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Robust Design Optimization
for Crashworthiness of Vehicle
Side Impact
Optimization for crashworthiness is of vast importance in automobile industry. Recent
advancement in computational prowess has enabled researchers and design engineers to
address vehicle crashworthiness, resulting in reduction of cost and time for new product
development. However, a deterministic optimum design often resides at the boundary of
failure domain, leaving little or no room for modeling imperfections, parameter uncer-
tainties, and/or human error. In this study, an operational model-based robust design
optimization (RDO) scheme has been developed for designing crashworthiness of vehicle
against side impact. Within this framework, differential evolution algorithm (DEA) has
been coupled with polynomial correlated function expansion (PCFE). An adaptive frame-
work for determining the optimum basis order in PCFE has also been presented. It is
argued that the coupled DEA–PCFE is more efficient and accurate, as compared to con-
ventional techniques. For RDO of vehicle against side impact, minimization of the weight
and lower rib deflection of the vehicle are considered to be the primary design objectives.
Case studies by providing various emphases on the two objectives have also been per-
formed. For all the cases, DEA–PCFE is found to yield highly accurate results.
[DOI: 10.1115/1.4035439]

1 Introduction

Investigating the crashworthiness of vehicle to ensure occupant
safety and structural integrity is one of the main focuses of auto-
mobile industries [1]. Over the last decade, the exponential
increase in computational prowess has favored the development
of high-fidelity finite element analysis (FEA)-based optimization
techniques to tackle industrial problems such as crashworthiness
of vehicle [2–9]. However, optimum design often resides in the
boundary of system failure, leaving very little or no room for
modeling imperfections [10–12], parameter uncertainties [12,13],
and/or human error. To overcome this issue, it is necessary to con-
sider the effect of uncertainty in the optimization process. In liter-
ature, there exist two distinct approaches, namely robust design
optimization (RDO) [14–16] and reliability-based design optimi-
zation (RBDO) [17–19], that incorporate uncertainty into the
framework of optimization. While the former minimizes the prop-
agation of uncertainty from input to the output, the latter seeks
some safety measures against failure defined using a limit-state
function. In this study, the main focus is on RDO, and hence,
RBDO will not be discussed. Interested readers may refer
[9,17–20] for details regarding RBDO.

The concept of RDO is in existence since 1920 when Fisher
and Yates developed the design of experiments to improve the
yield of crops in the United Kingdom. However, it was Taguchi
who formally developed the foundation of robust design. Over the
last decade, RDO has gained vast popularities in the field of aero-
space engineering [21,22], automotive engineering [23], marine
engineering [24], and civil engineering [25,26].

The concern regarding the accuracy and efficiency of existing
RDO techniques is mainly twofold. First, most of the methods for
RDO utilize gradient-based optimization (GBO). Although easy
to implement, GBO often yields the local optima. Alternatively, if
explicit expression for objective function is not available, the gra-
dient of objective function is calculated by employing finite dif-
ference method. This renders the optimization process
computationally expensive. Second, the process of uncertainty

quantification is computationally intensive and often requires a
tradeoff between efficiency and accuracy. Even the popular meth-
ods for uncertainty quantification such as perturbation method
[27,28], Kriging [29–34], polynomial chaos expansion (PCE)
[35–42], moving least square method [43–46], collocation-based
approaches [47], tensor product-based approach [48], and radial
basis function [49–53] often yields erroneous results when
coupled into the framework of RDO. In this context, there is a
need of efficient uncertainty quantification tool that can be utilized
for solving RDO problems.

Recently, a new operational model, referred to as polynomial cor-
related function expansion (PCFE) [54–62], has been proposed for
uncertainty quantification. As already demonstrated, PCFE yields
highly accurate results [54–60]. In this paper, a coupled framework
that couples PCFE into the framework of differential evolution
algorithm (DEA) [63,64] has been utilized for RDO of vehicle due
to side impact. It is argued that the coupled DEA–PCFE is efficient
as well as accurate due to the following factors:

• DEA is a global optimization tool and does not yield the
local minima. Moreover, it has already been established in
previous studies that DEA has a rapid convergence rate
[63–66].

• DEA is a gradient-free optimization technique. Therefore,
it is equally applicable to both differentiable and nondiffer-
entiable functions.

• PCFE is an efficient uncertainty quantification tool capable
of dealing with high-dimensional problems. Thus, using
PCFE to reconstruct the objective function and constraints
makes the procedure efficient.

The primary focus of this work is to investigate the applicabil-
ity of DEA–PCFE for solving the crashworthiness of a vehicle
due to side impact. The novelty of this work is mainly threefold:

• PCFE is a novel operational model and has never been uti-
lized for solving RDO problems. This is the first instance
where PCFE has been utilized in RDO.

