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The behaviour of graphene in a magnetic field has attracted considerable attention among the scientific
community. In this paper, the effect of an in-plane magnetic field on the transverse vibration of a mag-
netically sensitive single-layer graphene sheet (SLGS) is examined using equivalent continuum nonlocal
elastic plate theory. The SLGS is considered to be embedded in an elastic medium. Governing equations
for nonlocal transverse vibration of the SLGS under an in-plane magnetic field are derived considering the
Lorentz magnetic force obtained from Maxwell’s relation. Numerical results from the model show that
the in-plane magnetic field exerted on the SLGS increases the natural frequencies of the SLGS. This is
in line with some reported results in the literature where macroscopic plates under an in-plane magnetic
field are considered. Further, the nonlocal effects decrease the natural frequencies of the SLGS. The effects
of the in-plane magnetic field on higher natural frequencies and different aspect ratios of SLGS are also
presented.

� 2012 Elsevier Ltd. All rights reserved.
1. Introduction

The study of the mechanical, magnetic and other physical prop-
erties of nanotubes and nanoplates (graphene) under a magnetic
field is important for future technological applications such as in
NEMS, MEMS, nanosensors, spintronics and nanocomposites etc.
This has created increasing attention among the scientific
researchers. The literature contains a large number of studies on
the effect of magnetic fields on single-walled and multi-walled car-
bon nanotubes [1–10]. Nanotubes embedded in an elastic matrix
under a magnetic field have also recently been reported in
[11,12]. The effect of magnetic fields on the properties of graphene
sheets has also been examined in [13–18]. The emergence of mag-
netism in graphene and nanostructures has been found [19] and
Wang et al. [20] experimentally illustrated the ferromagnetism of
graphene-based materials at room temperature. The observed
room-temperature ferromagnetism is considered to have come
from defects in the graphene. Research into magnetism behaviour
in graphene is in its infancy stage and requires further attention.

Similar to nanotubes, graphene sheets are recently used in com-
posites as filler materials. In some cases graphene based compos-
ites are compared with nanotube based composites to explore
the better nanocomposites option between the two. These graph-
ene nanomaterials possess enhanced mechanical, thermal and
ll rights reserved.
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electrical properties. Graphene sheets embedded in polymer ma-
trix are important in developing and fabricating future composites
such as graphene polymer composites. However homogenous and
desired dispersion and embedment of graphene sheets in polymer
matrix is an open challenge in recent research. To address the
proper bonding between the graphene sheets and the polymer,
functionalised graphenes are also being used. Similar to various
studies of graphenes, the study of embedded graphene sheet in
magnetic field is worth studying.

Experimental [21–24] and atomistic simulations [25,26] have
shown a significant ‘size-effect’ in the mechanical and physical
properties when the dimensions of structures become ‘small’. Here,
by ‘small’ we mean in the order of nanoscale. Size-effects are re-
lated to atoms and molecules that constitute the materials.
Molecular dynamics (MD) simulations [27–30] are computation-
ally expensive and classical continuum models are questionable
in the analysis of ‘smaller’ structures. Thus size-dependent contin-
uum theories are gaining importance [31–34]. These theories bring
in the size-effects or scale-effects within the formulation by
amending the traditional classical continuum mechanics. One
widely used size-dependant theory is the nonlocal elasticity theory
pioneered by Eringen [35]. Nonlocal elasticity accounts for the
small-scale effects arising at the nanoscale level. In nonlocal elas-
ticity theory, the small-scale effects are captured by assuming that
the stress at a point is a function of the strains at all points in the
domain [35]. This is unlike classical elasticity theory. Nonlocal the-
ory considers long-range inter-atomic interaction and yields
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results dependent on the size of a body. The application of nonlocal
elasticity in the mechanical analysis of nanostructures is highly re-
ported in the literature [33,36–49]. The reliability of the nonlocal
approaches has also been validated by molecular dynamics simula-
tions [50].

In the present paper we study the effects of an external in-plane
magnetic field on the transverse vibration of nanoplates such as
graphene. Nonlocal elasticity is used to address the small scale-
effects. The graphene sheets are considered magnetically sensitive
and assumed to be embedded in an elastic medium such as poly-
mer matrix. Using nonlocal plate theory, governing equations for
nonlocal bending-vibration are derived, considering the Lorentz
magnetic forces applied on graphene sheets induced by an in-plane
magnetic field through Maxwell equations. The nonlocal natural
frequencies of graphene under an in-plane magnetic field are ob-
tained analytically by solving the governing equation. Combined
effects of the magnetic field and elastic matrix, together with non-
local effects on the vibration response of magnetically sensitive
graphene are illustrated and discussed.

