
Computers and Structures 112–113 (2012) 364–379
Contents lists available at SciVerse ScienceDirect

Computers and Structures

journal homepage: www.elsevier .com/locate/compstruc
Combined parametric–nonparametric uncertainty quantification using
random matrix theory and polynomial chaos expansion

B. Pascual, S. Adhikari ⇑
College of Engineering, Swansea University, Singleton Park, Swansea SA2 8PP, United Kingdom

a r t i c l e i n f o
Article history:
Received 26 January 2012
Accepted 27 August 2012
Available online 6 October 2012

Keywords:
Stochastic systems
Uncertainty propagation
Polynomial chaos
Wishart matrix
0045-7949/$ - see front matter � 2012 Elsevier Ltd. A
http://dx.doi.org/10.1016/j.compstruc.2012.08.008

⇑ Corresponding author. Tel.: +44 (0) 1792 602088;
E-mail address: s.adhikari@swansea.ac.uk (S. Adhi
URL: http://engweb.swan.ac.uk/~adhikaris/ (S. Adh
a b s t r a c t

Propagation of combined parametric and nonparametric uncertainties in elliptic partial differential equa-
tions is considered. Two cases, namely, (a) both uncertainties are over the entire domain, and (b) different
types of uncertainties are over non-overlapping subdomains are proposed. Parametric uncertainty is
modelled by a random field and is discretised using the Karhunen–Loève (KL) expansion. The nonpara-
metric uncertainty is modelled by Wishart random matrix. Both uncertainties are considered indepen-
dent, and the two first moments of the response are calculated using polynomial chaos expansion and
analytical random matrix theory results. Closed-form analytical expressions of the first two moments
are derived for both cases.
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1. Introduction

Uncertainty quantification in structures has been a popular
topic for the last five decades, due to its influence on subjects such
as structures reliability and model validation amongst others. The
first kind of uncertainties studied were the uncertainties intro-
duced by random forces applied to the structure [1]. Then followed
the study of the case where uncertainty is introduced by random
variables or by random fields modeling material properties (e.g.,
Young’s modulus, mass density, Poisson’s ratio, damping coeffi-
cient) or geometric parameters. This topic has been researched
extensively over the last three decades. A third kind of uncertainty,
known as epistemic/model uncertainty has been introduced during
the last decade. This kind of uncertainty does not explicitly depend
on the system parameters, but models the system matrices as mul-
tivariate distributions. The method is aimed at, for example,
unquantified errors associated with the equation of motion, the
damping model or the model of structural joints. The method is
also used for errors associated with the numerical methods, as dis-
cretization of displacement fields, truncation and roundoff errors,
tolerances in the optimization and iterative algorithms or step-
sizes in the time-integration methods. The system considered is
modelled with a linear partial differential equation (e.g., stationary
elliptic PDE) and this equation can be discretized with the finite
element method (FEM) (e.g., [2]). Then, for a system with n number
of degrees of freedom, a vector of nodal response u 2 Rn, a linear
ll rights reserved.
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operator or stiffness matrix K 2 Rn�n and a forcing term f 2 Rn

are related through the equation

Ku ¼ f ð1Þ

The uncertainty appearing as random forces applied to the structure
is included in the random forcing term f. For data/aleatoric uncer-
tainties, statistics of the system parameters (Young’s modulus,
etc.) can be described through their joint probability density func-
tion (pdf) or as functions of known random variables. Then, the
uncertainty of the parameters is propagated to the stiffness matrix,
that becomes a random matrix as a consequence. Both parametric
(aleatoric) and nonparametric (epistemic) uncertainties in system
Eq. (1) can be completely characterized by the joint pdf of K and
f. The method for obtaining this joint pdf will depend on the nature
of uncertainties.

If aleatoric uncertainty is considered and parameters are mod-
eled using random fields, the stochastic finite element method
(SFEM) can be used to obtain the response of the system. The first
step of the method consists in discretizing the random field (see,
for example [3–5]) so as to obtain a linear operator K depending
on a set of uncorrelated random variables. Then the response of
the system can be approximated by several methods [4,6,7]. The
most widely used SFEMs include simulation-based methods (e.g.,
Monte Carlo Simulation (MCS) [8], collocation method [9,10]),
expansion-based methods (perturbation method [11], Neumann
expansion method [12], spectral approach [13,14,6,7]), expansion
approaches combined with system reduction methods [15–18]
and algebraic approaches [19,20].

Quantification of nonparametric uncertainties, unlike paramet-
ric uncertainty, is not suited to usual parameter estimation tech-
niques. Methods to evaluate this type of uncertainties in the
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context of multiple-degrees-of-freedom systems can be based on
random matrix theory (RMT) [21]. The matrix variate distributions
used are obtained using the maximum entropy principle [22] for
positive symmetric real random matrices [23,24]. The resulting
random matrix can be called Wishart matrix or matrix variate gam-
ma distribution, as both probability density functions coincide un-
der some conditions [21,25]. A Wishart matrix distribution
Wn(p,R) is completely characterized by its parameters p and
R 2 Rn�n. The parameters of the Wishart matrix variate distribution
can be related to the mean of the distribution and to a measure of
uncertainty, the dispersion parameter [24]. Different criterion were
proposed by Adhikari [26] to fit the parameters arising in the Wis-
hart distribution. Recently, Ghanem and Das [27] coupled fre-
quency response function matrices with Wishart random matrices.

It can be observed that methods to deal with parametric and
nonparametric uncertainties have been developed independently.
However, both kinds of uncertainties can affect real-life structures
simultaneously. In many cases, both uncertainties can affect the
same domain of a complex system. As an example, the case of a
flow through porous media problem, where permeability is mod-
eled with a random field, but the mapping of this random field into
the system operator is not completely known. Another example
can be a complex structure such as an aircraft where liner elasticity
model with uncertain parameter is used. At the same time there
are model uncertainties arising from the lack of precise modelling
of the structural joints. Therefore, there is a need to model both
parametric and nonparametric uncertainties simultaneously with-
in the same domain of a system. A different case may arise for
structures composed of several components such a fuselage, wing
and engines of an aircraft. Here the parametric uncertainties affect-
ing some parts can be known, however the modeling of the other
parts can be subjected to errors or simplifications. Here also both
kinds of uncertainties, in different domains of a same system,
should be considered simultaneously. In this paper we propose ap-
proaches to model parametric and nonparametric uncertainties for
these two different possible cases. Based on this combined uncer-
tainty modelling, new analytical methods are developed for effi-
cient propagation of such uncertainties through finite element
models. The first type of combined uncertainty considers that both
parametric and nonparametric uncertainty affect the whole do-
main of the system, while the second type of combined uncertainty
considers that each type of uncertainty affects a different subdo-
main of the system. The first and second moments of the response
are obtained by combining results from Polynomial Chaos to deal
with parametric uncertainty and from analytical expressions of
moments of the inverted Wishart matrix to deal with nonparamet-
ric uncertainty.

The outline of the paper is as follows. The basics of parametric
and nonparametric uncertainty are recalled in Sections 2 and 3.
The case where both kinds of uncertainties appear on overlapped
domains is dealt with in Section 4. The case of different uncertain-
ties appearing over non-overlapping domains is considered in
Section 5. Two methods are proposed based on substructuring
techniques to obtain mean and standard deviation of the response.
Each method uses a different technique to ensure positive definite-
ness of the system operator. The proposed combined approaches
are applied to an Euler–Bernoulli beam problem and a flow
through porous media problem.
2. Parametric uncertainty

Parametric uncertainty can be introduced in the system by
parameters such as Young’s modulus and Poisson’s ratio amongst
others. When uncertainty in the system is parametric, it can be de-
scribed using probability theory and modelled by a random field
[3–5], defined on a probability space ðX;F ; PÞ where X is the sam-
ple space, F is the r-algebra of events and P is the probability mea-
sure. In the probability space, a random variable X is a function
whose domain is X; X : ðX;F ; PÞ ! R, inducing a probability mea-
sure on R called the probability distribution of X, PX. A random field
H(x,x) is a collection of random variables indexed by x related to
the system geometry. Parameters are implemented in the system
model through discretization of the random fields used to model
them, that is, it is assumed that uncertainty can be represented
by a finite set of random variables defining a new probability space
ðN;FN; PNÞ. If a random field has finite variance, it can be projected
on a basis of functions of the Hilbert space denoted by L2ðN; dPNÞ, a
property that can be used when discretizing a random field.