• All the existing works carried out on PCFE selects the order
of basis empirically. In this paper, a guideline for determin-
ing the optimum basis order has been proposed.
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• The newly proposed method is applied to a finite-element
model with 1.7 million (M) nodes. Neither DEA nor PCFE
have been applied to such a large-scale real-life problem.
This application will give further confidence to the readers/
users of this method, which has not been reported before.

The rest of the paper is organized as follows. In Sec. 2, a brief
description of RDO has been provided. The concepts of
DEA–PCFE are briefly reviewed in Sec. 3. In Sec. 4, results
obtained using DEA–PCFE has been validated against five popu-
lar RDO techniques. The problem description along with results
obtained has been discussed in Sec. 5. Finally, Sec. 6 provides the
concluding remarks.

2 Fundamentals of Robust Design Optimization

Unlike conventional deterministic design optimization which
do not account for uncertainties, a RDO problem develops a solu-
tion that is least sensitive to variations of the nominal design.
Thus, the goal of RDO is to minimize the effects of uncertainties
involved in system design without suppressing their causes [15].
To further illustrate the methodology, Fig. 1 has been presented.
Of the two optimal solutions indicated by x1 and x2, x2 is consid-
ered to be more robust and useful in design practice as compared
to that of x1, in spite of the latter being better as an optimal solu-
tion in mean sense. This is primarily due to the fact that at x2 the
variation in design variable does not affect the objective function
f ðxÞ much or happens to be less sensitive and at the same time,
maintaining the solution within the feasible region.

Several past works [15,67–70] have assigned different types of
interpretations to RDO depending on the application and uncer-
tainty quantification and hence attracted various forms of problem
formulation. A summary of the same has been provided below:

(1) Minimization of the mean of objective function while con-
straining to a predefined level as illustrated by the below
equation

minlðf ðxÞÞ
s:t: xL � x � xU

(1)

where lðf ðxÞÞ denotes the mean value of objective function and
xL and xU represent the lower and upper bounds of the design
variable x. Here, the objective function represents a general loss
in performance, and hence, the expected value of the same can be
considered as a risk that is at par with Bayesian approach in statis-
tical decision theory [71].

(2) Minimization of the standard deviation (SD) of objective
function pertaining to usual constraints as illustrated by the
below equation

minrðf ðxÞÞ
s:t: xL � x � xU

(2)

where rðf ðxÞÞ denotes the standard deviation of objective function
and xL and xU represent the lower and upper bounds of the design
variable x. This design leads to robustness in a strict sense with
minimum sensitivity with respect to the variation of the probabil-
istic parameters [72].

(3) Multiobjective optimization by minimizing the objectives
mentioned in Eqs. (1) and (2) as illustrated by the below
equation [15,73]

min½lðf ðxÞÞ; rðf ðxÞÞ�
s:t: xL � x � xU

(3)

However, concurrent optimization of mean and standard deviation
has been observed to conflict with each other. In order to over-
come this problem, the objective functions can be combined into a
single robust objective function assigning relevant weightages to
each of the respective functions [68] as

minb
l f xð Þð Þ

l�
þ 1� bð Þ r f xð Þð Þ

r�
; 0 � b � 1

s:t: xL � x � xU

(4)

where the weighing factor b represents the relative importance of
the two objectives. l� and r� are the outcomes of ideal design. In
this study, objective function of the form described in Eq. (4) has
been considered.

3 Robust Design Optimization Using Differential

Evolution Algorithm–Polynominal Correlated

Function Expansion

In this section, DEA and PCFE have been reviewed. Pseudo-
code for PCFE has also been provided. Toward the end of this sec-
tion, a flowchart depicting the coupled framework has been
provided.

3.1 Differential Evolution Algorithm. DEA [63,64] is a sto-
chastic direct search method that optimizes a problem by itera-
tively trying to improve a candidate solution with respect to a
given measure of quality. Unlike GBO, DEA does not use the gra-
dient of the problem and is thus equally applicable to both differ-
entiable and nondifferentiable problems. Second, DEA makes few
or no assumptions regarding the problem being optimized and
searches very large spaces of candidate solution. Furthermore,
unlike conventional optimization tools, it works with a population
of solutions (solution vector). Since multiple strings are being
processed and updated, it is likely that DEA will yield the global
optima.

Differential evolution algorithm utilizes nP d-dimensional
parameter vectors xi;G ¼ 1; 2;…; nP as a population for each gen-
eration G. The initial vector population is considered to be uni-
formly distributed over the entire parameter space. DEA generates
new parameter vectors by adding the weighted difference between
the two population vectors to a third vector. This operation is
known as mutation. In the next step, the trial vector is obtained by
mixing the parameter vectors obtained after mutation with the tar-
get vector. This step is known as crossover. If the objective func-
tion obtained corresponding to the trial vector is smaller
compared to the target vector, trial vector replaces the target vec-
tor. This step is known as selection. Note that each population
vector must serve once as the target vector in order to increase the
competitions. Next, different steps of DEA have been described.

