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This  paper  presents  a multiscale  approach  for vibration  frequency  analysis  of  graphene/polymer  com-
posites.  The  graphene  is  modelled  at the  atomistic  scale,  and  the  matrix  deformation  is  analysed  by
the  continuum  finite  element  method.  Inter-connectivity  between  graphene  and  polymer  matrix  are
assumed  to  be bonded  by van  der  Waals  interactions  at the  interface.  The  impact  of geometrical  config-
vailable online 20 December 2011

eywords:
raphene sheets
omposites
tomistic model

uration  (armchair  and  zigzag),  boundary  conditions  and  length  on  the overall  stiffness  of  the  graphene
reinforced  plastics  (GRP)  is  studied.  The  natural  frequency  and  vibrational  mode  shapes  of GRP studied
have  displayed  dependence  on  the  length  and also  the  boundary  conditions.  The exceptional  vibrational
behaviour  and  large  stiffness  displayed  by  GRP  makes  them  a potential  replacement  for  conventional
composite  fibres  such  as  carbon  and  glass  fibres.
atural frequencies

. Introduction

Graphene [1] consists of an array of carbon atoms arranged
exagonally and the atoms are paired by strong covalent sp2 bonds.
he length of sp2 covalent bond is 0.142 nm.  The cylindrical forma-
ion of such sheet will form carbon nanotube (CNT) [2].  A spherical
nclosure of the graphene sheet results in buckyballs [3,4]. These
ano materials are the strongest and stiffest materials discovered
ill date. The exceptional mechanical properties of such nano-
tructures have already been demonstrated by several researchers
5–11]. These properties as well as their high aspect ratio (AR)
nd low density suggest that graphene may  hold promise as the
einforcement for nanocomposites [12–14]. The improvement in
tiffness and strength due to the addition of carbon nanostructures
n polymeric matrix materials have been demonstrated [15,16]. For
he effective utilization of graphene as reinforcements in compos-
tes, various attempts have been made [17,18]. Meanwhile, some
fforts have also been devoted to the study of the load transfer
etween graphene/CNT and the matrix [12,19,20].  The transmis-
ion electron microscopy study of Rafiee et al. [12] indicated that
nzipping CNT into graphene nanoribbons results in a significant
mprovement in load transfer effectiveness. On the other hand,
he exceptional scale of electrical conductivity [21,22] displayed
y these thin carbon films embedded [23,24] in polymer matrix
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[25], will make them suitable candidate in aerospace applications
that require protection from lightning strikes. Apart from struc-
tural applications, graphene based composites [26,27,16,28,29] are
expected to play a prominent role in various other domains includ-
ing electrical devices, biosensors [30,31], fuel cells and packaging
[70].

Due to the difficulty in modelling nano-composites, studies on
the mechanisms of load transfer [32] between the matrix and
CNT/graphene are very limited [33,34].  Among the available lit-
erature, Li and Chou [35] used molecular structural mechanics to
study the compressive behaviour of CNT-polymer composites. As
per the review conducted by Hussain et al. [25], there is a growing
market demand for nano composites and also the authors pointed
out at various issues such as inability to attain strong bonding
between matrix and fibre, difficulty in dispersion of nanoparti-
cles in matrix and alignment issues. Manufacturing techniques for
graphene based composites has been discussed by many authors
[16,28,29].

With regard to the structural analysis of graphene two dis-
tinct types of methods, namely atomistic finite element method
[36–43] and continuum finite element method [37,44,45] have
been proposed in literature. More recently non-local continuum
methods [46,47] have been proposed in order to capture small-
scale effects within the scope of the continuum theory. The authors
have recently developed a numerical model of graphene sheets, in

which equivalent homogenized properties are expressed in terms
of the thickness, equilibrium lengths and force-field models [2,48]
used to represent the C C bonds of the graphene lattice [10,8].
The covalent bonds between pair of carbon atoms are modelled
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ig. 1. Multiscale model of GRP: Carbon atoms are represented by nodes, covalent 

