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This paper presents the Kriging model approach for stochastic free vibration analysis of composite
shallow doubly curved shells. The finite element formulation is carried out considering rotary inertia
and transverse shear deformation based on Mindlin’s theory. The stochastic natural frequencies are
expressed in terms of Kriging surrogate models. The influence of random variation of different input
parameters on the output natural frequencies is addressed. The sampling size and computational cost
is reduced by employing the present method compared to direct Monte Carlo simulation. The
convergence studies and error analysis are carried out to ensure the accuracy of present approach. The
stochastic mode shapes and frequency response function are also depicted for a typical laminate config-
uration. Statistical analysis is presented to illustrate the results using Kriging model and its performance.
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1. Introduction

Composite materials are extensively employed in aerospace,
marine, automotive, construction and many other industries due to
its high specific stiffness and strength along with weight sensitivity
and cost-effectiveness. Laminated composite materials are generally
fabricated from unidirectional plies of given shape, geometry and
material properties. Due to the inherent complexity, laminated com-
posite shell is difficult to manufacture accurately according to its
exact design specifications, resulting in undesirable uncertainties
which in turn affect the vibration characteristics of components. It
involves many sources of uncertainty associated with material prop-
erties variation and boundary conditions variability. In general, the
fibre and matrix are fabricated with three basic steps namely tape,
layup and curing. The properties of constituent material vary
statistically due to lack of precision and accuracy to maintain the
exact properties in each layer of the laminate. The misalignment of
ply-orientation, intra-laminate voids, incomplete curing of resin,
excess resin between plies, excess matrix voids and porosity
resulting from machine, human and process inaccuracy are the
common mode of uncertainties incurred during manufacturing
process. Moreover the defects caused due to such variability can
compromise the performance of composite components, which in
turn lead to the use of more conservative designs that do not fully
exploit the performance and environmental opportunities offered
by composites. As a result, the free vibration responses of such lam-
inated composite shells show the fluctuation from its mean value. In
general, additional factor of safety is considered by the designer to
account for such unpredictable frequency responses which may lead
to result in either an unsafe or an ultraconservative design. Thus the
structural stability is subjected to considerable element of risk. Such
risk is involved as the variability in the estimated output (say natural
frequency) resulting from the uncertainties in the values of random
input material properties and fibre parameters in each layer of
laminated composites. Uncertainties from a single input parameter
may propagate and influence to another input parameters and the
final system output may have a significant cascading effect due to
accumulation of risk. This variability can result in significant
deviations from the expected output. Therefore, it is essential to esti-
mate the variability in natural frequencies together with the
expected performance characteristic value (say mean deterministic
natural frequency) to ensure the operational safety. Even though
assessment of natural frequency of composite structures has gained
wide spectrum of attention and applications, the treatment of
uncertainties to quantify and analyse the same for composite
shallow doubly curved shells has received little attention. Hence
the present study is aimed to quantify the variability in first three
natural frequencies of laminated composite shallow doubly curved
shells using Kriging model approach.

The general broad categories of uncertainties are aleatoric (due
to variability in the system parameters), epistemic (due to lack of
knowledge of the system) and prejudicial (due to absence of
variability characterization), respectively. In general, Monte Carlo
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simulation (MCS) technique is employed to generate the output
parameter (say natural frequency) considering large sample size.
Although the uncertainty in material and geometric properties
can be computed by the original MCS method, it is inefficient
and incurs high computational cost. To mitigate this lacuna, pres-
ent analysis employed the Kriging technique to map the uncertain-
ties efficiently. Its purpose is to estimate response quantities (say
natural frequency) based on randomness considered in input
parameters (ply orientation angle, elastic modulus, mass density,
shear modulus and Poisson’s ratio). The present approach is based
on constructing surrogate model. Those surrogate models repre-
sent an estimate for the relation between the input parameters
of the finite element model and response quantities of interest.
The pioneering specific model and related algorithm is developed
by using mathematical and statistical methods to obtain Kriging
[1–3] solutions. Of late, the basis of design and analysis of experi-
ments are also investigated [4,5]. Kriging model is found to be
employed in geostatistics and optimization [2,6–9]. A Kriging
based approach is studied for locating a sampling site in the assess-
ment of air quality [10] while the correct Kriging variance is esti-
mated by bootstrapping [11]. Further studies also extended for
estimating recoverable reserves by ordinary multi-gaussian Kri-
ging [12] and as probabilistic models in design [13]. Later on, the
uncertainty quantification of dynamic adaptive sampling is studied
based on Kriging surrogate models [14]. From the open literature,
it is found that the Kriging criterion provides a rational means
for creating experimental designs for surrogate modelling. Such
modelling for uncertainty quantification in natural frequency of
laminated composites using Kriging approach has not yet encoun-
tered. However, the dynamic stability of uncertain laminated
beams subjected to subtangential loads is studied by Goyal and
Kapania [15] and subsequently numerous studies are carried out
on free vibration of laminated composites [16–20]. Fang and
Springer [21] studied on the design of composite laminates by a
Monte Carlo method and several investigations are made on dou-
bly curved shells [22–24]. Talha and Singh [25] investigated on
buckling statistics of functionally graded plates with uncertain
material properties in thermal environments while Hu and Peng
[26] studied on maximization of fundamental frequency of axially
compressed laminated curved panels with cutouts. The probabilis-
tic approach is employed for design of composite wings including
uncertainties [27] and a stochastic model is developed to predict
the strength and crack path of composites [28]. The comprehensive
review on reliability of composites [29], the probabilistic progres-
sive failure model [30] and the static and dynamic analyses of lam-
inated doubly-curved and degenerate shells and panel [31] are also
investigated. In contrast, the probabilistic approaches for represen-
tation of interval uncertainty [32] and boundary discontinuous
Fourier solution for plates and doubly curved panels using a higher
order theory [33] are studied while stochastic analysis of compos-
ites is also investigated [34,35]. The response surface methods are
employed addressing the parameters uncertainty for composite
[36] and fuzzy parametric uncertainty [37] while the effect of ply
level material uncertainty is investigated on composite elastic cou-
plings in laminated plates [38].

To the best of the authors’ knowledge, there is no literature
available which deals with composite structural dynamics using
Kriging model for uncertainty quantification of shallow doubly
curved shells. To fill up this apparent void, the present analyses
employed the finite-element approach to study the stochastic free
vibration characteristics of graphite–epoxy composite cantilever
shallow doubly curved shells by using Kriging surrogate model.
In present analysis, selective representative samples are drawn
using Latin hypercube sampling algorithm over the entire domain
ensuring good prediction capability of the constructed surrogate
model. The Kriging algorithm is developed to quantify uncertain-
ties in natural frequencies of cantilever composite shallow doubly
curved shells and its efficacy is compared with direct Monte Carlo
simulation (MCS) technique. An eight noded isoparametric qua-
dratic element with five degrees of freedom at each node is consid-
ered in finite element formulation. The number of sample runs
required to generate the stochastic free vibration responses is cat-
astrophically reduced by using the present approach.