Fig. 1 Comparison of RDO with that of deterministic design
optimization
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3.1.1 Mutation. A mutated vector is generated for each target
vector as

vi;Gþ1 ¼ xk1;G þ f � ðxk2;G � xk3 ;GÞ (5)

where k1; k2; k3 2 f1; 2;…; npg are random integers that are mutu-
ally different. It is further ensured that k1; k2; k3 are different from
the running integer i. F is a real constant that controls the amplifi-
cation of the differential variation ðxk2 ;G � xk3 ;GÞ. For further
details, readers are referred to Refs. [63–66].

3.1.2 Crossover. The primary aim of this step is to increase
the diversity of the perturbed parameter vectors. The trial vector
ui;Gþ1 ¼ ðu1i;Gþ1; u2i;Gþ1;…; udi;Gþ1Þ is formed, where

uji;Gþ1 ¼
vji;Gþ1 if randðjÞ � cR or j ¼ randiðiÞ
xji;G if randðjÞ > cR and j 6¼ randiðiÞ

(

j ¼ 1; 2;…; d

(6)

In Eq. (6), randðjÞ is the jth uniform random number and randiðiÞ
is the randomly chosen index. cR is the crossover parameter and
resides in ½0; 1�. For further details, readers may refer [63–66].

3.1.3 Selection. The final step of DEA is the selection. This
step decides the suitability of trial vector. In this step, the trial
vector ui;Gþ1 is compared to the target vector xi;G. If the value of
objective function corresponding to ui;Gþ1 is lower compared to
that obtained using xi;G, then xi;Gþ1 is set to be ui;Gþ1. On the con-
trary, if the value of objective function corresponding to ui;Gþ1 is
greater compared to that obtained using xi;G, the old value of xi;G

is retained.
One problem associated with any optimization algorithm is the

repeated evaluation of objective and constraint functions. How-
ever, for almost all real-life problems, the objective and constraint
functions are not explicitly known. In fact, expensive finite-
element analysis is required for evaluating the objective and con-
straint functions. Furthermore, for RDO, the number of function
evaluation is even more (for quantifying uncertainties).

In order to bypass this issue, a proposed approach
utilizes PCFE. In Sec. 3.2, a brief description of PCFE has been
provided.

3.2 Polynominal Correlated Function Expansion. PCFE
[54,58,59,74], also known as generalized HDMR [62], is a general
set of quantitative model assessment and analysis tool for captur-
ing the high-dimensional relationship between sets of input and
output model variables. It can be viewed as an extension of classi-
cal functional analysis of variance decomposition [75–77], where
component functions are represented by utilizing the extended
bases [59,62]. The unknown coefficients associated with the bases
are determined by employing a homotopy algorithm (HA)
[74,78,79]. HA determines the unknown coefficients by minimiz-
ing the least squared error and an objective function. The objec-
tive function defines an additional criterion that is enforced on the
solution. In PCFE, the hierarchical orthogonality of the compo-
nent functions is considered to be an additional criterion.

Let, x ¼ fx1; x2;…:xNg be a N-dimensional vector, represent-
ing the input variables of a structural system. It is quite logical to
express the output gðxÞ as a finite series [77]

gðxÞ ¼ g0 þ
XN

k¼1

X
i1<i2���<ik

gi1i2…iN ðxi1 ; xi2 ;…xiN Þ

¼ g0 þ
XN

i1¼1

giðxiÞ þ
X

1�i1<i2�N

gijðxi; xjÞ

þ � � � þ g12…Nðx1; x2;…; xNÞ (7)

where g0 is a constant and represents the mean response. The
terms in Eq. (7) reflecting the independent effects only are termed
as first-order component function and denoted as gi1ðxi1

Þ.

Similarly, the terms reflecting the bivariate effects are termed as
second-order component function and denoted by gi1i2ðxi1

; xi2
Þ.

The constant g0 is termed as zeroth-order component function.
Assume two subspace R and B in Hilbert space are spanned by

basis fr1; r2;…; rlg and fb1; b2;…; bmg, respectively. Now if (i)
B � R and (ii) B ¼ Rþ R?, where R? is the orthogonal comple-
ment subspace of R in B, B is termed as extended basis, and R is
termed as nonextended basis [59,62].

