
Small-scale effect on the mechanical properties of metallic nanotubes

Jin Zhang, Chengyuan Wang,a) Rajib Chowdhury, and Sondipon Adhikari
College of Engineering, Swansea University, Singleton Park, Swansea, Wales SA2 8PP, United Kingdom

(Received 24 June 2012; accepted 14 August 2012; published online 30 August 2012)

The residual stress and elastic modulus for the surface and core layers of metallic nanotubes

(MNTs) are studied based on molecular dynamics simulations. The resultant small-scale effect is

then demonstrated in a case study on the vibration of MNTs. In contrast to previous assumptions, it

is found that the residual stresses at the inner and outer surfaces differ by several times and change

sensitively with the geometric size of MNTs. In addition, the core layer stress ignored in most

previous studies can also exert substantial influence on the structural response of MNTs. It is

believed that these results can provide important guidance for the future study and potential

applications of MNTs. VC 2012 American Institute of Physics. [http://dx.doi.org/10.1063/1.4748975]

Metallic nanotubes (MNTs) (Fig. 1) have attracted con-

siderable attention owing to their great potential for con-

structing nanodevices and nanoelectronics, such as

ultrasmall sensors, ultrahigh density recording media, and

drug (gene) delivery.1–4 They also offer an opportunity to

advance the physics associated with their fabrication and

applications. Recently, the smallest possible MNT with a

square cross-section has been synthesized, which can be

transformed into an exotic structure due to applied stress and

dynamics.5,6 The observation provides an impetus to reveal

the formation mechanisms of the unexpected structure. A

more fundamental issue on MNTs is their unique mechanical

properties. These play a key role in their potential applica-

tions and thus have excited a significant wave of studies

recently.7–10

For nanoscale structures like MNTs, the surface-to-volume

ratio is greatly raised relative to that of their macroscopic

counterparts, which would dramatically enhance the surface

effect and finally lead to the size-dependent mechanical

responses. To capture this small-scale effect, a core-surface

(CS) model considering the effect of the surface properties has

been proposed and widely used to predict the structural

responses of solid nanowires (NWs),11–14 nanofilms (NFs),15–18

and hollow MNTs.19,20 It thus becomes essential to accu-

rately measure the surface properties of existing nanostruc-

tures. Initial attempts were made to obtain the surface stress

and elastic modulus for some NWs and NFs based on atom-

istic simulations or experiments.21–24 Nevertheless, their

possible size-dependence has not been examined so far. In

particular, the surface properties of MNTs are not yet avail-

able in the literature despite the fact that hollow nanostruc-

tures possess an even larger surface-to-volume ratio. Thus,

when the CS model was used for MNTs,19,20 it was tacitly

assumed that the inner and outer surface layers of MNTs

have the same properties as those of solid NWs. This could

lead to large errors as the inner and outer surfaces have

different average coordination numbers.25 Furthermore, the

surface residual stress would induce an initial stress in the

inner section due to the deformation compatibility. This

stress however was completely ignored in most previous

studies although it could play a significant role in the struc-

tural responses at the nanoscale.26 These fundamental

issues on the small-scale effect are indeed of major con-

cerns in nanomechanics and thus deserve a detailed study.

In this Letter, molecular dynamics simulations (MDS)

were employed to study the mechanical properties of the sur-

face layers and core layer of MNTs, e.g., residual stress,

Young’s modulus and their dependence on the size of MNTs.

The obtained properties were then entered into a modified

CS model to examine the small-scale effect on the elastic

properties and the structural response of MNTs.

In the present study, copper MNTs of a square cross-

section are considered with a h100i longitudinal orientation

and {100} transverse side surface (Fig. 1). The outer cross-

sectional length l of the MNTs is fixed at l ¼ 5:5a
(a ¼ 0:361 nm is the lattice constant of bulk fcc copper),

whereas the inner cross-sectional length l0 varies between 1.5a
and 3.5a. To characterise the mechanical behaviour of the

MNTs under the umbrella of continuum theory, a surface-

core-surface model (Fig. 1) is employed where the mechanical

properties for the outer and inner surface layers and the core

layer will be calculated based on MDS. Here, the embedded

atom potential proposed in Ref. 27 is used in the MDS to

describe the atomic interactions in copper. In the present study,

MDS are performed via following steps: The atoms were first

brought to the positions corresponding to the lowest energy.

Subsequently, a Nos�e-Hoover thermostat28 was applied to

thermally equilibrate the atoms at 1 K to reduce thermal vibra-

tion effect. After the full relaxation, the MNTs would then be

quasistatically loaded in tension in the axial direction. In this

process, one end of the MNTs was fixed and the other end was

pulled along the axial direction. This created a ramp velocity

profile where the velocity rises from zero at the fixed end to its

maximum value at the free end. Following Ref. 7, we choose a

relatively low strain rate of 109 s�1 to avoid the crystalline

defects normally precluded due to a high rate of loading. The

present MDS were conducted using large molecular dynamics

simulator (LAMMPS)29 with periodic boundary conditions

along axial direction. The surface directions were kept free.