2. Governing equations

In present study, a composite cantilever shallow doubly curved
shells with uniform thickness ‘t’ and principal radii of curvature Rx

and Ry along x- and y-direction respectively is considered as
furnished in Fig. 1. Based on the first-order shear deformation
theory, the displacement field of the shells may be described as

uðx; y; zÞ ¼ u0ðx; yÞ � zhxðx; yÞ
vðx; y; zÞ ¼ v0ðx;yÞ � zhyðx; yÞ
wðx;y; zÞ ¼ w0ðx; yÞ ¼ wðx;yÞ

ð1Þ

where u0, v0, and w0 are displacements of the reference plane and
hx and hy are rotations of the cross section relative to x and y axes,
respectively. Each of the thin fibre of laminae can be oriented at an
arbitrary angle ‘h’ with reference to the x-axis. The constitutive
equations [39] for the shell are given by

fFg ¼ ½Dð �xÞ�feg ð2Þ

where force resultant {F} = {Nx, Ny, Nxy, Mx, My, Mxy, Qx, Qy}T

fFg ¼
Z h=2

�h=2
frx;ry; sxy;rxz;ryz; sxyz; sxz; syzgdz

" #T

and strain {e} = {ex, ey, exy, kx, ky, kxy, cxz, cyz}T

where ½Dð �xÞ� ¼

A11 A12 A16 B11 B12 B16 0 0
A12 A22 A26 B12 B22 B26 0 0
A16 A26 A66 B16 B26 B66 0 0
B11 B12 B16 D11 D12 D16 0 0
B12 B22 B26 D12 D22 D26 0 0
B16 B26 B66 D16 D26 D66 0 0
0 0 0 0 0 0 S44 S45

0 0 0 0 0 0 S45 S55

2
66666666666664

3
77777777777775
ð3Þ

The elements of elastic stiffness matrix ½Dð �xÞ� can be expressed
as

½Aijð �xÞ; Bijð �xÞ; Dijð �xÞ� ¼
Xn

k¼1

R zk
zk�1
½fQ ijð �xÞgon�k ½1; z; z2�dz

i; j ¼ 1;2;6

½Sijð �xÞ� ¼
Xn

k¼1

R zk
zk�1

as½Qij�kdz i; j ¼ 4;5

ð4Þ

where �x indicates the stochastic representation and as is the shear
correction factor (=5/6) and ½Qij� are elements of the off-axis elastic
constant matrix which is given by

½Q ij�off ¼ ½T1ð �xÞ��1½Qij�on½T1ð �xÞ��T for i; j ¼ 1;2;6

½Q ij�off ¼ ½T2ð �xÞ��1½Qij�on½T2ð �xÞ��T for i; j ¼ 4;5
ð5Þ

½T1ð �xÞ� ¼
m2 n2 2mn

n2 m2 �2mn

�mn mn m2 � n2

2
64

3
75 and ½T2ð �xÞ� ¼

m �n

n m

� �
ð6Þ



Fig. 1. Laminated composite shallow doubly curved shell model.
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in which m ¼ Sinhð �xÞ and n ¼ Coshð �xÞ, wherein hð �xÞ is random
fibre orientation angle.

½Q ijð �xÞ�on ¼
Q 11 Q 12 0
Q 12 Q 12 0
0 0 Q 66

2
64

3
75 for i; j ¼ 1;2;6

½Q ijð �xÞ�on ¼
Q 44 Q 45

Q 45 Q 55

� �
for i; j ¼ 4;5

ð7Þ

where

Q 11 ¼
E1

1� m12m21
Q22 ¼

E2

1� m12m21
and Q 12 ¼

m12E2

1� m12m21

Q 66 ¼ G12 Q 44 ¼ G23 and Q55 ¼ G13

The strain–displacement relations for shallow doubly curved
shells can be expressed as

ex

ey

cxy

cxz

cyz

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;
¼

@u
@x � w

Rx

@v
@y � w

Ry

@u
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@y
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ð8Þ

and feg ¼ ½B�fdeg

fdeg ¼ fu1; v1; w1; hx1; hy1; . . . u8; v8; w8; hx8; hy8gT

where ½B� ¼
X8

i¼1

Ni;x 0 � Ni
Rx

0 0

0 Ni;y � Ni
Ry

0 0

Ni;y Ni;x � 2Ni
Rxy

0 0

0 0 0 Ni;x 0
0 0 0 0 Ni;y

0 0 0 Ni;y Ni;x

0 0 Ni;x Ni 0
0 0 Ni;y 0 Ni

2
6666666666666664

3
7777777777777775

where Rxy is the radius of curvature in xy-plane of shallow doubly
curved shells and kx, ky, kxy, kxz, kyz are curvatures of the shell and
u, v, w are the displacements of the mid-plane along x, y and z axes,
respectively. In case of doubly curved shallow shell elements are
employed to model the middle-surface geometry more accurately.
An eight noded isoparametric quadratic element with five degrees
of freedom at each node (three translations and two rotations) is
considered wherein the shape functions (Ni) are as follows [40]

Ni ¼ ð1þ vviÞð1þ 11iÞðvvi þ 11i � 1Þ=4 ðfor i ¼ 1;2;3;4Þ ð9Þ
Ni ¼ ð1� v2Þð1þ 11iÞ=2 ðfor i ¼ 5;7Þ ð10Þ

Ni ¼ ð1� 12Þð1þ vviÞ=2 ðfor i ¼ 6;8Þ ð11Þ

where 1 and v are the local natural coordinates of the element. The
mass per unit area for doubly curved shell is expressed as

Pð �xÞ ¼
Xn

k¼1

Z zk

zk�1

qð �xÞdz ð12Þ

Mass matrix is expressed as

½Mð �xÞ� ¼
Z

Vol
½N�½Pð �xÞ�½N�dðvolÞ ð13Þ

The stiffness matrix is given by

½Kð �xÞ� ¼
Z 1

�1

Z 1

�1
½Bð �xÞ�T ½Dð �xÞ�½Bð �xÞ�d1dv ð14Þ

The Hamilton’s principle [41] is employed to study the dynamic
nature of the composite structure. The principle used for the
Lagrangian which is defined as

Lf ¼ T � U �W ð15Þ

where T, U and W are total kinetic energy, total strain energy and
total potential of the applied load, respectively. The Hamilton’s
principle applicable to non-conservative system is expressed as,

dH ¼
Z pf

pi

½dT � dU � dW�dp ¼ 0 ð16Þ

Hamilton’s principle applied to dynamic analysis of elastic
bodies states that among all admissible displacements which sat-
isfy the specific boundary conditions, the actual solution makes
the functional S(T + V)dp stationary, where T and W are the kinetic
energy and the work done by conservative and non-conservative
forces, respectively. For free vibration analysis (i.e., dW = 0), the sta-
tionary value is actually a minimum. In case of a dynamic problem
without damping the conservative forces are the elastic forces
developed within a deformed body and the non-conservative forces
are the external force functions. The energy functional for Hamil-
ton’s principle is the Lagrangian (Lf) which includes kinetic energy
(T) in addition to potential strain energy (U) of an elastic body.
The expression for kinetic energy of an element is expressed as

