
Frequency domain analysis of nonlocal rods embedded
in an elastic medium

S. Adhikari a, T. Murmu b,n, M.A. McCarthy b

a College of Engineering, Swansea University, Swansea SA2 8PP, UK
b Department of Mechanical, Aeronautical and Biomedical Engineering, Irish Centre for Composites Research, Materials and Surface Science Institute,
University of Limerick, Ireland

H I G H L I G H T S

� Computational formulation of an
elastic medium on nonlocal axial
vibration of rods is considered.

� Static and dynamic finite element
formulations are proposed.

� The nonlocal parameter impacts
both the element mass and stiffness
matrices.

� A closed-from exact expression is
derived for the upper cut-off natural
frequency.

� Nonlocal parameter and the elastic
stiffness respectively decrease and
increase the natural frequencies.

G R A P H I C A L A B S T R A C T

Variation of natural frequencies and frequency response function of single walled carbon nanotube
embedded in an elastic medium.
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a b s t r a c t

A novel dynamic finite element method is carried out for a small-scale nonlocal rod which is embedded
in an elastic medium and undergoing axial vibration. Eringen's nonlocal elasticity theory is employed.
Natural frequencies are derived for general boundary conditions. An asymptotic analysis is carried out.
The stiffness and mass matrices of the embedded nonlocal rod are obtained using the proposed finite
element method. Nonlocal rods embedded in an elastic medium have an upper cut-off natural frequency
which is independent of the boundary conditions and the length of the rod. Dynamic response for the
damped case has been obtained using the conventional finite element and dynamic finite element
approaches. The present study would be helpful for developing nonlocal finite element models and study
of embedded carbon nanotubes for future nanocomposite materials.

& 2013 Elsevier B.V. All rights reserved.

1. Introduction

Recently, classical continuum mechanics is becoming popular for
modelling, understanding and predicting the physical behaviour
of nanostructures such as bending, vibration and buckling, etc. One
reason for employing continuummechanics is that the experiments at
the nanoscale are challenging; and atomistic computational methods

such as molecular dynamic (MD) simulations are computationally
expensive for nanostructures with large numbers of atoms. At the
nanoscale, scale-effects due to atoms, molecules, forces are important
and cannot be ignored. Thus classical continuum mechanics requires
upgrading for accurate predictions of behaviour of nanostructures.
Further, the discrete nature of structures at nanoscale needs to be
accounted for in continuum based modelling. To address the dis-
creteness and size-dependency [1–6], continuum mechanics based
methods [7–9] are gaining in popularity in the modelling of small
sized structures. This approach offers much faster solutions thanmole-
cular dynamic simulations for various nano engineering problems.
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One popularly used size-dependant theory is the nonlocal elasticity
theory pioneered by Eringen [10]. The theory of nonlocal elasticity
(nonlocal continuum mechanics) is being increasingly used [11] for
efficient analysis of nanostructures such as carbon nanotubes and
graphene. According to nonlocal elasticity, the stress at point is not
only dependent on the strain at the point but also on strains at all
other points in the domain.

For complex structures and loading, mere analytical modelling
is not sufficient for understanding the vibration phenomenon of
nanostructures such as CNT or graphene. One popular approach is
finite element (FE) modelling. Some works on finite elements and
nonlocal elasticity are reported for nanorods; however the
research is in its initial stage. Application of nonlocal elasticity
and finite elements is reported for the small scale effects on axial
free vibration of non-uniform and nonhomogeneous nanorods
[12]. Using dynamic nonlocal finite element analysis, Adhikari
et al. [13] studied free and forced axial vibrations of damped
nonlocal rods. Recently the concept of nonlocal elasticity is applied
for the development of a spectral finite element (SFE) for analysis
of nanorods [14].

Literature shows various works via nonlocal elasticity theory on
study of carbon nanotubes embedded in an elastic medium.
Analysis has been carried out both on the phenomenon of axial
[15,16] and transverse vibration [17–20] of carbon nanotubes
embedded in elastic medium. Single-walled [18,20,21] as well as
double-walled carbon nanotubes [22] being embedded were
studied. The carbon nanotubes may be with or without fluid
flowing [23] through it besides being embedded in an elastic
medium. Two types of elastic mediums are generally considered
for the study. The elastic medium models are based on one-
parameter (Winkler type) [15,21] as well as two-parameter (Pas-
ternak type) [18] elastic medium.

