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a probabilistic approach to take account of these uncertainties is proposed. The probability density func-
tion of the natural frequencies is derived in closed-form. The new results are compared with high-fidelity
stochastic finite element simulations.
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1. Introduction

Recently, single wall carbon nanotubes (SWCNTs) have been
proposed as THz oscillators for novel applications as NEMS (Nano
Electro-Mechanical Systems), high-frequency filters for wireless
systems and bio-sensors [1]. The rationale behind the use of
nanostructures as high-end resonators is their low mass, low force
constant and high resonant frequencies. As bio-sensors, nanostruc-
tures-based designs have shown the capability of weighing single
bacteria [2] and detecting single spins in magnetic resonance de-
vices [3]. Numerical simulations using a structural-molecular
mechanics method have shown great potential on using SWCNTs
as nanobalances with mass sensitivity of 10�21 g and analogous sen-
sitivity of resonant frequency shifts to both tube length and radius
[4] (Fig. 1).

For sensor design, it is important to handle data related to the
multiphysics material characteristics with known and reliable sta-
tistical properties. In this way, design iteration and sensitivity
analysis can be performed with sufficient confidence to provide
at the end a reliable product, as much as the current technological
landscape allows. This is also true for nanoelectromechanical sys-
tems (NEMS), considering also the increasing interest that these
devices attract also in the market place. However, experimental
mechanical data related to SWCNTs and multiwalled carbon nano-
tubes (MWCNTs) feature significant scatter. Salvetat et al. [5] mea-
sured the flexural Young’s modulus and shear modulus using AFM
test on clamped–clamped nanoropes, obtaining values with 50% of
error. Information related to statistical distributions of experimen-
ll rights reserved.
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tal data is also scarce, and the important paper from Krishnan et al.
[6] provides one of the few examples available of histogram distri-
bution of the flexural Young’s modulus derived from 27 CNTs. The
Young’s modulus was obtained observing free-standing vibrations
at room temperature using transmission electro-microscope
(TEM), with a mean value of 1.3 TPa -0.4 TPa/+0.6 TPa. Notably,
in [6], stochastically averaged probability amplitude for the vibra-
tion modes is calculated to obtain the rms vibration profile along
the length of the tubes.

The importance of the scatter of experimental data from single
production batches of nanotubes during free-standing vibration is
also evinced from [7]. The first bending mode frequency ranges
from 0.64 MHz to 1.42 MHz. Moreover, the carbon nanostructures
feature significant weaviness – a factor that induces important
changes in the natural frequencies of slender structures [8]. Exten-
sive scatter of Q�1 factors has been also recently recorded for novel
nanosensor devices based on bridged-bridges MWCNTs [3].

Uncertainty is also associated to the equivalent atomistic-con-
tinuum models used extensively during the last years, in particular
by the engineering and materials science communities. A global re-
view of the most used methods can be found in [9]. With the equiv-
alent atomistic-continuum models, the equivalence between the
chemical potential and mechanical strain energy of the structural
components which are assumed constitute the truss-like structure
of the carbon nanotube is imposed, allowing to identify also the
thickness of the carbon nanostructures. However, in the seminal
paper from Huang et al. [10], the extensive scatter of thickness val-
ues from different models existing in open literature, ranging from
0.06 nm to 0.69 nm. In [10], a closed-form solution for the thick-
ness of graphene sheet based on Brenner potentials and equivalent
with Kirschoff’s plate theory was derived under different loading
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Fig. 1. Nanotube resonator with attached mass: (a) clamped-free; (b) bridged (from
[14]).
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conditions, and considerations for the thickness of carbon nano-
ropes were also made. An important outcome of the investigation
in [10] was the dependence of the thickness values on the CNT ra-
dius and type of loading. Yet, the thickness has to be used to calcu-
late the inertia properties of the beams in order to extract the
flexural modulus from the experimental data. The complex relation
between thickness and loading, as well as the uncertainty associ-
ated with the experimental setup makes the use of continuum
models for the deterministic design of nanodevices a difficult task.

The stochastic modeling on the carrier dynamics in nanostruc-
tures has been recently proposed by Barzykin and Tachiya [11].
However, to the Authors’ knowledge, a model to capture the uncer-
tainty and stochastics of SWCNTs in bending vibration for high-fre-
quency oscillations has not been proposed so far. Yet, the
knowledge of the sensitivity of the different nanooscillator designs
against mechanical parameters or environmental noise would be
beneficial, as been observed recently for nanotube transistors in
detection of noisy subthreshold signals [12].