T ¼ 1
2
f _deg

T ½Með �xÞ�f _deg ð17Þ

The potential strain energy for an element of a plate can be
expressed as,

U ¼ U1 þ U2 ¼
1
2
fdegT ½Keð �xÞ�fdeg þ

1
2
fdegT ½Kreð �xÞ�fdeg ð18Þ
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The Langrange’s equation of motion is given by

d
dt

@Lf

@de

� �
� @Lf

@de

� �
¼ fFeg ð19Þ

where {Fe} is the applied external element force vector of an ele-
ment and Lf is the Lagrangian function. Substituting Lf = T � U, and
the corresponding expressions for T and U in Lagrange’s equation,
the dynamic equilibrium equation for each element expressed as
[42]

½Mð �xÞ�f€deg þ ð½Keð �xÞ�Þ þ ½Kreð �xÞ�fdeg ¼ fFeg ð20Þ

After assembling all the element matrices and the force vectors
with respect to the common global coordinates, the equation of
motion of a free vibration system with n degrees of freedom can
expressed as

½Mð �xÞ�½€d� þ ½Kð �xÞ�fdg ¼ fFLg ð21Þ

In the above equation, Mð �xÞ e Rn�n is the mass matrix, [K( �x)] is
the stiffness matrix wherein ½Kð �xÞ� ¼ ½Keð �xÞ� þ ½Kreð �xÞ� in which
Keð �xÞ e Rn�n is the elastic stiffness matrix, Kreð �xÞ e Rn�n is the geo-
metric stiffness matrix (depends on initial stress distribution)
while {d} e Rn is the vector of generalized coordinates and {FL} e
Rn is the force vector. The governing equations are derived based
on Mindlin’s theory incorporating rotary inertia, transverse shear
deformation. For free vibration, the random natural frequencies
½xnð �xÞ� are determined from the standard eigenvalue problem
[40] which is represented below and is solved by the QR iteration
algorithm,

½Að �xÞ�fdg ¼ kð �xÞfdg ð22Þ

where

½Að �xÞ� ¼ ð½Keð �xÞ� þ ½Kreð �xÞ�Þ�1½Mð �xÞ�

kð �xÞ ¼ 1

fxnð �xÞg2 ð23Þ

It can be also shown that the eigenvalues and eigenvectors sat-
isfy the orthogonality relationship that is

xT
l ½Mð �xÞ�xj ¼ klj and xT

l ½Kð �xÞ�xj ¼ x2
j klj where l; j ¼ 1;2 . . . n

ð24Þ

Note that the Kroneker delta functions is given by klj = 1 for l = j
and klj = 0 otherwise. The property of the eigenvectors in (24) is
also known as the mass orthonormality relationship. The solution
of undamped eigenvalue problem is now standard in many finite
element packages. This orthogonality property of the undamped
modes is very powerful as it allows to transform a set of coupled
differential equations to a set of independent equations. For conve-
nience, the matrices are expressed as

Xð �xÞ ¼ diag½x1;x2;x3 . . . xn� 2 Rn�n

and Xð �xÞ ¼ ½x1; x2 . . . xn� 2 Rn�n ð25Þ
Fig. 2. Simulation model.
where the eigenvalues are arranged such that x1 < x2, x2 < x3, . . .

xk < xk+1. The matrix X is known as the undamped modal matrix.
Using these matrix notations, the orthogonality relationships (24)
can be rewritten as

xT
l ½Mð �xÞ�xj ¼ klj and xT

l ½Kð �xÞ�xj ¼ x2
j klj where l; j ¼ 1;2 . . . n

ð26Þ
XT ½Mð �xÞ�X ¼ I and XT ½Kð �xÞ�X ¼ X2 ð27Þ

where I is a (n � n) identity matrix. We use the following coordinate
transformation (as the modal transformation)

dð �xÞðtÞ ¼ XyðtÞ ð28Þ

Using the modal transformation in Eq. (28), pre-multiplying Eq.
(21) by XT and using the orthogonality relationships in (27), equa-
tion of motion of a damped system in the modal coordinates may
be obtained as

€yðtÞ þ XT CX _yðtÞ þX2yðtÞ ¼ ~f ðtÞ ð29Þ

Clearly, unless XT [C] X is a diagonal matrix, no advantage can
be gained by employing modal analysis because the equations of
motion will still be coupled. To solve this problem, it is common
to assume proportional damping. With the proportional damping
assumption, the damping matrix [C] is simultaneously diagonalisa-
ble with [M] and [K]. This implies that the damping matrix in the
modal coordinate

½C0� ¼ XT½C�X ð30Þ

where [C0] is a diagonal matrix. This matrix is also known as the
modal damping matrix. The damping factors fj are defined from
the diagonal elements of modal damping matrix as

C0jj ¼ 2fjxj where j ¼ 1;2; . . . n ð31Þ

Such a damping model, introduced by Lord Rayleigh [43] is
employed to analyse damped systems in the same manner as
undamped systems since the equation of motion in the modal
coordinates can be decoupled as

€yjðtÞ þ 2fjxj _yjðtÞ þx2
j yðtÞ ¼ ~f jðtÞ where j ¼ 1;2; . . . n ð32Þ

The generalized proportional damping model expresses the
damping matrix as a linear combination of the mass and stiffness
matrices, that is

½Cð �xÞ� ¼ a1½Mð �xÞ�fð½M�1ð �xÞ�½Kð �xÞ�Þ ð33Þ

where a1 = 0.005 is constant damping factor.
The transfer function matrix of the system can be obtained as

HðixÞð �xÞ ¼ X½�x2I þ 2ixfXþX2��1
XT

¼
Xn

j¼1

XjX
T
j

�x2 þ 2ixfjxj þx2
j

ð34Þ

Using this, the dynamic response in the frequency domain with
zero initial conditions can be conveniently represented as

�dðixÞð �xÞ ¼ HðixÞ�f ðixÞ ¼
Xn

j¼1

XT
j
�f ðixÞ

�x2 þ 2ixfjxj þx2
j

Xj ð35Þ

Therefore, the dynamic response of proportionally damped
system can be expressed as a linear combination of the undamped
mode shapes.