From the brief literature survey, we can see that significant
research effort has taken place in the nonlocal analysis of nanostruc-
tures embedded in an elastic medium including nanorods. However,
not much work has been done on the study of nanorods in an elastic
medium and considering finite element in details. The majority of the
reported works on nonlocal finite element analysis study free vibra-
tion studies where the effect of non-locality on the undamped
eigensolutions is studied. Damped nonlocal systems and forced
vibration response analysis have received little attention. This type of
study is useful for the design and analysis of future generation of nano
composite materials and structures. Thus in this paper we develop a
novel finite element method based on nonlocal elasticity for axially
vibrating nanorods in an elastic medium. Free and forced axial
vibration of damped nonlocal embedded rods are investigated. We
consider both the damped and undamped cases of vibration. The
present work on finite element for nanorods in embedded elastic
medium is expected to provide the general framework for improved
design methods.

2. Nonlocal rod embedded in an elastic medium

We consider a damped nanorod embedded in an elastic
medium [15]. In Fig. 1 a single-walled carbon nanotube (SWCNT)
embedded in an elastic medium is shown for example. The
equation of motion for the axial vibration can be expressed as

EA
∂2Uðx; tÞ

∂x2
�kUðx; tÞþðe0aÞ2k

∂2Uðx; tÞ
∂x2

þbc1∂3Uðx; tÞ∂x2∂t

¼ bc2∂Uðx; tÞ∂t
þ 1�ðe0aÞ2

∂2

∂x2

� �
m
∂2Uðx; tÞ

∂t2
þFðx; tÞ

� �
ð1Þ

The mass per unit length is denoted by m, the stiffness of the
elastic medium is denoted by k and the axial rigidity is denoted by
EA. The constant bc1 is the strain-rate-dependent viscous damping

coefficient and bc2 is the velocity-dependent viscous damping
coefficient. The nonlocal parameter [10], denoted by e0a, influ-
ences the inertial term as well as the stiffness of the elastic
medium. The case without the elastic medium was considered in
Ref. [13]. Here we aim to understand the impact of the elastic
medium on the nonlocal axial vibration of damped nanorods.

The equation of motion (1) can be solved by using the separation
of variable approach [24]. We express the time-depended axial
motion by

Uðx; tÞ ¼ uðxÞ exp½iωt� ð2Þ

Considering the forcing is zero (i.e., free vibration) and substituting
this in Eq. (1) one obtains

ðEAþðe0aÞ2kþ iωbc1�ðe0aÞ2mω2Þd
2u

dx2
þðmω2�k� iωbc2ÞuðxÞ ¼ 0

ð3Þ

For analytical convenience, the damping is expressed as propor-
tional to mass and stiffness by introducing the following two
damping factors:

bc1 ¼ ζ1EA and bc2 ¼ ζ2m ð4Þ

Note that ζ1 and ζ2 are stiffness and mass proportional damping
factors respectively. Eq. (3) can be reorganised as

d2u

dx2
þ ðmω2�k� iωζ2mÞ
ðEAþðe0aÞ2kþ iωζ1EA�ðe0aÞ2mω2Þ

uðxÞ ¼ 0 ð5Þ

This can be concisely expressed as

d2u

dx2
þα2u¼ 0 ð6Þ

with

α2 ¼ ðω2�ω2
s Þ� iζ2ω

c2ð1þ iωζ1Þ�ðe0aÞ2ðω2�ω2
s Þ

ð7Þ

and

c2 ¼ EA
m
; ω2

s ¼
k
m

ð8Þ

We call ωs is the elastic medium natural frequency. For the special
case of the undamped rod embedded in the elastic medium, we set
the damping coefficients ζ1 and ζ1 to zero. With this α2 in Eq. (7)
reduces to

α2 ¼ Ω2�Ω2
s

1�ðe0aÞ2ðΩ2�Ω2
s Þ

ð9Þ

This is a real function of Ω¼ω=c and Ωs ¼ωs=c¼
ffiffiffiffiffiffiffiffiffiffiffi
k=EA

p
. For the

general damped case, α2 is a complex function of the frequency
parameter ω.

Natural frequencies of the system depend on the boundary
conditions. We adopt a general approach by which different
boundary conditions can be considered in an unified manner.