nd  the polymer matrix is formed by 3D solid elements. The tool used is ANSYS 13 

y deep shear Timoshenko beams [49] with stretching, bending,
orsional and deep shear deformation. The properties of these deep
hear beams are derived based on the equivalence between the
armonic potential. The force constants of this harmonic poten-
ial can be either based on Morse model or Amber model (see
or example [50,8]).  The geometric configurations and mechani-
al properties are represented as truss assemblies (finite elements)
re then calculated minimizing the total potential energy associ-
ted to the loading, thickness and average equilibrium lengths of
he bonds. The polymer matrix is represented by 3D continuum
lements. These continuum elements offer three translation and
hree rotational degrees of freedom to the polymer structure. The
eak bonding between the matrix and the fibre is modelled with

he aid of Lennard–Jones (L–J) potential theory, where bonds are
epresented by springs. This approach can be termed as multiscale
odelling procedure, since the graphene sheet is represented at

tomic scale and the polymer matrix is represented by continuum
lements (i.e. macro scale). The finite element model of the GRP
s depicted in Fig. 1. The impact of different geometrical configu-
ations (armchair and zigzag), boundary conditions and AR on the
RP are studied in the present study. In this paper, we examine

he dynamical behaviour of graphene–polymer composites using a
ultiscale modelling approach. We  propose also an analytical plate
odel to simulate in a compact form the mechanical vibrational

ehaviour of GRP, providing a further benchmark to the multiscale
nite element (FE) model of the GRP.

. Continuum model of GRP

At larger dimensions, a GRP sheet may  be represented by an
lastic plate with an equivalent thickness. The governing equation
f motion of such an elastic plate subjected to flexural vibrations is
iven by [49,51–53]:(

∂4
w

∂x4
+ 2

∂2
w

∂x2

∂2
w

∂y2
+ ∂4

w

∂y4

)
+ �

∂2
w

∂t2
= 0 (1)

here w ≡ w(x, y, t) is the displacement vector at x, y coordinates
f the plate, t is the time, � is the mass density. The bending rigidity

 [49] is given by

 = E(h + 2d)3

2
(2)
12(1 − � )

here E is Young’s modulus, h is the interlayer distance, d is the
otal thickness of GRP, and � is the Poisson’s ratio of the equivalent
RP. The natural frequency of such a structure with dimensions
 are modelled by Timoshenko beams, L–J potential is modelled by spring elements

a  × b is given by [54]

ωij =
{

�4D

a4�

}1/2{
G4

x + G4
y

(
a

b

)4
+2

(
a

b

)2
[�HxHy + (1−�)JxJy]

}1/2

(3)

where i, j = 1, 2, 3, . . . are mode indices. The values of the coefficients
Gx, Hx, Jx and Gy, Hy, Jy for three different boundary conditions are
given in Table 1.

In the GRP composite structure, the matrix is bonded with the
graphene fibre by L–J potential force. This is similar to the L–J poten-
tial sandwich found between pair of single-layer graphene sheets
(SLGS) in the case of multi-layer graphene sheets [10]. The equiv-
alent Young’s modulus Eeq and the density �eq of the GRP can be
determined with the aid of standard rule of mixture for unidirec-
tional composites [55], and neglecting the stiffness contribution of
the L–J potential:

Eeq = (EGrapheneVGraphene) + (EMatrixVMatrix) (4)

�eq = (�GrapheneVGraphene) + (�MatrixVMatrix) (5)

The Young’s modulus and density calculated by the above equa-
tion has been considered for the calculation of elastic plate natural
frequencies using Eq. (3).

3. Multiscale finite element approach for the GRP

The need for a multiscale approach arises from the fact that the
length-scale of graphene is significantly different from that of the
surrounding polymer. Majority of existing multiscale approach [56]
aims to combine Molecular Dynamic (MD) simulation with finite
element method. MD  method is used for the nano scale, while FE
method is for the macro scale. In this paper we  are proposing a
new approach where atomistic finite element method is used in
the nano scale and continuum finite element method is used for the
macro scale. The main advantage of the proposed method is that
both type of finite element method can be integrated in a consistent
manner.