S. Dey et al. / Composites: Part B 70 (2015) 99–112 103
3. Kriging surrogate model

In general, a surrogate is an approximation of the Input/Output
(I/O) function that is implied by the underlying simulation model.
Surrogate models are fitted to the I/O data produced by the exper-
iment with the simulation model. This simulation model may be
either deterministic or random (stochastic). The Kriging model ini-
tially developed in spatial statistics by Danie Gerhardus Krige and
subsequently extended by Matheron [2] and Cressie [3]. Kriging is
a Gaussian process based modelling method, which is compact and
cost effective for computation. Kriging surrogate models are
employed to fit the data those are obtained for larger experimental
areas than the areas used in low order polynomial regression.
Hence Kriging models are global rather than local wherein such
models are used for prediction. In present study, Kriging model
Fig. 3. Flowchart of stochastic natural fre
[6] for simulation of required output (say natural frequency) is
expressed as,

yðxÞ ¼ y0ðxÞ þ ZðxÞ ð36Þ

where y(x) is the unknown function of interest, x is an m dimen-
sional vector (m design variables), y0(x) is the known approximation
(usually polynomial) function and Z(x) represents is the realization
of a stochastic process with mean zero, variance, and nonzero
covariance. In the model, the local deviation at an unknown point
(x) is expressed using stochastic processes. The sample points are
interpolated with the Gaussian random function as the correlation
function to estimate the trend of the stochastic processes. The
y0(x) term is similar to a polynomial response surface, providing
global model of the design space [44] (see Fig. 2)
quency analysis using Kriging model.



Table 1
Non-dimensional fundamental natural frequencies [x = xn L2 p(q/E1h2)] of three layered [h/�h/h] graphite–epoxy twisted plates, L/b = 1, b/h = 20, w = 30�.

Ply-orientation angle, h (�) Present FEM Qatu and Leissa [47]

4 � 4 6 � 6 8 � 8 10 � 10 12 � 12

15 0.8588 0.8618 0.8591 0.8543 0.8540 0.8759
30 0.6753 0.6970 0.6752 0.6722 0.6717 0.6923
45 0.4691 0.4732 0.4698 0.4578 0.4575 0.4831
60 0.3189 0.3234 0.3194 0.3114 0.3111 0.3283

Table 2
Convergence study for maximum mean square error (MMSE) and maximum error (in
percentage) using Kriging model compared to original MCS with different sample
sizes for combined variation of 28 nos. input parameters of graphite–epoxy angle-ply
(45�/�45�/�45�/45�) composite cantilever spherical shells, considering E1 = 138 GPa,
E2 = 8.9 GPa, G12 = G13 = 7.1 GPa, G23 = 2.84 GPa, t = 0.005 m, l = 0.3.

Sample
size

Parameter Fundamental
natural
frequency

Second
natural
frequency

Third
natural
frequency

450 MMSE 0.0289 0.1968 0.2312
Max error (%) 2.4804 7.6361 6.5505

500 MMSE 0.0178 0.1466 0.2320
Max error (%) 1.6045 2.6552 3.0361

550 MMSE 0.0213 0.1460 0.2400
Max error (%) 1.2345 2.0287 1.8922

575 MMSE 0.0207 0.1233 0.2262
Max error (%) 1.1470 1.8461 1.7785

600 MMSE 0.0177 0.1035 0.2071
Max error (%) 1.1360 1.7208 1.7820

625 MMSE 0.0158 0.0986 0.1801
Max error (%) 1.0530 1.7301 1.6121

650 MMSE 0.0153 0.0966 0.1755
Max error (%) 0.9965 1.8332 1.6475

Fig. 4. Scatter plot for Kriging model with respect to original FE model of
fundamental natural frequency for combined variation of ply orientation angle
[hð �xÞ], longitudinal elastic modulus [E1ð �xÞ], transverse elastic modulus [E2ð �xÞ],
longitudinal shear modulus [G12ð �xÞ], Transverse shear modulus [G23ð �xÞ], Poisson’s
ratio [lð �xÞ] and mass density [qð �xÞ] for composite cantilevered spherical shells,
considering sample size = 10,000, E1 = 138 GPa, E2 = 8.9 GPa, G12 = G13 = 7.1 GPa,
G23 = 2.84 GPa, q = 3202 kg/m3, t = 0.005 m, l = 0.3.
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In present study, y0(x) globally approximates the design space,
Z(x) creates the localized deviations so that the Kriging model
interpolates the p-sampled data points for composite shallow
doubly curved shells; however, non-interpolative Kriging models
can also be created to smooth noisy data [3]. The covariance matrix
of Z(x) is given as

Cov ½ZðxiÞ; ZðxjÞ� ¼ r2R½Rðxi; xjÞ� ð37Þ

where R is a (p � p) correlation matrix and R(xi, xj) is the correlation
function between any two of the p-sampled data points xi and xj. R
is an (p � p) symmetric matrix with ones along the diagonal. The
correlation function R(xi, xj) is specified by the user, and a variety
of correlation functions exist. Using Gaussian correlation function

Rðxi; xjÞ ¼ exp �
Xn

k¼1

hkjxi
k � xj

kj
2

" #
ð38Þ

where n is the number of design variables, hk is the unknown corre-
lation parameters used to fit the model, and xi

k and xj
k are the k-th

components of the sample points xi and xj, respectively. The
predicted estimates, ŷ of the response y(x) at random values of x
are defined as Kriging predictor

ŷðxÞ ¼ b̂þ rTðxÞR�1½y� f b̂� ð39Þ
Table 3
Non-dimensional fundamental frequencies x ¼ xna2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
12qð1�l2 Þ

E1 t2

qh i
of isotropic, corner poin

a/t = 100, a/R = 0.5, l = 0.3.

Rx/Ry Shell type Present FEM

1 Spherical 50.74
�1 Hyperbolic paraboloid 17.22
where y is the column vector of length p that contains the sample
values of the frequency responses and f is a column vector of length
p that is filled with ones when y0(x) is taken as constant. Now, rT(x)
is the correlation vector of length p between the random x and the
sample data points {x1, x2, . . .xp}

rTðxÞ ¼ ½Rðx; x1Þ;Rðx; x2Þ;Rðx; x3Þ . . . Rðx; xpÞ�T ð40Þ

b̂ ¼ ðf T R�1f Þ
�1

f T R�1y ð41Þ

An estimate of the variance between underlying global model b̂
and y is estimated by

r̂2 ¼ 1
p
ðy� f b̂ÞT R�1ðy� f b̂Þ ð42Þ

Now the model fitting is accomplished by maximum likelihood
(i.e., best guesses) for hk. The maximum likelihood estimates (i.e.,
‘‘best guesses’’) for the hk in Eq. (35) used to fit a Kriging model
are obtained as

Max � CðhkÞ ¼ �
1
2
½p lnðr̂2Þ þ ln jRj� ð43Þ

where the variance r2 and |R| are both functions of hk, is solved for
positive values of hk as optimization variables. After obtaining
t-supported spherical and hyperbolic paraboloidal shells considering a/b = 1, a0/a = 1,

Leissa and Narita [48] Chakravorty et al. [39]

50.68 50.76
17.16 17.25
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Kriging based surrogate, the random process Z(x) provides the
approximation error that can be used for improving the surrogate
model. The maximum mean square error (MMSE) and maximum
error (ME) are calculated as,

MMSE ¼ max � 1
k

Xk

i¼1

ð�yi � yiÞ
2

" #
ð44Þ

ME ð%Þ ¼ Max
yi;MCS � yi;Kriging

Yi;MCS

� �
ð45Þ

where yi and �yi are the vector of the true values and the vector cor-
responding to i-th prediction, respectively.