Now if w be some suitable basis for x � X, where
X :¼ f1; 2;…;Ng, Eq. (7) can be rewritten as [59,62]

gðxÞ ¼ g0 þ
XN

k¼1

XN�kþ1

i1¼1

� � �
XN

ik¼ik�1

Xk

r¼1

X1
m1¼1

X1
m2¼1

"8<
:

� � �
X1
mr¼1

aði1i2…ikÞir
m1m2…mr

wi1
m1

…wir
mr

#)
(8)

Noting that most real-life problems exhibit only lower-order coop-
erative effect, the higher-order component functions can be trun-
cated. Considering up to Mth order component function and sth
order basis yields

ĝðxÞ ¼ g0 þ
XM

k¼1

XN�kþ1

i1¼1

� � �
XN

ik¼ik�1

Xk

r¼1

Xs

m1¼1

Xs

m2¼1

"8<
:

� � �
Xs

mr¼1

aði1i2…ikÞir
m1m2…mr

wi1

m1
…wir

mr

#)
(9)

Once the unknown coefficients associated with the bases are
determined, Eq. (9) represents the basic functional form of PCFE.

Remark 1. As already established in previous studies [54,
55,59], most of the real-life problems only involve a lower-order
co-operative effect. In fact, results obtained using second-order
(M¼ 2) PCFE is accurate for real-life problems [54,55,59]. Based
on this observation, a second-order PCFE has been utilized in this
work.

An essential condition associated with Eq. (9) is the hierarchi-
cal orthogonality of the component functions [59,62], which
requires a higher-order component function to be orthogonal with
all the lower-order component functions. To determine the
unknown coefficients a while satisfying the orthogonality criteria,
an HA [55,79] is employed. This algorithm treats the orthogonal-
ity of component functions as an additional condition and deter-
mines the unknown coefficients by minimizing the least-squared
error.

Rewriting Eq. (9) in matrix form

Wa ¼ d (10)

where W and a consists of the basis functions and unknown coeffi-
cients, respectively. If g ¼ fg1; g2;…; gpgT

be the observed
responses at q sets of sample points, then

d ¼ g� �g (11)

where �g ¼ fg0; g0;…; g0gT
. Premultiplying Eq. (11) by WT, one

obtains

Ba ¼ C (12)

where B ¼ WTW and C ¼ WTd. From Eq. (9), it is evident that as
long as N> 1, W have identical columns. Thus, B is having identi-
cal rows which can be treated as redundants. Removing the
redundants

B0a ¼ C0 (13)

where B0 and C0 are, respectively, B and C after removing the
redundants. Equation (13) represents a set of underdetermined
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system. All the solutions of Eq. (13) can be represented into a gen-
eralized form as

a ¼ ðB0Þ�1
C0 þ ðI� ðB0Þ�1

B0ÞvðsÞ
¼ ðB0Þ�1

C0 þ PvðsÞ
(14)

where ðB0Þ�1
denotes the generalized inverse of B0 satisfying

part or all four Penrose condition [80]. I represents an identity
matrix of dimension q	 q. All the solution of a obtained from
Eq. (14) compose a completely connected submanifold
M
 <q. In HA, one seeks the solution that minimizes the
least squared error and satisfies the orthogonality criteria
defined in Refs. [59,62].

Employing HA [55,79], the unknown coefficient vector a is
obtained as [59,62]

aHA ¼ ½Vq�rðUT
q�rVq�rÞ�1

UT
q�r�a0 (15)

where U and V are matrices obtained by singular value decompo-
sition of PW matrix, where W is the weight matrix obtained by
imposing the orthogonality condition. a0 is the solution obtained
using least squared minimization. Equation (15) is the practical
formula obtained using homotopy algorithm. For a detailed
description of the homotopy algorithm, interested readers may
refer [55,79]. For details regarding formulation of the orthogonal-
ity criteria and weight matrix, that are used as additional criteria,
interested readers are referred to Refs. [54,59,62,74].

A pseudo-code for determining unknown coefficients of PCFE
is shown in Algorithm 1.

3.3 Proposed Approach. In this section, a coupled frame-
work for RDO has been presented. The framework proposed has
been developed by coupling PCFE into the framework of DEA.
However, before coupling PCFE into DEA, it is essential to deter-
mine the optimum basis order. The steps involved for determining
the optimum basis order are described below.

Step 1: Provide the tolerance limit �1 and �2.
Step 2: Set PCFE order M¼ 2 and basis order s¼ 1. Input initial
sample size. Set counter¼ 1.

Step 3: Generate sample points
Step 4: Formulate PCFE-based operational model using
Algorithm 1.
Step 5: If counter¼ 1, compute the variance of the unknown
coefficients (rcounter

a ). Generate additional sample points. Else
compute the change in variance of the unknown coefficients
Drcounter

a ¼ rcounter
a � rcounter�1

a . If Drcounter
a > �1, generate addi-

tional sample points, set counter ¼ counterþ 1 and go to Step
4. Else go to Step 6.
Step 6: Compute error (en̂1) of the generated PCFE-based
operational model using leave-one-out statistical test. If
en̂1 > �2, set s ¼ sþ 1 and go to Step 3. Else stop.

