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Abstract: Uncertainties need to be taken into account for credible predictions of the dynamic response of structural systems.
Such uncertainties include uncertainties in the system parameters (parametric uncertainty) and those arising due to the
modelling of a complex system (nonparametric uncertainty). Over the past four decades distinct methods have been developed
to quantify these two types of uncertainties separately. In this paper we proposed a hybrid approach to model both parametric
and nonparametric uncertainties simultaneously. The proposed approach is based on a noncentral Wishart distribution. Its
parameters are obtained such that the covariance matrices of the elements of the mass, sti.ness and damping matrices, arising
due to parametric uncertainties, are satis.ed in a least-square sense. The existing nonparametric distribution (a central
Wishart distribution) can be obtained as a special case of the proposed noncentral Wishart distribution. A simple simulation
algorithm is developed to implement the noncentral Wishart random matrix model in conjunction with the finite element
method. The method is applied to the vibration of a cantilever plate with uncertainties. The dynamic response obtained using
the noncentral Wishart random matrix model agrees well with the results obtained from the stochastic finite element method.

Keywords: Non-central Wishart, random matrix theory, stochastic .nite element, least-square method, hybrid approach.

1 INTRODUCTION

Uncertainties are unavoidable in the description of
complex engineering structures. The quantification of
uncertainties plays a crucial role in establishing the
credibility of a numerical model (Hemez, 2003, 2004).
Uncertainties can be broadly divided into two categories.
The first type is due to the inherent variability in the
system parameters, for example, different cars
manufactured from a single production line are not
exactly the same. This type of uncertainty is often referred
to as aleatoric uncertainty and generally considered to
be irreducible. If enough samples are present, it is possible
to characterize the variability using the well established
statistical methods and consequently the probably density
functions (pdf) of the parameters can be obtained. The
second type of uncertainty is due to the lack of knowledge
regarding a system, often referred to as epistemic
uncertainty. This kind of uncertainty generally arises in
the modelling of complex systems, for example, in the
modeling of cabin noise in helicopters. Due to its very
nature, it is comparatively di.cult to quantify or model
this type of uncertainties. This uncertainty is reducible
provided more knowledge regarding the system is
available. There are two broad approaches to quantify

uncertainties in a model. The .rst is the parametric
approach and the second is the non-parametric approach.
In the parametric approach the uncertainties associated
with the system parameters, such as Young’s modulus,
mass density, Poisson’s ratio, damping coefficient and
geometric parameters are quanti.ed using statistical
methods and propagated, for example, using the
stochastic finite element method (Adhikari and Manohar,
1999, 2000, Chakraborty and Bhattacharyya, 2002,
Elishakoff and Ren, 2003, Ghanem and Spanos, 1991,
Haldar and Mahadevan, 2000, Kleiber and Hien, 1992,
Manohar and Adhikari, 1998, Matthies et al., 1997,
Shinozuka and Yamazaki, 1998, Sudret and Der-
Kiureghian, 2000). This type of approach is suitable to
quantify aleatoric uncertainties. Epistemic uncertainty
on the other hand do not explicitly depend on the system
parameters. For example, there can be unquantified errors
associated with the equation of motion (linear on non-
linear), in the damping model such as viscous or non-
viscous damping (see for example Adhikari, 2005,
Adhikari and Woodhouse, 2003), in the model of
structural joints, and also in the numerical methods (e.g,
discretisation of displacement fields, truncation and
roundoff errors, tolerances in the optimization and
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iterative algorithms, step-sizes in the time-integration
methods). It is evident that the parametric approach is
not suitable to quantify this type of uncertainties. As a
result non-parametric approaches, pioneered by Soize
(2000, 2001, 2005) and subsequently used by others such
as Adhikari (2007a,b, 2008), Arnst et al. (2006), Chebli
and Soize (2004), Ghanem and Das (2009), Mignolet and
Soize (2008a,b), Soize (2010), Soize et al. (2008), have
been proposed for this purpose.