4. Stochastic approach using Kriging model

The stochasticity in material properties of laminated composite
shallow doubly curved shells, such as longitudinal elastic modulus,
transverse elastic modulus, longitudinal shear modulus, transverse
shear modulus, Poisson’s ratio, mass density and geometric
properties such as ply-orientation angle as input parameters are
considered for natural frequency analysis of composite shallow
doubly curved shells. In the present study, frequency domain
feature (first three natural frequencies) is considered as output. It
Fig. 5. (a–c) Probability density function obtained by original MCS and Kriging model wit
angle [hð �xÞ] for composite elliptical paraboloid shells, considering sample size = 10,0
q = 3202 kg/m3, t = 0.005 m, l = 0.3.
is assumed that the distribution of randomness of input parame-
ters exists within a certain band of tolerance with their central
deterministic mean values. Therefore the normal distribution con-
sidered is expressed as

f ðxÞ ¼ 1
r
ffiffiffiffiffiffiffi
2p
p exp �1

2
x� �x
r

� �2
" #

ð46Þ

where r2 is the variance of the random variable; �x is the mean of
the random variable. The cases wherein the random variables con-
sidered in each layer of laminate are investigated for

(a) Variation of ply-orientation angle only: hð �xÞ ¼ fh1h2h3 . . .

hi . . . hlg.
(b) Variation of longitudinal elastic modulus only: E1ð �xÞ ¼
fE1ð1ÞE1ð2ÞE1ð3Þ . . . E1ðiÞ . . . E1ðlÞg.

(c) Variation of transverse elastic modulus only: E2ð �xÞ ¼
fE2ð1ÞE2ð2ÞE2ð3Þ . . . E2ðiÞ . . . E2ðlÞg.

(d) Variation of longitudinal shear modulus only: G12ð �xÞ ¼
fG12ð1ÞG12ð2ÞG12ð3Þ . . . G12ðiÞ . . . G12ðlÞg.

(e) Variation of transverse shear modulus only: G23ð �xÞ ¼
fG23ð1ÞG23ð2ÞG23ð3Þ . . . G23ðiÞ . . . G23ðlÞg.

(f) Variation of Poisson’s ratio only: lð �xÞ ¼ fl1l2l3 . . .

li . . .llg.
(g) Variation of mass density only: qð �xÞ ¼ fq1q2q3 . . .qi . . .qlg.
h respect to first three natural frequencies for individual variation of ply orientation
00, Rx – Ry, Rxy = a, E1 = 138 GPa, E2 = 8.9 GPa, G12 = G13 = 7.1 GPa, G23 = 2.84 GPa,
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(h) Combined variation of ply orientation angle, elastic modulus
(longitudinal and transverse), shear modulus (longitudinal
and transverse), Poisson’s ratio and mass density.
gfhð �xÞ;qð �xÞ;G12ð �xÞ;G23ð �xÞ;E1ð �xÞg
¼ fU1ðh1 . . .hlÞ;U2ðE1ð1Þ . . .E1ðlÞÞ;U3ðE2ð1Þ . . .E2ðlÞÞ;U4ðG12ð1Þ . . .G12ðlÞÞ;
U5ðG23ð1Þ . . .G23ðlÞÞ;U6ðl1 . . .llÞ;U7ðq1 . . .qlÞg

where hi, E1(i), E2(i), G12(i), G23(i), li and qi are the ply orientation
angle, elastic modulus along longitudinal and transverse direction,
shear modulus along longitudinal direction, shear modulus along
transverse direction, Poisson’s ratio and mass density, respectively
and ‘l’ denotes the number of layer in the laminate. In present study,
±10� for ply orientation angle with subsequent ±10% tolerance for
material properties from deterministic mean value are considered.
Latin hypercube sampling [45] is employed for generating sample
points to ensure the representation of all portions of the vector
space. In Latin hypercube sampling, the interval of each dimension
is divided into m non-overlapping intervals having equal probabil-
ity considering a uniform distribution, so the intervals should have
equal size. Moreover, the sample is chosen randomly from a
uniform distribution a point in each interval in each dimension
Fig. 6. (a–c) Probability density function obtained by original MCS and Kriging model wit
angle [hð �xÞ], mass density [qð �xÞ], longitudinal shear modulus [G12ð �xÞ], transverse shea
modulus [E2ð �xÞ] for composite spherical shells, considering sample size = 10,000, E1 = 13
l = 0.3.
and the random pair is selected considering equal likely combina-
tions for the point from each dimension (see Fig. 3).

5. Results and discussion

In the present study, four layered graphite–epoxy symmetric
angle-ply and cross-ply laminated composite cantilever shallow
doubly curved shells namely spherical (Rx/Ry = 1), hyperbolic
paraboloid (Rx/Ry = �1) and elliptical paraboloid (Rx/Ry – 1) are
considered. The length, width and thickness of the composite lam-
inate considered in the present analysis are 1 m, 1 mm and 5 mm,
respectively. Material properties of graphite–epoxy composite [46]
considered with deterministic mean value as E1 = 138.0 GPa,
E2 = 8.96 GPa, G12 = 7.1 GPa, G13 = 7.1 GPa, G23 = 2.84 GPa, l = 0.3,
q = 3202 kg/m3. A typical discretization of (6 � 6) mesh on plan
area with 36 elements 133 nodes with natural coordinates of an
isoparametric quadratic plate bending element are considered for
the present FEM approach. For full scale MCS, number of original
FE analysis is same as the sampling size. In general for complex
composite structures, the performance function is not available
as an explicit function of the random design variables. The random
response in terms of natural frequencies of the composite structure
can only be evaluated numerically at the end of a structural
h respect to first three natural frequencies for combined variation of ply orientation
r modulus [G23ð �xÞ] and longitudinal elastic modulus [E1ð �xÞ] and transverse elastic
8 GPa, E2 = 8.9 GPa, G12 = G13 = 7.1 GPa, G23 = 2.84 GPa, q = 3202 kg/m3, t = 0.005 m,



Table 4
Individual stochasticity of [hð �xÞ; E1ð �xÞ; E2ð �xÞ;G12ð �xÞ;G23ð �xÞ;lð �xÞ;qð �xÞ] for angle-ply (45�/�45�/�45�/45�) composite shells.