3.1. Modelling of sp2 bonds: atomistic finite element method

A graphene sheet consists of hexagonal array of covalently

bonded carbon atoms. The details of the atomistic finite element
can be found in [8,57].  Here we give a brief overview of the
method. The sp2 covalent bonds between the pair of carbon atoms
can be modelled by Timoshenko beams having axial, out-of-plane
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Table 1
Coefficients for the various boundary conditions.

BC i j Gx Hx Jx Gy Hy Jy

a
i

U

H
s
o
s
T
d
a
e

E
(
s
i
b
t
c
T
s

˚

I
s

F

E
b

k

w

A

B

A
s
k
c
(
e
t
I
a
i
s
N

Cantilever (CFFF) 1 0 0.597 

Bridged (CCFF) 1 0 1.506 

Simply supported 1 0 1 

nd in-plane rotational deformation mechanisms. These bonds are
nfluenced by harmonic potential [58] and is given by:

r = 1
2

kr(ır)2, U� = 1
2

k�(ı�)2 and U� = 1
2

k�(ıϕ)2 (6)

ere Ur, U� and U� are respectively the energies due to bond
tretching, bond angle variation, and combined dihedral angle and
ut-of-plane torsion. kr, k� and k� are respectively the force con-
tants related to bond stretching, bending and torsional stiffness.
he equivalent mechanical properties of the covalent bond can be
etermined using a beam mapping procedure, imposing the equiv-
lence between the harmonic potential and the mechanical strain
nergies of a hypothetical structural beam of length L [50]:

kr

2
(ır)2 = EA

2L
(ır)2, (7)

k�

2
(ıϕ)2 = GJ

2L
(ıϕ)2 and (8)

k�

2
(ı�)2 = EI

2L

4 + ˚

1 + ˚
(ı�)2 (9)

q. 7 accounts for stretching and axial deformation mechanism
where E is the Young’s modulus), while Eq. (8) represents the tor-
ional deformation mechanism (where G is shear modulus). The
n-plane rotation term of the C C bond (Eq. (9))  is equated to a
ending strain energy related to a deep shear beam model, in order
o consider the shear deformation of the cross section. The shear
orrection factor is essential if AR of beams is lower than 10 [49].
he shear deformation constant for beams with the circular cross
ections considered is given by [50]:

 = 12EI

GAsL2
(10)

n Eq. (10), As = A/Fs is the reduced cross section of the beam by the
hear correction term Fs [59]:

s = 6 + 12� + 6�2

7 + 12� + 4�2
(11)

quating Eqs. (10) and (11) in (2) results in an nonlinear relation
etween the beam thickness d and the beam Poisson’s ratio � [50]:

� = krd2

16
4A + B

A + B
(12)

here:

 = 112L2k� + 192L2k�� + 64L2k��2 (13)

 = 9krd2 + 18krd4� + 9krd4�2 (14)

s per the Morse model [8],  the magnitude of force con-
tants are kr = 8.74 × 10−7 N nm−1, k� = 9.00 × 10−10 N nm rad−2 and
� = 2.78 × 10−10 N nm−1 rad−2. The mechanical properties of the
ovalent bond can be calculated by a nonlinear optimization of Eqs.
7)–(9) using a Marquardt algorithm [60]. In the context of finite
lements, the C C bond can then be modelled as a two-nodded
hree dimensional beam with a stiffness matrix presented in [61].
n this methodology the nodes represent the carbon atoms. This

tomistic model of graphene fibres consisting of beams represent-
ng covalent bonds and nodes representing carbon atoms can be
een in Fig. 1. In this numerical procedure, at each substep of the
ewton–Raphson solver technique [62] the total potential energy
−0.087 0.471 0.0 0.0 0.0
1.248 1.248 0.0 0.0 0.0
1 1 1 1 1

is minimized, to determine the thickness of the C C bonds and
the average equilibrium length of the covalent bonds. The nonlin-
ear minimization technique is performed in two  steps, with a zero
order method to identify first the minimal clusters, and a subse-
quent first order derivative-based method to identify the absolute
minimum of the potential energy. The details about this atomistic
modelling technique can be found in [57].