2. Maxwell’s relations

Denoting J as current density, h as distributing vector of the
magnetic field, and e as strength vectors of the electric field, the
Maxwell relation according to [51] is given as

J ¼ r� h ð1Þ

r � e ¼ �g
@h
@t

ð2Þ

r � h ¼ 0 ð3Þ

e ¼ �g
@U
@t
�H

� �
ð4Þ

h ¼ r� ðU�HÞ ð5Þ

where g is the magnetic field permeability.r is the Hamilton oper-
ator and is expressed as r ¼ @
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tors. For the present analysis, we consider the in-plane uniaxial
magnetic field as a vector H = (Hx, 0,0) acting on the SLGS. Let the
displacement vector be U = (u,v,w), then
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The Lorentz force induced by the in-plane uniaxial magnetic field is
given as

f ¼ fxiþ fyjþ fzk ¼ gðJ�HÞ
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Therefore the Lorentz forces along the x, y and z directions are

fx ¼ 0 ð9Þ
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For the present transverse vibration analysis, we assume that
the only deflection is w = w(x,y, t), and that the Lorentz force
acting on the magnetically sensitive graphene sheet in the z
direction is

fz ¼ gH2
x
@2w
@x2 þ

@2w
@y2

 !
ð12Þ

For a one-dimensional vibrating CNT we have the Lorentz force in

the z direction as fz ¼ gH2
x
@2w
@x2 [11]. It should be noted that in the

present study the effective Lorentz force is a function of magnetic
permeability and Hx.

3. A brief review of nonlocal elasticity

A brief review of nonlocal elasticity applied to nano structural
analysis is presented here. In nonlocal elasticity theory [35], the
basic equations for an isotropic linear homogenous nonlocal elastic
body neglecting the body force are given as

rij;i þ qðfj � €ujÞ ¼ 0

rijðxÞ ¼
Z

V
/ðjx� x0j;aÞrc

ijðx0ÞdVðx0Þ
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The terms rij; rc
ij; ekl; Cijkl are the nonlocal stress, classical

stress, classical strain and fourth order elasticity tensors respec-
tively. The volume integral is over the region V occupied by the
body. The kernel function /(jx � x0j,a) is known as the nonlocal
modulus. The nonlocal modulus acts as an attenuation function,
incorporating into the constitutive equations the nonlocal effects
at the reference point x produced by local strain at the source
x0. The term jx � x0j represents the distance in the Euclidean
form and a is a material constant that depends on the internal
(e.g. lattice parameter, granular size, distance between the C–C
bonds) and external characteristic lengths (e.g. crack length,
wave length). One example of a nonlocal modulus as given by
Eringen [35] is

/ðjxj;aÞ ¼ ð2p‘2a2Þ�1K0
ffiffiffiffiffiffiffiffiffi
x � x
p

=‘a
� �

ð14Þ

The material constant a is defined as a = e0a/‘. Here e0 is a constant
for calibrating the model with experimental results and other vali-
dated models. The parameter e0 is estimated such that the relations
of the nonlocal elasticity model can provide a satisfactory approxi-
mation to the atomic dispersion curves of the plane waves obtained
from atomistic lattice dynamics. According to Eringen [35], the va-
lue of e0 is reported as 0.39. Details on the various values of nonlocal
parameter e0 as reported by various researchers is discussed in [52].
The terms a and ‘ are the internal (e.g. lattice parameter, granular
size, distance between C–C bonds) and external characteristics
lengths (e.g. crack length, wave length) of the nanostructure,
respectively.

As Eq. (13) is difficult to solve, using Eq. (14) a differential form
is popularly used as

1� a2‘2r2
L

� �
rijðxÞ ¼ rc

ijðxÞ ¼ CijkleklðxÞ ð15Þ

Here rL is the Laplacian. For two-dimensional nanostructures such
as graphene Eq. (15) is simplified as
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4. Governing equation based on nonlocal elasticity

Using the nonlocal elastic relation (Eq. (16)), the governing
equation for a vibrating flat graphene sheet as an elastic plate in
an elastic medium (Fig. 1), ignoring surface effects, is derived as
[53]
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where w(x,y, t) is the deflection of the graphene sheet and k is the
stiffness of the embedded elastic medium. Here D is the bending
rigidity of the graphene sheet and is expressed as D = Eh3/
12(1 � #2). Terms q, # and h are the density, Poisson’s ratio and
the thickness of graphene sheet, respectively.

