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Mass sensing using micromechanical cantilever oscillators has been established as a promising

approach. The scientific principle underpinning this technique is the shift in the resonance

frequency caused by the additional mass in the dynamic system. This approach relies on the fact

that the Q-factor of the underlying oscillator is high enough so that it does not significantly affect

the resonance frequencies. We consider the case when the Q-factor is low to the extent that the

effect of damping is prominent. It is shown that the mass sensing can be achieved using a shift in

the damping factor. We prove that the shift in the damping factor is of the same order as that of the

resonance frequency. Based on this crucial observation, three new approaches have been proposed,

namely, (a) mass sensing using frequency shifts in the complex plane, (b) mass sensing from

damped free vibration response in the time domain, and (c) mass sensing from the steady-state

response in the frequency domain. Explicit closed-form expressions relating absorbed mass with

changes in the measured dynamic properties have been derived. The rationale behind each new

method has been explained using non-dimensional graphical illustrations. The new mass sensing

approaches using damped dynamic characteristics can expand the current horizon of micromechan-

ical sensing by incorporating a wide range of additional measurements. Published by AIP
Publishing. https://doi.org/10.1063/1.4993678

I. INTRODUCTION

Label-free mass sensing using cantilever-like resonators

is an active field of multidisciplinary research.1,2 Depending

on the size on the cantilever, the mass to be detected can

vary from few atoms to relatively larger size like DNA and

other biological molecules.3–8 With the advancement of

manufacturing technology, micrometer size cantilever sen-

sors are expected to be used in practice in the near future for

a variety of applications including biosensors, environmental

sensor, gas sensors, and chemical sensors.6,9–14

For any mechanical sensors to work in a reliable man-

ner, it is necessary that the object to be sensed makes a

detectable change in a quantity which can be measured

easily and accurately. The measurement of the resonance

frequency is one of the most fundamental properties of an

oscillator and can be measured reliably across a wide range

of mechanical systems. Resonance based sensors offer sig-

nificant potential of achieving the high-fidelity requirement

of many sensing applications.15–27 The central principle of

mass detection is based on the fact that the effective reso-

nance frequency of the oscillator is reduced when additional

mass is attached. Using the reduction of the natural fre-

quency, commonly termed as the frequency-shift, it is possi-

ble to “predict” how much mass is responsible for causing

that change. The idea is in principle simple; however, there

are a number of practical issues which can influence the

mass detection significantly. These include, but are not lim-

ited to, (1) the object absorbed on the cantilever is not a

“point-mass” but has a finite dimension, (2) the object has an

intrinsic stiffness such that it can alter the effective stiffness

of the underlying cantilever and therefore change the fre-

quency in a different manner, (3) the position of the object

absorbed on the cantilever may not be precisely known, (4)

the “attachment” between the object and the cantilever may

not be perfectly rigid, (5) the shape of the object can intro-

duce other mechanical effects such as rotary inertia and shear

deformation, (6) the chemical composition and/or the surface

tension of the object can introduce local surface stress to an

extent that it alters the dynamics of the cantilever, and (7)

the attached object itself can vibrate and therefore may bring

new dynamics to the system. These issues, among many

other issues, are still active areas of investigations (see, for

example, Refs. 28–31).

Dynamic characteristics of resonators used for mass

sensing is crucially affected by their Q-factors or damping

factors.32–36 In general, the higher the Q-factor, the better the

quality of the measurement of the resonance frequencies.

This is because (a) high Q-factor leads to a sharper peak in

the frequency response making it easy to identify the reso-

nance frequency, and (b) signal to noise ratio becomes much

high when the Q-factor is high. Therefore, a broad aim of

most sensor design is to have as high Q-factor as possible.

While recent studies have shown that it is possible to have

oscillators to have very high Q-factors, in some cases this

may not be always possible. One example is cantilever

sensors immersed in a fluidic environment37,38 where the

surrounding fluid can be a source of viscous damping. For

linear systems, the effect of damping is most pronounced in

the dynamic response near the resonance frequency in the

frequency response function. We refer to these books39–42

for further discussions on general analysis and modelling of

damping in dynamic systems. Unlike the inertia and stiffness

forces, the theoretical modelling of damping from the first

principles is not a general approach. Normally this is done in
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a case by case basis by investigating damping mechanisms

of a particular dynamic problem. For simplification, it is cus-

tomary to model damping by a viscous damping factor,

which presents an equivalent damping of the system. The

effect of the damping factor on the resonance frequency is

small. For this reason, micromechanical mass sensing meth-

ods derived based on the assumption of undamped system

dynamics, as normally done in practice, is valid for lightly

damped systems also. This aspect will be investigated further

in this paper.

Micromechanical mass sensing based on resonance fre-

quency shift approach relies on the fact the inherent damping

in the system is small (high Q-factor). The aim of this work

is to relax this assumption and consider cantilever resonators

with high damping. It will be shown that in this situation,

mass sensing methods alternative to measuring the resonance

frequency is possible. Consequently, the frequency-shift is

not the only measurement that needs to be employed for

mass sensing. The outline of the paper is as follows: In Sec.

II, the equation of motion of damped cantilevers is discussed.

In particular, in Subsection II A, the continuum model is

shown, and the corresponding single degree of freedom

approximation is obtained in Subsection II B. Dynamic anal-

ysis of mass absorbed damped cantilevers is discussed in

Sec. III, and the key results necessary for mass sensing is

derived. The main techniques for mass sensing exploiting

the damped dynamics are developed in Sec. IV. Three main

ideas have been put forward, namely, (1) mass sensing using

frequency shifts in the complex plane (in Subsection IV A),

(2) mass sensing from damped free vibration response in the

time domain (in Subsection IV B), and (3) mass sensing

from the steady-state response in the frequency domain (in

Subsection IV C). Finally, Sec. V summarises the work and

draws some conclusions.

II. EQUATION OF MOTION OF DAMPED CANTILEVERS

A. The exact partial differential equation

The dimension of microcantilevers can vary depending

on applications. Typically, the dimensions are in the order of

100 lm long, 50 lm wide, and 0.5 lm thick.1 Due to the

small thickness to length ratio, Euler-Bernoulli beam theory

can be used to model bending vibration of such microcantile-

vers. The equation of motion of a damped cantilever mod-

elled (see, for example, Ref. 43) using Euler-Bernoulli beam

theory can be expressed as

EI
@4Uðx; tÞ
@x2

þ ĉ1

@5Uðx; tÞ
@x4@t

þ qA
@2Uðx; tÞ
@t2

þ ĉ2

@Uðx; tÞ
@t

¼ Fðx; tÞ: (1)