Within the finite element model of fibre, the mass and stiffness
matrices are generated from the equivalent matrices of the beams
representing C C bonds and concentrated masses of carbon atom
at each node. The diagonal lumped mass matrix for a single beam
element is given by:

[M]e = diag
[

mc

3
mc

3
mc

3
0 0 0

]
(15)

where mc = 1.9943 × 10−26 kg is the mass of a carbon atom. The
general equation of motion of the undamped system ([K]x +
[M]ẍ = 0) leads to a standard undamped eigenvalue problem
(([K] − ω2[M]){x} = {0}), which has been solved using a Block Lanc-
zos algorithm [63].

3.2. Modelling the polymer matrix: continuum finite element
method

The modelling approach employed here is similar to the one
adopted for simulating CNT polymer composite by the researchers
[23]. modelling of continuous molecular chain of polymer is com-
putationally expensive. Because of this computational issue, the
polymer matrix at micro scale can be approximated by a continuous
structure. This continuous structure has been numerically dis-
cretized using 3D solid finite elements with six degrees of freedom
(i.e. translations and rotations in x, y, z coordinates). The material
properties are assumed to be isotropic with Young’s modulus 4 GPa
and Poisson’s ratio 0.3. These solid elements are connected to the
graphene fibre carbon atoms by L–J potential forces represented by
springs. The modelling procedure of these L–J potential forces will
be discussed in the next section. The depth of the polymer matrix
on both sides of the SLGS has been chosen to represent 95% volume
fraction. The FE representation of the polymer matrix can be seen
in Fig. 1.

3.3. Modelling the fibre-matrix potential

The modelling approach employed here is similar to the one
adopted for simulating L–J potential springs between two layers of
graphene sheets in the case of bi-layer graphene sheet (BLGS) [8].
The equivalent axial force related to the L–J potential between pair
of atoms (i, j) belonging to different graphene layer and the matrix
is expressed as:

Fij = ∂Vij

∂r
(16)

where, r is the atomic displacement along ij (fibre-matrix length).
According to Girifalco et al. [3],  the force between the atoms (ij) can

also be represented by

Fij = −12 


[(
rmin

y

)13
−

(
rmin

y

)7
]

(17)
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here, y = rmin + ır, ır is the atomic displacement along the length
j. The rmin (in Å) is given by 21/6 �, where � = (A/B)1/6. The B and A
re attractive and repulsive constants, and for the boundary condi-
ions considered in this paper, they are given by 3.4 × 10−4 eV Å12

nd 5 × 10−7 eV Å6 respectively, and 
 is B2/(4A). These constants
ave been calculated based upon the van der Waals forces between
raphene and polymer matrix [23]. In the multiscale models, we
ave used spring elements to form a nonlinear connection between
bre and matrix representing L–J potentials. The L–J potential
prings require force deflection curve as a property and has been
alculated by using Eq. (17).

The method used in this paper to describe the mechanical
ehaviour of the graphene-based nanocomposite is based on a
ybrid FE approach. While the matrix is simulated using 3D solid
lements with a continuum homogenized isotropic material, the
raphene sheet is represented by a lattice assembly of C C sp3