Although we have mentioned and made differences
between the two different types of uncertainties, in
practical problems it is in general very difficult, if not
impossible, to distinguish them (Kiureghian and
Ditlevsen, 2009). Recently reported experimental studies
by (Adhikari et al., 2009, Adhikari and Phani, 2010,
Adhikari and Sarkar, 2009) on one hundred nominally
identical beams and plates emphasize this fact. As a result,
to come up with a credible numerical model of complex
dynamical systems, we need to quantify and model both
types of uncertainties simultaneously. Uncertainties
associated with a variable can be characterized using the
probabilistic approach or possibilistic approaches based
on interval algebra, convex sets, Fuzzy sets or generalized
Dempster-Schafer theory. In this paper probabilistic
approach has been adopted. The equation of motion of a
damped n-degree-of-freedom linear dynamic system can
be expressed as

( ) ( ) ( ) ( )t t t t+ + =Mq Cq Kq f  (1)

where M, C and K are the mass, damping and stiffness
matrices respectively. In order to completely quantify the
uncertainties associated with system (1) we need to obtain
the probability density functions of the random matrices
M, C and K. Using the parametric approach, such as the
stochastic finite element method, one usually obtains a
problem specific covariance structure for the elements
of system matrices. The nonparametric approach
considered by Adhikari (2007a,b, 2008), Arnst et al.
(2006), Chebli and Soize (2004), Mignolet and Soize
(2008a,b), Soize (2000, 2001, 2005), Soize et al. (2008)
on the other hand results in a central Wishart distribution
for the system matrices. The central Wishart matrix has
its own covariance structure which in general may not
agree with the covariance structure obtained using the
parametric method. This is one of the main difficulty in
using the central Wishart matrices for parametric
uncertainty quantification.

The aim of this paper is to develop a simple
parametric-nonparametric uncertainty quantification tool

which can simultaneously model both types of
uncertainties in an unified manner. One of the key
ingredient for achieving this is to retain the covariance
structure arising due to parametric uncertainty, but at the
same time allowing statistical degrees of freedom to
incorporate non-parametric uncertainty. Clearly various
approaches can be taken fulfill this objective. The
approach investigated here is based on the noncentral
Wishart distribution. The noncentral Wishart distribution
has more parameters compared to the central Wishart
distribution. As a result it is more capable to capture the
parametric nature of uncertainty. The central idea of the
paper is to exploit this additional statistical degrees of
freedom provided by the noncentral distribution. A least-
square error minimization approach is developed to
obtain the parameters of the noncentral distribution so
that it satisfy the covariance matrix of each of the system
matrices appearing in Eq. (1). A simple and easy-to-
implement simulation algorithm is given to implement
the new approach. In the next section we brie.y outline
some aspects of random matrix theory required for further
developments.

2. BRIEF REVIEW OF RANDOM MATRIX

DISTRIBUTIONS

In this section we introduce the concept of matrix variate
probability density functions or random matrices.
Random matrices were introduced by Wishart (1928) in
the late 1920s in the context of multivariate statistics.
Research on random matrices has attracted interests in
multivariate statistics, physics, number theory and more
recently in mechanical and electrical engineering. We
refer the books by Eaton (1983), Girko (1990), Mehta
(1991), Mezzadri and Snaith (2005), Muirhead (1982),
Tulino and Verdú (2004) for the history and applications
of random matrix theory. The probability density function
of a random matrix can be de.ned in a manner similar to
that of a random variable or random vector. If A is a n ×
m real random matrix, then the matrix variate probability
density function of A ∈n×m, denoted by pA(A), is a
mapping from the space of n × m real matrices to the
real line, i.e., pA(A) : n×m  . Here we define
probability density functions of few random matrices
which are relevant to stochastic mechanics problems.

Gaussian random matrix : A rectangular random
matrix X ∈n×p is said to have a matrix variate Gaussian
distribution with mean matrix∈n×p and covariance

matrix ⊗ , where n
+∈ and p

+Ψ ∈ provided the
pdf of X is given by
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(2)

This distribution is usually denoted as X ~ N
n,p

(,
⊗ ).

