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Surface Effects on the Electrostatic Potential
Generated in a Bent Gallium Nitride Nanowire

Jin Zhang, Chengyuan Wang, and Sondipon Adhikari

Abstract—The aim of this paper is to conduct the first study of
the surface effects on the voltage output of bent gallium nitride
(GaN) nanowires (NWs), which are promising for nanogenerators.
To reach this goal, a 3-D composite beam model was developed and
the corresponding theoretical framework was established for the
structural responses of piezoelectric NWs. In this study molecular
dynamics simulations (MDS) were first carried out to determine
the exact material properties for several small NW samples. The
MDS-derived size-dependence of parameters provide fitting points
for the 3-D composite beam with a core-shell geometry. With the aid
of the finite element techniques the equivalent material properties
obtained from above fitting procedure enable the use of the core-
shell model for larger structures where MDS were not feasible.
The obtained results showed that the influence of the surface layer
greatly modifies the potential distribution on the cross section and
raises the voltage output of bent GaN NWs by up to 120%. In
particular, the contribution from the surface piezoelectricity to the
surface effect is found to be predominant over that of the surface
elasticity and surface stresses.

Index Terms—Electrostatic potential, finite element analysis,
gallium nitride (GaN) nanowire (NW), molecular dynamics, sur-
face effect.

I. INTRODUCTION

S EMICONDUCTING nanomaterials are promising for
the building blocks of nanoelectronics and nanodevices.

Among them, zinc oxide (ZnO) and gallium nitride (GaN)
demonstrate piezoelectric effects due to their wurtzite molecu-
lar structures. The unique synergy of semiconducting and piezo-
electric properties makes them good candidates for constructing
the newly promoted nanopiezoelectronics [1]–[3]. In particular,
piezoelectric nanowire (NW)-based nanogenerators are consid-
ered as a breakthrough in developing nanoenergy harvesting de-
vices and wireless (self-powered) nanomachines. In such nano-
generators, the voltage output originates from the transverse
potential difference created on the cross section of the NWs due
to the bending deformation along axial direction. It is thus of
great interest to develop a mechanics model that accounts for
the work mechanisms of the nanogenerators and enables one to
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achieve an accurate measurement of the voltage output and the
potential distribution on their cross sections.

In earlier studies, the classical continuum mechanics and
electromechanics theories were directly used as cost-effective
methods for measuring these quantities analytically and/or nu-
merically [1], [4]–[7]. When using the piezoelectric proper-
ties measured for GaN NW, Minary-Jolandan et al. [8] found
that the maximum voltage obtained for bent GaN NWs were
several times of those calculated based on the bulk piezoelec-
tric properties. The stronger electromechanical response at the
nanoscale was attributed to the enhanced effect of the surface
layers of the NWs, which finally leads to the size-dependent
material properties and thus challenges the classical continuum
theories. For elastic nanomaterials, such a surface effect was
explained in terms of the surface residual stress and surface
elasticity [9]–[12], while for piezoelectric nanomaterials the
surface piezoelectricity was also considered [13]–[19]. To qual-
itatively evaluate the surface effect the core-surface model (sur-
face thickness h = 0) [9]–[19] and the core-shell (CS) model
(surface thickness h �= 0) [20]–[22] have been proposed for the
nanostructures of different configurations, e.g., NWs [14], [15]
and nanofilms [16], [17].

In this paper, we aim to examine the surface effect on the
voltage output of GaN NW-based nanogenerators by consider-
ing the surface elasticity and surface piezoelectricity of the NWs.
To this end, a 3-D composite beam model was developed where
the piezoelectric NWs are considered as a 3-D composite beam
comprising an inner solid beam and an outer hollow beam. The
elastic and piezoelectric properties were then measured for the
two components based on the molecular dynamics simulations
(MDS) and the existing CS model. Finally, the finite element
method (FEM) was utilized to calculate the bending deflection,
the potential distribution and the voltage output of a bent GaN
NW based on the obtained model and material properties.