There are three groups of discretization schemes, namely, point
discretization, average discretization and series expansion. More
details are given in [28,4,5]. Here we focus on two types of series
expansion methods, the Karhunen–Loève (KL) expansion and poly-
nomial chaos (PC) expansion. Both methods expand any realization
of the original random field over a complete set of deterministic
functions and truncates the series after a finite number of terms.

2.1. Random field discretization with Karhunen–Loève expansion

The Karhunen–Loève (KL) expansion expands the random field
with a Fourier-type series and is based on the spectral decomposi-
tion of the autocorrelation function. The KL expansion of a random
field H(x) is given by

HðxÞ ¼ E½HðxÞ� þ
X1
i¼1

ffiffiffiffi
ki

p
niuiðxÞ ð2Þ

with E[H(x)] the mean of the random field, fn(x) a set of orthonormal
functions (i.e.,

R
DunðxÞu�mðxÞdx ¼ d½n�m�) and (n1, . . . ,nn) a set of

uncorrelated random variables (i.e., E[nnnm] = dnm). The constants
kn and functions un(x) are the eigenvalues and eigenfunctions of
the autocorrelation function R (x1,x2) of H(x). That is, kn and un(x)
are obtained from the equationZ
D

Rðx1; x2Þuðx2Þdx2 ¼ kuðx1Þ ð3Þ

where D is the domain where the autocorrelation function is de-
fined. A homogeneous Gaussian random field with exponential
autocorrelation function is considered, that is, Rðx1; x2Þ ¼ e�jx1�x2 j=b,
where b is the correlation length. For this case, explicit solution
for the eigenvalues and eigenvectors are available [13] and the KL
expansion of the random field is obtained by introducing these
solutions into Eq. (2). The parametric uncertainty is then propa-
gated to the system matrices arising in the Finite Element method
by taking into account the effect of the eigensolution on the ele-
ment matrices. When considering the case of a stationary linear
partial differential equation (PDE), the equation can be discretized
using the Finite Element method to obtain a linear algebraic equa-
tion Ku = f [2]. When a parameter of the system is represented by a
random field, the random field can be discretized using its KL
expansion. The algebraic equation resulting from the propagation
of the random field into the system matrix can be given by

K0 þ
XM

i¼1

Kini

 !
u ¼ f ð4Þ

where the KL expansion has been truncated after M terms. The ele-
ment stiffness matrices given by

Ke
0 ¼

Z
Xe

BðeÞ TðxÞDBðeÞðxÞdx ð5Þ

Ke
i ¼

ffiffiffiffi
ki

p Z
Xe

uiðxÞB
ðeÞ TðxÞDBðeÞðxÞdx ð6Þ
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B(e) is the matrix relating the strain components to nodal displace-
ments, D is the constitutive matrix, u is the response vector and f is
the forcing term. For a 1D problem B(e) = dN(e)/dx, with N(e) the ma-
trix of shape functions.

2.2. Polynomial chaos approach to the stochastic finite element
method

The Stochastic Finite Element Method (SFEM) consists in solv-
ing Eq. (4) and several methods have been proposed, amongst
them Polynomial Chaos. Polynomial Chaos expansion allows to
project a second-order random variable X into the Hilbert space
L2ðN; dPNÞ. Consequently, a series expansion X ¼

P1
i¼1ciCiðxÞ is ob-

tained, where ci are unknown constants and Ci(n1, . . . ,nm) are a set
of basis functions of the Hilbert space. The series is truncated after
P terms. Their first applications in SFEM used Hermite polynomial
chaos as basis functions [13], but other basis have been used, as the
Wiener–Askey polynomial chaos [29], wavelets [30], multi-
element method [31–33], finite elements [14], Padé–Legendre
approximants [34] or an orthogonal polynomial basis generated
by a nonstandard pdf [35,32]. In this paper, the Polynomial Chaos
method is used, where the basis functions are derived from univar-
iate Hermite polynomials. The univariate Hermite polynomial of
order q is obtained from

HqðnÞ ¼ ð�1Þq expðn2=2Þ @
q expð�n2=2Þ

@qn
ð7Þ

and each set of univariate Hermite polynomials depend on a differ-
ent random variable nj. The basis functions Ci are obtained from the
terms of the tensor product of several univariate Hermite polynomi-
als up to a fixed total-order specification p, this approach is referred
to as ‘‘total-order expansion’’, and the number of polynomials ob-
tained is P = (m + p)!/m!p!.

In Eq. (4), the response vector and forcing term can be expanded
with the PC expansions

uðPCÞ ¼
XP

i¼1

uiCi ð8Þ

fðPCÞ ¼
XP

i¼1

f iCi with f i ¼
E½fCi�
E C2

i

h i ð9Þ

Two approaches stand out in the literature to calculate the vectors
of coefficients ui of the PC expansions, namely, Galerkin methods
and non-intrusive methods [7]. In Galerkin methods, the vectors
of coefficients ui of the PC expansions can be retrieved by ensuring
that the residual of Eq. (4) is orthogonal to each basis Ci. Mathemat-
ically, this condition is achieved by multiplying Eq. (4) by each basis
function Cp, p = 1, . . . ,P and taking the mean of the resulting
equationXP

i¼1

K0E½CiCp� þ
XM

i¼1

KiE½niCiCp�
 !

ui ¼ fpE C2
p

h i
ð10Þ

A linear deterministic equation of size n � P is obtained

AðPCÞuc ¼ fc; AðPCÞ ¼ d� K0 þ
XM

i¼1

ci � Ki

 !
ð11Þ

where � is the kronecker product. The vector of coefficients and the
forcing vector are given respectively by uc ¼ uT

1;u
T
2; . . . ;uT

P

� �T and

fc = [E[fC1]T, . . . ,E [fCP]T]T. The diagonal matrix d with diagonal en-

tries dii ¼ E C2
i

h i
and matrices ci whose elements are given by

cijk ¼ E½niCjCk� depend on the Polynomial Chaoses used as basis

functions, and are therefore problem-independent. It is noted that
for a deterministic forcing term fi = 0 for i > 1 and f1 = f, so that
fc = [fT,0, . . . ,0]T.
The non-intrusive methods are based on calculating the vectors
of coefficients ui through numerical integration [36] by noting that

ui ¼
E½Ciu�
E C2

i

h i ð12Þ

The integral E C2
i

h i
can be obtained analytically, as it is one of the

diagonal entries of d, and only E[Ciu] remains to be calculated. For
a system with one random variable nj, this integral can be calculated
through a quadrature method, that is, E½Ciu� �

Ppþ1
k¼1Ciðnjk Þuðnjk ÞAk,

where njk are the roots of an orthogonal polynomial with respect to
a weight function W(n) and Ak are the corresponding weights. This
numerical quadrature allows to integrate exactly polynomials up
to order 2p + 1 with respect to a weight function. If Hermite
polynomials from Eq. (7) are used, the weight function can be
WðnÞ ¼ e�n2=2=2p. For a system with M random variables, the integral
is approximated through a cubature method [37], that can be a ten-
sor product or a sparse grid method based on a quadrature method.
For the case of a tensor product combined with Gauss–Hermite
quadrature, the solution of Eq. (4) is calculated for the combinations
of random variables n1, . . . ,nM where each random variable nj takes
the values of the zeros of the Hermite polynomial of order p + 1,
and there are (p + 1)M combinations. A combination of values
adopted by the random variables is denoted by n1j1 ; . . . ; nMjM , so that
nkjk is a zero of the Hermite polynomial. The tensor product approx-
imation to the integral using quadrature formula is given by