Wishart matrix : A n × n symmetric positive definite
random matrix S is said to have a Wishart distribution

with parameters p ≥ n and ,n
+∈ if its pdf is given by

11 1 1
( 1) 12 2 2

1 1
( ) 2 | | | |

2 2

np p p n

np p etr

−
− − −    = Γ −        

S S S S

(3)

This distribution is usually denoted as S ~ W
n
(p, ).

Using a maximum entropy approach, Adhikari (2006,
2007a) proved that the system matrices arising in linear
structural dynamics should be Wishart matrices.

Matrix variate gamma distribution: A n × n
symmetric positive definite random matrix W is said to
have a matrix variate gamma distribution with parameters

a and ,n
+∈ if its pdf is given by

{ }
1

( 1)1
2

1
( ) ( ) | | | | { }; ( ) ( 1).

2

a na
np a etr a n

− +−−= Γ − ℜ > −W W W W

(4)

This distribution is usually denoted as W ~ G
n
(a,

). The matrix variate gamma distribution has been used
by Soize (2000, 2001, 2005) for the random system
matrices of linear dynamical systems.

The main difference between the matrix variate
gamma distribution and the Wishart distribution is that
historically only integer values were considered for the
shape parameter p in the Wishart matrices. It is however
a misconception that the scope of Wishart distribution is
limited to the integer values of p only (see the second
para in pp. 87 in Muirhead (1982) and the para after Eq.
(3.2.2) in Gupta and Nagar (2000), pp. 89). From an
analytical point of view the gamma and the Wishart
distributions are identical as the gamma distribution can
be related to the Wishart distribution as W

n
(p, ) = G

n

(p/2, 11
2

−∑ ). For this reason, modern random matrix

theory normally does not make any distinctions between
them. Because the Wishart random matrix is the oldest
(Wishart, 1928) and perhaps the most widely used
random matrix model (Eaton, 1983, Muirhead, 1982,
Tulino and Verdú, 2004), in this paper we present our

results in terms of the Wishart matrices only.

Noncentral Wishart matrix : A n×n symmetric
positive definite random matrix S is said to have a
noncentral Wishart distribution with parameters p ≥ n,
∈ +

n
and ∈+

n
 if its pdf is given by

11 1 1
( 1)12 2 2

1 1 1
( ) 2 | | | |

2 2 2

np p p n

np p etr etr

−
− −−      = Γ − −            

S S S S

0
F

1
(p/2, ΘΣ–1S/4) (5)

where
0
F

1
 is the hypergeometric function (Bessel

function) of a matrix argument (Gupta and Nagar, 2000,
Muirhead, 1982). This distribution is usually denoted as
S ~ W

n
(p, , ). Note that if the noncentrality parameter

is a null matrix, then noncentral Wishart distribution
in Eq. (5) reduces to the Wishart distribution in Eq. (3).

In Eqs. (3)–(5), the function Γ
n
(a) is the multivariate

gamma function, which can be expressed in terms of
products of the univariate gamma functions as

1
( 1)

4

1

1 1
( ) ( 1) ; ( ) ( 1).

2 2

nn n

n
k

a a k for a n
−

=

 Γ = π Γ − − ℜ > −  
∏

(6)

For more details on the matrix variate distributions
we refer to the books by Eaton (1983), Girko (1990),
Mehta (1991), Mezzadri and Snaith (2005), Muirhead
(1982), Tulino and Verdú (2004). Among the four types
of random matrices introduced above, the distributions
given by Eqs. (3) – (5) will always result in symmetric
and positive de.nite matrices. Therefore, they can be
possible candidates for modeling random system matrices
arising in probabilistic structural mechanics.