In this work, we proposed a stochastic reduced order model of
the natural frequencies for a SWCNT to take into account the
uncertainty of the equivalent mechanical associated to the contin-
uum model. The SWCNT is modeled as a Euler–Bernoulli beam
[13], with no cross-section shear deformation allowed. The depen-
dence of the natural frequencies versus the probability density
functions (pdfs) of the mechanical parameters (flexural modulus
and mass per unit length) is derived in a closed-form solution. Be-
cause of lack of sufficient data from open literature regarding
experimental pdfs of flexural modulus, an equivalent atomistic-
continuum Finite Element model proposed by Tserpes and Papani-
kos [14] has been used to generate statistical data of the flexural
modulus. Considering also the uncertainty associated with the
thickness scattering, the mass per unit length has been also consid-
ered a random variable in this work. The pdfs of the mechanical
parameters have been generated with a direct Monte Carlo (MC)
method, and fed back to the analytical model developed. The nat-
ural frequencies calculated form the analytical models have been
compared with the ones calculated from the FE (finite element)
model, providing good agreement.

2. Dynamics with reduced continuous Euler–Bernoulli beam
model with uncertainty

The natural frequencies of a SWCNT modeled as an Euler–Ber-
noulli beam can be expressed as

xn ¼ cn

ffiffiffiffiffiffiffiffiffi
Ef I

mL4

s
; n ¼ 1;2; . . . ; ð1Þ

where cn are coefficients depending on the boundary conditions
[13], Ef is the flexural modulus of the beam material and I the inertia
moment of the beam. The flexural stiffness of the beam is repre-
sented by EfI, while m is the mass per unit length and L is the length
of the carbon nanotube. Based on the information regarding the
uncertainty of the parameters, we can consider the case where both
the flexural stiffness and the mass distribution could be assumed to
be jointly random, with some specific correlation. For convenience,
we express Eq. (1) as

u ¼ �cn

ffiffiffi
x
y

r
¼ �cn

ffiffiffi
z
p
; ð2Þ

where the constant �cn ¼ cn ¼ L2 and the random variables x = EfI,
y = m, u = xn and z = x/y. Suppose the joint probability density func-
tion of x and y is given by pxy(x;y). Following Papoulis and Pillai [15,
Chapter 6], the probability density function of z can be regarded as

pzðzÞ ¼
Z 1

0
ypxyðyz; yÞdyþ

Z 1

0
ypxyð�yz;�yÞdy ð3Þ

We consider that EfI and m are jointly Gaussian random variable
with correlation coefficient r. Their joint probability density func-
tion is given by

pxyðx; yÞ � pXðxÞ ¼
1

2pjRj1=2 exp �1
2
ðx�mÞTR�1ðx�mÞ

� �
; ð4Þ

where
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x

y
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; R ¼

r2
1 rr1r2

rr1r2 r2
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" #
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In order to obtain pxy(yz;y), we note that

x ¼
czy

y

� �
¼ y

cz

1

� �
¼ yvðzÞ; where vðzÞ ¼

cz

1

� �
: ð6Þ

Inserting (6) in (4) and evaluating the integral (3) (see Appendix A
for details), one obtains:

pzðzÞ¼aðzÞexp �b2=2
� �

1þcðzÞ
ffiffiffiffiffiffi
2p
p

ðUðcðzÞÞ�1=2Þexp c2ðzÞ=2
� �� �

;

ð7Þ

where U(�) is the cumulative normal distribution function and:

aðzÞ ¼ 1

pvTðzÞR�1vðzÞ
ffiffiffiffiffiffiffiffi
det
p

R
; ð8Þ

cðzÞ ¼ vTðzÞR�1mffiffiffi
v
p TðzÞR�1vðzÞ

; ð9Þ

b2 ¼mTR�1m: ð10Þ

From the transformation (2), the probability density of the natural
frequencies of the SWCNT can be expressed as

puðuÞ ¼
2u
�c2

n
pzðu2=�c2

nÞ: ð11Þ
3. Finite element model

The finite element models of the SWCNT were based on the for-
mulation proposed by Tserpes and Papanikos [14], using the com-
mercial FE code ANSYS [16]. The models were constituted by
BEAM4 and MASS21 elements, representing the C–C bonds and
atom masses, respectively. The equivalent Young’s modulus E,
shear modulus G and diameter d of the C–C bonds were defined
as [17]:

E ¼ k2
r l

4pkh
; ð12Þ

G ¼ k2
r ksl

8pk2
h

; ð13Þ

d ¼ 4

ffiffiffiffiffi
kh

kr

s
; ð14Þ



Fig. 4. FE simulated results for squared natural frequencies [THz2] versus flexural
bending stiffness [TPa nm4].
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where kr and kh are respectively 6.52 � 10�7 N nm�1 and 8.76 �
10�10 N nm rad�2. The value of ks = 2.78 � 10�10-N nm rad�2 was
adopted from the AMBER force model [18]. The length l of the
C–C bonds is 0.1421 nm, while the mass m of the atoms is consid-
ered 1.9943 � 10�26 kg.