E½Ciu� �
Xðpþ1ÞM

j¼1

Ciðn1j1 ; . . . ; nMjM Þuðn1j1 ; . . . ; nMjM Þ
YM
k¼1

Ajk

 !
ð13Þ

with each weight of the quadrature formula given by [38]

Ajk ¼
Z þ1

�1

e�n2
k=2

2p
Ypþ1

l–k;l¼1

nk � nkjl

nkjk � nkjl

 !2

dnk ð14Þ

The weights can be calculated exactly, noting that the moments of a
normal random variable are such that E½nn� ¼

Rþ1
�1 nne�n2=2=2pdn

¼ 1:3 . . . ðn� 1Þ for n even and 0 for n odd. For a cubature method
based on sparse grid, the solution is calculated at a smaller number
of nodes [37]. After obtaining the PC expansion of the response, the
first and second moments of the response can be retrieved

E½u� ¼
XP

i¼1

uiE½Ci� ¼ u1 ð15Þ

E½uuT � ¼
XP

i;j¼1

uiuT
j E½CiCj� ¼

XP

i¼1

uiuT
i E C2

i

h i
ð16Þ

and the standard deviation of the i-th element of vector u, i.e., ui, is
given by

r2
ui
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E u2

i

� �
� E½ui�2

q
ð17Þ

where E u2
i

� �
is the i-th diagonal element of the matrix E[uuT].

3. Nonparametric uncertainty

Characterizing parametric uncertainty follows several steps,
namely, identification of the random parameters, probabilistic
description of these parameters and mapping of the parameters
into the system matrices. To quantify uncertainty in a system while
avoiding the difficulties that are inherent to the steps followed to
characterize parametric uncertainty, Soize [24,39] proposed a
method that models system matrices as a random matrix. The ap-
proach is based on the information available on the system, i.e.,
matrices are symmetric positive definite second-order random
variables as are their inverses. Then, the maximum entropy
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method is used to obtain a joint pdf of the elements of the random
matrix. The obtained distribution has the pdf corresponding to the
Wishart distribution [25,21], under some conditions [26].

3.1. Wishart distribution

Let us consider a symmetric positive definite matrix G 2 Rn�n.
This matrix can be given by G = ZT Z, with Z a rectangular matrix
of dimensions p � n with p > n. Consider that the p � n matrix Z
is given by N(0p�n,Ip � R). That is, the p rows of Z are independent
Nn(01�n,R) random vectors, and 0n�p is a matrix 2 Rn�p whose ele-
ments are all equal to zero. Then, the distribution of G = ZTZ is
called a Wishart distribution [25,21]. A Wishart distribution is a
n-variate generalization of v2 distribution denoted by Wn(p,R)
with parameters p,n and R(n � n) > 0, has dimension n � n, is sym-
metric positive definite and its probability density function is given
by [25,21]

pG ¼ 2
1
2npCn

1
2

p
� �

detðRÞ
1
2p

� ��1

detðGÞ
1
2ðp�n�1Þ

exp Trace �1
2

R�1G
� �� �

;G > 0; p P n

ð18Þ

where Cn is the multivariate gamma function. This pdf can be ob-
tained as the pdf maximizing the entropy S associated with the ma-
trix variate probability density function pG(G) [26]

SðpGÞ ¼ �
Z

G>0
pGðGÞ lnfpGðGÞgdG ð19Þ

The entropy equation is subjected to several constraints, that is, the
matrix G is symmetric, nonnegative definite andZ

G>0
pGðGÞdG ¼ 1 ð20Þ

E½G� ¼
Z

G>0
GpGðGÞdG ¼ G0 ð21Þ

E½lnfdetðGÞg� ¼ v; jvj < þ1 ð22Þ

where G0 is the mean of matrix G and is prescribed. In general, the
probability density function resulting from this analysis is a matrix
variate gamma distribution. The main difference between the ma-
trix variate gamma distribution and the Wishart distribution is that
historically only integer values were considered for the parameter p
in the Wishart matrices. Then, the pdf pG from Eq. (18) is called in
this paper Wishart distribution probability density function and
the parameters of the distribution are p and R = G0/p, that is
G �Wn(p,G0/p).

3.2. Parameter selection

As already exposed, in nonparametric uncertainty the positive
definite matrix that is assumed random is modeled by a Wishart
matrix, and this matrix can be the system matrix or a submatrix
of the global matrix. To model the matrix, it is assumed that the
mean of this random matrix coincides with the deterministic ma-
trix. This allows to determine matrix R, but parameter p remains to
be calculated. The dispersion parameter dG, a measure of the nor-
malized standard deviation, was introduced by Soize [24]

d2
G ¼

E kG� E½G� k2
F

h i
kE½G� k2

F

: ð23Þ

For a Wishart distribution it has been shown that [26]

d2
G ¼

1
p

1þ fTraceðG0Þg2

Trace G2
0

	 

8<:

9=; ð24Þ
When underlying parametric uncertainty is considered and no
experimental data are available, the dispersion parameter can be
considered as a parameter to perform a sensitivity analysis of the
stochastic solution. If experimental data are available, the disper-
sion parameter can be estimated through Eq. (23). The parameter
p of the Wishart distribution can be related to the dispersion
parameter through Eq. (24), leading to

p ¼ 1
d2

G

1þ fTraceðG0Þg2

Trace G2
0

	 

8<:

9=;: ð25Þ

Therefore, the parameter p of the Wishart distribution can be calcu-
lated from the dispersion parameter and the mean of the matrix un-
der consideration. It is noted here that other methods to fit the
mean matrix have been proposed [26,40], where several criteria
were selected. These criteria include the one adopted here where
the mean of the stiffness matrix coincides with the mean of the ran-
dom matrix. A second criterion stated that the mean of the inverse
Wishart matrix coincides with the inverse of the mean stiffness ma-
trix. The third criterion satisfied that the mean of the random ma-
trix and the mean of the inverse of the random matrix are closest
to the deterministic matrix and its inverse.
3.3. Simulation of Wishart matrices

In an algebraic linear system, a positive definite matrix G can be
approximated with a Wishart matrix following the nonparametric
approach. A Monte Carlo Simulation of the resulting Wishart distri-
bution can be performed to obtain quantities of interest (e.g., mo-
ments of the response u). The steps to perform the MCS simulation
are [26].

1. Find the mean system matrix G0, that is, the matrix obtained
from the deterministic FEM, and its dimension n. For complex
engineering systems n can be in the order of several thousands
or even millions.

2. Obtain the normalized standard deviations or the ’dispersion
parameters’ ~dG 	 f~dGg corresponding to the system matrix, from
experiment, experience or using the Stochastic FEM.

3. Calculate
p ¼ 1
d2

G

1þ fTraceðG0Þg2

Trace G2
0

	 

8<:

9=;: ð26Þ
and approximate it to its nearest integer. This approximation would
introduce negligible error. Calculate R = G0/p.
4. Create a p � n matrix eX with Gaussian random numbers with

zero mean and unit covariance i.e., eX � Np;nðO; Ip � InÞ. Obtain
the Cholesky decomposition of the positive definite matrix R,
R = CCT and use it to calculate the matrix Z using the linear
transformation
Z ¼ eXCT ð27Þ
Obtain the sample of the Wishart matrix G = ZTZ.
5. Solve the equilibrium equation for each sample to obtain the

response statistics of interest.