Once the optimum basis order is determined, explicit expres-
sions for the objective and/or constraint functions are generated
using the PCFE-based operational model. After that, DEA is
utilized to solve the RDO problem formulated by using the PCFE-
based objective and constraint functions. A flow chart for
performing RDO using DEA–PCFE is shown in Fig. 2.

DEA–PCFE has several unique properties:

• The number of actual function evaluation using DEA–PCFE
is significantly less as compared to other popular techniques
available in the literature. This is because the terms in PCFE
are arranged based on the degree of cooperativity between a
finite numbers of random variables, and the lower-order
component function of PCFE inherently incorporates the
higher-order nonlinearity. As a result, if the response is
highly nonlinear and higher dimensional cooperative effects
of multiple random variables are rapidly diminishing, PCFE
is highly effective. In this context, it may be noted that most
of the real-life problems generally involve lower-order coop-
erative effect [81]. Furthermore, the elite convergence rate of
DEA makes DEA–PCFE an ideal tool for RDO.

• PCFE is a finite series consisting of 2N component func-
tions, where N is the number of random variables. Thus, if
the component functions are convergent, PCFE provides an
exact solution.

• PCFE is a mean-square convergent series because it mini-
mizes the mean square error from truncation after a finite
number of cooperative terms.

Algorithm 1 Pseudo-code for PCFE

1. Initialize: Provide order of PCFE, input variable (var) type and corresponding parameters. Identify variable bounds based on the input parameters.
Generate sample points (Ns) within the bounds and obtain response (gðxÞ) by actual finite element model analysis.

2. varð Þi j  
varð Þi j �minðvarÞi

maxðvarÞi �minðvarÞi
8i; j

3. g0  
1

Ns

X
s

g xsð Þ

4. for i ¼ 1 : Ns

di  gðxiÞ � g0

end for

5. W ½wðx1Þ wðx2Þ � � � wðxNs Þ �T where

wðxrÞT  ½w1
1ðxr

1Þ w1
2ðxr

1Þ � � � w1
kðxr

1Þ w2
1ðxr

2Þ � � �
w1

1ðxr
1Þ � � � wN�2

m ðxr
N�2Þw

N�1
m ðxr

N�1Þ
wN�1

m ðxr
N�1ÞwN

mðxr
NÞ

6. d ½ d1 d2 � � � dNs �
T

7. B WTW and C WTd

8. ½B0 d0�  remove redundantsðB; dÞ

9. P I� ðB0Þ�1
B0

10. W form weightðWÞ

11. ½U V�  svdðPWÞ

12. aHA  ½Vq�rðUT
q�rVq�rÞ�1

UT
q�r�a0
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• The proposed approach utilizes PCFE, which is optimum in
Fourier sense. This is due to the fact that the unknown coeffi-
cients associated with the basis are determined by considering
the hierarchical orthogonality of the component functions.

The above features classify DEA–PCFE as an ideal tool for
RDO.

4 Validation

In this section, DEA–PCFE has been validated against popular
approaches available in the literature. To be specific, two bench-
mark problems have been solved using the proposed approach.
For both the problems, the population size and the generation size
in DEA are considered to be 50 and 100, respectively. The cross-
over parameter and the mutation parameter are set to be 0.5 and
0.8, respectively. Second-order PCFE model has been utilized in
this study. For all the problems, the optimum order of basis is
determined by using the proposed iterative algorithm. The sample
points required to formulate the PCFE model are generated by
using a Sobol sequence. However, it is worth mentioning that the
proposed DEA–PCFE is applicable to both uniformly and nonuni-
formly distributed sample points.

4.1 A Mathematical Function. In the first problem, RDO of
a mathematical function has been performed. This problem is a
well-known benchmark problem for RDO techniques and has been
previously solved by Refs. [8,82] The optimization problem reads

min
d2D

cO dð Þ ¼ rd y0 Xð Þ
� �

15

s:t: ck dð Þ ¼ 3rd y1 Xð Þ
� �

� hy1 Xð Þi
1 < d1; d2 < 10

(16)

where the two functions y0ðXÞ and y1ðXÞ are given as

y0ðXÞ ¼ ðX1 � 4Þ3 þ ðX1 � 3Þ4 þ ðX2 � 5Þ2 þ 10 (17)

and
y1ðXÞ ¼ X1 þ X2 � 6:45 (18)

Both the design variables follow Gaussian distribution with a
standard deviation of 0.4.