In the above equation, x is the coordinate along the

length of the beam, t is the time, E is the Young’s modu-

lus, I is the second-moment of the cross-section, A is the

cross-section area, q is the density of the material, F(x, t)
is the applied spatial dynamic forcing, and U(x, t) is the

transverse displacement. The length of the beam is

assumed to be L. Additionally ĉ1 is the strain-rate-

dependent viscous damping coefficient, and ĉ2 is the

velocity-dependent viscous damping coefficient. The

strain-rate-dependent damping can be used to model

inherent damping property of the material of the cantile-

ver beam. The velocity-dependent viscous damping can

be used to model damping due to external factors such as

a cantilever immersed in a fluidic environment. A sche-

matic diagram of a cantilever micromechanical sensor

immersed in a viscous fluid is shown in Fig. 1. The vis-

cous fluid is used for illustration purpose only. Its main

role for the purpose of this paper is that it simulates

external damping to the vibrating system. We refer to

other works37,38 for more detailed discussions on vibrating

cantilevers in fluid. The undamped natural frequencies

(Hz) of a cantilever resonator can be expressed as

fj ¼
k2

j

2p

ffiffiffiffiffiffiffiffiffiffiffi
EI

qAL4

s
; j ¼ 1; 2; 3;… (2)

where kj needs to be obtained by44 solving the following

transcendental equation:

cos k cosh kþ 1 ¼ 0: (3)

Solving this equation, the values of kj can be obtained as

1.8751, 4.69409, 7.8539 and 10.99557. For larger values of

j, in general, we have kj ¼ ð2j� 1Þ=2p. The vibration mode

shape corresponding to the j-th natural frequency can be

expressed as

/jðnÞ ¼ cosh kjn� cos kjn
� �

� sinh kj � sin kj

cosh kj þ cos kj

� �
� sinh kjn� sin kjn
� �

; (4)

where n ¼ x
L is the normalised coordinate along the length of

the cantilever. For sensing applications, we are primarily

interested in the first few modes of vibration only.

Consider the attached object of mass M at the end of the

cantilevered resonator in Fig. 1. The boundary conditions

with an additional mass of M at x¼ L can be expressed as

Uð0; tÞ ¼ 0; U0ð0; tÞ ¼ 0; U00ðL; tÞ ¼ 0;

and EIU000ðL; tÞ �M €UðL; tÞ ¼ 0: (5)

Here, ð•Þ0 denotes derivative with respective to x and ð_•Þ
denotes derivative with respective to t. It can be shown that

FIG. 1. Schematic diagrams of: (a) a cantilever micromechanical mass sen-

sor immersed in a viscous fluid, and (b) an equivalent damped single degree

of freedom model oscillator model.
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(see, for example, Ref. 28) the resonance frequencies are still

obtained from Eq. (2) but kj should be obtained by solving

cos k sinh k� sin k cosh kð ÞDM kþ cos k cosh kþ 1ð Þ ¼ 0:

(6)

Here

DM ¼ M

qAL
(7)

is the ratio of the added mass and the mass of the cantilever.

If the added mass is zero, then one can see that Eq. (7)

reduces to Eq. (3). For this general case, the eigenvalues kj

as well as the mode shapes /jðnÞ become a function of DM.

Unlike the classical mass-free case, closed-from expressions

are not available. However, very accurate approximation can

be developed for this case.28

B. Equivalent single degree of freedom model

The equation of motion of the beam in (1) is a partial

differential equation. This equation represents infinite num-

ber of degrees of freedom. The mathematical theory of linear

partial differential equations is very well developed and the

nature of solutions of the bending vibration is well under-

stood. Considering the steady-state harmonic motion with

frequency x we have

Uðx; tÞ ¼ uðxÞ exp ixt½ �; (8)

and Fðx; tÞ ¼ f ðxÞ exp ixt½ �; (9)

where i ¼
ffiffiffiffiffiffiffi
�1
p

. Substituting this in the beam equation (1)

we have

EI
d4uðxÞ

dx4
þ ixĉ1

d4uðxÞ
dx4

� qAx2uðxÞ þ ixĉ2uðxÞ ¼ f ðxÞ:

(10)

Following the damping convention in dynamic analysis as in

Ref. 45, we consider stiffness and mass proportional damp-

ing. Therefore, we express the damping constants as

ĉ1 ¼ aðEIÞ and ĉ2 ¼ bðqAÞ; (11)

where a and b are stiffness and mass proportional damping

factors. Substituting these, from Eq. (10), we have

EI
d4uðxÞ

dx4
þ ix aEI

d4uðxÞ
dx4

þ bqAuðxÞ
� �
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

damping

�qAx2uðxÞ ¼ f ðxÞ: (12)

The first part of the damping expression is proportional to

the stiffness term while the second part of the damping

expression is proportional the mass term. The general solu-

tion of Eq. (12) can be expressed as a linear superposition of

all the vibration mode shapes (see, for example, Ref. 45).

Micromechanical mass sensors are often designed to operate

within a frequency range which is close to fist few natural

frequencies only. Therefore, without any loss of accuracy,

simplified lumped parameter models can be used to corre-

sponding correct resonant behaviour. This can be achieved

using energy methods or more generally using Galerkin

approach.

Galerkin approach can be employed in the time domain

or in the frequency domain. We adopt a time domain

approach. The necessary changes to apply this in the fre-

quency domain are straightforward for linear problems and

therefore not elaborated here. Assuming a unimodal solution,

the dynamic response of the beam can be expressed as

Uðx; tÞ ¼ ujðtÞ/jðxÞ; j ¼ 1; 2; 3;…: (13)

Substituting this assumed motion into the equation of motion

(1), multiplying by /jðxÞ and integrating by parts over the

length one has

EIujðtÞ
ðL

0

/00
2

j ðxÞdxþ aEI _ujðtÞ
ðL

0

/00
2

j ðxÞdx

þbqA _ujðtÞ
ðL

0

/2
j ðxÞdxþ qA€ujðtÞ

ðL

0

/2
j ðxÞdx

¼
ðL

0

Fðx; tÞ/jðxÞdx: (14)

Using the equivalent mass, damping, and stiffness, this equa-

tion can be rewritten as

meqj
€ujðtÞ þ ceqj

_ujðtÞ þ keqj
ujðtÞ ¼ fjðtÞ; (15)

where the equivalent mass and stiffness terms are given by

meqj
¼ qA

ðL

0

/2
j ðxÞdx ¼ qAL

ð1

0

/2
j ðnÞdn|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}
I1j

; (16)

keqj
¼ EI

ðL

0

/00
2

j ðxÞdx ¼ EI

L3

ð1

0

/00
2

j ðnÞdn|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
I2j

: (17)

The equivalent damping and the equivalent forcing are

expressed as

ceqj
¼ akeqj

þ bmeqj
; (18)

fjðtÞ ¼
ðL

0

Fðx; tÞ/jðxÞdx: (19)

Using the expression of the mode-shape in Eq. (4), the inte-

grals I1j
and I2j

can be evaluated in closed-form for any gen-

eral mode as

I1j
¼ ð�cos kjsinh kj � cos2 kjcosh kjsinh kj

þkj cos2kj � cosh kj sin kj � cos kjcosh2 kj sin kj

þ2 cos kjcosh kjkj þ kjcosh2 kjÞ= Dkj

� �
; (20)

I2j
¼ k3

j ð3 cos kjsinh kj þ 3 cos2kjcosh kjsinh kj

þkj cos2kj þ 3cosh kj sin kj þ kjcosh2kj

þ3 cos kjcosh2 kj sin kj þ 2 cos kjcosh kjkjÞ=D: (21)
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The denominator D is given by

D ¼ cosh2kj þ 2 cos kjcoshkj þ cos2kj: (22)

For the first mode of vibration (j¼ 1), substituting

k1 ¼ 1:8751, it can be shown that I11
¼ 1 and I12

¼ 12:3624.