Fig. 1. A single-walled carbon nanotube (SWCNT) embedded in within an elastic
medium with stiffness k. Axial vibration is considered in this study.
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We define the parameter sj as

sj ¼
jπ
L

for clamped–clamped boundary conditions ð10Þ

and sj ¼
ð2j�1Þπ

2L
for clamped–free boundary conditions

ð11Þ
The length of the rod is denoted by L. The clamped–clamped
boundary condition is obtained by imposing zero displacement at
both ends of the bar, that is

uð0Þ ¼ 0 and uðLÞ ¼ 0 ð12Þ
The clamped–free boundary condition requires some careful
implementation. Assuming undamped vibration, the boundary
conditions at both ends can be expressed as

uð0Þ ¼ 0 ð13Þ
and at x¼L, the nonlocal stress is zero. This can be expressed as

EA
∂Uðx; tÞ

∂x
þðe0aÞ2k

∂UðxÞ
∂x; t

þðe0aÞ2m
∂3Uðx; tÞ
∂x∂t2

¼ 0 ð14Þ

Using the harmonic representation in Eq. (2), the boundary
condition in the frequency domain can be expressed in terms of
u(x) as

EAþðe0aÞ2k�ðe0aÞ2mω2
n o∂uðxÞ

∂x
¼ 0 or

∂uðxÞ
∂x

¼ 0 ð15Þ

The natural frequencies can be obtained [24,25] by equating sj
in Eqs. (10) or (11) with α for different values of j as

αj ¼ sj ð16Þ
Replacing ω by ωj is the expression of α in Eq. (7) one has

fðω2
j �ω2

s Þ� iζ2ωjg ¼ s2j fc2ð1þ iωjζ1Þ�ðe0aÞ2ðω2
j �ω2

s Þg ð17Þ

or

ω2
j ð1þs2j ðe0aÞ2Þ� iωjðζ2þζ1s

2
j c

2Þ�½s2j c2þω2
s ð1þs2j ðe0aÞ2Þ� ¼ 0

ð18Þ
The solution of this quadratic equation for ωj completely defines
the natural frequencies. The natural frequencies are in general
complex quantities due to the presence of damping. Considering
special cases when the damping is assumed to be zero, we can
identify the following expressions:

� Undamped local systems without elastic medium: This case can
be obtained by substituting ωs ¼ 0, ζ1, ζ2 ¼ 0 and e0a¼ 0. From
Eq. (18) we therefore obtain

ωj ¼ sjc ð19Þ
which is the classical expression [24].

� Undamped nonlocal systems without elastic medium: This case
can be obtained by substituting ωs ¼ 0, ζ1 ¼ 0 and ζ2 ¼ 0.
Solving Eq. (18) we therefore obtain

ωj ¼
sjcffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þs2j ðe0aÞ2
q ð20Þ

which is obtained in Ref. [25].
� Undamped local systems: This case can be obtained by sub-

stituting ζ1 ¼ ζ2 ¼ 0 and e0a¼ 0. From Eq. (18) we therefore
obtain

ωj ¼ sjc
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þðωs=sjcÞ2

q
ð21Þ

� Undamped nonlocal systems: This case can be obtained by
substituting ζ1 ¼ 0 and ζ2 ¼ 0. From Eq. (18) we therefore

obtain

ωj ¼ sjc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

1þs2j ðe0aÞ2
þðωs=sjcÞ2

s
ð22Þ

By using the two expressions of sj in Eqs. (10) and (11), the
natural frequencies for the clamped–clamped and clamped–free
boundary conditions can be obtained.

For the axial vibration of nonlocal rods, it was shown that [13]
there exist a maximum cutoff frequency given by

ffiffiffiffiffiffiffiffiffiffiffiffi
EA=m

p
=e0a. This

is important as the nature of the dynamic response depends on
the proximity of the excitation frequency to the cutoff frequency.
To obtain the cutoff frequency of the rod within the elastic
medium, we rewrite the frequency equation in Eq. (22) and take
the limit k-1 to obtain

lim
j-1

ωj ¼ lim
j-1

c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2j

1þs2j ðe0aÞ2
þðωs=cÞ2

vuut ¼ lim
j-1

c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

1=s2j þðe0aÞ2
þk=EA

s

¼ c
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=ðe0aÞ2þk=EA

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EA

mðe0aÞ2
þ k
m

s
ð23Þ

This expression also shows that there is a constant difference
between the asymptotic frequency of the systemwith and without
the elastic medium.

3. Finite element approach for damped rods embedded
in an elastic medium

The finite element approach is useful to consider general cases
when the analytical approach outlined in the last section may not
be applicable. One example is nanotube reinforced composite
materials where one needs to consider nanorods embedded in
an elastic polymer matrix. Mechanical and dynamic analysis such
nano-composite materials need to be investigated using a finite
element analysis. In the last section it was shown that Eq. (18)
completely defines the natural frequencies of the system. Finite
element approach can be used to obtain dynamic response of
damped systems in an efficient manner. In this section we develop
new finite element matrices of nanorods embedded in an elastic
medium.

