4

kð6Þ 3.086e�1 1.116e�2 1.940e�1 3.086e�1 1.080e�3 2.371e�4

kð7Þ 3.109e�1 1.280e�2 1.330e�1 3.109e�1 3.284e�3 2.144e�4

kð8Þ 3.124e�1 1.465e�2 1.053e�1 3.124e�1 7.208e�3 1.705e�4

kð9Þ 3.134e�1 1.669e�2 9.297e�2 3.134e�1 1.360e�2 1.039e�4

kð10Þ 3.141e�1 1.891e�2 8.865e�2 3.141e�1 2.189e�2 9.950e�6
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first-order perturbation eigenvectors. This observation is particu-
larly true for the mean results. For standard deviation, the results
for the three methods are very similar for the case of lower stan-
dard deviation of wðx; hÞ, although SCCM performs better for few
eigenvalues. For the case of higher standard deviation of wðx; hÞ,
SCCM performs better than the other two methods. Based on rela-
tive accuracy of the different methods, it is finally observed that
the most promising method aimed at updating eigenvectors from
first-order perturbation method is SCCM.

7. Numerical example: thin plate with stochastic properties

A clamped-free thin plate is considered, where its equation of
motion is given by Kirchhoff–Love plate theory

@Qx

@x
þ
@Qy

@y
� 2qh €wþ p ¼ 0 where

Qx ¼ @Mx
@x þ

@Mxy

@y

Qy ¼ @My

@y þ
@Mxy

@y

8<
: : ð57Þ
In the above equation Mx;My;Mxy are the bending moments per unit
length, and are given by

M¼

Mx

My

Mxy

2
6664

3
7775 ¼ �Dðx; y; hÞ

@2w
@x2 þ m @2w

@y2

h i
@2w
@y2 þ m @2w

@x2

h i

ð1� mÞ @2w
@x@y

2
6666664

3
7777775
; ð58Þ

where Dðx; y; hÞ is the random bending rigidity, m is Poisson’s ratio, p
is the force applied to the plate and w is the vertical displacement.
The system is shown in Fig. 6, where values of the parameters
appearing in the equation are provided. The system is discretized
with the finite element method, using a rectangular mesh with
nx ¼ 10 elements on the length of the plate and ny ¼ 6 elements
on its width. Details of the method can be found, for example, in
the book by Dawe [50]. Uncertainty is introduced in the system
by a set of independent Gaussian random variables ni, each one



Fig. 4. Mean and corresponding percentage error of the first ten eigenvalues of the beam obtained with Monte Carlo Simulation (MCS) using 5000 samples, Perturbed, RQPEv,
RSPM, RSIPM, RSCCM and SCCM. The standard deviation of the random field is 15% of the mean value.

Fig. 5. Standard deviation and corresponding percentage error of the first ten eigenvalues of the beam obtained with Monte Carlo Simulation (MCS) using 5000 samples,
Perturbed, RQPEv, RSPM, RSIPM, RSCCM and SCCM. All the standard deviations of Rayleigh quotients have been obtained with MCS using 5000 samples. The standard
deviation of the discretized random field is 15% of the mean value.

D 1

y

x

D2

D3 D4

Fig. 6. Kirchhoff–Love plate with Dðx; y; hÞ given by Di ¼ D0ð1þ �niÞ for each
substructure. The length Lx ¼ 1:0 m, width Ly ¼ 0:6 m, Poisson’s ratio m ¼ 0:3,
modulus of elasticity E ¼ 200 GPa, thickness h ¼ 3 mm and density q ¼ 7860 kg/m3

when the mean system is considered.
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affecting a different substructure of the plate. The plate is divided
into four substructures and the bending rigidity of each of them is
modeled as uncertain using the relationship Di ¼ D0ð1þ �niÞ, with
D0 ¼ Eh3