If there is a point mass of M at the tip of the cantilever, then

the effective mass becomes

meqj
¼ qALI1j

þM /2
j ð1Þ|fflffl{zfflffl}
I3j

¼ qAL I1j
þ DMI3j

� �
: (23)

Using the expression of the mode-shape, we have

I3j
¼ 4sinh2kj sin2kj

D
: (24)

For the first mode of vibration, it can be shown that I31
¼ 4.

The equivalent single degree of freedom model given by Eq.

(15) is used in the rest of the paper. However, the expression

derived here is general and can be used if higher modes of

vibration46 were to be employed in sensing.

III. DYNAMIC CHARACTERISTICS OF MASS
ABSORBED DAMPED OSCILLATORS

For notational simplification, from (15), the equation of

motion of the equivalent single degree of freedom cantilever

resonator without any added mass is expressed as

m0€u0ðtÞ þ c0 _u0ðtÞ þ k0u0ðtÞ ¼ f ðtÞ; (25)

where

c0 ¼ ak0 þ bm0: (26)

We call the oscillator given by Eq. (25) as the reference

oscillator. Diving by m0, the equation of motion can be

expressed as

€u0ðtÞ þ 2f0x0 _u0ðtÞ þ x2
0u0ðtÞ ¼

f ðtÞ
m0

: (27)

Here, the undamped natural frequency (x0) and the damping

factor (f0) are expressed as

x0 ¼
ffiffiffiffiffiffi
k0

m0

r
; (28)

and
c0

m0

¼ 2f0x0 or f0 ¼
c0

2
ffiffiffiffiffiffiffiffiffiffi
k0m0

p : (29)

In view of the expression of c0 in (26), the damping factor

can also be expressed in terms of the stiffness and mass pro-

portional damping constants as

f0 ¼
1

2
ax0 þ

b
x0

� �
: (30)

Taking the Laplace transform of Eq. (27), we have

s2U0ðsÞ þ s2f0x0U0ðsÞ þ x2
0U0ðsÞ ¼

FðsÞ
m0

; (31)

where U0ðsÞ and F(s) are the Laplace transforms of u0ðtÞ and

f(t), respectively. Solving the equation associated with coef-

ficient of U0ðsÞ in Eq. (27) without the forcing term, the

complex natural frequencies of the system are given by

s01;2
¼ �f0x06ix0

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� f2

0

q
¼ �f0x06ixd0

: (32)

Here, the imaginary number i ¼
ffiffiffiffiffiffiffi
�1
p

and the damped natu-

ral frequency is expressed as

xd0
¼ x0

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� f2

0

q
: (33)

For a damped oscillator, at resonance, the frequency of oscil-

lation is given by xd0
< x0. Therefore, for positive damping,

the resonance frequency of a damped system is always lower

than the corresponding underlying undamped system.

The Quality factor (Q-factor) of an oscillator is the ratio

between the energy stored and energy lost during one cycle

when the oscillator vibrates at the resonance frequency. It

can be shown that (omitting the subscript 0) the Q-factor

Q ¼ mxd

c
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� f2

p
2f

: (34)

Alternatively, the damping factor can be related to the Q-

factor as

f ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4Q2

p : (35)

We will use both factors as appropriate.

Let us now consider that due to the added mass, the new

mass is given by

m0 þ m0D ¼ m0ð1þ DÞ: (36)

The non-dimensional mass factor D quantifies the additional

“absorbed mass.” This is the primary quantity of interest

which we want to identify by exploiting the dynamic behav-

iours of the damped oscillator. From a practical standpoint,

0 < D� 1. The equation of motion of the mass-absorbed

oscillator is given by

m0ð1þ DÞ€umðtÞ þ c0 _umðtÞ þ k0umðtÞ ¼ f ðtÞ: (37)

Here, umðtÞ is the displacement variable of the new system.

Dividing by m0 and taking the Laplace transform, we have

s2ð1þ DÞ þ s2f0x0 þ x2
0

� �
UmðsÞ ¼

FðsÞ
m0

: (38)

Here, UmðsÞ is the Laplace transform of umðtÞ. It is assumed

that only the mass of the system has changed. The damping

and the stiffness of the system remain identical to the refer-

ence system. In this way we can precisely quantify the

impact of the added mass on the dynamics of the system.

The complex natural frequencies of the mass-absorbed oscil-

lator are given by
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sm1;2
¼ � f0x0

ð1þ DÞ6i
x0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ DÞ � f2

0

q
ð1þ DÞ : (39)

Expressing ð1þ DÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
1þ D
p� � ffiffiffiffiffiffiffiffiffiffiffiffi

1þ D
p� �

, this equation

can be rewritten as

sm1;2
¼ � f0ffiffiffiffiffiffiffiffiffiffiffiffi

1þ D
p x0ffiffiffiffiffiffiffiffiffiffiffiffi

1þ D
p 6i

x0ffiffiffiffiffiffiffiffiffiffiffiffi
1þ D
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� f0ffiffiffiffiffiffiffiffiffiffiffiffi

1þ D
p
� �2

s
:

(40)

We define the natural frequency and damping factor of the

mass-absorbed oscillator as

xm ¼
x0ffiffiffiffiffiffiffiffiffiffiffiffi
1þ D
p ; (41)

and fm ¼
f0ffiffiffiffiffiffiffiffiffiffiffiffi

1þ D
p : (42)

Using these, from (40), the complex natural frequencies of

the system can be given similar to Eq. (32) as

sm1;2
¼ �fmxm6ixm

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� f2

m

q
¼ �fmxm6ixdm

; (43)

where the damped natural frequency of the mass-absorbed

oscillator is expressed as

xdm
¼ xm

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� f2

m

q
¼

x0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ DÞ � f2

0

q
ð1þ DÞ : (44)

After some algebra, this can be related to the damped natural

frequency of the reference system as

xdm
¼ xd0ffiffiffiffiffiffiffiffiffiffiffiffi

1þ D
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� f2

0=ð1þ DÞ
1� f2

0

s
: (45)

Using Eqs. (34), (35), and (42), the Q-factor of the mass-

absorbed oscillator can be related to the reference oscillator

as

Qm ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Q2

0ð1þ DÞ þ D
4

r
: (46)

Equations (41), (42), (45), and (46) completely relate the

undamped natural frequency, damping factor, damped natu-

ral frequency, and Q-factor of the mass-absorbed oscillator

to that of the reference oscillator. The conventional assump-

tions small damping (large Q-factor) and small mass change

have not been used in these derivations. For oscillators with

small damping, that is, f0 � 1, Eqs. (45) and (46) can be

approximated as

xdm
� xd0ffiffiffiffiffiffiffiffiffiffiffiffi

1þ D
p ; (47)

and Qm � Q0

ffiffiffiffiffiffiffiffiffiffiffiffi
1þ D
p

: (48)

Based on this analysis, the following important points can be

established:

1. The undamped natural frequency of the mass-absorbed

oscillator is less than that of the reference oscillator. The

difference in the value of the frequency, or the “frequency

shift” as commonly referred to, can be quantified by

Eq. (41).