Nonlocal finite element approach for nanorods have been
considered in Refs. [13,26]. We use the linear shape functions
[27] for the two-noded element shown in Fig. 2 as

NðxÞ ¼ ½N1ðxÞ;N2ðxÞ�T ¼ ½1�x=L; x=L�T ð24Þ
Note that this element has two degrees of freedom and there-

fore two shape functions are used. Using the shape functions, the
nonlocal element stiffness matrix can be obtained as

Ke ¼ EA
Z L

0

dNðxÞ
dx

dNT ðxÞ
dx

dxþk
Z L

0
NðxÞNT ðxÞ dx

þkðe0aÞ2
Z L

0

dNðxÞ
dx

dNT ðxÞ
dx

dx¼ ðEAþkðe0aÞ2Þ
L

1 �1
�1 1

� �
þkL

6
2 1
1 2

� �
ð25Þ

The element mass matrix can be derived as

Me ¼m
Z L

0
NðxÞNT ðxÞ dxþmðe0aÞ2

Z L

0

dNðxÞ
dx

dNT ðxÞ
dx

dx

¼mL
6

2 1
1 2

� �
þmLðe0a=LÞ2

1 �1
�1 1

� �

¼mL
1=3þðe0a=LÞ2 1=6�ðe0a=LÞ2
1=6�ðe0a=LÞ2 1=3þðe0a=LÞ2

" #
ð26Þ
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For the special case when there is no elastic medium, substitution
of k¼0 reduces the element matrices to the ones derived in Refs.
[13,26]. These element matrices can be assembled to the global
matrices and the dynamic response can be obtained using the
conventional modal analysis [24].

The derivation of dynamic finite element matrices requires the
use of frequency dependent shape functions. This is a sharp
difference compared to the conventional finite element approach
where linear static shape functions are used. Following the
approach outlined in Refs. [13,28,29], the vector containing two
shape functions can be expressed as

Nðx;ωÞ ¼
�cotðαLÞ sin ðαxÞþ cos ðαxÞ

cosecðαLÞ sin ðαxÞ

" #
ð27Þ

where α is defined in Eq. (7). The shape functions are obtained using
unit axial displacement boundary condition as ueðx¼ 0;ωÞ ¼ 1 and
ueðx¼ L;ωÞ ¼ 1. Note that α is frequency dependent and in general

complex in nature. Consequently, unlike the classical shape functions
in Eq. (24), the shape functions in Eq. (27) are in general complex and
frequency dependent. Using the shape function, the displacement
within the element can be expressed in terms of the nodal displace-
ments as

ueðx;ωÞ ¼NT ðx;ωÞbueðωÞ ð28Þ
where bueðωÞAC2 is the nodal displacement vector. The dynamic
stiffness matrix for the rod element is defined as

DeðωÞ ¼KeðωÞ�ω2MeðωÞ ð29Þ
Here the frequency-dependent stiffness and mass matrices are
expressed as

KeðωÞ ¼ EA
Z L

0

dNðx;ωÞ
dx

dNT ðx;ωÞ
dx

dx and MeðωÞ ¼m
Z L

0
Nðx;ωÞNT ðx;ωÞ dx

ð30Þ
Using the expressions of the shape functions in Eq. (27), the dynamic
stiffness matrix can be expressed as

DeðωÞ ¼ EAα
cotðαLÞ �cosecðαLÞ

cosecðαLÞ cotðαLÞ

" #
ð31Þ

The equation of dynamic equilibrium is therefore given by

DeðωÞbueðωÞ ¼ bf ðωÞ ð32Þ
where bueðωÞ and bf ðωÞ are respectively the frequency-dependent
nodal displacement and forcing vectors. The dynamic finite element
approach leads to an exact solution for the harmonically driven
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Fig. 3. Normalised natural frequency (ωj=ω1l) for different values of β for four different values of e0a. The case of β2 ¼ 0 denotes that there is no elastic medium. (a)
e0a¼ 0:5 nm. (b) e0a¼ 1:0 nm. (c) e0a¼ 1:5 nm and (d) e0a¼ 2:0 nm.

Fig. 2. An element for the damped axially vibrating rod within an elastic medium.
The axial rigidity AE, elastic medium stiffness k and mass per unit length m and e0a
is the nonlocal parameter.
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forced vibration problem. However, this approach is exact when the
properties of the elastic medium and the rod do not change along the
length. On the other hand, the nonlocal finite element method
introduced earlier is approximate, but it can be used for the case
when the system properties are varying along the length.