Type Value hð �xÞ E1ð �xÞ E2ð �xÞ G12ð �xÞ G23ð �xÞ lð �xÞ qð �xÞ

f1 f2 f3 f1 f2 f3 f1 f2 f3 f1 f2 f3 f1 f2 f3 f1 f2 f3 f1 f2 f3

SP Min. 69.76 85.06 134.58 73.94 88.29 139.32 68.75 78.21 127.40 78.12 92.90 147.12 75.37 90.75 142.28 75.36 90.71 142.23 72.31 87.06 136.50
Max. 84.04 97.52 154.33 76.69 93.03 145.01 69.64 79.68 128.99 81.89 95.89 153.71 75.39 90.77 142.33 75.40 90.81 142.38 78.95 95.06 149.04
Mean 76.44 90.55 144.10 75.35 90.71 142.26 69.21 78.97 128.22 80.06 94.45 150.51 75.38 90.76 142.30 75.38 90.76 142.30 75.41 90.79 142.35
SD 2.57 2.32 3.53 0.46 0.86 1.01 0.17 0.28 0.30 0.62 0.50 1.09 0.00 0.00 0.01 0.01 0.02 0.03 1.09 1.31 2.06

HP Min. 27.79 105.54 156.30 27.66 105.87 160.10 28.16 107.87 163.27 28.95 110.74 168.32 28.34 108.55 163.78 28.33 108.54 163.79 27.19 104.15 157.16
Max. 29.28 113.02 171.42 28.98 111.10 167.29 28.52 109.27 164.40 29.84 113.80 174.47 28.35 108.60 163.89 28.35 108.62 163.89 29.68 113.72 171.60
Mean 28.40 108.68 164.52 28.33 108.53 163.77 28.34 108.58 163.84 29.41 112.32 171.49 28.34 108.58 163.84 28.34 108.58 163.84 28.35 108.62 163.89
SD 0.21 1.26 2.79 0.22 0.86 1.19 0.07 0.28 0.22 0.15 0.51 1.02 0.00 0.01 0.02 0.00 0.01 0.02 0.41 1.57 2.37

EP Min. 47.94 113.17 136.05 48.29 114.07 144.13 49.13 116.48 146.49 48.35 114.61 143.00 49.33 116.84 146.77 49.31 116.78 146.73 47.33 112.09 140.81
Max. 51.93 123.91 160.73 50.32 119.42 149.16 49.54 117.22 147.10 50.25 118.94 150.28 49.34 116.86 146.82 49.36 116.93 146.87 51.67 122.38 153.75
Mean 49.68 117.65 148.61 49.32 116.81 146.75 49.34 116.85 146.80 49.33 116.84 146.77 49.34 116.85 146.80 49.34 116.85 146.80 49.35 116.89 146.85
SD 0.60 1.85 4.52 0.33 0.94 0.87 0.08 0.14 0.11 0.32 0.72 1.20 0.00 0.00 0.01 0.01 0.03 0.02 0.71 1.69 2.12

Table 5
Individual stochasticity of [hð �xÞ; E1ð �xÞ; E2ð �xÞ;G12ð �xÞ;G23ð �xÞ;lð �xÞ;qð �xÞ] for cross-ply (0�/90�/90�/0�) composite shells.

Type Value hð �xÞ E1ð �xÞ E2ð �xÞ G12ð �xÞ G23ð �xÞ lð �xÞ qð �xÞ

f1 f2 f3 f1 f2 f3 f1 f2 f3 f1 f2 f3 f1 f2 f3 f1 f2 f3 f1 f2 f3

SP Min. 78.96 84.43 139.11 80.16 84.35 145.68 75.20 90.49 142.01 83.47 88.44 151.38 82.61 86.96 150.42 82.59 86.94 150.40 79.25 83.42 144.31
Max. 82.53 89.20 150.16 84.93 89.37 154.42 75.55 91.02 142.59 84.76 90.47 152.73 82.63 86.98 150.47 82.65 87.00 150.50 86.53 91.09 157.57
Mean 81.76 86.82 148.23 82.59 86.94 150.23 75.38 90.76 142.30 84.13 89.50 152.08 82.62 86.97 150.44 82.62 86.97 150.44 82.65 87.00 150.49
SD 0.57 0.64 1.63 0.79 0.89 1.56 0.06 0.10 0.11 0.23 0.34 0.23 0.00 0.00 0.01 0.01 0.01 0.02 1.19 1.26 2.18

HP Min. 28.72 106.04 159.86 29.30 107.46 169.47 29.94 109.69 173.71 30.58 112.47 176.93 30.16 110.35 174.71 30.15 110.31 174.69 28.93 105.87 167.66
Max. 31.31 114.45 179.15 30.98 113.12 179.77 30.37 111.01 175.77 31.20 115.55 179.98 30.17 110.38 174.84 30.17 110.42 174.87 31.59 115.59 183.06
Mean 30.03 110.29 173.55 30.15 110.32 174.71 30.16 110.37 174.78 30.89 114.02 178.47 30.16 110.37 174.78 30.16 110.37 174.78 30.17 110.40 174.84
SD 0.49 1.56 3.14 0.28 0.93 1.71 0.08 0.25 0.38 0.11 0.53 0.54 0.00 0.01 0.02 0.00 0.02 0.03 0.44 1.60 2.53

EP Min. 50.66 117.30 145.55 51.36 121.84 148.60 52.53 124.79 151.88 52.43 124.16 151.73 52.91 125.50 153.03 52.91 125.46 153.02 50.76 120.41 146.84
Max. 54.25 129.67 155.85 54.45 129.08 157.49 53.29 126.19 154.14 53.38 126.80 154.25 52.92 125.54 153.12 52.93 125.58 153.13 55.42 131.47 160.32
Mean 52.60 125.03 151.99 52.90 125.48 152.96 52.92 125.52 153.07 52.91 125.51 153.06 52.92 125.52 153.07 52.92 125.52 153.07 52.94 125.56 153.13
SD 0.62 1.90 1.67 0.49 1.22 1.43 0.14 0.25 0.44 0.16 0.43 0.43 0.00 0.01 0.02 0.00 0.03 0.02 0.77 1.82 2.21
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analysis procedure such as the finite element method which is
often time-consuming. The present Kriging method is employed
to find a predictive and representative surrogate model relating
each natural frequency to a number of input variables. The Kriging
surrogate models are used to determine the first three natural fre-
quencies corresponding to given values of input variables, instead
of time-consuming deterministic FE analysis. The surrogate model
thus represents the result of the structural analysis encompassing
every possible combination of all input variables. From this,
thousands of combinations of all design variables can be created
and performed a pseudo analysis for each variable set, by simply
adopting the corresponding predictive values. The probability
density function (PDF) is plotted as the benchmark of bottom line
results. Due to paucity of space, only a few important representa-
tive results are furnished.
5.1. Validation