II. METHODOLOGY

In this section, we will introduce the analysis methods for
electrostatic potential generated in a bent GaN NW. First, the
equivalent material properties of the surface layer and the core
section of the NWs were measured by fitting an existing CS
model to the MDS performed here. The obtained data were then
inserted into a 3-D composite beam model developed in this
study, which enables one to calculate the electrostatic potential
generated in a bent GaN NW. The calculation was implemented
by using the FEM. Here, it is noted that the cross sections of
synthesized GaN NWs could be of different shapes, such as,
square (or rectangle), triangle, hexagon, and circle [23], [24].
The shape variation, however, cannot affect the physics of the
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electromechanical responses studied and will not qualitatively
change the surface effect on the potential output generated on the
NWs. Thus, to simplify our analysis without losing generosity,
in this study we considered square GaN NWs with the growth
direction along c-axis [0001].

A. Evaluation of the Surface Material Properties and
Thickness

In this study, MDS was employed to calculate the equiv-
alent elastic and piezoelectric properties of GaN NWs. In the
MDS, the interactions between Ga-Ga, N-N, and Ga-N were de-
scribed by the Stillinger–Weber (SW) potential [25], which was
employed to evaluate the elastic properties of hexagonal GaN
NWs in [26] and [27]. The NVT ensemble (constant number
of particles, volume, and temperature) was employed to update
the positions and velocities of the atoms after each time step
by using the Nosé–Hoover temperature thermostat [28]. At the
beginning of all simulations, the equilibrium of the initialized
structure was achieved corresponding to the lowest energy of
the NWs. Here all MDS were conducted using the large-scale
atomic/molecular massively parallel simulator [29] without the
periodic boundary conditions.

To measure the equivalent Young’s modulus of the NWs the
MDS was performed at room temperature (T = 300 K), where
one end of the NWs was fixed while the other end was pulled
along the axial direction with the maximum strain ε = 0.01.
In this process, the σ (tensile stress)—ε (axial strain) curve
was recorded, where the slope gives the equivalent Young’s
modulus E. In the study of the piezoelectric effect on GaN
NWs, one noted that for the c-axis NWs, the voltage on their
cross sections due to bending is primarily a result of the piezo-
electric effect in the axial direction [1], [8], [30], which is char-
acterized by the piezoelectric constant e33 . Thus, in this study,
we measured e33 based on MDS. For the details of the MDS
readers may refer to our recent paper [19].

The CS model was used to account for the size-dependent
material properties of NWs in terms of their surface mate-
rial properties and the surface thickness. In the CS model,
a square cross-sectional NW with the cross-section size b is
treated as a composite beam comprising a surface layer with
thickness h, Young’s modulus Es and piezoelectric property es

33 ,
and an inner section of Young’s modulus Eb and piezoelectric
property eb

33 . The elementary mechanics theory of composite
materials gives (see Appendix A)

E = Eb + 4
(Es − Eb) h

b

(
1 − h

b

)
(1)

e33 = eb
33 + 4

(
es

33 − eb
33

)
h

b

(
1 − h

b

)
. (2)

Fitting (1) and (2), respectively, to the equivalent E and e33
obtained in the MDS yields the values of Eb,Es, e

b
33 , e

s
33 and

the effective thickness h. Here it should be pointed out that, in
(1) and (2) the four lateral surfaces of square GaN NWs are
considered. Among them, the perpendicular surfaces are in the
different crystal planes and thus may have different material
properties. However, in (1) and (2), the material properties are

Fig. 1. Sketch of a piezoelectric nanogenerator. The NW is pushed toward
the positive direction of the y-axis by a lateral force acting on its free end. The
bending results in a potential distribution in the NW almost independent of the
z-coordinate (c-axis).

assumed to be isotropic for the surfaces of the GaN NWs. As
will be shown later, such a simplified model can still give a
reliable description to the overall mechanical and piezoelectric
responses of NWs.