The bridged layout was simulated imposing a clamped–
clamped (CC) boundary condition, restraining all the degrees of
freedom to zero values. The SWCNTs were loaded at the center
with a distribution of concentrated forces on the external nodes
of the diameter of the central section. The equivalent flexural mod-
ulus of the carbon nanotube was calculated using the Engineering
Beam Theory [19]:

Ef I ¼
FL3

192d
; ð15Þ

where d is the central deflection of the tube under loading F calcu-
lated after a linear static analysis. Assuming a hollow tube configu-
ration for the SWCNT, the moment of inertia I can be evaluated
using the following formula [14]:

I ¼ 1
32
ðDþ tÞ4 � ðD� tÞ4
h i

; ð16Þ

where D is the mean diameter of the hollow tube, while t is the
thickness (equivalent to the cross-section dimension d). Simula-
tions related to a clamped-free condition (CF) were also carried
out to discern some possible differences between the flexural mod-
ulus obtained by the two types of loading. In that case, the bending
modulus in Eq. (15) would assume the value of (FL3/3d) [19].

The natural frequencies of the CC case were evaluated using a
Subspace Iteration Technique using a 10 vectors subspace to ex-
tract the first four eigenvalues and eigenvectors. All the calcula-
tions were carried out on a 2.2 GHz single processor PC. No
eigenvalue analysis was performed for the CF case.
Fig. 2. Pdfs of the flexural modulus for the CC case (a) and CF cases (b). Comparison with
Ref. (e) [25].

Fig. 3. First (a), second (b) and third (c) CC bending
The MC simulations were carried out considering a Gaussian
distribution perturbation to the values of kr, ks and kh to represent
stochastic variations due to thermal oscillations, uncertainty of the
thickness (via Eq. (14)), as well as uncertainty associated to the
imperfections of the applied BCs. The Gaussian distributions had
mean values corresponding to the standard cases are reported pre-
viously, and standard deviations corresponding to 12%, 13% and
15% of the mean values respectively for the equivalent bond force
constants. Thousand samples were generated using a direct MC
method where the force constants variables were considered
experimental data. All figures – Ref. (a) [21], Ref. (b) [22], Ref. (c) [23], Ref. (d) [24],

vibration modes an armchair (12,12) SWCNT.
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uncorrelated. The analysis (static and modal) were carried out on a
base configuration consisting on armchair tubule (12,12), with
base diameter of 1.628 nm and length corresponding to
28.13 nm. The model had 1278 elements.

4. Results and discussion

The FE MC simulations provided a distribution of the flexural
modulus after static loading, as per simulating an atomic force
microscope (AFM) test on a clamped–clamped specimen [5]. The
simulated flexural modulus distribution was then used to calculate
the probability distributions of the natural frequencies via the ana-
lytical models. The natural frequencies calculated via the FE proce-
dure were also used to identify the flexural modulus corresponding
to the bending mode in consideration, similarly to the experimen-
Fig. 5. First breathing mode.

Fig. 6. Probability distributions for first (a), second (b) and third (c) natural frequencies
tal procedure used to identify the Young’s modulus via electric
field emissions [20].

Fig. 2(a) shows the pdfs of the flexural modulus of the SWCNT in
the bridged case, as well as the experimental results of Young’s
modulus as reported by Lu [21], Hernández [22], Li and Chou
[23], Jin and Yuane [24], and Qi et al. [25]. The mean value of the
flexural Young’s modulus from the FE based simulations is
1.25 TPa, well in agreement with the published data. As stated be-
fore, no similar consideration can be done for the probability distri-
bution associated to the flexural modulus, because of lack of
analogous comparison. Fig. 2(b) shows also the influence of the
type of base BC conditions used for the loading case. The
clamped-free (CF) boundary conditions were simulated leaving a
free edge with no restraints, and applying a distribution of forces
on the nodes of the end section. The analogous CF probability dis-
tribution for the flexural modulus provides a narrower curve
around the same mean value of the CC case, with a smaller tail to-
wards 0.6 TPa and 1.8 TPa compared to the bridged case. The
assumption of the Euler–Bernoulli beam theory (pure bending
modes for the slender beam) is satisfied for the first three modes
of the SWCNT case considered, as shown in Fig. 3. Fig. 4 shows
the first four squared natural frequencies versus the flexural stiff-
of the SWCNT. Comparisons between analytical, FE and updated analytical models.
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ness of the SWCNTs as simulated by the stochastic FE models. From
Eq. (1) a linear dependency of w2