4. Axial vibration of a SWCNT embedded in an elastic medium

A clamped–free SWCNT embedded in an elastic medium is
used for illustration. An armchair (5, 5) SWCNT with Young's
modulus E¼6.85 TPa, L¼25 nm, density ρ¼ 9:517� 103 kg=m3

and thickness t¼0.08 nm is considered as in Ref. [30]. Only mass
proportional damping is considered so that the damping factor
ζ2 ¼ 0:04 and ζ1 ¼ 0. We consider a range of values of e0a within
0–2 nm to understand its role in the dynamic response. In order to
understand the role of the elastic medium, we express ωs, the
elastic medium natural frequency, in terms of the first natural
frequency in the local undamped system. The first natural fre-
quency of the local system without the elastic medium is given by
Eq. (19) as

ω1l ¼
π
2L

c ð33Þ

We define the non-dimensional elastic medium stiffness as

β2 ¼ ω2
s

ω2
1l

¼ 4
π2

k

ðEA=L2Þ
ð34Þ

This non-dimensional elastic medium stiffness is used as a variable
quantity in the numerical studies to quantify its impact on the
dynamics of the system.

4.1. Dynamic characteristics

Undamped natural frequencies and damped frequency response
function of the SWCNT are considered. For convenience, the natural
frequencies calculated are normalised by the first natural frequency
of the local systemwithout the elastic medium as given by Eq. (33).
In Fig. 3, the first 15 normalised natural frequencies of the SWCNT
are shown for five different values of β for four different values of
e0a. Note that β2 ¼ 0 implies the case when there is no elastic
medium. The frequencies are higher for higher values of the elastic
medium stiffness. The first natural frequency for β2 ¼ 24 is five
times compared to the system without the elastic medium. How-
ever, the difference reduces for higher frequencies. When the value
of e0a is small, the frequency values increase sharply with the
number of modes. The difference between frequencies with and
without the elastic medium also reduces quickly compared the case
when the values of e0a are larger. For larger values of e0a, as in
Fig. 3(d), the frequency curves flatten significantly. This implies that
the natural frequencies reach a terminal value as shown by the
asymptotic analysis in Section 2. Using Eq. (23), for large values
of k, the normalised natural frequency plotted in Fig. 3 would
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Fig. 4. Amplitude of the normalised dynamic frequency response at the tip for different values of β for four different values of e0a. The case of β2 ¼ 0 denotes that there is no
elastic medium. (a) e0a¼ 0:5 nm, (b) e0a¼ 1:0 nm, (c) e0a¼ 1:5 nm and (d) e0a¼ 2:0 nm.
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approach to

lim
j-1

ωj

ω1l
¼ c
πc=2L

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1=ðe0aÞ2þk=EA

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2=π

ðe0a=LÞ

� �2

þβ2

s
ð35Þ

Clearly, the smaller the value of e0a and larger the value of β2, the
larger this upper limit becomes. When L¼25 nm, for e0a¼ 2 nm,

and β2 ¼ 24 we have ωjmax-
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð25=πÞ2þ24

q
¼ 9:3448. This value

can be seen in top line in Fig. 3(d). All the other asymptotic
normalised natural frequencies can be obtained from Eq. (35).

Dynamic frequency response is another quantity of interest
focused in this paper. We assume that the input force has a unit
harmonic excitation at the tip. Given this force we are interested in
the dynamic response at the same point. Using the dynamic
stiffness matrix, the equation of motion (32) is therefore

EAα
cotðαLÞ �cosecðαLÞ

cosecðαLÞ cotðαLÞ

" # bu1ðωÞbu2ðωÞ

( )
¼ 0

1

� �
ð36Þ

Since the left end is fixed, bu1ðωÞ ¼ 0. Therefore solving the above
equation we have bu2ðωÞ ¼ 1=EAα cotðαLÞ ¼ tan ðαLÞ=EAα. The nor-
malised displacement is defined as δðωÞ ¼ bu2ðωÞ=ustatic, where ustatic

is the static response at the free edge given by ustatic ¼ L=EA. The
normalised displacement can therefore be simplified as