2. The damping factor of the mass-absorbed oscillator is less

than that of the reference oscillator and can be quantified

by Eq. (42). The amount of change in the damping factor

is exactly the same as the change in the undamped natural

frequency.

3. Following on from the above observation, the Q-factor of

the mass-absorbed oscillator is more than that of the refer-

ence oscillator and can be quantified by Eq. (46) or

approximately by Eq. (48). If the approximation is consid-

ered, then the change in the Q-factor exactly reflects the

change in the damping factor (that is, by
ffiffiffiffiffiffiffiffiffiffiffiffi
1þ D
p

).

4. Similar to the undamped natural frequency, the damped

natural frequency of the mass-absorbed oscillator is less

than that of the reference oscillator. The frequency shift

can be quantified by Eq. (45) or approximately by

Eq. (47). If the approximation is considered, then the fre-

quency shift of the undamped and damped natural fre-

quencies becomes the same.

The first observation regarding the shift in the undamped

natural frequency is very well known. In fact, this is the pri-

mary scientific basis behind micromechanical mass sensing.

However, observations 2 and 3 above show that the added

mass changes the damping factor and the Q-factor by a simi-

lar amount. This fact has not been exploited in microme-

chanical mass sensing. Just like what is done with the

undamped frequency shift, any experimental technique to

measure the damping factor or the Q-factor can be used for

mass sensing. This can be employed when the conventional

frequency shift analysis becomes difficult to apply accu-

rately, for example, in a low Q-system. Alternatively, mass

sensing from the damping factor and Q-factor shift can be

used in conjunction with the classical frequency shift analy-

sis. Results using this new approach can either be used to

validate frequency shift based results or can be averaged to

obtain more robust and consistent results. It should be

emphasised that the high Q-factor assumption only simplifies

certain mathematical expressions. This assumption is not
necessary to establish the fundamental fact behind the damp-

ing factor and Q-factor shift. For high Q-factor oscillators,

from Eqs. (41), (42), (48), and (47), we observe that the

undamped natural frequency changes by exactly the same

amount as the damping factor, Q-factor, and the damped

natural frequency.

It is important to physically understand the reasons

behind these observations so that they are not just artefacts

arising from mathematical manipulations in Eq. (40). When

an additional mass is added to an existing oscillator, it

becomes heavier. As a result, the “new” oscillator vibrates

slowly and therefore results in a natural frequency which is

lower than the reference natural frequency. This is what has

been quantified in Eq. (41) for the undamped natural fre-

quency and in Eq. (45) for the damped natural frequency.

When the free vibration at resonance is considered, the
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oscillator with an additional mass has more kinetic energy

compared to the reference oscillator. As the stiffness and

damping remain the same, this additional energy allows the

oscillator to vibrate for longer (although at a slower fre-

quency). This is reflected by a lower effective damping fac-

tor as given by Eq. (42). Alternatively, if the peak response

at the resonance frequency is considered, the extra kinetic

energy would result in a higher vibrational amplitude. This,

in turn, would be reflected by a higher and sharper peak at

the resonance, resulting in an effective increase of the

Q-factor as quantified in (46). In Sec. IV, we explore some

ideas on how to exploit the changes in these fundamental

dynamic properties of an oscillator for inertial mass sensing.

IV. APPROACHES TO MASS SENSING USING DAMPED
DYNAMICS

In Sec. III, we have pointed out that the changes in the

damping factor and the Q-factor due to an added mass to a

damped oscillator can provide an alternative route to micro-

mechanical mass sensing. This can be used in conjunction

with the conventional frequency shift based approaches or

can be established as a new avenue. In Secs. IV A–IV C,

three distinct approaches are suggested based on the nature

of experimental measurements. These include (1) frequency

shifts in the complex plane, (2) free vibration response in the

time domain, and (3) steady-state response in the frequency

domain.

A. Mass sensing using frequency shifts in the
complex plane

The complex frequency in given by Eq. (43) has the real

and imaginary parts as follows:

<ðsmÞ ¼ �fmxm ¼ �
f0x0

ð1þ DÞ ; (49)

and =ðsmÞ ¼ xdm
¼

x0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ DÞ � f2

0

q
ð1þ DÞ : (50)

The real part is always negative for a stable system and it is

related to the decay rate of the dynamic response. The imagi-

nary part corresponds to the oscillation frequency of the

dynamic response of the damped system. In Fig. 2, these

quantities are plotted for five different values of the Q-

factors of the reference oscillator. The value of the added

mass is considered up to D ¼ 0:5 for illustrative purposes.

From this plot, the following observation can be made:

1. When the Q-factor of the reference oscillator is very

high, as can be seen in lines for Q0 ¼ 250 in Fig. 2,

the effect of added mass is only pronounce in the

oscillation frequency. Its effect on the decay rate is

negligible when viewed in this scale. This is the pri-

mary reason why most micromechanical sensing

approach exploits the frequency shift only (changes in

the Y-axis in Fig. 2).

2. The Q-factor of the reference oscillator does not have a

significant effect on the change in the oscillation

frequency due to the added mass. This can be seen from

Fig. 2 that the change in the Y-axis is confined within

1–0.8 (0.8165 to be precise) for a change of mass

D ¼ 0:5.

3. When the Q-factor of the reference oscillator is low (less

than 50), noticeable change in the real part of the complex

frequency can be observed. Unlike the imaginary part

where the total change in independent of the Q-factor, the

total change in the real part increases with lower Q-factor.

Therefore, it is clear that in a low Q-factor situation, the

changes in the decay rate of the oscillator can be a credi-

ble pathway for inertial mass sensing.

In Fig. 3, the absolute change in the real and imaginary

parts of the complex frequency due to the addition of mass is

FIG. 2. The variation of the complex frequency in (43) (normalised by x0)

due to the added mass on the oscillator with different Q-factors. The point

“o” indicates the frequency for the reference oscillator and the point “þ”

denotes the frequency when the added mass factor D ¼ 0:5. The X-axis cor-

responds to the decay rate while the Y-axis corresponds to the oscillation

frequency of the dynamic response.