i versus EI would indicate a pure
bending mode of the beam, while any departure from linearity
would indicate vibration modes not consistent with the slender
beam theory. The first three resonances of the SWCNT models be-
have all linearly, while the forth one indicates possible switches
between 4th order bending modes and breathing modes (Fig. 5).
Donnell–Vlasov theories would then be required to model accu-
rately radial and membrane modes of the tubes [26], however for
practical reasons oscillations between 1 GHz and 5 GHz are most
required [2], and shell-type models would only offer accuracy for
higher order modes. Fig. 6 shows the comparison between the ana-
lytical and FE simulated probability density functions of the first
three bending modes of the SWCNTs. For the first bending mode
(Fig. 6a), the discrepancy of the mean value between the analytical
model with flexural modulus derived from the first FE mode and
the full finite element simulation is about 1.4%, with an analogous
standard deviation percentage error of 1.8%. Similar trends are re-
corded for the second mode in Fig. 6(b), with discrepancy in the
mean value and standard deviation of 1.9% and 2.0%, respectively.
For the third bending mode (Fig. 6(c)), the discrepancies are higher
(4.3% and 3.6%, respectively), however still within a very satisfac-
tory engineering comparison. For all the simulations, the analytical
ones with the static flexural stiffness provide a close comparison
with the analytical with flexural dynamic updated modulus. It
must be also pointed out that the stochastic FE models take into ac-
count a general anisotropy of the mechanical behavior of the
SWCNTs, with the axial stiffness on average being 3–4 times the
flexural one [14,10,21]. The anisotropic behavior is not taken into
account by the analytical Euler–Bernoulli beam model, where an
isotropic material undergoing pure flexural deformation is consid-
ered. The probability density function distributions are also not
symmetrical around the mean value, due to the different standard
distributions attributed to the constants ks, ks and kh in the FE-gen-
erated data. However, the different tails and non-symmetric distri-
bution of the flexural modulus are consistent with the ones
published in [5].
5. Conclusions

An analytical model providing the probability density functions
of the natural frequencies of single wall carbon nanotube terahertz
oscillators has been proposed. The model provides prediction of
the stochastic properties of the resonances of the SWCNTs with
known input of analogous pdfs related to the flexural modulus,
the mass per unit length, or both, all in a closed-form solution.
Due to lack of exhaustive information on experimental pdfs, sto-
chastic distributions have been generated using a FE model based
on atomistic-continuum equivalence. The agreement between the
results from the analytical model and the finite element simula-
tions is good. The analytical model proposed has been developed
for design issues. However, the same model could be also used in
principle to identify the type of uncertainty associated to experi-
mental data when available. At the same time, it would be desir-
able also to improve the fidelity of numerically generated data
by improving existing atomistic-continuum equivalent models
using more MD simulations and improved force models.
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Appendix A

A.1. Derivation of the PDF for the general case

Substituting Eq. (5) in (4) and simplifying one obtains:

pxyðyz; yÞ ¼ e�b2=2

2pjRj1=2 exp �ðy� aÞ2

2r2

( )
; ðA:1Þ

where

r2 ¼ 1
vTR�1v

; a ¼ vTR�1m
vTR�1v

ðA:2Þ

and

b2 ¼mTR�1m� a2

r2 : ðA:3Þ

Similarly one obtains

pxyð�yz;�yÞ ¼ e�b2=2

2pjRj1=2 exp �ðyþ aÞ2

2r2

( )
: ðA:4Þ

Substituting (A.4) and (A.1) into Eq. (3) one obtains, after some
manipulation:

pzðzÞ ¼
expf�ðb2 þ a2=r2Þ=2g

2pjRj1=2

�
Z 1

0
y expf�ly2 � 2myg þ y expf�ly2 þ 2myg
	 


dy;

ðA:5Þ

where

l ¼ 1
2r2 ; m ¼ a

2r2 : ðA:6Þ

A closed-form solution of (A.5) can be obtained as [15, p. 361]:

pzðzÞ ¼
exp�fb2=2g

2pjRj1=2

1
2l� m

2l

ffiffiffi
p
l

q
expfm2=lgf1� erfð mffiffiffilp Þgþ

1
2lþ m

2l

ffiffiffi
p
l

q
expfm2=lgf1� erfð�mffiffiffilp Þg

2
64

3
75;
ðA:7Þ

where erf(�) is the error function and b2 = b2 + a2/r2 = mTR�1m.
Recalling that erf(�) = erf(�), (A.7) can be rewritten as:

pzðzÞ ¼
expf�b22g

2pjRj1=2 1þ

ffiffiffiffiffiffiffiffi
pm2

l

s
expfm2lgerf

mffiffiffiffilp
� �" #

: ðA:8Þ
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