3. LIMITATIONS OF THE NONPARAMETRIC

DISTRIBUTION

Suppose that the mean values of M, C and K are given

by M , C and K respectively. This information is likely
to be available, for example, using the deterministic finite
element method. However, there are uncertainties
associated with our modelling so that M, C and K are
actually random matrices. The distribution of these
random matrices should be such that they are

(a) symmetric

(b) positive-definite, and

(c) the moments of the inverse of the dynamic
stiffness matrix

D(ω) = –ω2M+ iωC + K (7)



S. Adhikari

126 International Journal of Engineering Under Uncertainty: Hazards, Assessment and Mitigation, 2(3-4) 2010

should existω. That is, if H(ω) is the frequency response
function (FRF) matrix

H(ω) = D–1(ω) = [–ω2M + iωC +K]–1 (8)

then the following condition must be satis.ed for positive
values of µ:

[|| ( ) || ] ,µ
FE H ω < ∞ ∀ω (9)

Because the matrices M, C and K have similar
probabilistic characteristics, for notational convenience
we will use the notation G which stands for any one the
system matrices. Soize (2000, 2001, 2005) fitted a central
Wishart distribution using the entropy optimization
approach and showed that G ~ W

n
(p, ), where the

distribution parameters are given by

p = n + 1 + θ (10)

and = G /(n + 1 + θ). (11)

The constant θ, which controls the ‘randomness’ of
the model, can be related to the standard deviation of the
random matrix as

2

22

1 { ( )}
1 ( 1).

( )G

Trace
n

Trace

  θ = + − + δ   

G

G
(12)

Here δ
G
 is known as the dispersion parameter which

characterize the uncertainty in the random matrix G. The
parameter δ

G
 is defined as

2
F2

22

E || E[ ] || (cov( ( )))

|| E[ ] || ( )
G

F

Trace vec

Trace

 − δ = =
G G G

G G
(13)

From this expression observe that δ
G

can be viewed
as the mean-normalized standard deviation of the random
matrix G. Although the distribution proposed by Soize
(2000, 2001, 2005) produces positive definite and
invertible random matrix ensemble, it was later shown
by Adhikari (2007a, 2008) that the ‘mean of the inverse’
and the ‘inverse of the mean’ can be significantly
different. For large systems, when n is more than several
thousands, the difference between E[G–1] and 1−

G  can
be even more. To avoid this non-physical case, using a
matrix factorization approach in conjunction with least-
square error minimization, Adhikari (2007a) showed that
the optimal distribution of G should be G ~ W

n
(p, ),

where

p = n + 1 + θ (14)

and = / .αG (15)

The constant θ is given by Eq. (12) and á is given by

( 1 ) ( 1).n p p nα = θ + + θ = − − (16)

For these parameter selections the mean of the matrix
and its inverse produce minimum deviations from their
respective deterministic values.

The first moment (mean) and the elements of
the covariance tensor are given by (Gupta and Nagar,
2000)

[ ] /E p p= = αG G (17)

cov (G
ij
, G

kl
) = p (Σ

ik
Σ

jl
+ Σ

il
Σ

jk
) =

1
( ).ik jl il jkG G G G+

θ
(18)

The covariance tensor can alternatively be expressed
in a matrix form as

cov (vec (G)) = p ⊗ + [p ⊗ ]K
nn

= (I
n2 +K

nn
)

(p ⊗ ). (19)

The matrix K
nn

is known as the commutation matrix
(Magnus and Neudecker, 1999) or vecpermutation matrix
(Harville, 1998) of order n2 × n2. In Eq. (18), the values

of ikG etc. are fixed by the mean matrix. Therefore, the

only parameter which controls the uncertainty in the
distribution is θ. This is a gross ‘oversimplification’ of
the naturae of the uncertainty in some sense. Any n × n
symmetric matrix G, supposing fully populated, can have
N = n(n + 1)/2 number of independent elements.
Therefore, its covariance matrix is N2 = n2(n + 1)2/4
dimensional and symmetric. Which implies that it can
have N(N + 1)/2 = n(n + 1)(n(n + 1) + 2)/8 number of
independent elements. Nonparametric approach,
therefore, only offers a single parameter to quantify
uncertainty which can potentially be expressed by
n(n + 1)(n(n + 1) + 2)/8 number of independent
parameters. However, when very little information
regarding the covariance tensor of G is available, then a
central Wishart distribution is the best one can use to
quantify uncertainty. If more reliable information
regarding the covariance tensor of G is available, then
we need a matrix variate distribution which not only
satisfy the constrains mentioned before, but also must
offer more parameters to fit the ‘known’ covariance tensor
of G. This is the central motivation of the work taken up
in this paper.
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4. DERIVATION OF THE UNIFIED DISTRIBUTION