The term fz is due to the in-plane Lorentz magnetic field, from
which the q(x,y, t), the effective transverse Lorentz magnetic force
is obtained as
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Thus the governing equation of vibrating graphene under magnetic
field can be written as
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Fig. 1. Schematic diagram of graphene sheet subjected to in-plane magnetic field
modelled as nonlocal plate.
When the nonlocal and the magnetic field effects are ignored in Eq.
(19), the equation reverts back to the equation of conventional clas-
sical plate theory. The consideration of in-plane forces or other
magnetic body force behaviour due to any inherent magnetic prop-
erties in simple graphene, charged graphene, ferromagnetic graph-
ene [20] or graphene-derived systems [19] is a topic of open study.
It should be noted that Eq. (19) is an approximate theoretical rela-
tion to represent the realistic graphene sheets in a strong magnetic
field where some conditions are assumed.

5. Nonlocal vibration response of graphene under in-plane
magnetic field

Considering that the graphene sheet has nonlocal simply sup-
ported boundary conditions, Eq. (19) can be solved by the Navier
method assuming the solution to be in the form

w ¼
X1
m¼1

X1
n¼1

Wmn sinðamxÞ sinðbnyÞeixmnt ð20Þ

where

am ¼
mp

L
; bn ¼

np
W

ð21Þ

Terms L and W are the length and width of the graphene sheet,
respectively and xmn is the natural frequency.

Substituting Eq. (20) into Eq. (19) and simplifying yields
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We define the following parameters for the sake of convenience and
generality:

Xmn¼xmnL2

ffiffiffiffiffiffi
qh
D

r
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W
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D
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L
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Consider

nmn ¼ ½ðmpÞ2 þ R2ðnpÞ2�; m;n ¼ 1;2; . . . ð24Þ

Using the parameters of Eqs. (23) and (24), the frequency of graph-
ene in an in-plane magnetic field is analytically obtained as a func-
tion of stiffness of elastic medium, magnetic parameter and
nonlocal parameter:

Xmn ¼
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For long strip of nanoribbons we have

nmn ¼ ðrpÞ2; r ¼ 1;2; . . . ð26Þ

We define the nonlocal frequency ratio as the ratio of the natural
frequency of graphene with nonlocal effects to the natural fre-
quency of graphene without nonlocal effects. The Nonlocal Fre-
quency Ratio is expressed as

Nonlocal frequency ratio¼
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Similarly we define the magnetic frequency ratio as the ratio of the
natural frequency of graphene with a magnetic field to the natural



Nanoribbon in magnetic field

Fig. 3. Effect of magnetic parameter and nonlocal parameter on fundamental
frequency parameter for long nanoribbon.
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frequency of graphene without a magnetic field. The magnetic fre-
quency ratio is expressed as

Magnetic Frequency Ratio ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ MPnmnð1þ l2nmnÞ

n2
mn þ Kð1þ l2nmnÞ

s
ð28Þ

Graphs are plotted and the insights of the present nonlocal model
are discussed in the next section.

6. Results and discussion

The effect of increasing strength of magnetic field on the vibra-
tion characteristics of a SLGS embedded in an elastic medium is
examined via nonlocal elastic model. A strong magnetic field is
mathematically assumed in the analysis. The effective SLGS prop-
erties considered are: Young’s modulus, E = 1.06 TPa, Poisson ratio
# = 0.25, density q = 2300 kg/m3 and the thickness h = 0.34 nm. For
generality, the vibration solutions of the SLGS are presented in
terms of the parameters defined in Eq. (23). The present results
are provided in terms of frequency parameter, nonlocal parameter
and magnetic parameter. This is for capturing the effect for broad
range of values and understanding the characteristic properties
of the system. Further it will help in assessing the relative impor-
tance of the terms. As the exact value of the nonlocal parameter for
SLGS is still an open topic of study, we consider the nonlocal
parameter (l) range as 0–1. The stiffness of the elastic medium
is assumed as K = 1.

Fig. 2 shows the variation of frequency parameter with the
change of both magnetic parameter and nonlocal parameter. The
magnetic parameter depicts the relative strength of the magnetic
field and is considered in the range of MP = 0–50. Some dimen-
sional values of Hx related to MP are reported in [11]. A square SLGS
is considered (R = 1). It is seen from the figure that the frequency
parameter decreases as the nonlocal parameter increases. This de-
crease can be attributed to the distributed transverse force due to:
(1) the curvature change in the nanoplates, and (2) the surface
stress due to the nonlocal atom–atom interaction as described in
Wang et al. [54]. It can also be seen from the figure that the fre-
quency parameter increases as the strength of in-plane magnetic
field increases. This is due to the coupling effect of the vibrating
SLGS and the magnetic field.