=12ð1� m2Þ and i ¼ 1; . . . ;4. The plate, along with the divi-
sion of four substructures, can be seen in Fig. 6. The first substruc-
ture is composed by the first five elements in the x direction and
first three in the y direction. The global stiffness matrix of the
system can then be represented by A ¼ A0 þ

P4
i¼1niAi, where A0 is

the deterministic system matrix and Ai are obtained by considering
only the elements of a given substructure. It should be noted that
the standard deviation � is included within the coefficient matrices
Ai. The effect of two different standard deviations of the random
variables is studied. These standard deviations are respectively
� ¼ 0:07 and � ¼ 0:15. As formerly, standard deviations of 7% and
15% are considered with the view that they represent the cases of
low and high randomness without producing a swapping of the
modes. The maximum order of the Hermite polynomial used is 4,
so that P ¼ 70 polynomials are used as basis functions. Only the
results corresponding to the first 10 eigenvalues are considered as
the chances of modal overlap increases for higher modes.

Results obtained with the proposed methods are compared
against the results from first-order perturbation method from Eq.
(4) and MCS with 5000 samples. Convergence of the MCS results
is ensured by choosing this number of samples. The moments are
obtained by performing MCS on the Rayleigh quotients using PC
expansion of eigenvectors and 5000 samples. Figs. 7 and 8 show
the mean and standard deviation of the eigenvalues obtained with
the first order perturbation and proposed methods for a standard
deviation of 7% of the mean of the random variables. In these figures
the variation of percentage error of the corresponding quantities
with respect to MCS results are also shown. The percentage errors
are explicitly reported in Tables 5 and 6 to show the relative accu-
racies of the different methods.

For the case of a standard deviation of 15% of the mean of the
random variables Di, Figs. 9 and 10 show the mean and standard



Fig. 7. Mean and corresponding percentage error of the first ten eigenvalues of the plate obtained with Monte Carlo Simulation (MCS) using 5000 samples, first-order
perturbation method (Perturbed), Rayleigh quotient using first-order perturbation of eigenvectors (RQPEv) the proposed reduced spectral power method (RSPM), reduced
spectral inverse power method (RSIPM), reduced spectral constrained coefficient method (RSCCM) and spectral constrained coefficient method (SCCM). The standard
deviation of the discretized random variables is 7% of the mean value.

Fig. 8. Standard deviation and corresponding percentage error of the first ten eigenvalues of the plate obtained with Monte Carlo Simulation (MCS) using 5000 samples,
Perturbed, RQPEv, RSPM, RSIPM, RSCCM and SCCM. The standard deviation of the random variables is 7% of the mean value.

Table 6
Percentage errors in standard deviation obtained using the proposed methods for the first ten eigenvalues. The standard deviation of the random variables is 7% of the mean value.

Eigenvalue number Perturbed RQPEv RSPM RSIPM SRCCM SCCM

kð1Þ 2.812e�2 1.082e�2 8.969e+2 1.811e�2 1.071e�2 1.077e�2

kð2Þ 1.326e�1 2.689e�2 3.017e+0 1.426e�1 2.762e�2 2.892e�2

kð3Þ 2.908e�1 3.028e�2 4.031e�1 3.007e�1 3.221e�2 3.302e�2

kð4Þ 2.843e�1 1.918e�2 4.057e�2 2.943e�1 1.723e�2 1.553e�2

kð5Þ 3.745e�1 6.247e�2 8.215e�2 3.844e�1 5.818e�2 6.927e�2

kð6Þ 4.636e�1 3.406e�2 9.456e�2 4.735e�1 3.059e�2 3.949e�2

kð7Þ 1.707e�1 1.984e�2 1.925e�2 1.807e�1 3.490e�2 1.870e�2

kð8Þ 3.748e�1 6.264e�2 6.717e�2 3.848e�1 6.113e�2 6.195e�2

kð9Þ 1.101e+0 1.829e�1 2.444e�1 1.111e+0 1.667e�1 2.387e�1

kð10Þ 9.523e�1 9.147e�3 1.032e�4 9.622e�1 1.849e�2 5.505e+0

Table 5
Percentage errors in mean obtained using the proposed methods for the first ten eigenvalues. The standard deviation of the random variables is 7% of the mean value.