The present computer code is validated with the results avail-
able in the open literature. Table 1 presents the non-dimensional
fundamental frequencies of graphite–epoxy composite twisted
plates with different ply-orientation angle [47]. Convergence stud-
ies are performed using mesh division of (4 � 4), (6 � 6), (8 � 8),
(10 � 10) and (12 � 12) wherein (6 � 6) mesh is found to provide
best results with the least difference compared to benchmarking
results [47]. The differences between the results by Qatu and Leissa
[47] and the present finite element approach can be attributed to
consideration of transverse shear deformation and rotary inertia
and also to the fact that Ritz method overestimates the structural
stiffness of the composite plates. Hence, the lower mesh size
(6 � 6) is employed in the present analysis due to computational
efficiency. Another convergence study is carried out for selection
of sample size with respect to maximum mean square error
(MMSE) and maximum error (in percentage) using Kriging method
compared to original MCS (10,000 samples) with respect to varia-
tion of only ply-orientation angle in each layer of graphite–epoxy
angle-ply (45�/�45�/�45�/45�) composite cantilever spherical
shells as furnished in Table 2. To optimize the computation time
in conjunction with MMSE and ME, a sample size of 625 is chosen
for combined variation of twenty-eight (28) input parameters for
the present study. In contrast, a sample size of 30 is chosen in
the similar fashion for individual random variation with four (04)
input parameters for the present study. Table 3 represents the
Table 6
Maximum value, minimum value, mean value and standard deviation (SD) using Krigin
[hð �xÞ; E1ð �xÞ; E2ð �xÞ;G12ð �xÞ;G23ð �xÞ;lð �xÞ;qð �xÞ] for graphite–epoxy angle-ply (45�/�45�/
considering E1 = 138 GPa, E2 = 8.9 GPa, G12 = G13 = 7.1 GPa, G23 = 2.84 GPa, q = 3202 kg/m3,

Shell type Values Angle-ply (45�/�45�/�45�/45�)

Fundamental natural
frequency

Second natural
frequency

T
fr

Spherical (SP) Min. value 67.81 81.14 1
Max. value 86.15 101.39 1
Mean value 75.98 89.96 1
Standard
deviation

2.82 2.86

Hyperbolic
paraboloid (HP)

Min. value 26.46 100.86 1
Max. value 30.53 117.66 1
Mean value 28.16 107.62 1
Standard
deviation

0.54 2.26

Elliptical
paraboloid (EP)

Min. value 45.97 108.11 1
Max. value 53.22 127.70 1
Mean value 49.34 116.89 1
Standard
deviation

1.04 2.79
non-dimensional fundamental frequencies of isotropic, corner
point-supported spherical and hyperbolic paraboloid shells
[39,48]. All these studies depict an excellent agreement and hence
it demonstrates the capability of the computer codes developed
and insures the accuracy of analyses. Fig. 4 depicts a representative
plot describing the relationship between the original FE model and
the constructed Kriging model for fundamental natural frequencies
signifying the accuracy of the present Kriging model. A compara-
tive study addressing the probability density functions (PDF) for
both original MCS and Kriging model using sample size of 10,000
is carried out corresponding to first three natural frequencies with
typical laminated shell configuration as furnished in Fig. 5 (individ-
ual variation of ply orientation angle) and Fig. 6 (combined random
variation of parameters). The low scatterness of the points found
around the diagonal line in Fig. 4 and the low deviation obtained
between the probability distribution function estimations of origi-
nal MCS and Kriging responses in Figs. 5 and 6 corroborate the fact
that the present surrogate models are accurately formed. These
two plots are checked for all other cases and are found in good
agreement ensuring the efficiency and accuracy of the constructed
Kriging models. While evaluating the statistics of responses
through full scale MCS, computational time is exorbitantly high
because it involves number of repeated FE analysis. However, in
the present method, MCS is conducted in conjunction with Kriging
model. Here, although the same sampling size as in direct MCS
(with sample size of 10,000) is considered, the number of original
FE analysis is much less compared to direct MCS and is equal to
number of samples required to construct the Kriging surrogate
model. Hence, the computational time and effort expressed in
terms of FE calculation is reduced compared to full scale direct
MCS. This provides an efficient affordable way for simulating the
uncertainties in natural frequency.
5.2. Statistical analysis

The variation of material properties like elastic modulus
(longitudinal and transverse) [E1ð �xÞ; E2ð �xÞ], shear modulus
(longitudinal and transverse) [G12ð �xÞ;G23ð �xÞ], Poisson’s ratio
[lð �xÞ] and mass density [qð �xÞ] considered in each layer of the
composite shallow doubly curved shells are scaled randomly in
the range having the lower and the upper limit as ±10% variability
with respective mean values while for ply orientation angle [hð �xÞ]
the bound is considered as within ±10� fluctuation with respective
g model for first three natural frequencies obtained due to combined stochasticity
-45�/45�) and cross-ply (0�/90�/90�/0�) composite shallow doubly curved shells
t = 0.005 m, l = 0.3.

Cross-ply (0�/90�/90�/0�)

hird natural
equency

Fundamental natural
frequency

Second natural
frequency

Third natural
frequency

29.79 75.46 80.55 133.98
56.77 86.99 91.71 158.45
42.61 81.31 86.21 146.79

4.15 1.55 1.69 3.11

49.01 27.38 100.54 151.89
74.55 32.26 118.04 184.67
62.00 29.76 109.37 170.69

3.77 0.71 2.47 4.29

28.37 48.20 112.48 138.22
63.86 56.46 135.33 160.86
47.24 52.35 123.97 149.81

4.91 1.14 2.93 3.14
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mean values of each layer of laminates. The Kriging surrogate
models are formed to generate first three natural frequencies for
angle-ply and cross-ply composite shallow doubly curved shells.
The natural frequencies of tested angle-ply (45�/�45�/�45�/45�)
laminate are found to be lower than that of the same for cross-
ply (0�/90�/90�/0�) laminate irrespective of geometry of the shells
and stochasticity considered in random input parameters. Tables
4 and 5 represent the maximum values, minimum values and
standard deviation using Kriging model for first three natural
frequencies obtained due to individual stochasticity of ply-orienta-
tion angle [hð �xÞ], elastic modulus (longitudinal and transverse)
[E1ð �xÞ; E2ð �xÞ], shear modulus (longitudinal and transverse)
Fig. 7. [SD/Mean] of first three natural frequencies for individual variation of input param
[hð �xÞ; E1ð �xÞ; E2ð �xÞ;G12ð �xÞ;G23ð �xÞ;lð �xÞ;qð �xÞ] for angle-ply (45�/�45�/�45�/45�) and
hyperbolic paraboloid and elliptical paraboloid), considering deterministic values a
t = 0.005 m, l = 0.3.
[G12ð �xÞ;G23ð �xÞ], and Poisson’s ratio [lð �xÞ], mass density [qð �xÞ]
in each layer due to randomness considered for angle-ply and
cross-ply composite cantilever shells, respectively. In general, for
both angle-ply and cross-ply laminates with respect to individual
variation of input parameters, the maximum and minimum of
mean value for fundamental natural frequency is observed for
spherical shells and hyperbolic paraboloid shells, respectively
while the same is found to be intermediate for elliptical paraboloid
shells. In contrast, the maximum and minimum of mean value for
second natural frequency is observed for elliptical paraboloid
shells and spherical shells, respectively while the same is found
to be intermediate for hyperbolic paraboloid shells. Interestingly,
eters ½hð �xÞ�; ½E1ð �xÞ�; ½E2ð �xÞ�; ½G12ð �xÞ�; ½G23ð �xÞ�; ½lð �xÞ�; ½qð �xÞ� and combined variation
cross-ply (0�/90�/90�/0�) composite shallow doubly curved shells (spherical,

s E1 = 138 GPa, E2 = 8.9 GPa, G12 = G13 = 7.1 GPa, G23 = 2.84 GPa, q = 3202 kg/m3,