B. Three-Dimensional Composite Beam Model for
Piezoelectric NWs

The configuration of a piezoelectric nanogenerator is illus-
trated in Fig. 1, where a GaN piezoelectric NW is attached to
a substrate at one end and scanned over at the other (free) end
by the tip of an atomic force microscope (AFM). The lateral
force applied on the free end gives rise to the mechanical de-
flection and piezoelectric polarization of the NW. Based on the
theory of piezoelectricity, negative potential is generated on the
compressed side of the bent NW while positive one is induced
on the stretched side (see Fig. 1). Thus, the electrical potential
varies substantially across the cross section of the bent NW.
In this paper, our objective was to calculate the potential dis-
tribution on the cross section of bent GaN NWs. To account
for the effect of the surface layer we considered the NWs as
3-D composite beams comprising an inner solid beam and an
outer hollow beam. The theoretical framework for such a 3-D
composite beam model is detailed as follows.

First, the inner solid beam is made of bulk material and its
constitutive equations read

σb
ij = cb

ijklε
b
kl − eb

ijkEk (i, j, k, l = 1, 2, 3) (3)

Db
i = eb

kliε
b
kl + kb

ikEk (4)

where σb
ij and εb

kl are the bulk stress and strain tensor, respec-
tively. Db

i and Ek are the bulk electric displacement and the
electric field. cb

ijkl , e
b
ijk , and kb

ik are the bulk elastic coeffi-
cient, piezoelectric coefficient, and dielectric constant, respec-
tively. The extended matrix forms of cb

ijkl , e
b
ijk , kb

ik are shown in
Appendix B. Also as shown in Appendix B, the nonzero ele-
ments of cb

ijkl are the functions of Young’s modulus Eb (1) and
Poisson ratio v, and the only elements of eb

ijk required in this
study is eb

33 . Here stress σb
ij , strain εb

kl and electric displace-
ment Db

i of the inner section have to satisfy the equilibrium
equations (5), the compatibility equation (6), and the Gauss
equation (7) shown as follows [4]:

σb
ij,j = 0 (5)

εb
il,jk + εb

jk,il − εb
ik,j l − εb

j l,ik = 0 (6)

Db
i,i = 0 (7)
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where a comma represents differentiation with respect to the
coordinate.

Second, for the outer hollow beam made of the surface mate-
rial, the constitutive equations become [13]

σs
ij = σ0

ij + cs
ijklε

s
kl − es

ijkEk (8)

Ds
i = D0

i + es
kliε

s
kl + ks

ikEk . (9)

Here the notations of (3) and (4) are used for the same quan-
tity but subscript b in (3) and (4) are replaced by s to represent
the surface layers (or shell component). In addition, σ0

ij is the
residual surface stress and initial D0

i is the surface electric dis-
placement due to σ0

ij . Again σs
ij , ε

s
kl , and Ds

i in (8) and (9) must
satisfy the corresponding equilibrium equations, compatibility
equations, and Gauss equation, respectively. For the surface lay-
ers, those equations as well as the extended forms of material
constants can be obtained from their counterparts of the core
section by replacing the superscript b with s. Thus, similar to
the inner section, the nonzero elements of cs

ijkl can be calculated
based on Young’s modulus Es (1) and Poisson ratio (assumed
to be the same as that of the core section), and the only element
of es

ijk required for the calculation is es
33 . Here, it should be

noted that while (Es, e
s
33) and (Eb, e

b
33) are different for the

two components of the NWs and determined in Section II-A
by fitting (1) and (2) to the MDS, the Poisson ratio of the two
parts are assumed to be the same as the bulk value that can
be obtained in the literature. In addition, an experiment [31]
showed that the dielectric constant of piezoelectric NWs was
also size-dependent but the surface dielectric constant of GaN
NWs is still absent in the literature. Thus, following previous
studies [32] we assumed ks

ik = kb
ik (bulk value) in this paper.

Further, σ0
ij in (8) was neglected for the following reasons.

1) The charges or the surface electric displacement D0
i generated

by σ0
ij will be released once the AFM tip touches the NW and

cannot be reproduced. 2) The equilibrium of an NW requires
that, initially the core section is subjected to a compressive
stress to balance the surface tension σ0

ij . It is shown that such a
distributed residual stress on the cross section has no influence
on the transverse deflection of the NW [12], [33] and accord-
ingly, their strains due to the deflection [1].