If one implements this approach in conjunction with a commer-
cial finite element software, the commercial software needs to be
accessed only once to obtain the mean matrices. This simulation
procedure is therefore non-intrusive in nature.
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4. Combined uncertainty over the entire domain

4.1. Problem description

Combined uncertainty over the same domain arises, for exam-
ple, in flow through porous media, where the permeability can
be described by a random field but at the same time the model
used is not completely well known. This kind of uncertainty arises,
more generally, when parametric uncertainties and uncertainties
induced by modelling errors can be separated. Random matrix
model is derived via the maximum entropy principle. It needs
the information of the mean matrices to construct the random ma-
trix model. This mean matrix itself may be imprecisely known in
many cases. This mean matrix is what we model using random
variables. That is, there are cases where the mean model of the
nonparametric uncertainty can be affected by parametric uncer-
tainty. Both parametric and nonparametric uncertainties have
been considered by Soize [41] for dynamic systems. The effect of
the two kinds of uncertainties has been compared in [42]. In
Fig. 1 a domain affected by both parametric and nonparametric
uncertainty is considered, where parametric uncertainty is repre-
sented by x1 2X1 and nonparametric uncertainty is represented
by x2 2X2. The stationary elliptic partial differential equation rep-
resenting the mean system of nonparametric uncertainty is af-
fected by parametric uncertainty defined on the probability space
ðX1;F 1; P1Þ with x1 2X1 such that

�r:½aðr;x1Þruðr;x1Þ� ¼ f ðrÞ;
r in D; uðr;x1Þ ¼ 0 on @D

ð28Þ

where r denotes a point of the geometry, a is a parameter depend-
ing on the material, f is the source variable and u is the primary var-
iable. The solution procedure to this case using PC has already been
discussed in Section 2.2. When considering nonparametric uncer-
tainty, defined on ðX2;F 2; P2Þ, the assumed knowledge of the sys-
tem are the mean matrix and the dispersion parameter. If a
system is known to have parametric uncertainty, the mean matrix
of the combined model with respect to nonparametric uncertainty
is given by the random matrix of the parametric uncertainty, that is

E2½KH� ¼ KPar ¼ pR ¼ K0 þ
XM

i¼1

niKi ð29Þ

where E2[ ] denotes the mean taken with respect to X2, KPar is the
random matrix model only affected by parametric uncertainty, ni

are independent identically distributed random variables defined
on ðX1;F 1; P1Þ. Parameter p is defined in Eq. (25) where G0 = K0, that
is, it is calculated as in the case where only nonparametric
uncertainty affects the system so that p = p(X2). The stiffness matrix
Fig. 1. Combined uncertainty over the entire domain.
considering combined uncertainty is then modelled by KHvWnðp;
ðK0 þ

P
niKiÞ=pÞ. It is observed that, to perform MCS, firstly the

parametric probabilistic space ðX1;F 1; P1Þ is sampled, and based
on a particular sample of this space, the nonparametric probabilistic
space ðX2;F 2; P2Þ is sampled. That is, when both spaces ðX1;F 1; P1Þ
and ðX2;F 2; P2Þ are independent, the sample space is given by
X1 �X2.

4.2. Analytical solution

The solution of the problem is such that u ¼ K�1
H f with matrix K

modelled by a Wishart matrix whose mean depends on a set of
independent identically distributed random variables, that is,
KHvWnðp; ðK0 þ

P
niKiÞ=pÞ. It is known from the theory of random

matrices that the first and second moments of the inverse of a Wis-
hart matrix Wp(n,R), called inverted Wishart matrix, are given by
[21] as

E½W�1� ¼ R�1

p� n� 1
ð30Þ

E½W�1AW�1� ¼ c1R
�1AR�1 þ c2 R�1ATR�1 þ TraceðAR�1ÞR�1

h i
ð31Þ

with

c1 ¼ ðp� n� 2Þc2 ð32Þ
c2 ¼ 1=ððp� nÞðp� n� 1Þðp� n� 3ÞÞ ð33Þ

Parametric and nonparametric uncertainties are assumed to be
uncorrelated that is, the mean and the second moment of the re-
sponse are given by

E½u� ¼ E1½E2½u�� ¼
E1 K�1

Parf
h i

p

p� n� 1
ð34Þ

E½uuT � ¼ E1½E2½uuT �� ¼ ðc1 þ c2Þp2E1 K�1
ParFK�1

Par

h i
þ c2p2E1

� TraceðFK�1
ParÞK

�1
Par

h i
ð35Þ

with F = ffT, and where E1[] is the mean taken with respect to para-

metric uncertainty defined on X1. Means E1 K�1
Par

h i
; E1 K�1

ParFK�1
Par

h i
and E1 TraceðFK�1

ParÞK
�1
Par

h i
will be expressed using the Polynomial

Chaos expansion of the response obtained from the parametric
uncertainty analysis using the Galerkin method. It is noted that
non-intrusive methods (e.g., a collocation method) could also be
used to approximate these means.

Denote by uðPCÞ, K�1ðPCÞ

Par and f(PC) the PC expansion of the system
response, inverse of the parametric stiffness matrix and forcing
term where only parametric uncertainty is considered. Then, the
coefficients of the three PC expansions can be related through

uðPCÞ ¼ K�1ðPCÞ

Par fðPCÞ ð36Þ

ukE C2
k

h i
¼
XP

i¼1

XP

j¼1

K�1ðPCÞ

i f jE½CiCjCk� ð37Þ

For k = 1, the first term of PC expansion of the response is given by

u1 ¼
P

iK
�1ðPCÞ

i f iE C2
i

h i
. Then the PC expansion of K�1ðPCÞ

Par ¼
PP

i¼1

K�1ðPCÞ

i Ci can be retrieved from the inverse of A(PC), that is (A(PC))�1,

where A(PC) is defined in Eq. (11). Denote by AðK
�1Þ the matrix

formed by the first n rows of matrix (A(PC))�1. Then K�1ðPCÞ

i ¼ AðK
�1Þ

i

where AðK
�1Þ

i is the i-th block of n columns of AðK
�1Þ. Finally, the

means appearing in Eqs. (34) and (35) are given by
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E1½K�1
Parf� ¼ E1½uðPCÞ� ¼ uðPCÞ

1 ð38Þ

E1 K�1
ParFK�1

Par

h i
¼ E1½uðPCÞðuðPCÞÞT � ð39Þ

¼
XP

i¼1

uiðuiÞT E C2
i

h i

E1 Trace FK�1
Par

	 

K�1

Par

h i
¼ E1 TraceðfðuðPCÞÞTÞK�1

Par

h i
¼
XP

i¼1

XP

j¼1

XP

k¼1

ðuiÞT f jK
�1ðPCÞ

k E½CiCjCk�

The first and second moment of the response can then be approxi-
mated by

E½u� ¼ uðPCÞ
1 p

ðp� n� 1Þ ð40Þ

E½uuT � ¼ ðc1 þ c2Þp2
XP

i¼1

uiðuiÞT E C2
i

h i
þ ð41Þ

c2p2
XP

i¼1

XP

j¼1

XP

k¼1

ðuiÞT f jK
�1ðPCÞ

k E½CiCjCk�

The expressions obtaining the nonparametric moments are exact,
and therefore the source of error is the PC approximation. The prop-
agation of parametric uncertainty is an ongoing research topic, and
improvements to the PC methods have been introduced by reducing
the size of the matrices [43,44]. Also, other methods are available by
projecting the stochastic partial differential equation in a different
basis [6,7], or through the use of non-intrusive methods [36,7].