Differential evolution algorithm–polynominal correlated func-
tion expansion has been utilized to solve this problem. Table 1
shows the optimum design obtained using the proposed approach.
Results obtained have been compared with tensor product quadrature
(TPQ), Taylor’s series (TS), Gaussian process (GP), polynomial chaos
expansion (PCE) [36], and sparse grid collocation technique (SGC)
[83]. It is observed that DEA–PCFE yields the best results as compared
to the other techniques for RDO. Furthermore, the total number of
function evaluation using DEA–PCFE ðnt ¼ 76Þ is significantly less as
compared to TPQ (nt ¼ 162), TS (nt ¼ 90), GP (nt ¼ 256), third
order PCE (nt ¼ 160), and SGC (level five) (nt ¼ 795).

4.2 2-Bar Truss. In this example, a 2-bar truss element, as
shown in Fig. 3, has been considered [8,82]. The system is having
five independent random variables, namely cross-sectional area
X1, the horizontal span (half) X2, material density X3, load X4, and
tensile strength X5. The details of random variables are provided
in Table 2. The design variables are d1 ¼ EðX1Þ and d2 ¼ EðX2Þ.
The objective of this problem is to minimize the second moment
properties of mass of the structure, given that limiting stresses in
both members are below the material yield stress. Consequently,
the RDO problem is formulated as

Fig. 2 Flowchart for DEA–PCFE

Table 1 Optimized parameters for first validation problem

Methods d1 d2 cOðdaÞ Ns
a

TPQb 3.45 5.00 0.086 162
TSb 3.50 4.99 0.090 90
GP 3.37 5.00 0.076 256
PCE 3.33 4.99 0.076 160
SGC 3.36 5.00 0.076 795
DEA–PCFE 3.35 4.99 0.076 76

aNo. of actual simulations.
bObtained from Ref. [8].

ASCE-ASME Journal of Risk and Uncertainty in Engineering Systems,
Part B: Mechanical Engineering

SEPTEMBER 2017, Vol. 3 / 031002-5

Downloaded From: http://risk.asmedigitalcollection.asme.org/pdfaccess.ashx?url=/data/journals/ajrub7/936312/ on 06/22/2017 Terms of Use: http://www.asme.org/about-asme/terms-of-use



min
d2D

cO dð Þ ¼ b1

E y0 Xð Þ
� �

10
þ 1� b1ð Þ r y0 Xð Þ

� �
2

s:t: c1 dð Þ ¼ 3r y1 Xð Þ
� �

� E y1 Xð Þ
� �

� 0

c2 dð Þ ¼ 3r y2 Xð Þ
� �

� E y2 Xð Þ
� �

� 0

0:2 cm2 � d1 � 20 cm2; 0:1 m � d2 � 1:6 m

(19)

where y0; y1, and y2 are, respectively, mass of the structure, stress
in member 1, and stress in member 2.

Table 3 shows the RDO results obtained using DEA–PCFE,
TPQ, TS, GP, PCE [36], and SGC [83]. It is observed that
DEA–PCFE (cOðd�Þ¼ 1.189, Ns¼ 640) outperforms TPQ (cOðd�Þ

¼ 1.239, Ns¼ 7722), GP (cOðd�Þ ¼ 1.37, Ns¼ 1280), PCE
(cOðd�Þ ¼ 1.80, Ns¼ 1536), and SGC (cOðd�Þ ¼ 1.21,
Ns¼ 42,075) both in terms of accuracy and efficiency.
DEA–PCFE and TS yield the best results (cOðd�Þ ¼ 1.174). How-
ever, the number of function evaluations using DEA–PCFE
(Ns¼ 640) is less, as compared to TS (Ns¼ 648).

5 Crashworthiness of Vehicle Due to Side Impact

In this section, the detailed problem formulation including the
FE model of vehicle and safety regulations has been presented.
The problem description for RDO and the results obtained have
been presented toward the end of this section.

5.1 Vehicle Model Description. The proposed approach is
utilized for RDO of a large-scale vehicle as shown in Fig. 4. RDO
of the vehicle against crashworthiness due to side impact has been
investigated. The system model includes a full-vehicle FE struc-
ture model1 a side impact dummy FE model and a side barrier
[9,84]. The vehicle model consists of 1.7M nodes. In the FE simu-
lation, the initial velocity of the barrier is considered to be 49.89
kmph. RBDO of the above-mentioned vehicle is already been car-
ried out by Ref. [9]. In this study, the primary objective is to per-
form RDO of the vehicle using the proposed approach.