Moreover, in the 3-D composite beam model, the continuity
conditions are applied to the interface between the inner solid
beam and outer hollow beam, which requires that the strain and
the electric field of the two components are exactly the same
on their interface. Based on (4)–(7) of the inner beam, their
counterparts of the outer beam and the continuity condition on
the interface one is able to solve the problems to obtain the
electric potential on the cross section of the bent GaN NWs. In
this study, all calculations were carried out based on the FEM
and implemented via ANSYS, a widely used FEM software.

III. RESULTS AND DISCUSSION

Following the methods demonstrated in Section II, we have
calculated the material properties and thickness of the surface
layer and subsequently computed the potential distribution in
the bent GaN NWs.

Fig. 2. Equivalent Young’s modulus and the piezoelectric constant e33 of GaN
NWs as a function of the cross section size b. The results are obtained based on
MDS and the CS model. The inset shows the CS model where h is the thickness
of the surface layer.

TABLE I
ELASTIC AND PIEZOELECTRIC PROPERTIES, AND THE SURFACE THICKNESS OF

THE GAN NWS PREDICTED BASED ON THE CS MODEL AND THE PRESENT

MDS (YOUNG’S MODULUS (Ē) AND PIEZOELECTRIC PROPERTY (ē33 ) OF THE

BULK GAN [36, 37] ARE ALSO LISTED HERE)

A. Material Properties and Thickness of the Surface Layer

First, we measured the equivalent Young’s modulus E and
piezoelectric constant e33 of the NWs based on MDS and then
extracted the equivalent material properties and effective thick-
ness of the surface layer by fitting the CS model to MDS. The
equivalent Young’s modulus and piezoelectric constants e33 are
shown in Fig. 2 for a group of GaN NWs whose length L is fixed
at 15 nm and the size b of the square cross section varies from 1
to 5 nm. It is seen from Fig. 2 that the equivalent Young’s mod-
ulus E decreases as the cross-sectional size b decreases. This
tendency is found to be consistent with those obtained in pre-
vious experiment [34] and atomistic simulations [27] for GaN
NWs. The dependence of e33 on b was also plotted in Fig. 2
where e33 increases with the decreasing b. Similar observation
was reported in the first-principle calculations [35] and the ex-
periment [8]. The results obtained from the curve fitting in Fig. 2
are summarized in Table I in comparison with the existing bulk
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values [36], [37]. The table shows that the equivalent elastic
and piezoelectric properties obtained for the inner section of
the NWs are very close to the corresponding bulk values re-
ported in existing simulations, whereas those of surface layers
are substantially different. These results indicate that the struc-
tural changes on the surface layer are significant and lead to
the elastic and piezoelectric properties differing from the bulk
values.

B. Surface Effects on the Deflection, Voltage Output, and
Potential Distribution

In this section, the potential output for a bent ZnO NW con-
sidered previously in [4] and [6] was first tested to validate our
present method and model. In the calculation the material prop-
erties and the geometric size are the same as those in [4] and [6].
Specifically, for the sake of comparison, the effect of the sur-
face layer was completed excluded in this particular case and
the calculations were done based on the classical mechanics and
electromechanics theories, i.e., (3) to (7), used in [4] and [6].
The voltage output V given by our FEM analysis is 0.3 V, which
is found to be in perfect agreement with 0.3 V reported in [6]
and very close to 0.28 V obtained in [4].