4.3. Numerical example: Euler Bernoulli beam

We first consider a simple 1D example from structural mechan-
ics to illustrate the proposed method. The case of a clamped-free
beam of length L = 1.65 m subjected to uniform distributed force
f = 1 N/m is considered, as shown in Fig. 2. The system is modelled
applying the Finite Element method to the Euler–Bernoulli equa-
tion using n = 50 elements, details on the method can be found,
for example, in [45]. Parametric uncertainty is introduced in the
system by a Gaussian random field w(x,h) = EIz, and its mean is
l = E[EIz] = 5.7520 N m2. The discretization of w(x,h) is done with
the KL expansion of the exponential autocorrelation function
Rðx1; x2Þ ¼ e�jx1�x2 j=L, that is wðx; hÞ ¼

P1
i¼1kiuini where the eigen-

values and eigenfunctions of the autocorrelation function k, u(x1)
are obtained after solving the equation

R L=2
�L=2 Rðx1; x2Þuðx2Þ

dx2 ¼ kuðx1Þ and ni is a set of normal independent random variable,
see [13] for more details. The KL expansion is truncated at M = 2, so
that the corresponding KL expansion of the stiffness matrix is
K = K0 + K1n1 + K2n2, where the standard deviation of the random
field is included in the Ki matrices. The maximum order of the Her-
mite polynomial used is 4, so that P = 15 polynomials are used as
basis functions.
Fig. 2. Euler–Bernoulli beam with spatially varying random bending rigidity
w(x,h) = EIz and nonparametric uncertainty affecting the whole domain. The length
of the beam is L = 1.65 m, the section area is A = 8.2123 � 10�5 m2, the density is
q = 7800 kg/m3 and the mean of the bending rigidity homogeneous random field is
l = 5.7520 kg m2.
The analytical expressions for mean and standard deviation can
be obtained respectively from Eqs. (40) and (17) where the mean
and second moment of the response can be obtained from Eqs.
(40) and (41) respectively. The result of applying these expressions
can be compared with Monte Carlo Simulation (MCS) results for
different combinations of normalized standard deviations r/l of
the random field and dispersion parameters d of the Wishart ma-
trix. The mean and standard deviation of the displacement for
the case of d = 0.05 and r = 0.1l is given in Fig. 3. The mean and
standard deviation of the tip displacement for different combina-
tions of d and r obtained with the proposed method are displayed
in Fig. 4. The accuracy of the method is evaluated, through the er-
ror of the mean and standard deviation of tip displacement be-
tween the analytical expressions and MCS, in Fig. 5. MCS is
performed both in Wishart matrix and parametric uncertainty,
using 500 samples for Wishart matrices and 1000 samples for PC,
resulting in 500000 samples in total.

It is observed in Fig. 4(a) that the mean of the tip displacement
varies both with the standard deviation of the random field and the
dispersion parameter of the random matrix. This observation can
be extended to the standard deviation in Fig. 4(b), where the effect
of r/l is more important than the one of d in comparison to the re-
sults obtained for mean. With respect to the error of both quanti-
ties, it is observed that the error does not depend strongly on d, as
it is almost constant for each normalized standard deviation of the
random field. It is also observed in Fig. 5(a) that the error of both
mean and standard deviation grow with r/l.

4.4. Numerical example: flow through porous media

In the previous subsection, a 1D example was given, now the
efficiency of the method for a 2D example is perused. A numerical
example of flow through porous media is now considered to show
the efficiency of the proposed method. The two-dimensional do-
main considered is a rectangle of length L = 0.998 m and width
W = 0.59 m, as shown in Fig. 6. The domain is divided with a uni-
form mesh of 25 � 15 rectangular elements. The porous medium
within the domain is subjected to a constant source of strength
qb = 1 kg/cm3s along the portion of its boundary where
y = �0.2950 m and x 2 [0.2994,0.4990] m. The head is fixed at va-
lue hb = 0 cm along the portion of the boundary such that
x = �0.4990 m, y 2 [0.1770,0.2950] m. The deterministic system
has n = 412 degrees of freedom. A Gaussian hydraulic conductivity
(k) with 2D exponential autocorrelation function is considered. The
2D autocorrelation function is obtained as the product of two 1D
exponential autocorrelation functions, the first one depending on
x, with correlation length bx = L; and the second one depending
on y, with correlation length by = W. Two terms of the KL expansion
in each direction are kept, that is, the KL expansion has four matri-
ces for the whole system. The mean value of the constant appear-
ing in the PDE modelling the system, i.e., squared of the density
multiplied by the hydraulic conductivity and the gravitational
acceleration and divided by the permeability is given by �k ¼ 1kg
cm2/s. The stiffness element matrices are given by

KðeÞIi
¼
Z a

0

Z b

0
a11

dNðeÞ

dx
dNðeÞ

dx
ðuðxÞuðyÞÞi dxdy ð42Þ

KðeÞIIi
¼
Z a

0

Z b

0
a22

dNðeÞ

dy
dNðeÞ

dy
ðuðxÞuðyÞÞi dxdy ð43Þ

The stiffness matrix of the system is given by K = KI + KII, where KI

and KII are obtained by assembling the respective matrices given
above. The details of the Finite Element model can be found, for
example, in [46]. The 2D eigenfunction (u(x)u(y))i is the product
of two 1D eigenfunctions of the KL expansion of the exponential
autocorrelation function, knowing that only two eigenfunctions



0 0.5 1 1.5 2
0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18
M

ea
n 

(m
)

Beam length (m)

(a) Mean.

0 0.5 1 1.5 2
0

500

1000

1500

2000

2500

St
an

da
rd

 d
ev

ia
tio

n 
(m

)

Beam length (m)

(b) Standard deviation.

Fig. 3. Mean and standard deviation of the vertical displacement obtained using the proposed analytical expressions for d = 0.05 and r = 0.1l.
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Fig. 4. Mean and standard deviation of the tip vertical displacement obtained using the proposed analytical expressions for different values of dispersion parameter (d) and
normalized standard deviation (r/mu).

0
0.05

0.1
0.15

0.2

0

0.05

0.1
0

0.05

0.1

0.15

0.2

Normalized standard
deviation (σ/μ)

Dispersion
parameter (δ)

E
rr

or
 (

%
) 

of
 m

ea
n

0
0.05

0.1
0.15

0.2

0

0.05

0.1
0

2

4

6

8

Normalized standard
deviation (σ/μ)

Dispersion
parameter (δ)

E
rr

or
 (

%
) 

of
 s

ta
nd

ar
d 

de
vi

at
io

n

Fig. 5. Percentage error of mean and standard deviation of the tip vertical displacement between the analytical expressions and Monte Carlo Simulation (MCS) using 500000
samples, for different values of dispersion parameter (d) and normalized standard deviation (r/mu).
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Fig. 6. Flow through a rectangular porous media. The porous media is assumed to
have stochastically inhomogeneous hydraulic conductivity. The point at which the
mean and standard deviation obtained with analytical expressions and MCS are
compared is shown by �.
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are kept in each direction. The random variables appearing in the
stiffness matrix are a11 = a22 = k. The eigenfunction u(x,y) = 1 for
the deterministic stiffness matrix, and it depends on the autocorre-
lation function when considering a KL expansion matrix. Parametric
uncertainty is dealt with using a fourth-order polynomial chaos, so
that the total number of polynomials is 70.

The analytical expressions for the mean, given by Eq. (40), and
standard deviation, given by Eq. (17) where the mean and second
moment of the response can be obtained from Eqs. (40) and (41)
respectively, are applied and compared with MCS results for differ-
ent combinations of normalized standard deviations r/l of the
random field and dispersion parameters d of the Wishart matrix.
The mean and standard deviation of the head obtained with the
proposed method for r = 0.1 and d = 0.05 are displayed in Fig. 7.
The same results for the point situated at (x,y) = (0.6786,0.0393)
and different combinations of r/l and d are shown in Fig. 8. The
choice of this point is for illustration only, the method proposed
here is applicable to all points of the domain. The accuracy of the
method is evaluated through the error of the mean and standard
deviation of the head at this point, in Fig. 9. MCS is performed both
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Fig. 7. Mean and standard deviation of the head, in cm, obtained us
in Wishart matrix and parametric uncertainty, using 100 samples
for Wishart matrices and 1000 samples for the random field, so
that the total number of samples used is 100000. It is observed
in Fig. 8(a) that the mean of the tip displacement increases both
with the standard deviation of the random field and the dispersion
parameter of the random matrix, where the effect of the dispersion
parameter is more important than the effect of the normalized
standard deviation. The standard deviation displayed in Fig. 8(b)
also increases with both parameters, but the the effect of r/l is
more important than the one of d. With respect to the error of both
quantities, it is observed that the error does not depend on d, as it is
maintained almost constant for each normalized standard devia-
tion of the random field. It is also observed in Fig. 5(a) that the er-
ror of is also close to constant with respect to r/l. The percentage
error for standard deviation seems to increase with r/l. Both er-
rors are of lower order than the ones obtained for the beam
problem.
5. Combined uncertainty over non-overlapping subdomains