δðωÞ ¼ tan ðαLÞ
αL

ð37Þ

In Fig. 4, the amplitude of this quantity is plotted for different values
of β for four different values of e0a. Note that β2 ¼ 0 implies the case

when there is no elastic medium. The main impact of the elastic
medium is the right shift in the resonance frequency and an increase
in damping. For smaller values of e0a and β, the asymptotic
frequency is higher and consequently there are well separated peaks
as seen in Fig. 4(a). The nature of the frequency response function
changes significantly for higher values e0a. In particular, when
combined with higher values of β, we observe a remarkable cluster-
ing of resonance peaks in Fig. 4(d). This implies that natural
frequencies of a nonlocal system are very closely spaced near the
asymptotic frequency. For e0a¼ 2 nm, and β2 ¼ 24, the normalised
frequency is 9.34, which is close the right end of Fig. 4(d). Another
district feature that can be observed in Fig. 4 is the increase of the
modal damping with increasing modes. The higher modes are
effectively more damped.

4.2. Dynamic finite element versus nonlocal finite element analysis

We compare the results from the dynamic finite element and
the nonlocal finite element method. The natural frequencies are
obtained using the nonlocal finite element method developed in
Section 3. By assembling the element stiffness and mass matrices
given by Eqs. (25) and (26) and solving the resulting matrix
eigenvalue problem Kϕj ¼ω2

j Mϕj; j¼ 1;2;… one can obtain the

both the eigenvalues and eigenvectors (denoted by ϕj here). For
the numerical calculation we used 200 elements. In Fig. 5, the first
15 natural frequencies obtained from the nonlocal finite element
method are compared with the analytical expression in Eq. (22) for
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Fig. 5. Normalised natural frequency (ωj=ω1l) for different values of e0a. Analytical results are compared with the nonlocal finite element (with 200 elements) results. The
lines denote the analytical results and the star marks denote the finite element results. (a) β2 ¼ 3, (b) β2 ¼ 8, (c) β2 ¼ 15 and (d) β2 ¼ 24.
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five values of e0a within the range of 0.0–2.0 nm and four values of
β2 within the range of 3–24 nm. Note that e0a¼ 0 implies the
classical case of local elasticity model. The lines are obtained from
the analytical expressions and the star marks are obtained from
the finite element method. Both of the finite element approach
proposed in this paper agree well with each other. However, the
results become quite different for the dynamic response as shown
in Fig. 6. Here four different values of β are selected while taking
the highest value of e0a¼ 2:0 nm. The highest value of e0a is
selected because this where we expect maximum discrepancy
between the two methods [13]. In the numerical calculations, 105

points are used in the frequency axis. The frequency response
functions from the nonlocal finite element were obtained using
the classical modal series method [24]. For higher values of β, the
results from the dynamic finite element and nonlocal finite
element method agree well over the chosen range of normalised
frequency of 0–8. This can be seen in Fig. 6(c,d). The discrepancies
between the methods increase for lower values of β as seen in
Fig. 6(a). From Eq. (35), the asymptotic frequency for this case can

be obtained as ωjmax-
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð25=πÞ2þ3

q
¼ 8:1441. The reason for the

discrepancy in Fig. 6(a) is that the excitation frequency is close to
this asymptotic frequency. The results from the dynamic finite
element approach are exact as it does not suffer from error arising
due to finite element discretisation. In this case increasing

numbers of natural frequencies lie within a given frequency range.
As a result a very fine mesh is necessary to capture the high
number of modes. The proposed dynamic finite element is
effective in these situations as it does not suffer from discretisation
errors as in the conventional finite element method. The results in
Fig. 6 show that the nonlocal finite element can be used with
confidence when the excitation frequency is below the asymptotic
frequency.

5. Conclusions

In this paper a novel dynamic finite element approach for axial
vibration of damped nonlocal rods embedded in an elastic med-
ium is proposed. Strain rate dependent viscous damping and
velocity dependent viscous damping are considered. Damped
and undamped natural frequencies for general boundary condi-
tions are derived. An asymptotic analysis is used to understand the
behaviour of the frequencies in the high-frequency limit as
function of the nonlocal parameter and elastic medium stiffness.
The dynamic response in the frequency domain can be obtained by
inverting the dynamic stiffness matrix derived in the paper. The
stiffness and mass matrices of the nonlocal rod were also obtained
using the nonlocal finite element method. In the special case when
the nonlocal parameter becomes zero, the expressions of the mass
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Fig. 6. Amplitude of the normalised dynamic frequency response at the tip for different values of β for a fixed value of e0a¼ 2:0 nm. Dynamic finite element results (with one
element) are compared with the conventional finite element results (with 200 elements). (a) β2 ¼ 3, (b) β2 ¼ 8, (c) β2 ¼ 15 and (d) β2 ¼ 24.
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and stiffness matrices reduce to the classical case. The proposed
method is numerically applied to the axial vibration of a (5,5)
carbon nanotube. Some of the key findings in this study are:

� Nonlocal rods embedded in an elastic medium have an upper

cut-off natural frequency given by
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EA=mðe0aÞ2þk=m

q
. This is

independent on the boundary conditions and the length of
the rod.