Using the above-mentioned method, we first calculated

the distribution of the residual stress on the cross-sections of
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an (solid) NW and three MNTs (Fig. 2(a)) whose ratio l0/l
increases from 0 (the NW) to 0.27, 0.45, and 0.64. It is seen

from Fig. 2(a) that nonuniform residual stress is found

throughout the cross-sections of the NW and MNTs. The mag-

nitude of the residual stress is of the order of gigapascal. Let

us have a look at the NW (e.g., l0=l ¼ 0) for instance. The

maximum residual tension about 8.5 GPa is found on the outer

surface and the maximum residual compression around 2 GPa

is obtained at the central part. The results are found to be in a

good agreement with the results (�2 to 9 GPa) obtained by

Wu for copper NW of the same geometric size.30 Furthermore,

it is noted in Fig. 2(a) that the magnitude of the stress at the

innermost and outermost one-atom layers differs substantially

from the stress in the core section, which is nonzero and

almost uniformly distributed. This stress distribution shows

clearly that, similar to what stated in Refs. 31 and 32, the out-

ermost and the innermost one-atom layer can be considered as

the outer and inner surfaces of MNTs. The effective thickness

of the surface layers can then be defined as half of the lattice

constant at the temperature considered.32

Next, we further calculated the average residual stress as

a function of the ratio l0=l for the inner, outer surface layers

and the core layer individually. As pointed out in Ref. 33,

the residual stress at the surface layer (s) remains a standard

tensor quantity. However, since the thinnest possible surface

layers in the plane-stress state are considered only the in-

plane surface stresses (the membrane stresses) are nonzero

whereas all off-plane stresses vanish. In particular, the nor-

mal in-plane surface stress is assumed to be identical in all

directions and accordingly, the shear stresses at the thin sur-

face layer (s) go to zero. The normal axial stresses obtained

at the surface layers and the core layer are presented in

Fig. 2(b) where the solid lines represent tensile stresses while

the dashed lines denote compressive ones. It is noted in the

figure that the residual stress on the outer surface so is much

larger than the stress on the inner surface si. For example, at

l0=l ¼ 0:27, si is about 1 GPa, while so reaches 7.1 GPa,

which is seven times of si. Moreover, in Fig. 2(b), so is

always a tensile stress and decreases monotonically as the ra-

tio l0=l increases, i.e., the rectangular hole becomes larger.

On the other hand, si is a tensile stress only at small l0=l. Its

magnitude then decreases as l0=l grows and goes to zero

when l0=l reaches a critical value around 0.5. When l0=l
exceeds this critical value, i.e., the inner hole further

expands, si turns out to be a compressive stress whose mag-

nitude increases as l0=l rises. From these results, it follows

that both so and si change sensitively with the variation of

l0=l but their dependences on l0=l are qualitatively different.

This finding is in sharp contrast to the assumption that so and

si of MNTs are identical and independent of l0=l.19,20 In addi-

tion, a compressive stress rb is obtained in the core layer,

which grows from 2.1 to 3.6 GPa with rising l0=l and is gen-

erated primarily due to the deformation comparability in the

MNTs (or NW). Here, the equilibrium of MNTs (NW)

requires that the resultant force of so, si, and rb on the cross-

section goes to zero.

FIG. 2. (a) The cross-sectional stress distribu-

tion of an NW and MNTs; (b) Surface stresses

of the NW and MNTs with different ratios l0/l.
Here, the solid lines represent the tensile

stresses and the dashed lines represent the com-

pressive stresses. The outer cross-sectional

length l of the NW and MNTs is fixed at 5.5a
where a¼ 0.361 nm.

FIG. 1. Molecular representation of an MNT with a square cross-section and

its equivalent core-surface model. The outer cross-section length is l and the

inner cross-sectional length is l0.
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In addition to the residual stresses, we are also interested

in studying elastic moduli of individual layers and estimating

their effect on the equivalent Young’s modulus of MNTs. To

this end, the linear stress-strain relation was calculated for

MNTs in Fig. 3(a), where the small strain e � 1% was con-

sidered. The slope of a straight line in Fig. 3(a) gives the

equivalent Young’s modulus of the corresponding MNT. It is

found that the equivalent Young’s modulus of whole MNTs

decreases by 14% as the ratio l0=l increases from 0 to 0.64.

Similar calculation was done in Fig. 3(b) to quantify the

Young’s modulus of the inner, outer surface layers and

the core layer, individually. It is noted in Fig. 3(b) that the

Young’s moduli of the inner and outer surface layers are

quite close to each other but they are much lower than that

of the core section. To get some ideas, at l0=l ¼ 0:27,
Young’s modulus of the core section is 70 GPa, which is

about two times as much as that of the inner (35 GPa) and

outer surface layer (37 GPa). Also, in Fig. 3(b), Young’s

modulus of the three sections increases with rising l0=l. They

rise less than 10% when l0=l goes from 0 to 0.64.