5.1. Problem description

Combined uncertainty over different domains arises, for exam-
ple, when a structure is constituted of several parts where some of
them are accurately modeled through parametric uncertainty and
the behavior of the remaining substructures is not well understood
and therefore can be modelled with nonparametric uncertainty.
This situation arises, for example, in the wing of a plane with
engines attached to it, where the wing could be modeled with
parametric uncertainty and the engines with nonparametric uncer-
tainty due to the complexity of the substructure. Several substruc-
turing techniques are available in the literature [47]. Domain
decomposition and FETI-based methods have been applied for
the case of parametric uncertainty affecting the whole domain
[48,49]. In this section, the case where each kind of uncertainty
(parametric and nonparametric) affects a different subdomain of
the structure is considered.

5.2. Proposed solution procedure

In Fig. 10, two probability spaces are considered, ðXj;F j; PjÞ for
j = 1,2, each one affecting the system on the subdomain Dj of D,
such that D1

S
D2 ¼ D; D1

T
D2 ¼£ and C is the boundary
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ing the proposed analytical expressions for r = 0.1 and d = 0.05.
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Fig. 8. Mean and standard deviation of the head at (x,y) = (0.6786,0.0393) obtained using the proposed analytical expressions, for different values of dispersion parameter (d)
and normalized standard deviation (r/l).
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Fig. 9. Percentage error of mean and standard deviation of the head at (x,y) = (0.6786,0.0393) between the analytical expressions and Monte Carlo Simulation (MCS) using
100000 samples, for different values of dispersion parameter (d) and normalized standard deviation (r/l).

Fig. 10. Combined uncertainty over non-overlapping domain.
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between the two subdomains. The case of an elliptic partial differ-
ential equation with a Dirichlet boundary condition is considered,
where the equation is affected by parametric uncertainty defined
on ðX1;F 1; P1Þ and by nonparametric uncertainty defined on
ðX2;F 2; P2Þ. The parametric uncertainty is firstly introduced in
the elliptic partial differential Eq. (28) First consider domain D2

is deterministic. The finite element method can be applied, where
the random field used to model the parameter a(r,x1) is expanded
with the KL expansion. The elliptic partial differential equation
with parametric uncertainty in subdomain D1 leads to the alge-
braic equation

½K110 þ
XM

i¼1

niðhÞK11i
� ½K12�

½K21� ½K22�

264
375 uIðX1Þ

uIIðX1Þ

� �
¼

f IðX1Þ
f IIðX1Þ

� �
: ð44Þ

Here, response and forcing vectors can be expanded with PC such
that the response and force for nodes in D1 are given by
uI ¼

PP
j¼1uIjWjðX1Þ and f I ¼

PP
j¼1f IjWjðX1Þ, and the response and

force for nodes in D2 are uII ¼
PP

j¼1uIIjWjðX1Þ and f II ¼
PP

j¼1f IIjWj

ðX1Þ. The vectors uIj and uIIj can be retrieved by applying Galerkin
method to Eq. (44) or through numerical integration. The vectors
u1j resulting from applying Galerkin method, that is, multiplying
Eq. (44) by each basis function Cp and taking mean, are obtained
from the solution of the deterministic linear system
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bK uI1

..

.

uIIP

2664
3775 ¼

f I1 � K12K�1
22 f II1

..

.

f IP � K12K�1
22 f IIP

2664
3775 ð45Þ

where

bK ¼ d� K110 � K12K�1
22 K21

	 

þ
XM

i¼1

ci � K11i
ð46Þ

and vector of coefficients uT
II1; . . . ;uT

IIP

� �T can be related to coeffi-
cients uT

I1; . . . ;uT
IP

� �T through

uII1

..

.

uIIP

2664
3775 ¼

K�1
22 ðE½W1; f II� � K12uI1Þ

..

.

K�1
22 ðE½WP ; f II� � K12uIPÞ

2664
3775 ð47Þ

Alternatively, vectors uIj can be obtained using Eq. (13), where each
response uIjðn1j1 . . . nMjM Þ used for the quadrature is obtained
through

uIjðn1j1 . . . nMjM Þ ¼ K110 � K12K�1
22 K21 þ

XM

i¼1

niji K11i

 !�1

f I � K12K�1
22 f II

	 

ð48Þ

The vector of coefficients uT
II1; . . . ;uT

IIP

� �T can be related to coeffi-

cients uT
I1; . . . ;uT

IP

� �T through Eq. (47). Model uncertainty, repre-
sented by ðX2;F 2; P2Þ affects the subdomain D2 and can be
included in the algebraic Eq. (44) through submatrix K22(X2). This
type of uncertainty can only be considered after calculating the sys-
tem matrix, as it is part of the information used to find the matrix
pdf

K110 þ
XM

i¼1

niðhÞK11i

" #
½K12�

½K21� ½K22ðX2Þ�

264
375
XP

j¼1

uIjðX2ÞWjðX1Þ

XP

j¼1

uIIjðX2ÞWjðX1Þ

2666664

3777775¼
XP

j¼1

f IjWjðX1Þ

XP

j¼1

f IIjWjðX1Þ

2666664

3777775
ð49Þ

The global matrix has to remain positive definite. This is not satis-
fied for any positive definite matrix K22(X2). Two methods are pro-
posed in the next two subsections to model K22 using a Wishart
random matrix such that positive definiteness of the global matrix
is satisfied. Once the samples K22(X2) are obtained, vectors uIj, uIIj

are obtained from Eqs. (49) and (47). The mean and second mo-
ments of the response are then retrieved

E½uI� ¼ E2½E1½uI�� ¼ E2½uI1� ð50Þ

E uIuT
I

� �
¼ E2 E1 uIuT

I

� �� �
¼ E2

XP

j¼1

uIjuT
IjE C2

j

h i" #
ð51Þ

¼
XP

j¼1

E2 uIjuT
Ij

h i
E C2

j

h i
The same expressions are valid to retrieve the moments of uII by
changing the subindex I to II.

5.2.1. Ensuring positive definiteness through sample selection
Submatrix K22(X2) is modelled using the maximum entropy

principle exposed in Section 3, leading to the distribution of a Wis-
hart random matrix. This distribution is conditional on the global
matrix being positive definite, that is, for every sample of
K22(X2), the matrix from Eq. (49) has to be positive definite. It is
assumed that this is satisfied for a particular sample of K22(X2)
and for all samples of ni if the matrix
K110 � C
XM

i¼1

K11i
K12

K21 K22ðX2Þ

264
375 ð52Þ

is positive definite. This assumption implies that the upper diagonal

block matrix is positive definite K110 � C
PM

i¼1K11i
> 0. Heuristically,

we can observe that, if matrices K110 and K11i
are scalar,

K110 þ
PM

i¼1niK11i
reduces to a Gaussian random variable, so that

ni ¼ �4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPM

i¼1K2
11i

	 
r
implies that 99.99% of the samples of this ran-

dom variable lead to larger values than K110 � 4
PM

i¼1K11i
. That is, if

we want K110 þ
PM

i¼1niK11i
> 0, introducing C = 4 in Eq. (52) is likely

to lead to a positive definite upper diagonal submatrix. In other
words, we can consider the global matrix from Eq. (49) as the
sum of a positive definite matrix and M non-negative definite
matrices

½K110 þ
XM

i¼1

niðhÞK11i
� ½K12�

½K21� ½K22ðX2Þ�

264
375¼ K110 �C

XM

i¼1

K11i
K12

K21 K22ðX2Þ

264
375

þ
XM

i¼1

ðniþCÞK11i
0

0 0

264
375

ð53Þ

so that the global matrix is positive definite.
Both uncertainties are assumed independent and propagation

of the parametric uncertainty is solved with PC. The equations re-
lated to the PC chosen method, i.e., Eqs. (45) and (47) for Galerkin
method and Eqs. 13, 48 and 47 for numerical integration, are
solved for each sample of the random matrix K22(X2). First and
second moments of u are obtained through MCS, where K22 v

Wn(p,E[K22]/p) is simulated and the only samples used are the ones
leading to a positive definite matrix in Eq. (52).