FIG. 3. The absolute change in the real and imaginary parts of the complex

frequency (normalised by x0) due to the addition of mass as a function of

the Q-factor of the reference oscillator.
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shown. The changes are normalised by x0 and the results are

plotted as a function of the Q-factor of the reference oscilla-

tor. Except for very low Q, the absolute change in the imagi-

nary part is always higher than that of the real part when

viewed together in one plot (note that the physical meanings

of the real and imaginary parts are very different).

Additionally, the nature of the change in the real and imagi-

nary parts is drastically different. The changes in the imagi-

nary part (oscillation frequency) is independent of the Q-

factor when Q0 > 5. It also remains distinctly different for

different values of the added mass D. On the other hand, the

absolute change in the real part reduces with increasing Q-

factor. For oscillators with larger Q-factors, the absolute

change in the real part becomes very small and effectively

indistinguishable for different values D. Figure 3 illustrates

clearly why the change in the imaginary part is the most

appealing quantify for mass sensing.

Although the complex frequency appears as a single

quantity in (43), the measurement of the real and imaginary

parts, in general, requires quite different approaches. The

real part (decay rate) is easier to measure in low-Q systems,

while the imaginary part (oscillation frequency) is easier to

measure in high-Q systems with sharper response peaks.

Experimental techniques are constantly improving and it is

reasonable to assume that both the real and imaginary parts

can be accurately measured for a wide range of microme-

chanical systems. The consideration of complex frequency

offers a mathematically richer potential for micromechanical

inertial sensing compared to the only oscillation frequency

based approach which restricts the problem on the imaginary

axis only. Since we established in Fig. 3 that the changes in

the real part alone is unlikely to offer a realistic prospect, we

investigate the two other cases, namely, (a) the consideration

of the complex frequency, and (b) the consideration of only

the imaginary part of the complex frequency (the classical

case).

1. The consideration of the complex frequency

It is assumed that the complex frequency (that is, both

the real and imaginary parts) of the reference oscillator is

known. Once the oscillator is mass-absorbed, the complex

frequency is experimentally measured again. A key aim of

micromechanical sensing is to be able to detect the mass

from the change in the frequency. With two complex num-

bers, the change can be established either by the calculat-

ing the absolute of the difference or by difference of the

absolutes. We adopt the second quantity as it turns out to

give simpler analytical expressions for the absorbed mass.

We define the normalised complex frequency shift parame-

ter as

Df̂
2 ¼ 1

x2
0

ðjs0j2 � jsmj2Þ

¼ 1

x2
0

<ðs0Þð Þ2 � <ðsmÞð Þ2
n oh

þ =ðs0Þð Þ2 � =ðsmÞð Þ2
n oi

: (51)

We use the notation Df̂ which is normally used when the

frequency is given in Hz. However, as we consider a nor-

malisation with respect to x2, the unit of the frequency (Hz

or rad/s) does not change the value of Df̂ . Using the expres-

sions in Eqs. (49) and (50), the above equation can be sim-

plified to

Df̂
2 ¼ f2

0 �
f2

0

1þ Dð Þ2

( )
þ 1� f2

0 �
1þ D� f2

0

1þ Dð Þ2

( )

¼ D
1þ D

: (52)

From the normalised complex frequency shift, the absorbed

mass can be obtained as

D ¼ 1

1� Df̂
2
� 1: (53)

A rather unexpected observation from this equation is that

the absorbed mass is independent of the Q-factor of the

reference oscillator. This implies that if (measured) com-

plex frequencies are used, the mass identification equation

(53) can be used for any oscillator irrespective of their

Q-factor.

2. The consideration of only the imaginary part of the
complex frequency

The mass identification equation in (53) appears to be

similar to the classical case18,28 when only the undamped

oscillation frequency is used (that is only the real part and

ignoring the damping). The key difference between (53) and

similar equations obtained only from the consideration of the

resonance frequency shift is that the real part of the complex

frequency is ignored in the calculations. As this is a common

practice, we investigate this case when the Q-factor of the

reference oscillator is low. For damped systems, any experi-

mental measurement always measures the damped fre-

quency. This is because at resonance the cantilever sensor

oscillates with the damped frequency (xd) and not with the

undamped frequency. Therefore, we define the normalised

damped frequency shift as

D~f ¼ 1

x0

=ðs0Þ � =ðsmÞ
� 	

: (54)

Unlike the previous case in (51), this is defined by the differ-

ence in two frequencies and not by their squared values.

Using the expressions in Eq. (50), the above equation can be

simplified to

D~f ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� f2

q
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ D� f2

p
1þ Dð Þ : (55)

After some algebraic manipulations, this can be expressed

by a quadratic equation in D and its relevant root can be

given by
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D ¼
�2D~f

2 þ 4D~f
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� f2

0

q
� 1þ 2f2

0 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4D~f

2
f2

0 þ 8D~f
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� f2

0

q
f2

0 � 4f2
0 þ 4f4

0

r

2 �D~f þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� f2

0

q� �2
: (56)

This is the exact equation which gives the mass absorp-

tion factor D from the measured (normalised) frequency shift

D~f of a damped oscillator. If it is assumed that the Q-factor

of the reference oscillator is high (f2
0 � 0), then the above

equation simplifies to the well known special case as

D � 2D~f � ðD~f Þ2

1� D~f
� �2

¼ 1

1� D~f
� �2

� 1; (57)

¼ 2ðD~f Þ þ 3ðD~f Þ2 þ 3ðD~f Þ3 þ � � � : (58)

The last equation is obtained by expanding the right hand

side of Eq. (57) in a Taylor series about D~f ¼ 0. Therefore,

when the Q-factor is very high (f2
0 � 0) and the measured

frequency shift is small compared to the frequency of the

oscillator (ðD~f Þn � 0; 8n � 2), the exact equation for mass

identification in Eq. (56) reduces to D � 2ðD~f Þ by keeping

the first term in the series in (58).

B. Mass sensing from damped free vibration response
in the time domain

Free vibration response of a damped oscillator can be

used to obtain the decay rate. The dynamic response of

the mass-absorbed oscillator in (37) due to an initial

displacement ui0 and initial velocity _ui0 can be expressed fol-

lowing47 as:

umðtÞ ¼ Ame�fmxm sin xdm
tþ /mð Þ; (59)

where Am ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
_ui0 þ fmxmui0ð Þ2 þ xdm

ui0ð Þ2

x2
dm

vuut ; (60)

and /m ¼ tan�1 xdm
ui0

_ui0 þ fmxmui0

: (61)

In Fig. 4, the dynamic response given by Eq. (59) is used for

zero initial velocity and is plotted by normalising it with ui0 .

The time axis is normalised with the undamped time period

of the reference oscillator

T0 ¼
2p
x0

: (62)

Observe that the mass-absorbed oscillator vibrates for longer

period with higher amplitudes with lower frequency. These

plots confirm that the mass-absorbed oscillator has a lower

resonance frequency and damping factor as given by Eqs.