Subsequently, we carried out the analyses based on the present
3-D composite beam model (accounting for the surface effects)
for GaN NWs bent by a lateral force The length of the NWs
is fixed at L = 120 nm but the size b of their square cross-
sections ranges from 8 to 20 nm. In all examples, the lateral
force was set as 20 nN. Here our goal is to examine the surface
effects on the mechanical and electrical responses of the bent
GaN NWs. Thus, for the sake of comparison the classical theory
based on (3) to (7) only was also used to get the results for the
NWs without the surface effect. Most of the material properties
and the effective thickness of the surface layer required for the
calculation were obtained in Table I. In addition, ν = 0.183 [38],
ks

11 = kb
11 = 10.4, and ks

33 = kb
33 = 9.7 [39] were used for both

parts of the NWs.
Under the same lateral force Fig. 3(a) shows the deflection

f of the NWs as a function of the cross-sectional size b. It is
observed that f decreases with increasing b as the structural
stiffness of the NWs becomes greater in this process. In partic-
ular, the deflection f obtained by considering surface effects is
larger than the one calculated without considering surface ef-
fects. This observation can be attributed to the softening effect
of the surface layer on the elastic modulus of NWs, i.e., the
effect of the surface elasticity (see Fig. 2). To further examine
the influence of the surface effects on f we have plotted the
deflection ratio α in Fig. 3(a), which is defined as the deflection
with surface effects normalized by the deflection without sur-
face effects. It is seen that the surface effects on f decrease as
the cross-sectional size increases. For example, at b = 8 nm α
is 1.14, i.e., f is raised by 14% due to the surface effect but it
decreases to around 1.07 at b = 20 nm, i.e., f is raised only by
7% due to the surface effect. From these results it follows that
the surface effects on the deflection of the bent GaN NWs is
significant but it fades away rapidly with rising b.

Fig. 3. (a) Transverse deflection f and the deflection ratio α of the GaN NW
as a function of the cross-section size b. (b) Voltage output V and the voltage
ratio β of the NW as a function of b.

In Fig. 3(b), the voltage output V was computed for the GaN
NWs against the cross-sectional size b. It is seen from the fig-
ure that V decreases as b grows and V with surface effects is
larger than the one without surface effects. To qualitatively mea-
sure the surface effect on V we have defined the voltage (with
surface effects)-to-voltage (without surface effects) ratio β.
Such a voltage ratio was then calculated in Fig. 3(b) where
cross-sectional size b decreases from 20 to 8 nm. In this pro-
cess, it is found that β is raised from 1.5 to more than 2.2,
which correspond to V increases from 50% to more than 120%.
Based on these results we come to the conclusions that the
surface effect is substantial on the voltage output and thus has
to be taken into consideration in the design of nanogenerators.
In other words, the classical theory greatly underestimates the
voltage output of bent NWs and accordingly, the performance
of the nanogenerators. Moreover, comparing the 50% to 120%
voltage increase with the 7% to 14% deflection increase (due to
the surface elasticity only), one can come to the conclusion (also
will be shown in Section III-C) that the surface piezoelectricity
plays a predominant role over the surface elasticity in determin-
ing the voltage output of the NWs. Such a size-hardening effect
on V was also observed in an experimental study [8], but the
size-hardening effect obtained is much greater than the effect
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Fig. 4. Cross-sectional potential distribution of bent GaN NWs. (a) b = 8 nm
without surface effects. (b) b = 8 nm with surface effects. (c) b = 20 nm with
surface effects.

given by the present mechanics model. For example β observed
in [8] was up to 3 for NWs with thickness in 65 to 160 nm, while
in this study, β is expected to be smaller than 1.5 for NWs of the
same size. Indeed, further studies are required to examine this
issue and provide a theoretical explanation for the quantitative
disagreement.

In addition, the surface effects on the cross-sectional potential
distribution in a bent GaN NW was further studied in Fig. 4. The
results are shown in Fig. 4(a) for the NW without considering
surface effects, and Fig. 4(b) and (c) for the NW with surface
effects and b = 8 nm and 20 nm, respectively. It is observed
in Fig. 4(a) that when the surface effects are neglected the po-
tential distributes uniformly along the x-axis, i.e., the electrical
potential on the cross section varies with the y-coordinate along
which bending occurs but is independent of x-coordinate (see
Figs. 1 and 4). On the other hand, when the surface effects are
considered [see Fig. 4(b) and (c)] the potential changes not only
in the y-axis direction but also varies gradually along the x-axis
at the top and bottom of the cross section. Comparison between
Fig. 4(c) and (b) shows that as the cross-sectional size b of the
NW increases from 8 to 20 nm the influence of the surface layer
becomes less pronounced on the potential distribution along the
x-axis.