It is noted that with this method K22 does not have a Wishart
distribution as some samples of the Wishart distribution will be re-
jected, namely the ones leading to a nonpositive definite matrix in
Eq. (52).

5.2.2. Ensuring positive definiteness through matrix correction
The system matrix from Eq. (49) has to be positive definite. As

formerly, it is assumed that if the sample K110 � C
PM

i¼1K11i

h i
of

the KL expansion leads to a positive definite matrix upper diagonal

matrix, other samples of ni will lead to matrix K110 þ
PM

i¼1niðX1ÞK11i

being positive definite. The global matrix considering only non-
parametric uncertainty, i.e., substituting parametric uncertainty
by the proposed sample, can be obtained through

½K110 � C
XM

i¼1

K11i
� ½K12�

½K21� ½K22ðX2Þ�

264
375 ¼ ½I� ½O�

½A� ½I�

� � ½K110 � C
XM

i¼1

K11i
� ½O�

½O� ½WðX2Þ�

264
375

½I� ½AT �
½O� ½I�

" #
ð54Þ

with W a Wishart matrix. Matrices ½K110 � C
PM

i¼1K11i
� and W are po-

sitive definite, so that the resulting matrix will be positive definite
[50]. Identifying terms we obtain

A ¼ K21 K110 � C
XM

i¼1

K11i

 !�1

ð55Þ

W ¼ K22 � K21 K110 � C
XM

i¼1

K11i

 !�1

K12 ð56Þ

where W is modelled as a Wishart matrix. Therefore, matrix W is
such that



Fig. 11. Euler–Bernoulli beam with spatially varying random bending rigidity
w(x,h) = EIz and nonparametric uncertainty affecting the different subdomains. The
length of the beam is L = 1.65 m, the section area is A = 8.2123 � 10�5 m2, the
density is q = 7800 kg/m3 and the mean of the bending rigidity random field is
l = E[w(h,x)] = 5.7520 kg m2. The length of the domain affected by parametric
uncertainty (X1) is Lr = 0.792 m.
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E½W� ¼ E½K22� � K21 K110 � C
XM

i¼1

K11i

 !�1

K12 ð57Þ

and the dispersion parameter is calculated as formerly, as matrix

K21 K110 � C
PM

i¼1K11i

	 
�1
K12 is constant and does not introduce

uncertainty in submatrix K22. The PC expansion of the response
can now be calculated as in the previous subsection, from Eqs.
(45) and (47) for Galerkin method and Eqs. (13), (48) and (47) for
numerical integration, where K22(X2) is now simulated as the
sum of a Wishart matrix W(X2) and a constant matrix

K21 K110 � C
PM

i¼1K11i

	 
�1
K12. As in the previous subsection, C = 4 is

assumed.

5.3. Numerical example: Euler Bernoulli beam

The proposed method is firstly illustrated with a 1D problem.
The case of a clamped-free beam of length L = 1.65 m subjected
to uniform distributed force f = 1 N/m is considered, as described
in Fig. 11. The system is modelled applying the Finite Element
method to the Euler–Bernoulli equation using n = 50 elements, de-
tails on the method can be found, for example, in [45]. Parametric
uncertainty is introduced in the system by an homogeneous Gauss-
ian random field w(h,x) = EIz of mean l = E [EIz] = 5.7520 N m2. This
uncertainty affects the submatrix corresponding to the length of
the beam Lr = 0.792 m closer to the clamped boundary. The discret-
ization of w(x,h) is done with the KL expansion of the exponential
autocorrelation function Rðx1; x2Þ ¼ e�jx1�x2 j=Lr . The KL expansion is
truncated at M = 2, so that the corresponding KL expansion of the
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Fig. 12. Percentage error of mean and standard deviation of the tip vertical displaceme
Simulation (MCS), for different values of the dispersion parameter d and the normalized
through a sample selection procedure.
stiffness matrix is K ¼ K0 þ
P2

i¼1Kini, where the standard deviation
of the random field is included in the Ki matrices. The maximum
order of the Hermite polynomial used is 4, so that P = 15 polynomi-
als are used as basis functions. The accuracy of the methods is eval-
uated through the error of the mean and standard deviation of tip
displacement for different standard deviations of the random field
(r/l 2 (0,0.15)) and dispersion parameters of the Wishart matrix
(d 2 (0,0.1)).
5.3.1. Sample selection
The beam problem is solved using the method proposed in Sec-

tion 5.2.1. Fig. 12 shows the error between results from Eqs. (45)
and (47), where Wishart matrices are simulated with MCS using
500 samples, and MCS both in Wishart matrix and parametric
uncertainty, using 500 samples for Wishart matrix results and
2000 samples for PC results within each Wishart sample, that is,
a total of 1000000 samples. In Fig. 12(a) and (b) it is observed that
both errors in mean and standard deviation increase with the nor-
malized standard deviation. It is also observed that, compared to
the case of both kinds of uncertainty over the same domain, the er-
rors obtained for this example are around one tenth of the previous
ones.
5.3.2. Matrix correction
The beam problem is solved using the method exposed in Sec-

tion 5.2.2. Fig. 13 shows the error between results from Eqs. (45)
and (47), where Wishart matrices are simulated with MCS using
500 samples, and MCS both in Wishart matrix and parametric
uncertainty, using 500 samples for Wishart matrix results and
2000 samples for PC results within each Wishart sample, that is,
a total of 1000000 samples. In Fig. 13(a) and (b) it is observed that,
as in the previous case, both errors in mean and standard deviation
increase with the normalized standard deviation.
5.4. Numerical example: flow through porous media

The proposed methods are now applied to a 2D problem. An
example of flow through a porous media is considered to show
the efficiency of the proposed method. The two-dimensional do-
main is a rectangle of length L = 0.998 m and width W = 0.59 m,
where the top half of the domain is affected by nonparametric
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nt between the analytical expressions for parametric uncertainty and Monte Carlo
standard deviation r/l, where positive definiteness of the global matrix is ensured
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Fig. 13. Percentage error of mean and standard deviation of the tip vertical displacement between the analytical expressions for parametric uncertainty and Monte Carlo
Simulation (MCS), for different values of the dispersion parameter d and the normalized standard deviation r/l, where positive definiteness of the global matrix is ensured
through a matrix correction procedure.

Fig. 14. Flow through a rectangular porous media. The porous media is assumed to
have stochastically inhomogeneous hydraulic conductivity. The point at which the
mean and standard deviation obtained with analytical expressions and MCS are
compared is shown by �.
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uncertainty and the top bottom by parametric uncertainty, as
shown in Fig. 14.