(41) and (42). To investigate this further, we show a repre-

sentative case in Fig. 5. The difference in the decay rate of

the response of the reference oscillator and the mass-

absorbed oscillator can be seen clearly. Therefore, by

FIG. 4. Normalised response of the

oscillator in the time domain due to an

initial displacement plotted as a func-

tion of normalised time s ¼ t=T0 for

two different mass absorption factors

D and four different Q-factors.
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measuring the decay rate, it would be possible to identify the

mass absorption factor D from their difference. This can be

done by directly measuring the displacement or velocity

readouts (using optical readout for example) and obtaining

two successive peaks as shown in Fig. 5.

Among various available techniques, the logarithmic

decrement method (see for example Ref. 47) is one of

the simplest and provides reasonably accurate results for

the damping factors from the measured peaks. The main

idea is to measure the height of two (or more) successive

peaks and obtain the damping factor from the decrement.

For any given damped oscillator, the logarithmic decre-
ment is defined as

d ¼ ln
uðtÞ

uðtþ TÞ : (63)

Using the expression of u(t) as given in Eq. (59), it can be

shown that for the mass-absorbed oscillator

dm ¼
2pfmffiffiffiffiffiffiffiffiffiffiffiffiffi
1� f2

m

q : (64)

In a similar way, the logarithmic decrement for the reference

oscillator d0 can also be expressed. Assuming that the loga-

rithmic decrements for the reference oscillator and the mass-

absorbed oscillator have been experimentally measured from

the response readouts, we propose an approach for obtaining

the mass absorption factor.

Taking the ratio of the logarithmic decrements for both

the oscillators we have

d0

dm
¼ f0

fm

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� f2

m

q
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� f2

0

q : (65)

Using Eq. (42), and taking the square of the above equation

one obtains

d0

dm

� �2

¼ 1þ D� f2
0

1� f2
0

: (66)

The mass absorption factor therefore can be obtained by

solving this equation as

D ¼ 1� f2
0


 � d0

dm

� �2

� 1

( )
: (67)

Although this sensing technique relies on the measurement

of the decrement of the dynamic response, small damping is

not a requirement for this to be applicable. For systems with

even very high Q-factor, the logarithmic decrements can be

calculated by measuring response peaks several cycles apart

as

d ¼ 1

n
ln

uðtÞ
uðtþ nTÞ : (68)

Here, n> 1, is the number of periods the measured peaks are

apart. When the Q-factor of the reference oscillator is high

(f2
0 � 0), Eq. (67) can be further simplified as

D � d0

dm

� �2

� 1: (69)

Having established that the response decrement can be used

for mass sensing in addition to the conventional frequency

shift approach, in Sec. IV C we investigate methods in the

frequency domain.

C. Mass sensing from the steady-state response in the
frequency domain

The mass sensing approach developed in Sec. IV B is

based on the transient response due to initial conditions. In

many situations the cantilevers can be excited by external

harmonic forces. This can be applied directly to the cantile-

ver, or can be applied by exciting root of the cantilever. Here

the formulations are developed for direct excitations only.

The ideas presented however can be easily extended to the

case of root excitation. When steady-state responses due to

harmonic or broadband random excitations are considered,

the frequency-domain methods provide most physically intu-

itive and analytically simplest solutions. Assuming the

amplitude of the harmonic excitation as F, from the Laplace

transform expression in Eq. (38), the response in the fre-

quency domain can be expressed by substituting s ¼ ix as

�x2ð1þ DÞ þ ix2f0x0 þ x2
0

� �
UmðixÞ ¼

F

m0

: (70)

Dividing this by x2
0, the frequency response function of the

mass-absorbed oscillator can be expressed as

UmðiXÞ ¼
Ust

�X2ð1þ DÞ þ 2iXf0 þ 1
; (71)

where the normalised frequency and the static response are

given by

FIG. 5. Normalised response of the oscillator in the time domain due to an

initial displacement plotted as a function of normalised time s ¼ t=T0 for

mass absorption factor D ¼ 0:5 and Q0 ¼ 20.
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X ¼ x
x0

and Ust ¼
F

k
: (72)

In Fig. 6, the frequency response given by Eq. (71) is plotted by

normalising it with Ust. It can be observed that the mass-

absorbed oscillators show a reduced resonance frequency and

reduced damping for all Q-factor values of the reference oscilla-

tor. Although the nature of the frequency response changes

(sharper for higher Q-factor), the behaviour of frequency and

damping shift is consistent to what was observed in Secs. IV A

and IV B [see for example Eqs. (41) and (42)]. Next, we propose

few strategies to obtain the value of the absorbed mass based on

the changes in the frequency response observed in Fig. 6.

1. The peak response method

Frequency response functions such as the ones shown in

Fig. 6 can be obtained by the Fast Fourier Transform (FFT)

of a measured readout signal in the time domain. In practice,

the natural frequency and the damping factor are often

obtained from the frequency response function measure-

ments. Therefore, the natural frequency and the damping fac-

tor are effectively obtained by “post-processing” the

frequency response functions. In some cases, this process

can introduce errors. Here we develop a mass sensing

approach that directly uses the frequency response function

and avoids direct derivation of the natural frequency and the

damping factor.

We assume that the maxima or the peak of the frequency

response function can be located and measured. In Fig. 7 the

peak of the frequency response of the reference oscillator

and the mass-absorbed oscillator are shown. The shift in

frequency, as well as damping, is marked in the plot. The

aim is to utilise both of these information simultaneously to

obtain an estimate of the absorbed mass.

To obtain the maxima of the frequency response, we

take square of the amplitude given by Eq. (71) and set its

derivative with respect to X2 to zero, that is

djUmj2

dX2
¼ 0

or
d

dX2

1

ð1� X2ð1þ DÞÞ2 þ 4X2f2
0

( )
¼ 0: (73)

FIG. 6. Normalised response ampli-

tude of the oscillator in the frequency

domain as a function of the normalised

frequency X ¼ x=x0 for two different

mass absorption factors D and four dif-

ferent Q-factors.

FIG. 7. Normalised response amplitude of the oscillator in the frequency

domain as a function of the normalised frequency X ¼ x=x0 for mass

absorption factor D ¼ 0:5 and Q0 ¼ 20. H0;Hm: Maxima of the frequency

response of the reference oscillator and the mass absorbed oscillator.
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Solving this equation for X, it can be shown that the normal-

ised frequency corresponding to maximum frequency

response amplitude is given by

Xmax ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ D� 2f2

0

q
1þ D

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2f2

m

q
: (74)

The normalised (by Ust) amplitude of the maximum response

at the above frequency point can be obtained as

Hm ¼ jUmðiX ¼ iXmaxÞj=Ust ¼
1þ D

2f0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ D� f2

0

q
¼ 1

2fm

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� f2

m

q : (75)

In a similar way, the maximum frequency response for the

reference oscillator H0 can also be expressed. Assuming that

the maximum frequency response for the reference oscillator

and the mass-absorbed oscillator has been experimentally

measured, we propose an approach for obtaining the mass

absorption factor.