C. Physical Mechanisms of the Surface Effect

In principle, the surface effect is the resultant effect of the sur-
face elasticity and surface piezoelectricity. To achieve better un-
derstanding of the surface effects observed in Section III-B, we
shall estimate the contributions of these two individual factors to
the resultant surface effects. To this end the voltage ratio β was
calculated with 1) cs

ijkl = cb
ijkl , e

s
ijk �= eb

ijk to measure the effect
of surface piezoelectricity, 2) cs

ijkl �= cb
ijkl , e

s
ijk = eb

ijk to mea-
sure the effect of surface elasticity, and 3) cs

ijkl �= cb
ijkl , e

s
ijk �=

eb
ijk to quantify the resultant effect of both factors. The results

are plotted in Fig. 5 for the NWs of different cross-sectional
size b. It is seen from Fig. 5 that both surface elasticity and
surface piezoelectricity enhance the voltage output V and the
effects turn out to be more significant for the NWs with smaller
cross-sectional size b. Furthermore, it is also noted in the figure
that the influence of the surface piezoelectricity is much stronger
than that of the surface elasticity. For example, at b = 20 nm the
surface elasticity only raise V by 6%, while the surface piezo-
electricity increases it by 43% that is seven times as much as
the increase due to the surface elasticity. Similar result can also
be observed in Fig. 5 for the NWs of b = 8 nm.

Fig. 5. Voltage ratio β calculated for the NWs of different cross-section size b.
Here rectangles represent the results obtained without considering surface piezo-
electricity, circles denote the results where only the surface piezoelectricity is
considered and triangles give the data where both the surface piezoelectricity
and surface elasticity are considered.

Fig. 6. Cross-sectional potential distribution calculated for a bent GaN NW
of b = 8 nm by considering (a) the surface piezoelectricity and (b) the surface
elasticity, respectively.

Next let us examine the effect of surface elasticity and sur-
face piezoelectricity on the potential distribution in the bent
GaN NW individually. In doing this, we calculated the po-
tential distribution in the bent GaN NWs by considering case
1) cs

ijkl = cb
ijkl , e

s
ijk �= eb

ijk and 2) cs
ijkl �= cb

ijkl , e
s
ijk = eb

ijk in
Fig. 6(a) and (b), respectively. Here b = 8 nm was considered
for the NWs. We can see from Fig. 6 that, in case (1) where
only the surface elasticity is considered, the potential distribute
uniformly along the x-axis, which is the nearly same as that of
the NW without surface effects [see Fig. 4(a)]. On the contrary,
in case (2) where only surface piezoelectricity is involved the
potential distribution is found to vary significantly along the x-
axis. The potential distribution is very similar to that of the NW
where both surface elasticity and piezoelectricity were taken
into consideration [see Fig. 4(b)]. These results show clear ev-
idence that the potential distribution is affected predominantly
by the surface piezoelectricity. Form these results it follows that
the surface layer would raise the voltage output and change
the potential distribution of the GaN NW-based nanogenerators
primarily via the influence of the surface piezoelectricity.
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IV. CONCLUSION

The surface effects have been examined for mechanical and
piezoelectric responses of bent GaN NWs, including the trans-
verse deflection, voltage output, and the potential distribution.
The study was carried out based on a 3-D composite beam com-
prising an inner solid beam and an outer hollow beam imple-
mented by using FEM. It is essential to determine the equivalent
material properties of the different sections and the thickness of
the outer section for NWs modeled as 3-D composite beam. To
this end MDS were first carried out to measure the overall mate-
rial properties for NW samples with different thickness. The 3-D
composite beam model will then be fitted to these MDS-derived
parameters to extract the values of required material properties
and the outer layer thickness. The major conclusions drawn in
this study are summarized as follows.