The domain is divided with a uniform mesh of 25 � 15 rectan-
gular elements and is subjected to a constant source of strength
qb = 1 kg/cm3 s along the portion of its boundary comprising the
last 0.1996 m in x direction. The head is fixed at value hb = 0 cm
along the portion of the boundary comprising the last 0.118 m in
y direction. The deterministic system has n = 412 degrees of free-
dom. A Gaussian hydraulic conductivity (k) with 2D exponential
autocorrelation function is considered for the rectangular domain
affecting the bottom 7 elements in y direction. The 2D autocorrela-
tion function is obtained as the product of two 1D exponential
autocorrelation functions, the first one depending on x, with corre-
lation length bx = L; and the second one depending on y, with cor-
relation length by = W7/15. Two terms of the KL expansion in each
direction are kept, that is, the KL expansion has four matrices for
the subdomain affected by parametric uncertainty. The mean value
of the constant appearing in the PDE modelling the system, i.e.,
squared of the density multiplied by the hydraulic conductivity
and the gravitational acceleration and divided by the permeability
is given by k ¼ 1 kg cm2/s. The stiffness element matrices are given
by Eq. (42), where K = K11 + K22, a11 = a22 = k. The eigenfunction
u(x,y) in that equation is one for the deterministic case and de-
pends on the autocorrelation function when considering a KL
expansion matrix. Parametric uncertainty is dealt with using a
fourth-order polynomial chaos, so that the total number of polyno-
mials is 70.

5.4.1. Sample selection
The flow problem is solved using the method proposed in Sec-

tion 5.2.1. Fig. 15 shows the mean and standard deviation of the
head for r = 0.1 of the underlying random field and d = 0.05 for
the nonparametric uncertainty, using PC to solve parametric
uncertainty and MCS with 100 samples to solve nonparametric
uncertainty. Fig. 16 shows the mean and standard deviation ob-
tained from Eqs. (45) and (47), where Wishart matrices are simu-
lated with MCS using 100 samples. Fig. 17 shows the error
between results from Eqs. (45) and (47), where Wishart matrices
are simulated with MCS using 100 samples, and MCS both in Wis-
hart matrix and parametric uncertainty, using 100 samples for
Wishart matrix results and 100 samples for PC results within each
Wishart sample. These mean, standard deviation and errors are gi-
ven for the head at coordinate (x,y) = (0.6923,0.0400).

In Fig. 16(a) and (b) it is observed that both the mean and stan-
dard deviation increase drastically with d, so that the variation
with r/l seems negligible in comparison. In Fig. 17(a) and (b) it
is observed that the error in mean and standard deviation vary
mostly with r/l, as the dependance with nonparametric uncer-
tainty has been calculated with MCS. The errors are small in
comparison with the ones obtained for the beam problem.

5.4.2. Matrix correction
The flow problem is solved using the method proposed in Sec-

tion 5.2.2. Fig. 18 shows the mean and standard deviation of the
head for r = 0.1 of the underlying random field and d = 0.05 for
the nonparametric uncertainty, using PC to solve parametric
uncertainty and MCS with 100 samples to solve nonparametric
uncertainty. Fig. 19 shows the results from Eqs. (45) and (47),
where Wishart matrices are simulated with MCS using 500
samples. Fig. 20 shows the error between results from Eqs. (45)
and (47), where Wishart matrices are simulated with MCS using
500 samples, and MCS both in Wishart matrix and parametric
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Fig. 15. Mean and standard deviation of the head obtained using the analytical expressions for parametric uncertainty with r = 0.1 and Monte Carlo Simulation (MCS) for
nonparametric uncertainty with d = 0.05, where positive definiteness of the global matrix is ensured through a sample selection procedure.
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Fig. 16. Mean and standard deviation of the head at (x,y) = (0.6923,0.0400) obtained from the analytical expressions for parametric uncertainty and Monte Carlo Simulation
(MCS) for nonparametric uncertainty, for different values of the dispersion parameter d and the normalized standard deviation r/l, where positive definiteness of the global
matrix is ensured through a sample selection procedure.
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uncertainty, using 500 samples for Wishart matrix results and
2000 samples for PC results within each Wishart sample.

In Fig. 19(a) it is observed that the mean increases with both d
and r/l, while in Fig. 19(b) the standard deviation is almost con-
stant in d and increases linearly with r. In Fig. 20(a) and (b) it is
observed that the error in mean and standard deviation vary
mostly with r/l, as the dependance with nonparametric uncer-
tainty has been calculated with MCS. The errors are small in com-
parison with the ones obtained for the beam problem. The error in
mean is of the order of the one obtained from ensuring positive
definiteness of the global matrix with sample selection, but the er-
rors in standard deviation with this method doubles the ones ob-
tained with the previous method.

6. Summary and conclusions

We consider stationary linear systems affected by two different
types of uncertainties, namely, parametric uncertainty and
nonparametric uncertainty in the context of finite element
analysis. The first method deals with the case where both types
of uncertainties cover the entire domain simultaneously. The para-
metric uncertainties are modelled by random fields and repre-
sented by their Karhunen–Loève (KL) expansions. The KL
expansion of the system matrix in turn is used as the ‘mean’ matrix
of the nonparametric model, which is represented by a Wishart
random matrix model. The second combined method, considers
both types of uncertainties appear over non-overlapping subdo-
mains. The matrix representing the subdomain with nonparamet-
ric uncertainty is considered to be a Wishart random matrix and
the matrix representing the subdomain with parametric uncer-
tainty is represented by a KL expansion. The Wishart matrix model
is obtained from a mean matrix and a dispersion parameter, quan-
tifying the overall uncertainty. The random field model is charac-
terized by its correlation length and standard deviation. The
overall parametric and nonparametric uncertainties of the system
are therefore quantified by the standard deviation of the the
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Fig. 17. Percentage error of mean and standard deviation of the head at (x,y) = (0.6923,0.0400) between the analytical expressions for parametric uncertainty and Monte
Carlo Simulation (MCS), for different values of the dispersion parameter d and the normalized standard deviation r/l, where positive definiteness of the global matrix is
ensured through a sample selection procedure.
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random field and the dispersion parameter of the Wishart random
matrix model.

Two new approaches are developed for the propagation of the
two proposed combined uncertainty model. Our approach exploits
closed-form analytical results from the random matrix theory and
Polynomial Chaos expansion method proposed for the stochastic
finite element analysis. For the first kind of combined uncertainty,
closed-form analytical expressions of the first two moments of the
response are derived. For the second kind of uncertainty, expres-
sions of the response are obtained using Polynomial Chaos expan-
sion involving Wishart matrices. Two approaches, namely, matrix
selection and matrix decomposition, are proposed to ensure the
positive definiteness of the system matrix. Higher-order moments
and probability density function of the response can be obtained
by Monte Carlo simulation of the analytical expressions of the re-
sponse derived in the paper.

Numerical examples on bending deformation of an Euler–
Bernoulli beam and flow through a porous media are considered
to illustrate the theoretical developments. Bending rigidity and
hydraulic conductivity are considered to be random for these
two problems respectively. Mean and standard deviations of the
response are calculated for different values of dispersion parame-
ters and standard deviations of the random field. Both of the pro-
posed combined uncertainty modelling approaches are
considered. Acceptable accuracies compared to direct Monte Carlo
simulation results are observed. In summary, the contributions
made in the paper include:


 Two new approaches to model combined parametric and non-
parametric uncertainty in the context of probabilistic finite ele-
ment method

 Novel analytical techniques based on unifying Polynomial

Chaos expansion and random matrix theory results for the
propagation of combined uncertainties

Future work is necessary to extend these techniques to dynamic
problems and other types of differential equations such as hyper-
bolic and elliptic equations. Analytical work leading to establishing
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Fig. 19. Mean and standard deviation of the head at (x,y) = (0.6923,0.0400) obtained from the analytical expressions for parametric uncertainty and Monte Carlo Simulation
(MCS) for nonparametric uncertainty, for different values of the dispersion parameter d and the normalized standard deviation r/l, where positive definiteness of the global
matrix is ensured through a matrix correction procedure.
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Fig. 20. Percentage error of mean and standard deviation of the head at (x,y) = (0.6923,0.0400) between the analytical expressions for parametric uncertainty and Monte
Carlo Simulation (MCS), for different values of the dispersion parameter d and the normalized standard deviation r/l, where positive definiteness of the global matrix is
ensured through a matrix correction procedure.
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the positive-definiteness of the system matrices in a mathemati-
cally rigorous manner for the second case of combined uncertainty
will also be a promising development.
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