Eigenvalue number Perturbed RQPEv RSPM RSIPM SRCCM SCCM

kð1Þ 5.107e�2 3.001e�4 1.509e+1 5.107e�2 9.311e�5 3.232e�5

kð2Þ 1.506e�1 8.505e�4 4.325e�1 1.506e�1 3.916e�4 1.737e�5

kð3Þ 2.120e�1 7.736e�4 1.807e�1 2.120e�1 8.601e�5 1.248e�4

kð4Þ 1.917e�1 1.298e�3 1.449e�2 1.917e�1 6.129e�4 7.883e�5

kð5Þ 2.025e�1 3.185e�3 1.238e�2 2.025e�1 1.888e�3 7.403e�4

kð6Þ 2.704e�1 1.223e�3 1.885e�2 2.704e�1 3.949e�4 4.149e�4

kð7Þ 1.467e�1 2.251e�3 4.536e�3 1.467e�1 2.854e�4 2.762e�4

kð8Þ 2.185e�1 1.333e�3 7.507e�3 2.185e�1 5.322e�4 3.022e�4

kð9Þ 4.268e�1 6.113e�3 2.266e�2 4.268e�1 2.037e�3 2.555e�3

kð10Þ 3.368e�1 3.303e�2 3.620e�2 3.368e�1 2.412e�2 8.304e�1
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Fig. 9. Mean and corresponding percentage error of the first ten eigenvalues of the plate obtained with Monte Carlo Simulation (MCS) using 5000 samples, Perturbed, RQPEv,
RSPM, RSIPM, RSCCM and SCCM. The standard deviation of the random variables is 15% of the mean value.

Fig. 10. Standard deviation and corresponding percentage error of the first ten eigenvalues of the plate obtained with Monte Carlo Simulation (MCS) using 5000 samples,
Perturbed, RQPEv, RSPM, RSIPM, RSCCM and SCCM. All the standard deviations of Rayleigh quotients have been obtained with MCS using 5000 samples. The standard
deviation of the random variables is 15% of the mean value.

Table 7
Percentage errors in mean obtained using the proposed methods for the first ten eigenvalues. The standard deviation of the random variables is 15% of the mean value.

Eigenvalue number Perturbed RQPEv RSPM RSIPM SRCCM SCCM

kð1Þ 2.397e�1 5.774e�3 3.052e+2 2.397e�1 1.143e�3 2.260e�4

kð2Þ 7.094e�1 1.887e�2 9.392e+0 7.094e�1 8.680e�3 6.156e�4

kð3Þ 9.930e�1 1.808e�2 3.961e+0 9.930e�1 2.910e�3 1.862e�3

kð4Þ 9.039e�1 2.799e�2 3.142e�1 9.039e�1 1.306e�2 1.026e�3

kð5Þ 9.804e�1 7.018e�2 2.652e�1 9.804e�1 4.247e�2 1.332e+0

kð6Þ 1.259e+0 2.718e�2 4.131e�1 1.259e+0 7.032e�3 7.573e�3

kð7Þ 7.082e�1 5.194e�2 1.008e�1 7.082e�1 6.192e�2 2.750e�2

kð8Þ 1.021e+0 2.886e�2 1.624e�1 1.021e+0 1.194e�2 6.461e�3

kð9Þ 1.993e+0 1.229e�1 4.831e�1 1.993e+0 3.995e�2 1.732e�1

kð10Þ 1.445e+0 4.774e�1 5.438e�1 1.445e+0 3.263e�1 1.592e+0

Table 8
Percentage errors in standard deviation obtained using the proposed methods for the first ten eigenvalues. The standard deviation of the discretized random field is 15% of the
mean value.