5.2 Safety Regulations. It is essential for the vehicle design
to satisfy the internal and regulated side impact requirements.
Two primary side impact protection guidelines that are quite pop-
ular in the vehicle market are the (i) National Highway Traffic
Safety Administration (NHTSA) side impact procedures for the
Federal Motor Vehicle Safety Standard (FMVSS) and Canadian
Motor Vehicle Safety Standard (CMVSS) and (ii) European
Enhanced Vehicle-Safety Committee (EEVC) side impact

Fig. 3 2-bar truss structure considered for validation

Table 2 Properties of random variables

Variable Mean COV Type

X1 d1 0.02 Gaussian
X2 d2 0.02 Gaussian
X3 10,000 0.2 Betaa

X4 800 0.25 Gumbel
X5 1050 0.24 lognormal

aFor beta distribution, both parameters are five.

Table 3 Robust design of 2-bar truss

Methods d1 d2 cOðdaÞ Ns
a

TPQb 11.567 0.3767 1.239 7722
TSb 10.957 0.3770 1.174 648
GP 12.783 0.3770 1.37 1280
PCE 12.6268 1.0149 1.80 1536
SGC 11.3302 0.3771 1.21 42,075
DEA-PCFE 10.957 0.3770 1.174 640

aNo. of actual simulations.
bObtained from Ref. [8].

Fig. 4 Vehicle model for side impact problem

Table 4 Safety criteria as per European Enhanced Vehicle-
Safety Committee

Performance Top safety rating criteria

Abdomen load � 1
Rib deflection Upper

Middle � 22
Lower

VC ðm=sÞ Upper
Middle � 0:32
Lower

Pubic symphysis force (kN) � 3
HIC � 650

1Obtained from http://www.ncac.gwu.edu/archives/model/index.html
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procedure for European vehicle. In this study, EEVC side impact
criteria, as shown in Table 4 [9,84], has been considered.

5.3 Robust Crashworthiness Design Optimization for Side
Impact. The RDO problem for crashworthiness of vehicle due to
side impact is formulated as

minimize b
W

W0

þ 1�bð Þ rH

rH0

subject to lALþ k:rAL� 1kN

l U=M=Lð ÞVCþ k:r U=M=Lð ÞVC� 0:32 m=s

l U=M=Lð Þdeflectionþk:r U=M=Lð Þdeflection� 32mm

lPSFþ k:rPSF� 4kN

lVB�PILLAR
þ k:rVB�PILLAR

� 9:9 mm=ms

lVFD
þ k:rVFD

� 15:7 mm=ms

dL� d� dU; d2R9; X2R11

(20)

where W is the mass of the vehicle and H is the lower rib deflec-
tion. PSF; B� PILLAR and VFD, respectively, denote pubic sym-
physis force (PSF), velocity of B-pillar at midpoint and velocity
of front door at B-pillar. k in Eq. (20) denotes the sigma level.
Based on users’ requirement, its value is to be chosen appropri-
ately. l and r denote mean and standard deviation, respectively.
The system is having eleven random variables, which include
thickness ðd1 � d7Þ, material properties of critical part ðd8; d9Þ,
barrier height, and hitting position. Only the first nine random
parameters are considered to be design variables. Barrier height
and hitting position may vary from �30 mm to 30 mm [9]. All the
random variables are assumed to be normally distributed. Details
of the random variables are given in Table 5.

5.4 Results and Discussion. Using the information provided
in the Secs. 5.1–5.3, RDO for crashworthiness of vehicle due to
side impact has been carried out. From practical point of view,
k¼ 3 in Eq. (20) has been considered. The training points required

for PCFE and PCE has been generated using a Sobol’s sampling
scheme [85,86].

Tables 6 and 7 show the result obtained using the various meth-
ods. The benchmark solution has been obtained by actual finite-
element simulation. The results have been calculated correspond-
ing to b ¼ ½0; 0:1; 0:4; 0:5�. As expected, with an increase in b, the
mass (mean) decreases and low rib deflection (variance) increases.
For all the cases, results obtained using the proposed DEA–PCFE
are in excellent agreement with the benchmark solution. The other
approaches, namely PCE and SGC, also yield satisfactory results.
However, the number of actual FE simulation required using the
proposed approach (Ns¼ 256) is significantly less as compared to
PCE (Ns¼ 2048) and SGC (Ns¼ 5300).

6 Conclusion

A novel approach, referred to as DEA based on PCFE, is pre-
sented for robust design optimization of vehicle crashworthiness
subjected to side impact. DEA–PCFE is formulated by coupling
PCFE with DEA. While PCFE is utilized to generate an approxi-
mate surrogate model for the uncertain objective functions and/or
constraints, DEA is utilized to perform the optimization. The
order of basis involved in PCFE is determined by employing an
adaptive scheme. The proposed approach reduces the actual func-
tion evaluation significantly and is thus suitable for large-scale
problems. DEA–PCFE has been validated against popular meth-
ods available in literature.