4.1. Functional Form of the Distribution

Because G is a symmetric and positive-definite random
matrix, it can be always be factorized as

G = XXT (20)

where X ∈n×p, p ≥ n is in general a rectangular matrix.
Since the factorization in Eq. (20) will always (for p ≥ n)
guarantee the satisfaction of the the symmetry and the
positive-definiteness condition, we assume that this is
the form of the random system matrices arising in
structural dynamics. Now we need to study the
probabilistic nature of the random matrix X. Once the
pdf of X is known, the pdf G will be derived using the
non-linear matrix transformation in Eq. (20).

Suppose the mean of X is ∈n×p, p ≥ n and the
covariance tensor of X is given by ⊗ I

p
∈nm×nm where

∈+
n
. How to obtain p,  and will be discussed

later. At this point it is suffice to assume that the mean
and covariance of the random matrix X exist. Suppose
the matrix variate probability density function of X∈n×p

is given by pX(X) : n×p → . We have the following
information and constrains to obtain pX(X):

( ) 1
n p

p d
×∈

=∫ XX
X X


(normalization) (21)

( )
n p p d

×∈
=∫ XX

X X X


 (the mean matrix) (22)

and [ ] [ ] ( )
n p

T
pp d

×∈
− ⊗ − = ⊗∫ XX

X X X X I


 

(the covariance matrix). (23)

The integrals appearing in the above three equations
are n × p dimensional. Extending the standard maximum
entropy argument to the matrix case we can say that the
pdf of X is given by the matrix variate Gaussian
distribution, that is, X ~ N

n,p
(, ⊗ I

p
).

We first derive the characteristic function of G= XXT.
Since X ~ N

n,p
(, ⊗ I

p
), a rectangular Gaussian

random matrix with mean and covariance matrix [
⊗ I

p
] ∈np×np, the probability density function of X can

be obtained from Eq. (2) as

/ 2 / 2 11
( ) (2 ) | | ( )( )

2
np p Tp etr− − − = π − − − 

 X X X X 

(24)

The matrix variate characteristic function of G can
be defined as

0
( ) [ { }] { } ( )E etr etr p d

>
φ = − = −∫G GG

Z ZG ZG G G (25)

where Z is a symmetric matrix. Using the de.nition in
(25) we have

φG(Z) = E[etr {–ZG}] = E[etr {–ZXXT}]. (26)

Using the probability density function of X in Eq. (24)
we have

/ 2 / 2 11
( ) (2 ) | | ( )( ) .

2n p

np p T Tetr d
×

− − − φ = π − − ∑ − − 
 ∫G Z ZXX X X X


 

(27)

The domain of the above integral is the space of
n × p real matrices. This integral can be evaluated exactly
to obtain

/ 2 1 / 2 1 1 11 1
( ) | | | 2 | (2 )

2 2
p p etr− − − − − − φ = + + + 

 G Z Z Z

(28)

where = –1T. Taking the matrix variate inverse
matrix Laplace transform of (28), it can be shown (see
the books by Gupta and Nagar, 2000, Muirhead, 1982)
for relevant mathematical details on matrix variate
Laplace transforms) that the pdf of G follows the
noncentral Wishart distribution given in Eq. (5), that is

11 1
12 2

1 1 1
( ) 2 | |

2 2 2

np p

np p etr etr

−

−      = Γ − −            
G G G

1
( 1) 12

0 1

1 1
| | ,

2 4

p n
F p

− − − 
  

S G (29)

From the discussions so far, we have the following
result regarding the hybrid uncertainty modelling

of structural dynamic systems:

Conjecture 1. The hybrid parametric-nonparametric
probability density function a random system matrix
G≡ {M, C, K} follows the noncentral Wishart
distribution, that is G ~ W

n
(p, , ) where p > n is a real

scalar, and are symmetric positive-definite n × n
real matrices.