1) The equivalent Young’s modulus of the GaN NWs de-
creases with decreasing cross-sectional size and is lower
than its bulk counterpart. Differently, the piezoelectric
constant rises with decreasing cross-sectional size and is
greater than the bulk value.

2) When the same lateral force is concerned, the surface
effects enhance the voltage output and the transverse de-
flection of the bent GaN NWs. The potential distribution
of the NWs can also be altered significantly due to the sur-
face effect. In particular, for the NWs considered here the
surface effects raise the voltage output by 50% to 120%
which is six to eight times of 7% to 14% increase in the
transverse deflection.

3) The surface effects on the voltage output and the potential
distribution mainly originate from the effect of the sur-
face piezoelectricity. The effect of the surface elasticity
is significant but much smaller than that of the surface
piezoelectricity.

These conclusions suggest that the surface effect ignored in
the previous calculations has to be considered in the design of
the nanogenerators. Specifically, it is clearly seen that as a result
of the surface effect the finer piezoelectric NWs can generate
much greater voltage output than the coarse ones. These results
are expected to provide an important guideline for the design
and applications of the nanogenerators. On the other hand, the
effect of the surface dielectricity was completely neglected in
this analysis due to lack of experimental and simulation data.
Such an effect, however, could be significant and thus deserves
further study in the near future.

APPENDIX

I. EFFECTIVE ELASTIC AND PIEZOELECTRIC CONSTANTS

OF NWS

For an NW under tension ε we can obtain

EAε = EbAinε + EsAsε (A1)

where A,Ain , and As , respectively, are the cross-section area
of the whole NW, the inner section and the surface; and E,Eb ,

and Es are, respectively, Young’s modulus of the whole NW,
the inner section and the surface.

For a square cross section with thickness b and surface thick-
ness h it is written as

Eb2 = Eb(b − 2h)2 + Es [b2 − (b − 2h)2 ] (A2)

which leads to the effective Young’s modulus under tension as

E = Eb + 4(Es − Eb)

[
h

b
−

(
h

b

)2
]

. (A3)

When an NW under an axial electric field E3 from the com-
posite beam theory we yield

e33AE3 = eb
33AinE3 + es

33AsE3 (A4)

where e33 , e
b
33 , and es

33 are, respectively, the piezoelectric con-
stants of the whole NW, the inner section and the surface.

For an NW with a square cross section the effective piezo-
electric constant is

e33 = eb
33 + 4(es

33 − eb
33)

[
h

b
−

(
h

b

)2
]

. (A5)

II. EXTENDED MATRIX FORMS OF cb
ijkl , e

b
ijk , kb

ik

It should be noted that the subscripts in the material con-
stants as shown in (3) and (4) can be relabeled in the contracted
notation due to the symmetry of stress and strain tensors follow-
ing 11 → 1; 22 → 2; 33 → 3; 23 → 4; 13 → 5; 12 → 6. Thus
elastic coefficient, especially for isotropic materials can be ex-
pressed as

cb
pq =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

cb
11 cb

12 cb
13 0 0 0

cb
21 cb

22 cb
23 0 0 0

cb
31 cb

32 cb
33 0 0 0

0 0 0 cb
44 0 0

0 0 0 0 cb
55 0

0 0 0 0 0 cb
66

⎞
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= Eb

2(1−ν 2 )

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

2 2ν 2ν 0 0 0
2ν 2 2ν 0 0 0
2ν 2ν 2 0 0 0
0 0 0 1 − ν 0 0
0 0 0 0 1 − ν 0
0 0 0 0 0 1 − ν

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

(A6)

where p, q = 1, 2, . . . , 6.
The piezoelectric coefficient and the dielectric constant can

be expressed as

eb
kp =

⎛
⎜⎝

0 0 0 0 eb
15 0

0 0 0 eb
15 0 0

eb
31 eb

32 eb
33 0 0 0

⎞
⎟⎠ (A7)

kb
ik =

⎛
⎜⎝

kb
11 0 0
0 kb

11 0
0 0 kb

33

⎞
⎟⎠ . (A8)
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