A long graphene nanoribbon having aspect ratio R = 10�5 is also
considered. Fig. 3 shows the variation of frequency parameter with
Graphene in magnetic field

Fig. 2. Effect of magnetic parameter and nonlocal parameter on fundamental
frequency parameter for single-walled square graphene sheets.
the change of both magnetic parameter and nonlocal parameter for
a nanoribbon. A similar variation of the frequency parameter with
magnetic parameter and nonlocal parameter is observed as for the
square SLGS. However for the same ranges of magnetic parameter
and nonlocal parameter, the frequency parameter is numerically
less. Thus in magnetic field, graphene can be made high frequency
resonators than nanoribbon.

Higher modes of natural frequencies are also considered for a
square SLGS. Figs. 4 and 5 depict the variation of the frequency
parameter with a change of both magnetic parameter and nonlocal
parameter for m = 2, n = 2 and m = 3, n = 3, respectively. It is seen
that, for higher frequency modes, the frequency parameter is
strongly affected by the nonlocal parameter, but is less affected
by changes in the strength of the magnetic field.

The effect of the aspect ratio of rectangular SLGS on its vibration
response is next investigated. Fig. 6 shows the variation of fre-
quency parameter with the change of magnetic parameter and as-
pect ratio (R) of SLGS. The range considered is from a very low
Fig. 4. Effect of magnetic parameter and nonlocal parameter on second frequency
parameter for single-walled square graphene sheets.



Fig. 5. Effect of magnetic parameter and nonlocal parameter on third frequency
parameter for single-walled square graphene sheets.

Fig. 6. Effect of magnetic parameter and aspect ratio on fundamental frequency
parameter for graphene sheets.

Fig. 7. Change of magnetic frequency ratio with nonlocal parameter for different
strength of magnetic field in single-walled graphene sheets.

Fig. 8. Change of nonlocal frequency ratio with nonlocal parameter for different
strength of magnetic field in single-walled graphene sheets.

Fig. 9. Embedded SLGS under in-plane magnetic field is shown analogous to
nonlocal plate coupled by equivalent Pasternak foundation model.
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aspect ratio R = 10�4(nanoribbon) to R = 1.0 (square graphene). It is
observed from the figure that the frequency parameter increases
for both the increase of magnetic parameter and aspect ratio (R).
The effect of aspect ratio on frequency parameter is more pro-
nounced at high strength of the magnetic field.

Figs. 7 and 8 depict the change of magnetic frequency ratio
(MFR) and nonlocal frequency ratio (NFR) with nonlocal parame-
ter, respectively. Various magnetic field strengths (MP) are consid-
ered. It is noticed that the MFR increases almost linearly as the
nonlocal parameter increases (Fig. 7), while NFR decreases nonlin-
early as the nonlocal parameter increases (Fig. 8). The degree of
nonlinearity decreases with increasing magnetic field strength.

Experimental or molecular dynamics results for the vibrating
system in the present specific study are so far unavailable in the lit-
erature. This represents future scope of work. In the present study
the in-plane magnetic field increases the frequency. Similarly for a
macroscopic beam-plate under the effect of an in-plane magnetic
field, Yang et al. [55], Lee and Lin [56], Zhou and Miya [57] have
reported that the natural frequency increases as the strength of
the in-plane magnetic field increases. Takagi et al. [58] have also
reported experimentally an increase in natural frequency as the
strength of the in-plane magnetic field increases. This is due to
the coupling effect of vibrating plate and the magnetic field.



62 T. Murmu et al. / Composite Structures 96 (2013) 57–63
From the present study it is found that an in-plane magnetic
field increases the frequencies of the SLGS, which can be explained
as follows. The magnetic field can be considered as a shear layer
parameter in a Pasternak foundation model. The coupling elastic
medium is thus analogous to a Pasternak foundation, where the
Winkler modulus is the stiffness of the springs and the magnetic
parameter is the Pasternak shear modulus (see Fig. 9). The Paster-
nak model can be seen as a membrane having a surface tension laid
on a system of elastic springs which increases the frequencies.

7. Conclusion

The effect of an in-plane magnetic field on the transverse vibra-
tion of magnetically sensitive embedded single-layer graphene
sheet (SLGS) is examined using equivalent continuum nonlocal
elastic plate theory. Results reveal that nonlocal effects decrease
the frequency of SLGS. However nonlocal effects are dampened
by the in-plane magnetic field exerted on SLGS. The in-plane mag-
netic field increases the natural frequencies of the SLGS. This is in-
line with some reported results in literature where a macroscopic
plate under an in-plane magnetic field is considered.
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