If the noncentrality parameter is a null matrix, the
hybrid distribution reduces to the nonparametric
distribution (central Wishart distribution). The hybrid
distribution derived here is therefore further
generalization of the nonparametric distribution. The
additional parameters provided by the matrix ∈+

n

allow to model parametric uncertainty which is not
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available within the scope of the nonparametric
distribution.

4.2. Properties of the Distribution

For notational convenience, suppose

=T. (30)

Therefore,

= –1T = –1 , (31)

that is

= . (32)

The first moment (mean), the second-moment and
the elements of the covariance tensor can be obtained
(Gupta and Nagar, 2000) as

E[G] = p + , (33)

E[G2]= pTrace ( ) + p 2 + p2 2 + p + (34)

+ Trace ( ) + Trace ( ) + + p + 2,

and cov (G
ij
, G

kl
) = (pΣ

ij
+ Ω

ij
) (pΣ

kl
+ Ω

kl
) (35)

+ p (Σ
ik
Σ

jl
+ Σ

il
Σ

jk
) + (Σ

jl
Ω

ik
+ Σ

il
Ω

jk
+ Σ

jk
Ω

il
+ Σ

ik
Ω

jl
).

The covariance tensor can alternatively be expressed in
a matrix form as

cov (vec (G)) = p ⊗ + ⊗ + ⊗ + [p ⊗ +
⊗ + ⊗ ]K

nn

= (I
n2 +K

nn
) (p ⊗ + Ω ⊗ + ⊗ ). (36)

Comparing these expressions with the equivalent
expressions (17)–(19) corresponding to the non-
parametric distribution in Section 3, observe that the
hybrid distribution offers more parameters to ‘capture’
the parametric nature of uncertainty.

4.3. Parameter Identication of the Distribution

The unknown parameters of the hybrid distribution are
p ∈ , ∈+

n
and ∈+

n
. There are in total n+n(n+1)

number of unknowns in this distribution. A least-square
error minimization approach based on the expressions
of the mean and covariance matrix in Eqs. (33) and (36)
is developed in this part.

Before proceeding to the parameter identification of
the matrix variate distribution, let us look at the
information an analyst is likely to have. The mean of
system matrices can be considered as the baseline .nite

element model so that we have .n
+∈G   For systems with

uncertain parameters we can also obtain the covariance
matrix of G, denoted by

2cov ( ( )) .G n
vec += ∈C G  (37)

If a random field model is assumed for the system
parameters, then the covariance matrix can be obtained
by discretising the random fields using the well
established stochastic finite element approach. However,
in general it is difficult to obtain the correlation function
and other information regarding the random fields
describing the system parameters accurately and reliably.
Therefore, the elements of the covariance matrix C

G
of

the system matrix G are, at best, good approximations.
Error in the elements of the covariance matrix arises not
because of the numerical methods to obtain them, but
due to the lack of knowledge regarding uncertainty in
the system. As a result, every element of the covariance
matrix C

G
may not be very reliable for practical problems.

Consequently here we satisfy them in a least-square sense
and not in an ‘element-by-element’ basis.

Nonparametric analysis only considers the trace of
C

G
and therefore neglects all the non-diagonal elements.

Here we aim to consider the complete covariance matrix
in a least-square sense. The idea behind the lest-square
satisfaction is steaming from the fact that the elements
of C

G
are only accurate to the extent of underlying

information available regarding the detailed nature of
uncertainty (e.g, correlation functions, correlation
lengths, standard deviations of the uncertain parameters).
With the least-square satisfaction of the covariance
matrix, combined with the random matrix model, we hope
to take both parametric and non-parametric uncertainty
into account simultaneously.