� In the context of finite element method, in contrast to the
system without embedded in an elastic medium, the nonlocal
parameter impacts both the mass and stiffness matrices.

� Compared to a local system without embedded in an elastic
medium, the natural frequency increases with increasing elastic
medium stiffness and decreases with the nonlocal parameter.

� For both local and nonlocal systems, the difference in the
natural frequencies arising due to the elastic medium decreases
with increasing mode numbers.

The natural frequencies and the dynamic response obtained
using the nonlocal finite element approach were compared with
the results obtained using the dynamic finite method. Good
agreement between the two methods was found for large values
of the elastic medium stiffness. Away from the upper cut off
frequency, the proposed nonlocal finite element approach is
applicable, while the dynamic finite element method is applicable
for the complete range of excitation frequency.

Acknowledgments

SA acknowledges the support of Royal Society of London through
the award of Wolfson Research Merit award. TM acknowledges the
support from the Irish Research Council for Science, Engineering &
Technology (IRCSET).

References

[1] S. Bauer, A. Pittrof, H. Tsuchiya, P. Schmuki, Electrochem. Commun. 13 (6)
(2011) 538.

[2] M.H. Kahrobaiyan, M. Asghari, M. Rahaeifard, M. Ahmadian, Int. J. Eng. Sci. 48
(12) (2010) 1985.

[3] C. Kiang, M. Endo, P. Ajayan, G. Dresselhaus, M. Dresselhaus, Phys. Rev. Lett. 81
(9) (1998) 1869.

[4] H. Zhao, K. Min, N. Aluru, Nano Lett. 9 (8) (2009) 3012.
[5] A. Zienert, J. Schuster, R. Streiter, T. Gessner, Phys. Status Solidi B-Basic Solid

State Phys. 247 (11–12) (2010) 3002.
[6] R. Chowdhury, S. Adhikari, F. Scarpa, M.I. Friswell, J. Phys. D: Appl. Phys. 44

(20) (2011) 205401:1.
[7] E. Jomehzadeh, H. Noori, A. Saidi, Phys. E-Low-Dimens. Syst. Nanostruct. 43 (4)

(2011) 877.
[8] S. Kong, S. Zhou, Z. Nie, K. Wang, Int. J. Eng. Sci. 47 (4) (2009) 487.
[9] F. Yang, A. Chong, D. Lam, P. Tong, Int. J. Solids Struct. 39 (10) (2002) 2731.
[10] A. Eringen, J. Appl. Phys. 54 (9) (1983) 4703.
[11] B. Arash, Q. Wang, Comput. Mater. Sci. 51 (1) (2012) 303.
[12] T. Chang, Adv. Sci. Lett. 13 (1) (2012) 360.
[13] S. Adhikari, T. Murmu, M. McCarthy, Finite Elem. Anal. Des. 63 (1) (2013) 42.
[14] S. Narendar, S. Gopalakrishnan, J. Appl. Mech. Trans. Asme 78 (6) (2011)

061018.
[15] M. Aydogdu, Mech. Res. Commun. 43 (2012) 34.
[16] T. Murmu, S. Adhikari, Phys. E: Low-Dimens. Syst. Nanostruct. 43 (1) (2010)

415.
[17] T. Murmu, S.C. Pradhan, Phys. E-Low-Dimens. Syst. Nanostruct. 41 (7) (2009)

1232.
[18] K. Mustapha, Z. Zhong, Comput. Mater. Sci. 50 (2) (2010) 742.
[19] S.C. Pradhan, T. Murmu, J. Appl. Phys. 105 (12).
[20] M. Simsek, Steel Compos. Struct. 11 (1) (2011) 59.
[21] T. Murmu, S.C. Pradhan, Comput. Mater. Sci. 46 (4) (2009) 854.
[22] L. Ke, Y. Xiang, J. Yang, S. Kitipornchai, Comput. Mater. Sci. 47 (2) (2009) 409.
[23] H. Lee, W. Chang, Phys. E-Low-Dimens. Syst. Nanostruct. 41 (4) (2009) 529.
[24] L. Meirovitch, Principles and Techniques of Vibrations, Prentice-Hall Interna-

tional, Inc., New Jersey, 1997.
[25] M. Aydogdu, Phys. E 41 (5) (2009) 861.
[26] J.K. Phadikar, S.C. Pradhan, Comput. Mater. Sci. 49 (3) (2010) 492.
[27] M. Petyt, Introduction to Finite Element Vibration Analysis, Cambridge