onds through 3D Timoshenko beam [50,65] elements. Springs
epresenting the nonlinear force–displacement behaviour corre-
ponding to L–J potentials [50,57] simulate the interaction between
he graphene and the mesoscale-surrounding matrix. The novelty
f this approach compared to analogous matrix/graphene rep-
esentations in open literature [64] is the lattice representation
f the graphene-L–J potentials. More specifically, the C C bonds
n the graphene sheet are represented using deep-shear Timo-
henko beam elements. Their equivalent mechanical properties
re obtained through a nonlinear minimization of the equiva-
ence between the stoichiometric harmonic potentials associated to
tretching, in-plane bending and out-of-plane torsion of the bonds,
nd the equivalent strain energies associated to deep shear Timo-
henko beams. The use of Timoshenko beams allows to overcome
n lack of congruence existing when Euler–Bernoulli beams [36,58]
re employed – i.e., the identification of a thickness almost equal
o the equilibrium length [58], and therefore a slenderness ratio
lose to 1, which is in contrast with the assumption of bending
eam theory [49]. The value of the equivalent C C bond thickness

dentified assuming a transversely isotropic equivalent material
or the bond is dependent on the force model used and the type
f loading applied to the nanostructure [50,65].  Moreover, when
n equivalent full isotropic material and circular cross-section for
he C C bond beam is assumed, the values of the thickness are
nique and close to the values identified for graphene structures
hrough Molecular Dynamics methods [5,66].The determination in

 rigorous mechanics of solids manner of the C C bond thickness
llow to avoid the so-called ‘Yakobson’s paradox’ [67], and not to
dopt the classical value of 0.34 nm,  which corresponds to the inter-
ayer distance of graphite, but it is not the thickness of a continuum
raphene sheet per se. The L–J-based springs used to represent the
nteraction between the SLGS and the matrix are calculated based
n the equilibrium conditions at the graphitic state between the
raphene and the surrounding polymer matrix. The distribution
f neighbour and near-neighbour interactions between atoms of
he graphene and atoms of the matrix (represented by the nodes
f the continuum elements) provides a more detailed and discrete
imulation of the mechanical deformation between the SLGS the
atrix at mesoscale level, avoiding the use of an equivalent normal

ressure distribution for the L–J interaction as in [64]. The present
ybrid FE model shown in this work is therefore a more detailed
epresentation at nano-mesoscale level of a graphene sheet in
raphitic equilibrium state embedded into a polymeric matrix.

.4. Boundary conditions
At nano scale, the atomic configurations influence the mechani-
al properties of graphene sheets and in turn govern the behaviour
f GRP. The zigzag and armchair fibre configurations are modelled
ngineering B 177 (2012) 303– 310

in  this article. The boundary conditions considered on the zigzag
and armchair models of the graphene fibre are:

• GRP1: Armchair model clamped at one edge (Cantilevered con-
dition)

• GRP2: Armchair model clamped at two opposite edges (Bridged
condition)

• GRP3: Zigzag model clamped at one edge (Cantilevered condi-
tion)

• GRP4: Zigzag model clamped at two  opposite edges (Bridged con-
dition)

Pictorial representation of the four GRP models are shown in Fig. 2.

4. Results and discussion

The geometric configurations play a vital role in deciding the
performance of GRP based devices. Due to this, we  study two  differ-
ent configurations namely zigzag and armchair with varying length
and width. A preliminary dynamic analysis on the unconstrained
model has been performed in order to ensure the integrity of the
GRP structure. The first four mode shapes for the cases GRP1 and
GRP2 are presented in Figs. 3 and 4, respectively. The AR of these
models is 5 and the width is 1.49 nm.  In the case of the cantilevered
model, the first and fourth mode shapes are flexural in nature, sec-
ond mode is found to be torsional and the third mode shape is in
plane bending type. For the case of the bridged model, the first, sec-
ond and fourth mode shapes are flexural, and the third mode shape
is found to be out of plane twisting.