Fig. 8. Probability density function with respect to first three natural frequencies with different combined variation for cross-ply (0�/90�/90�/0�) composite hyperbolic
paraboloid shallow doubly curved shells considering E1 = 138 GPa, E2 = 8.9 GPa, G12 = G13 = 7.1 GPa, G23 = 2.84 GPa, q = 3202 kg/m3, t = 0.005 m, l = 0.3.
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the maximum of mean value for third natural frequency is
observed for hyperbolic paraboloid shells, trailed by elliptical
paraboloid shells and the minimum mean value of third natural
frequency is identified for spherical shells. Such variation in mean
value of first three natural frequencies for three different types of
shells can be attributed to the fact of predominance of geometric
curvature effect which influences the elastic stiffness of the struc-
ture differently. Table 6 presents the maximum value, minimum
value, mean value and standard deviation (SD) using Kriging model
(625 samples) for first three natural frequencies obtained due to
combined stochasticity [hð �xÞ; E1ð �xÞ; E2ð �xÞ;G12ð �xÞ;G23ð �xÞ; lð �xÞ;
qð �xÞ] for graphite–epoxy angle-ply (45�/�45�/�45�/45�) and
cross-ply (0�/90�/90�/0�) composite shallow doubly curved shells
which as expected shows the maximum volatility compared to
individual random variation in input parameter. Fig. 7 presents
the [SD/Mean] of first three natural frequencies for individual
variation of input parameters and combined variation for
angle-ply (45�/�45�/�45�/45�) and cross-ply (0�/90�/90�/0�) com-
posite shallow doubly curved shells. The degree of influence of
ply-orientation angle [hð �xÞ] on tested natural frequencies is found
to be maximum for spherical, hyperbolic paraboloid and elliptical
paraboloid angle-ply composite laminate considering individual
stochasticity of input parameters. In contrast, mass density
[qð �xÞ] of spherical, hyperbolic paraboloid and elliptical paraboloid
cross-ply composite laminate is identified to be most sensitive for
first three natural frequencies while individual stochasticity of
input parameters are considered. In both the cases of individual
stochasticity, shear modulus along transverse direction [G23ð �xÞ]
is observed to be least sensitive irrespective of type of shells. Due
to cascading effect of variation of inputs in each layer of laminate,
the combined variation of all input parameters is found to be most
volatile for tested natural frequencies compared to individual input
variations. The probability density function with respect to first
three natural frequencies of combined variation for cross-ply (0�/
90�/90�/0�) composite hyperbolic paraboloid shallow doubly
curved shells considering ±5�, ±10� and ±15� for ply orientation
angle with subsequent ±5%, ±10% and ±15% tolerance for material
properties respectively from deterministic mean value are consid-
ered as furnished in Fig. 8. The representative stochastic mode-
shapes for first three natural frequencies of angle-ply composite
cantilever elliptical paraboloid shells are furnished in Fig. 9
wherein the first chordwise bending mode is observed correspond-
ing to its fundamental natural frequency while the dominance of
combined bending and torsion mode is found for second and third
natural frequencies. It is also identified that the symmetry modes
are absent and the nodal lines indicate with zero displacement
amplitude. In the present study, a driving point and three cross
points are considered to ascertain the corresponding amplitude
(in dB) of frequency response function (FRF) wherein point 2 is
considered as driving point while point 1, 3 and 4 are considered
as the three cross response points as furnished in Fig. 1(b) assum-
ing 0.5% damping factor for all the modes. A typical frequency



Mode 1 Mode 2 Mode 3

Fig. 9. Effect on modeshapes of first three modes due to combined stochasticity for four layered angle-ply (45�/�45�/�45�/45�) composite cantilever elliptical paraboloid
shells considering E1 = 138 GPa, E2 = 8.9 GPa, G12 = G13 = 7.1 GPa, G23 = 2.84 GPa, q = 3202 kg/m3, t = 0.005 m, l = 0.3.

Angle-ply (45°/-45°/-45°/45°)

(a) (b) (c) (d)

Cross-ply (0°/90°/90°/0°)

(e) (f) (g) (h)

Fig. 10. Frequency response function (FRF) plot of simulation bounds, simulation mean and deterministic mean for combined stochasticity with four layered graphite epoxy
composite cantilever elliptical paraboloid shells considering E1 = 138 GPa, E2 = 8.9 GPa, G12 = G13 = 7.1 GPa, G23 = 2.84 GPa, q = 3202 kg/m3, t = 0.005 m, l = 0.3.
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response function for combined variation [hð �xÞ; E1ð �xÞ; E2ð �xÞ;
G12ð �xÞ;G23ð �xÞ;lð �xÞ;qð �xÞ] of both angle-ply (45�/�45�/�45�/
45�) and cross-ply (0�/90�/90�/0�) composite cantilever elliptical
paraboloid shells are furnished in Fig. 10. For a small amount of
variability in input parameters, higher frequency shows wider
volatility in simulation bounds of FRF compared to the same at
lower frequency ranges. This can be attributed to the fact that
due to multiplier effect at higher frequencies, a wider volatility
of frequency response function is occurred.

6. Conclusions

The present study describes the random variable approach for
propagation of uncertainty in natural frequency of angle-ply and
cross-ply composite cantilever shallow doubly curved shells using
Kriging model. The number of finite element analysis is reduced
compared to original Monte Carlo simulation. It is observed that
Kriging model can handle the large number of input parameters.
The surrogate model formed from a small set of samples is found
to establish the accuracy and computational efficacy. The results
obtained by employing Kriging models are found accurate with
the results found by using direct Monte Carlo simulation. The
ply-orientation angle and mass density are found to be most sensi-
tive among the tested input parameters while transverse shear
modulus is identified as the least sensitive for first three natural
frequencies. In general, for both angle-ply and cross-ply laminates
with respect to individual variation of input parameters, the
maximum and minimum of mean value for fundamental natural
frequency is observed for spherical shells and hyperbolic parabo-
loid shells, respectively while the same is found to be intermediate
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for elliptical paraboloid shells. The first chordwise bending mode is
observed corresponding to its fundamental frequency while the
dominance of combined bending and torsion mode is found for
second and third natural frequencies, respectively. For a given
amount of variability in the random input parameters, more
volatility in the output quantities are observed in the higher fre-
quency ranges compared to lower frequency ranges irrespective
of frequency response function points. The future investigation will
be carried out to interrogate whether the above conclusions hold
true for more complex system.
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