University Press, Cambridge, UK, 1998.
[28] C.S. Manohar, S. Adhikari, Probab. Eng. Mech. 13 (1) (1998) 39.
[29] S. Adhikari, ASCE J. Aerosp. Eng. 24 (3) (2011) 264.
[30] T. Murmu, S. Adhikari, Mech. Res. Commun. 38 (1) (2011) 62.

S. Adhikari et al. / Physica E 59 (2014) 33–4040

http://refhub.elsevier.com/S1386-9477(13)00360-3/sbref1
http://refhub.elsevier.com/S1386-9477(13)00360-3/sbref1
http://refhub.elsevier.com/S1386-9477(13)00360-3/sbref2
http://refhub.elsevier.com/S1386-9477(13)00360-3/sbref2
http://refhub.elsevier.com/S1386-9477(13)00360-3/sbref3
http://refhub.elsevier.com/S1386-9477(13)00360-3/sbref3
http://refhub.elsevier.com/S1386-9477(13)00360-3/sbref4
http://refhub.elsevier.com/S1386-9477(13)00360-3/sbref5
http://refhub.elsevier.com/S1386-9477(13)00360-3/sbref5
http://refhub.elsevier.com/S1386-9477(13)00360-3/sbref6
http://refhub.elsevier.com/S1386-9477(13)00360-3/sbref6
http://refhub.elsevier.com/S1386-9477(13)00360-3/sbref7
http://refhub.elsevier.com/S1386-9477(13)00360-3/sbref7
http://refhub.elsevier.com/S1386-9477(13)00360-3/sbref8
http://refhub.elsevier.com/S1386-9477(13)00360-3/sbref9
http://refhub.elsevier.com/S1386-9477(13)00360-3/sbref10
http://refhub.elsevier.com/S1386-9477(13)00360-3/sbref11
http://refhub.elsevier.com/S1386-9477(13)00360-3/sbref12
http://refhub.elsevier.com/S1386-9477(13)00360-3/sbref13
http://refhub.elsevier.com/S1386-9477(13)00360-3/sbref14
http://refhub.elsevier.com/S1386-9477(13)00360-3/sbref14
http://refhub.elsevier.com/S1386-9477(13)00360-3/sbref15
http://refhub.elsevier.com/S1386-9477(13)00360-3/sbref16
http://refhub.elsevier.com/S1386-9477(13)00360-3/sbref16
http://refhub.elsevier.com/S1386-9477(13)00360-3/sbref17
http://refhub.elsevier.com/S1386-9477(13)00360-3/sbref17
http://refhub.elsevier.com/S1386-9477(13)00360-3/sbref18
http://refhub.elsevier.com/S1386-9477(13)00360-3/sbref20
http://refhub.elsevier.com/S1386-9477(13)00360-3/sbref21
http://refhub.elsevier.com/S1386-9477(13)00360-3/sbref22
http://refhub.elsevier.com/S1386-9477(13)00360-3/sbref23
http://refhub.elsevier.com/S1386-9477(13)00360-3/sbref24
http://refhub.elsevier.com/S1386-9477(13)00360-3/sbref24
http://refhub.elsevier.com/S1386-9477(13)00360-3/sbref25
http://refhub.elsevier.com/S1386-9477(13)00360-3/sbref26
http://refhub.elsevier.com/S1386-9477(13)00360-3/sbref27
http://refhub.elsevier.com/S1386-9477(13)00360-3/sbref27
http://refhub.elsevier.com/S1386-9477(13)00360-3/sbref28
http://refhub.elsevier.com/S1386-9477(13)00360-3/sbref29
http://refhub.elsevier.com/S1386-9477(13)00360-3/sbref30

	Frequency domain analysis of nonlocal rods embedded in an elastic medium
	Introduction
	Nonlocal rod embedded in an elastic medium
	Finite element approach for damped rods embedded in an elastic medium
	Axial vibration of a SWCNT embedded in an elastic medium
	Dynamic characteristics
	Dynamic finite element versus nonlocal finite element analysis

	Conclusions
	Acknowledgments
	References