4.1. Dependence on the length and AR

The fundamental frequency results of armchair and zigzag GRP
are shown in Fig. 5, for bridged and cantilevered boundary condi-
tions. As per these figures, with increasing length from about 1.5 nm
to about 16 nm of the cantilever armchair GRP (width = 4.33 nm),
the range of first natural frequencies is found to be 156–5 GHz.
Whereas for the zigzag model, this range is found to be 104–5 GHz.
For the bridge boundary condition case, the armchair GRP exhibits
the range 242–22 GHz and the zigzag model exhibits the range
184–20 GHz. This pattern of variation is found to be similar in the
cases of single layer graphene sheets SLGS [5,6] and also BLGS [57].
These observations indicate that GRP offers natural frequency half
of that of SLGS [5,6] and 1/6th of that of BLGS [57]. Similar to BLGS,
the percentage decreases of the natural frequency with length are
based upon the series of increasing powers (arj, where j = 0, 1, 2, . . .).
In this series a is a scale factor, which can be considered as the nat-
ural frequency associated to the lowest considered length and r is a
common ratio which lies between a range of 0.6–0.5 approximately.

The dependence of natural frequencies on length at a given AR is
given in Fig. 6. These patterns of variation of frequencies are similar
to those obtained for BLGS [57] and SLGS [5,6]. This indicates that
the such pattern of variation for GRP nanocomposites is similar to
that of nano structures SLGS and BLGS. As per Fig. 6, the value of
the natural frequency at length 1.78 nm and AR 0.2 is identical with
the natural frequency of length 1.78 nm and AR = 0.4, i.e., at width
reduction of about 50%.

4.2. Dependence on the boundary condition

As per the classical vibration theory of plates [53], a cantilever

structure is found to be weaker than the bridge structure. Accord-
ing to Fig. 5, the alteration of boundary condition from one edge
constrained to two  edges constrained will enhance the natural fre-
quency by a factor of 1.5. The trend is found to be same for second
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Fig. 2. Four GRP models: GRP1 = Armchair cantilevered, GRP2 = 

undamental frequency. Constraining this GRP structure at all edges
ill further stiffen the structure and in turn increase the natural fre-

uency. It can also be noted that, with the increase in AR, the rate
t which the natural frequency decreases with length is found to be
igher for cantilever GRP as compared to the bridge GRP. According

o these findings, it can be noted that GRP2 and GRP4 configurations
re appropriate for nano-electro-mechanical devices, where higher
undamental frequencies are essential [31,68], whereas GRP1 and
RP3 are appropriate for low resonant frequency applications.

ig. 3. The first four mode shapes of GRP1 with AR 5 and width 1.49 nm:  (a) Mode 1 – ben
air bridged, GRP3 = Zigzag cantilevered, GRP4 = Zigzag bridged.

4.3. The influence of chirality

From the changing trends of the curves in Fig. 5, it is obvious
that the influence of chirality on the natural frequency is very small.
For identical lengths, the frequencies of armchair GRP are slightly

higher than that of zigzag GRP for bridged case. But, this influence
of atomic configuration on natural frequency becomes negligible at
higher lengths. The maximum relative difference calculated by the
relation (ωarmchair − ωzigzag)/ωarmchair is found to be about 0.23 and

ding; (b) Mode 2 – torsional; (c) Mode 3 – in plane bending; (d) Mode 4 – bending.
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Fig. 4. The first four mode shapes of GRP2 with AR 5 and width 1.49 nm:  (a) Mode 1 – bending; (b) Mode 2 – bending; (c) Mode 3 – out of plane twisting; (d) Mode 4 –
bending.
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Fig. 5. The variation of the fundamental frequency with length: (a) Cantilevered boundary condition – fundamental frequencies of armchair and zigzag GRP as a function of
the  length. Selected widths are – GRP1: 4.33 nm and GRP3: 4.06 nm;  (b) Bridged boundary condition – fundamental frequencies of armchair and zigzag GRP  as a function of
the  length. The widths are – GRP2: 4.33 nm;  GRP4: 4.06 nm.
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ig. 7. Boundary condition is simply supported at all edges – vibrational resonant f
nalytical computed at varying length. Significant error margin (∼28%) has been id
width = 42.8 nm)  display negligible error. At larger lengths (above 400 nm), very lo

.33 for bridge and cantilever models, respectively. These relative
ifference values are found to be 0.31 and 0.35 for the case of BLGS
57]. Whereas for the case of CNT this relative difference value is
ound to be as low as 0.08 [2].  These observations indicate that the
nfluence of chirality is found to be identical for the cases of GRP and
LGS. Whereas this influence is found to be completely different, if

 comparison is made between GRP and CNT.