Taking the ratio of the maximum frequency response for

both the oscillators we have

RH ¼
Hm

H0

¼ ð1þ DÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� f2

0

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ D� f2

0

q : (76)

Squaring both sides, this equation can be simplified to a qua-

dratic equation in D. Solving that equation and keeping only

the relevant root, the mass absorption factor can be obtained as

D ¼
RH RH þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
H � 4f2

0 þ 4f4
0

q� �
2 1� f2

0


 � � 1; (77)

¼ ðR2
H � 1Þ 1þ f2

0 þ
R2
H þ 1

R2
H

f4
0 þ � � �

 !
: (78)

The last equation was obtained by a Taylor series expansion

of the expression of D in Eq. (77) about f0 ¼ 0. For systems

with high Q-factor, neglecting higher-order terms in f0, the

absorbed mass can be explicitly expressed in terms of the

peak responses of both the oscillators as

D � Hm

H0

� �2

� 1

( )
1þ f2

0


 �
: (79)

For further lightly damped systems (f2
0 � 1) we have the fol-

lowing simplification:

D � Hm

H0

� �2

� 1: (80)

Neither the calculation of the resonance frequencies nor the

calculation of the damping factors are required to apply this

expression. This result is also independent of the Q-factor of

the oscillator. Since the frequency response maxima

amplitudes appear as a ratio in Eq. (80), units of measure-

ments or normalisation do not affect the result. From the

point of view of ease of measurements, Eq. (80) represents

the simplest mass sensing approach.

2. The half-power point method

Half-power (frequency) points refer to those frequency

values for which the response amplitude square is half of

that of the maximum amplitude square. If the response

amplitude is considered, this amounts to a reduction of 1=
ffiffiffi
2
p

of the amplitude. If one uses the decibel scale, then this

reduction is 20 log10 1=
ffiffiffi
2
p� �

¼ �3:0103 � �3 db. The half-

power points are often used to obtain the damping factor of

an oscillator48–52 as the reduction of the response is a direct

function of damping. It was established before that the

damping factor of the mass-absorbed oscillator is different

from the reference oscillator. Therefore, this difference

would be reflected in the half-power bandwidths of the oscil-

lators. This is the physical basis of this mass sensing

approach.

We assume that the half-power points can be located

and the bandwidth can be measured. In Fig. 8 the half-power

points of the reference oscillator and the mass-absorbed

oscillator are shown. The aim is to utilise the difference in

the half-power bandwidths to obtain the mass absorption fac-

tor D. By definition, the half-power points are obtained from

the following relationship:

jUmðiXÞj2 ¼
H2

m

2
; (81)

whereHm is defined in Eq. (75). Expanding the relevant terms

and simplifying, the equation governing the half-power points

for the mass-absorbed oscillator can be given by

ð1þ DÞ4ðX2Þ2 � 2ð1þ DÞ2ð1þ D� 2f2
0ÞX2

þð1þ DÞ2 þ 8f2
0ð1þ D� f2

0Þ ¼ 0: (82)

FIG. 8. Half-power points and half-power bandwidths of the reference oscil-

lator (B0) and the mass-absorbed oscillator (Bm) for D ¼ 0:5 and Q0 ¼ 20.
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This is a quadratic equation in X2 an can be solved easily to

obtain the lower and higher half-power points

Xðl;hÞm ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ D� 2f2

0Þ72f0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ D� f2

0

qr
1þ D

: (83)

The half-power bandwidth is defined as the difference

between these two points (see Fig. 8) and can be expressed as

Bm ¼ XðhÞm � XðlÞm : (84)

This quantity can be obtained from experimentally measured

frequency response functions. In a similar manner, the half-

power bandwidth for the reference oscillator B0 can also be

measured. It is proposed that the shift in the half-power

bandwidth to be used for mass sensing. This quantity is

expressed as

DB ¼ B0 � Bm ¼ XðhÞ0 � XðlÞ0 � ðXðhÞm � XðlÞm Þ: (85)

Note that in general one expects B0 � Bm as f0 � fm. Using

Eqs. (83) and (84), the mass sensing equation in (85) can be

expressed as

DB ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� 2f2

0Þ þ 2f0

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� f2

0

qr

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ D� 2f2

0Þ þ 2f0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ D� f2

0

qr
1þ D

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� 2f2

0Þ � 2f0

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� f2

0

qr

þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ D� 2f2

0Þ � 2f0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ D� f2

0

qr
1þ D

: (86)

If exact mathematical procedure is followed, it is not possible

to obtain the mass absorption factor D as a closed-form

expression of the half-power bandwidth shift DB from this

equation. Expanding the right-hand side by a Taylor series

about f0, this equation can be simplified after some algebra as

DB ¼ 2 1� 1

ð1þ DÞ

� �
f0 þ 2 1� 1

ð1þ DÞ2

 !
f3

0

þ7 1� 1

ð1þ DÞ3

 !
f5

0 þ � � � : (87)

Assuming small damping and therefore ignoring the third and

higher order terms in f0, from the above equation, we have

D � 1

1� DB=2f0

� 1 � 1

1� Q0DB
� 1: (88)

This is a simple equation which can be easily applied in

practice. Recall that DB as defined in (86) is a relative

(dimensionless) bandwidth shift. This should be obtained by

dividing the actual (dimensional, Hz or rad/s) bandwidth

shift with the undamped natural frequency of the reference

oscillator.

3. The half-power band area method

The two frequency domain identification techniques sug-

gested before in this section relies on “point estimates.” This

implies that the value of the identified mass is completely

defined by the response measurements at one (for the peak

response method) or two (for the half-power point method)

frequency points. These approaches are expected to provide

accurate results when the measured frequency response func-

tions are free of any noise. However, in many practical situa-

tions, some amount of noise in the measured data is

inevitable. In such situations, an approach which uses data

over many frequency points may be beneficial as the effect of

noise may get averaged and in turn, would give more reliable

results. This is the motivation behind the approach to be

developed in this section. The main idea is that we use the

area under the frequency response function within the half-

power bandwidth. In this way, the information used in the pre-

vious two methods, that is, the peak response and the response

at the two half-power points are included along with all the

other response points within the band.