Here, it is noted that the reversed l0=l-dependence of

Young’s modulus is achieved for MNTs and their three con-

stituent layers. To understand this observation, the Young’s

modulus of MNTs given by MDS in Fig. 3(a) are compared

with those predicted based on (1) the CS model and (2) the

Young’s moduli obtained in Fig. 3(b) for the individual

layers of MNTs. In the CS model, an MNT is modeled as a

composite beam whose equivalent Young’s modulus Y can

be calculated by Y ¼ Eivi þ Eovo þ Ebvb.32 Here, E and v
are elastic moduli and volumetric fraction of individual

layers. The subscripts i, o, and b, respectively, represent the

parameter of the inner, outer surface layers and the core sec-

tion. A good agreement is achieved in Fig. 3(c) between the

MDS and the CS model, suggesting that the size-dependence

of the equivalent Young’s modulus Y is due to the effect of

the surface elasticity. Specifically, the decrease of Y with

rising l0=l is primarily a result of the increasing volumetric

fractions (vi and vo) of the surface layers, where Ei and Eo

are much lower than Eb. Here, the tendency of Y obtained

in Fig. 3(c) based on the present MDS is found to be in

accordance with the simulations given in Ref. 8 for copper

MNTs.

Finally, to demonstrate the importance of the above-

obtained properties, we examined their effects on the

transverse vibration of MNTs. The analysis was carried out

based on the CS model where an MNT is considered as a

composite Euler-Bernoulli beam. The beam consists of the

two surface layers and the core layer of an MNT, which

are perfectly bonded at their interfaces. Different form

previous studies,19,20 the residual stress rb in the core

layer is considered in the present CS model. The dynamic

equation of such a composite beam can be derived as34

ðYIÞe@4w=@x4 � H@2w=@x2 þ qA@2w=@t2 ¼ 0, where w

denotes the deflection of the beam at position x and time t; q
is the mass density and A is the area of the cross-section;

ðYIÞe is the effective bending stiffness; and H is the

additional axial force due to residual surface stress. Taking a

simply supported MNT with a length L ¼ 25l as an example,

the fundamental frequency can be obtained as

x ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½p4ðYIÞe=L4 þ p2H=L2�=ðqAÞ

p
. Here, the small-scale

effect on x is measured by D ¼ ðx� x0Þ=x0, where x0 is

the fundamental frequency obtained without considering sur-

face layers and residual stresses, i.e., H¼ 0 and Y¼Eb for

the whole beam. Three sets of results are plotted in Fig. 4

against l0=l, i.e., D1 obtained by using the surface properties

(so, si, Eo, and Ei) and residual stress in the core layer rb, D2

calculated by considering the above surface properties only

but assuming rb ¼ 0, and D3 obtained based on the assump-

tion19,20 that rb ¼ 0 and the properties of the two surfaces

are identical and equal to those associated with l0=l ¼ 0. The

curve representing D1 is enlarged in the inset of Fig. 4. It is

shown in the inset that when l0=l increases from 0.27 to 0.45

FIG. 3. (a) Stress-strain curves for MNTs

with different ratios l0/l; (b) Effective

Young’s modulus for the three regions of

the MNTs as a function of the ratio l0/l; (c)

the equivalent Young’s modulus of the

MNTs as a function of the ratio l0/l from the

MDS and the CS model.
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and to 0.64, D1 grows from 21% to around 32% showing that

the small-scale effect is significant and increase considerably

with rising area of the inner surface. In the same process, D2

falls in the ranges of (3.4, 4.3), which is an order of magni-

tude greater than D1. This shows that the effect of rb is large

and thus should be considered in predicting structural

responses of the MNTs. Moreover, in Fig. 4, D3 in the range

of (5.3, 6.4) is even greater than D2 indicating that the CS

mode based on the assumption in Refs. 19 and 20 is oversim-

plified and would greatly overestimate the small-scale effect

on MNTs.

In summary, molecular dynamics simulations were per-

formed to study the residual stress and elastic modulus of the

surface and core layers of copper MNTs. A tensile stress is

obtained at the outer surface, which induces a compressive

stress in the core layer. However, either tension or compres-

sion can be achieved at the inner surface and its magnitude is

several times smaller than that at the outer surface. The size-

dependence of the residual stresses is significant but qualita-

tively different for the three layers of MNTs. In addition,

Young’s moduli of the two surfaces are close and much

lower than that of the core layer. This leads to the equivalent

Young’s modulus of MNTs decreasing with the rising area of

the surfaces. It is shown in a case study that the small-scale

effect originating from the residual stresses and surface

elasticity is crucial for accurately characterizing the struc-

tural responses of MNTs.
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the ratio l0/l. The result D1 is given by the present CS model with consider-

ing stress at core layer, D2 is obtained based on the present CS model with-

out considering stress at core layer, and D3 is obtained based on the previous

CS model.
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