.4. Comparison with the continuum theory

The natural frequencies computed using Eq. (3) are compared
gainst those from the multiscale-FE models, and presented in
ig. 7. The boundary condition considered in these cases is the
imple supported at all edges. This boundary condition has been
hosen since many terms of Eq 3 will vanish because of the val-
es of coefficients (ref. Table 1). The low-dimensional models have
een considered in Fig. 7(a). From this plot, a large difference can
e observed between multiscale model and analytical model. The
rror margin found for these lower dimension models is as high
s ∼28%. This large error occurs, since the lattice multiscale model

ill not form a close approximation of an elastic plate. Whereas

or the GRP with larger dimension (Fig. 7(b)), the multiscale lattice
odel provides a closer approximation to the continuous elastic

late. At larger dimensions (lengths above 40 nm), the numerically

able 2
orrelation of multiscale model results against continuum model results.

Length (nm) ω [53] (GHz) ωMultiscaleFE (GHz)

75.0 196.5 168.2
124.0  166.0 154.1
173.0  157.0 151.07
223.0  154.0 148.01
272.0  152.0 144.97
321.0  151.0 142.02
370.0  150.4 141.21
419.0  150.0 140.22
469.0  149.6 139.42
518.0  149.4 139.25
567.0  149.2 137.02
616.0  149.1 136.14
665.0  149.0 135.13
714.0  148.9 133.18
764.0  148.8 132.38
813.0  148.7 130.20
862.0  148.5 129.34

idth of the GRP is 42.8 nm.
cies of the GRP. Numerically computed frequencies are compared against those of
d for lower sized models (width = 22.80 nm). But the models of larger dimensions
ror margin (∼5%) has been identified.

computed frequencies are found to be very close to those calcu-
lated by continuum theory. The error margin is found to be as low
as ∼5%. This observation confirms the fact that, a larger dimension
model can be analysed by equivalent continuum elastic plate mod-
els. According to Table 2, it can be concluded that GRP modelled
with the aid of continuum plate theory [53] displays higher val-
ues of the natural frequencies as compared to those of numerical
multiscale model.

5. Conclusions

A multiscale finite element method has been proposed to study
the natural frequencies and mode shapes of GRP composite struc-
tures. In the computational model the graphene fibre has been
represented by truss type structure at the nano scale and the
polymer matrix has been modelled using 3D hexahedral solid
elements. The C C bonds have been modelled by Timoshenko
beams with stretching, bending, torsional and deep shear defor-
mation capabilities. The properties of these beams have been
calculated with the aid of Morse force-field model. The novelty
of the proposed multiscale method is that it uses finite element
approach at both scales – namely an atomistic finite element for the
graphene and the conventional continuum finite element method
for the surrounding polymer. This significantly reduces problems
in interfacing the two scales, which often arises in the multi-
scale methods involving molecular dynamics and the finite element
method.

The vibrational characteristics of GRP have been calculated by
considering two types of graphene fibre configurations, namely
zigzag and armchair. The modal behaviour of the composite GRP
structure is found to be similar to that of displayed by SLGS and
BLGS. Also pattern of variation of natural frequency of GRP with
length, width and AR is found to be identical with that of BLGS and
SLGS. Similar to the behaviour observed in SLGS and BLGS, the fun-
damental natural frequency of the GRP decreases with increasing
length and AR. The natural frequency of the GRP at a given length is
found to be lesser than that of SLGS and BLGS. This is due to the fact
that stiffness of the GRP is influenced by the modulus of the poly-
mer  matrix rather than the graphene fibre (5% volume fraction).

The bridged GRP is found to be offering higher natural frequencies
as compared to cantilever GRP. This means bridge GRP is appro-
priate for high resonance applications. For smaller dimension GRP
structure, the chirality influences the natural frequency. Whereas
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