A full-scale finite element model2, has been optimized. The
problem considered is having nine design variables and eleven ran-
dom variables. Various case studies by providing various emphases
on the mean and deviation components have also been performed.
For all the cases, results obtained using DEA–PCFE are in excellent
agreement with FE simulations. Furthermore, DEA–PCFE is highly
efficient as compared to available techniques.

Table 5 Statistical parameters of random parameters in
Eq. (20)

Random variables Std. dev. Type dL di dU

B-pillar inner (mm) 0.100 Normal 0.500 1.000 1.500
B-pillar reinforce (mm) 0.100 Normal 0.450 1.000 1.350
Floor side inner (mm) 0.100 Normal 0.500 1.000 1.500
Cross member 0.100 Normal 0.500 1.000 1.500
Door beam (mm) 0.100 Normal 0.875 2.000 2.625
Door belt line (mm) 0.100 Normal 0.400 1.000 1.200
Roof rail (mm) 0.100 Normal 0.400 1.000 1.200
Mat. B-pillar inner (GPa) 0.006 Normal 0.192 0.300 0.345
Mat. floor side inner (GPa) 0.006 Normal 0.192 0.300 0.345
Barrier height (mm) 10 Normal Not design variable
Barrier hitting (mm) 10 Normal Not design variable

Table 6 Comparison of RDO results obtained using various
methods

Optimum design

Mass (mean) Lower rib deflection (variance)

b PCE SGC DEA–PCFE FE PCE SGC DEA–PCFE FE

0 30.50 30.44 30.69 30.69 1.19 1.19 1.18 1.18
0.1 29.12 28.89 29.11 29.11 1.183 1.19 1.182 1.182
0.4 26.51 27.02 26.66 26.66 1.22 1.212 1.217 1.217
0.5 26.07 26.00 26.02 26.02 1.227 1.223 1.223 1.223

DEA–PCFE requires 256 actual FE simulations.
PCE requires 2048 actual FE simulations.
SGC requires 5300 actual function evaluations.

Table 7 Design variables at optimum point obtained using DEA–PCFE

b ¼ 0 b ¼ 0:1 b ¼ 0:4 b ¼ 0:5

Variables PCE SGC DEA–PCFE FE PCE SGC DEA–PCFE FE PCE SGC DEA–PCFE FE PCE SGC DEA–PCFE FE

d1 1.50 1.50 1.50 1.50 1.50 1.50 1.50 1.50 0.95 1.09 0.99 0.99 0.87 0.86 0.87 0.86
d2 0.69 0.70 0.72 0.71 0.72 0.73 0.72 0.72 0.67 0.68 0.67 0.67 0.67 0.67 0.67 0.67
d3 0.50 0.50 0.50 0.50 0.50 0.50 0.50 0.50 0.50 0.50 0.50 0.50 0.50 0.50 0.50 0.50
d4 1.27 1.25 1.32 1.31 0.88 0.81 0.87 0.87 1.15 1.09 1.16 1.15 1.15 1.16 1.16 1.16
d5 2.63 2.62 2.63 2.63 2.62 2.63 2.63 2.62 2.27 2.25 2.19 2.21 2.24 2.18 2.19 2.19
d6 0.68 0.70 0.62 0.62 0.65 0.63 0.66 0.65 0.62 0.65 0.64 0.64 0.63 0.64 0.64 0.64
d7 1.20 1.20 1.20 1.20 1.20 1.20 1.20 1.20 1.20 1.20 1.20 1.20 1.20 1.20 1.20 1.20
d8 0.22 0.22 0.22 0.22 0.22 0.21 0.22 0.22 0.33 0.31 0.35 0.32 0.34 0.35 0.35 0.35
d9 0.28 0.29 0.29 0.29 0.34 0.34 0.35 0.35 0.19 0.22 0.19 0.20 0.19 0.19 0.19 0.19

2Obtained from http://www.ncac.gwu.edu/archives/model/index.html
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Nomenclature

d ¼ design variables in vehicle crashworthiness
optimization

g0 ¼ zeroth-order component function of PCFE
gðxÞ ¼ output
ĝðxÞ ¼ approximated output

H ¼ low rib deflection
k ¼ sigma level

np ¼ population size in DEA
randðjÞ ¼ jth uniform random number

randi ¼ randomly chosen integer
ui;Gþ1U ¼ trial vector

VFD ¼ velocity of front door
vðsÞ ¼ free function vector

W ¼ weight matrix
W ¼ mass of vehicle
x ¼ input vector

xi;G ¼ parameter vector in generation G
xL ¼ lower limit of x
xU ¼ upper limit of x
a ¼ unknown coefficient

aHA ¼ solution obtained using homotopy algorithm
b ¼ weighing factor in RDO objective function

lð•Þ ¼ mean
l�; r� ¼ ideal designs

rð•Þ ¼ standard deviation
w ¼ basis function
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