The squared-response of the reference oscillator and the

mass-absorbed oscillator for D ¼ 0:5 and Q0 ¼ 10 are shown

in Fig. 9, for example. Unlike the two previous cases, we

consider the square of the frequency response function for

the ease of the integration. The area within the half-power

band width can be obtained asðXðhÞ

XðlÞ
jUmj2dX ¼

ðXðhÞ

XðlÞ

1

ð1� X2ð1þ DÞÞ2 þ 4X2f2
0

dX: (89)

Using a transformation of variable z ¼ X2 this integral can

be obtained in closed-form as

Am ¼
p

4f0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ D� f2

0

q : (90)

From this, we calculate the half-power band area ratio

FIG. 9. Squared-response of the reference oscillator and the mass-absorbed

oscillator for D ¼ 0:5 and Q0 ¼ 10. The shared areas Am and A0 represent

the area within the half-power bandwidths.
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A0

Am
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ D� f2

0

q
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� f2

0

q : (91)

From this relationship, the absorbed mass factor can be

expressed as

D ¼ ð1� f2
0Þ

A0

Am

� �2

� 1

( )
: (92)

For small damping f2
0 � 0 and from Eq. (92), we have the

following simplified expression for mass sensing:

D � A0

Am

� �2

� 1: (93)

Therefore, if the area within the half-power band width, as

shown in the example in Fig. 9, can be obtained from experi-

mental measurements, Eqs. (92) or (93) can be used for mass

sensing.

V. SUMMARY AND CONCLUSIONS

Inertial mass sensing using vibrating microcantilever is

discussed. Micromechanical mass sensing exploits a shift in

the resonance frequency caused by the absorption of a mass

TABLE I. Summary of mass sensing methods exploiting the damping characteristics of an oscillator. This table lists different closed-form expressions for

mass sensing developed in the paper. The undamped natural frequency, damping factor, and Q-factor of the reference oscillator are x0, f0, and Q0.

Methods Measured quantity Identified mass absorption factor (D ¼ Dm=m0) Comments

Frequency-shift based methods

1. Complex fre-

quency shift

s0; sm: complex natural frequen-

cies of the reference oscillator

and the mass absorbed oscillator,

Df̂
2 ¼ 1

x2
0

ðjs0j2 � jsmj2Þ

D ¼ 1

1� Df̂
2
� 1 This is the exact and complete

frequency-shift based solution.

However, identifying complex frequen-

cies experimentally can be challenging

2. Damped oscilla-

tion frequency shift

D~f ¼ 1
x0
=ðs0Þ � =ðsmÞ
� 	

þ

D ¼ �2D~f
2 þ 4D~f

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� f2

0

q
� 1þ 2f2

0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4D~f

2
f2

0 þ 8D~f
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� f2

0

q
f2

0 � 4f2
0 þ 4f4

0

r

2 �D~f þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� f2

0

q� �2

3. Oscillation fre-

quency shift

D~f
D ¼ 1

ð1� D~f Þ2
� 1

Small damping assumption

(f2
0 � 1;=ðs0Þ � x0)

4. Oscillation fre-

quency shift

(approximate)

D~f D � 2ðD~f Þ Small damping and also small

frequency-shift assumption. This is the

conventional approach for label-free

mass sensing

Methods based on free time-domain response

5. Logarithmic dec-

rement shift

d0; dm: Logarithmic decrement of

the reference oscillator and the

mass absorbed oscillator, and f0

D ¼ ð1� f2
0Þ

d0

dm

� �2

� 1

( )
Exact and simplest equation. The loga-

rithmic decrement can be measure from

the free vibration response in the time

domain

6. Logarithmic dec-

rement shift

(approximate)

d0; dm
D � d0

dm

� �2

� 1
Small damping assumption

Methods based on steady-state frequency-domain response

7. Peak response

shift

H0;Hm: Maximum of the fre-

quency response of the reference

oscillator and the mass absorbed

oscillator, RH ¼ Hm

H0
, and f0

D ¼
RH RH þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
H � 4f2

0 þ 4f4
0

q� �
2ð1� f2

0Þ
� 1 The maximum points can be obtained

graphically from the frequency response

plots

8. Peak response

shift (approximate)

H0;Hm; f0 D � Hm

H0

� �2

� 1

( )
ð1þ f2

0Þ Small damping such that f4
0 � 0.

9. Peak response

shift (lightly

damped)

H0;Hm
D � Hm

H0

� �2

� 1
Small damping assumption. This is pos-

sibly the simplest method to apply in

practice

10. Half-power

bandwidth shift

(approximate)

B0;Bm: The half-power band-

width of the reference oscillator

and the mass absorbed oscillator,

DB ¼ B0 � Bm, and f0 (or Q0)

D � 1

1� DB=2f0

� 1 � 1

1� Q0DB
� 1 Small damping assumption. The half-

power bandwidths can be obtained

graphically

11. Half-power band

area shift

A0;Am: Area within the half-

power bandwidth of the reference

oscillator and the mass absorbed

oscillator, and f0

D ¼ ð1� f2
0Þ

A0

Am

� �2

� 1

( )
The areas should be obtained from the

(normalised) squared response.

12. Half-power band

area shift

(approximate)

A0;Am D � A0

Am

� �2

� 1 Small damping assumption
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to an existing cantilever. It is suggested that an alternate

route to mass sensing is possible by exploiting a “damping

factor shift” when the Q-factor of the underlying reference

cantilever is low. This approach complements the existing

frequency-shift based approach. It is shown that the absorp-

tion of a mass to a lightly damped oscillator changes the res-

onance frequency and the effective damping factor (also the

Q-factor) by exactly the same amount. Based on this funda-

mental observation that the absorption of a mass to an exist-

ing cantilever changes its effective damping behaviour, three

new approaches to mass sensing are proposed. These meth-

ods are based on (a) frequency shifts in the complex plane,

(b) damped free vibration response in the time domain, and

(c) the steady-state response in the frequency domain. A

summary of the methods and their corresponding closed-

form expressions for mass sensing is given in Table I. In

total, 12 equations are listed which can be used for mass

sensing from different damped dynamic measurements. The

first group of methods utilise the shift in the (squared) com-

plex natural frequency and damped resonance frequency.

Note that conventional frequency measurement techniques

usually measure the damped resonance frequency and not

the complex natural frequency (as this also contains the

decay information). The second group of methods utilise the

shift in the logarithmic decrement, which can be measured

directly from the free vibration response in the time domain

due to some initial conditions (velocity or displacement).

The third group of methods utilise the shifts in the maxima

of the frequency response function, half-power bandwidth,

and the area within the half-power bandwidth.

These new mass sensing expressions can be employed

when the frequency shift analysis becomes difficult, as in a

low Q-system. They can be applied in conjunction with the

conventional frequency shift analysis. Results using these

approaches can either be used to validate frequency-shift

based results or can be averaged to obtain more robust and

consistent results. One can even employ more than one

methods proposed here and compare the values of the identi-

fied mass and check for consistency.

These analytical expressions broaden the horizon of

mass sensing and open up the immense possibility of utilis-

ing multiple experimental measurements simultaneously.

Future research needs to be directed towards experimental

investigations involving the ideas presented here. The exper-

imental techniques for measuring the natural frequencies

have evolved over the years to be extremely precise, com-

pared to any other quantities such as the damping factor. The

proposed methods should be viewed not only from the point

of view of the underlying mathematical methods, but also

from the possible sources or experimental errors in the nec-

essary quantities listed in Table I. Future research is neces-

sary for rigorous error analysis and sensitivity with respect to

noise in the measured data.
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