Eigenvalue number Perturbed RQPEv RSPM RSIPM SRCCM SCCM

kð1Þ 6.671e�2 2.246e�2 7.305e+3 5.671e�2 2.012e�2 2.201e�2

kð2Þ 8.021e�1 3.122e�2 1.753e+2 8.120e�1 5.569e�4 3.573e�2

kð3Þ 1.544e+0 3.329e�3 4.659e+1 1.554e+0 6.104e�2 8.079e�2

kð4Þ 1.384e+0 2.318e�1 3.848e�1 1.394e+0 1.841e�1 1.491e�1

kð5Þ 1.869e+0 5.965e�1 7.282e�1 1.879e+0 5.037e�1 1.182e+1

kð6Þ 1.858e+0 3.449e�1 8.519e�1 1.868e+0 2.738e�1 5.179e�1

kð7Þ 1.037e+0 1.423e�1 1.655e�1 1.047e+0 1.079e�1 8.992e�1

kð8Þ 1.677e+0 3.303e�1 4.297e�1 1.687e+0 2.914e�1 3.134e�1

kð9Þ 4.542e+0 1.061e+0 1.833e+0 4.551e+0 7.637e�1 4.138e+0

kð10Þ 3.358e+0 1.189e+0 1.288e+0 3.368e+0 1.042e+0 1.382e+1
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deviation of the eigenvalues obtained with the first order perturba-
tion and the proposed methods.

The variation of percentage error with different modes with re-
spect to MCS results are also shown. The percentage errors are
again explicitly given in Tables 7 and 8 to show the relative accu-
racies of the different methods. As formerly, in general the errors
are larger than the ones from the previous case where the amount
of randomness in the system was comparatively lower.

The results observed for the plate problem are quantitatively sim-
ilar to the ones of the beam problem. That is, results from the RSIPM
and the first-order perturbation method are very close, the RSPM
leads to the highest error for the smallest eigenvalues, and the
SRCCM and the SCCM results are more accurate than the ones
obtained with the Rayleigh quotient using first-order perturbation
eigenvectors for the mean results and very similar for standard
deviation.
8. Conclusions

Four methods, namely the reduced spectral power method
(RSPM), the reduced spectral inverse power method (RSIPM), the
reduced spectral constrained coefficients method (RSCCM) and
the spectral constrained coefficients method (SCCM), have been
proposed and compared to improve the accuracy of the approxi-
mate solution of the random eigenvalue problem for symmetric
matrices. The first two methods are based on approaches used in
the context of the deterministic eigenvalue problem to obtain
eigenvectors, namely, the power method and the inverse power
method. The next two methods are based on the equation of the
eigenvalue problem. The deterministic methods to update the
eigenvectors are adapted to the stochastic case through a projec-
tion in a truncated set of basis functions of a Hilbert space. These
basis functions are the multivariate Hermite polynomials used in
the PC method. The four proposed methods lead to a Polynomial
Chaos (PC) expansion of eigenvectors. Furthermore, a size reduc-
tion of the equations is achieved by assuming that, in the PC expan-
sion of eigenvectors, the coefficient vectors belong to the subspace
spanned by the deterministic vector and its derivatives with re-
spect to the random variables. Eigenvalues are obtained from the
updated eigenvectors using the Rayleigh quotient, where the
eigenvectors are given by the PC expansion obtained from one of
the four proposed methods. A PC expansion of each eigenvalue is
proposed by projecting the Rayleigh quotient into the PC basis
functions. Numerical results suggest that the Rayleigh quotient
using first-order perturbed eigenvectors outperforms RSPM and
RSIPM when considering the smallest eigenvectors. The only meth-
ods leading to an improvement of the results would then be SCCM
and RSCCM. Numerical results on stochastic beam and plate prob-
lems indicate that the reduced spectral power method leads to a
better approximation of the larger eigenvalues.
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