The mean of a systems matrix,
–
G, is symmetric and

positive de.nite. From Eq. (33) we have

p + =
–
G (38)

or = (
–
G – )/p (39)

Substituting into the expression of the covariance
matrix in Eq. (36) and simplifying one obtains

cov (vec (G)) = 2

1
( ) ( ).nnn p

+ ⊗ − ⊗I K G G (40)

We aim to obtain the normalized standard deviation
defined in Eq. (13). First note that

2
FE[|| E[ ] || ]−G G  = E[Trace ([G – E[G]][G – E[G]]T)]
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= Trace (E[[G – E[G]][G – E[G]]T])

= Trace (cov (vec (G)))

= Trace 2

1
( ) (nnn p

 
+ ⊗ − ⊗  

I K G G (41)

= 2 2

1
( (( ) ( )) (( )( )))nn nnn n
Trace Trace

p
+ ⊗ − + ⊗I K G G I K

= ( ) ( )( )2 2 2 21
{ ( )} ( ) { ( )}Trace Trace Trace Trace

p
+ − +G G

In calculating the preceding expression we have
interchanged the E[•] and Trace (•) as they linear
operators and used Theorem 16.4.1 in Harville (1998).
Therefore

2
F2

2
F

E || E[ ] ||

|| E[ ] ||G

 − δ =
G G

G

2 2 2 2

2

Trace( ) {Trace( )} (Trace( ) {Trace( )} )

Trace(G )p

+ − += G G

(42)

From this expressions we obtain

2 2 2 2

2 2

1 ( ) { ( )} { ( )}

( )G

Trace Trace Trace
p

Trace

− + −=
δ

G G
G

(43)

In the above expression ∈n is unknown. For the
central Wishart distribution, is a null matrix. We are
trying to identify a non-null matrix for the noncentral
distribution.

For any symmetric matrix G, one has

vech (G) = H
n
vec (G) (44)

where H
n

is the left Moore-Penrose inverse of the
duplication matrix G

n
(see Chapter 16 of the book by

Harville, 1998). From this we have

cov (vech (G)) = cov (H
n
vec (G))E[H

n
vec (G) vec

(G)T HT
n
]= H

n
cov (vec (G))HT

n
(45)

Substituting the expression of the covariance matrix
from Eq. (40) into the preceding expression and using
the derivations in Section 16.4 in Harville (1998) we have

cov (vech (G)) = H
n
cov (vec (G))HT

n
= H

n
(I

n2 +K
nn

)

1
( ) T

np
⊗ − ⊗G G H (46)

We suppose that C
G

= cov (vec (G)) ∈ +
n2 is known.

Using the relationship in Eq. (45), and equating the
known covariance matrix to (46) we have

2
( )T T

n G n n np
= ⊗ − ⊗H C H H G G H (47)

or ( 1) / 2, ( 1) / 2

2
( ) T

n G n n n n np + +
 

− ⊗ − ⊗ = 
 

H C G G H O

(48)

Since the rank of H
n

is n(n + 1)/2, the above equation
will be satisfied if

2
( )G p

= ⊗ − ⊗C G G (49)

or / 2.Gp⊗ = ⊗ −G G C (50)

We need to solve this equation to obtain . The
solution of will contain p and as noted in Eq. (43), p in
turn is expressed in terms of . Therefore some iterative
type solution method is required to obtain both the
parameters.

Supposing G is fully populated C
G

can have n(n+1)
(n(n+1) + 2)/8 number of independent elements. Whereas

has only n(n + 1)/2 number of independent elements.
Clearly an unique solution of cannot be obtained. Here
a least-square error minimization method is adopted.
Specifically we are aiming to identify such that the
following norm

||– ⊗ ||
F

(51)

where

2 2

/ 2 n n
Gp ×= ⊗ − ∈G G C  (52)

is minimized. The problem of identifying general real
matrices

1
 and

2
 which minimizes ||–

1
⊗

2
||

F

was first discussed by Van Loan and Pitsianis (1993).
This problem is known as the ‘nearest Kronecker
product’. We refer to the papers by Langville and Stewart
(2004a,b,c) for further discussions. More recently Van
Loan (personal communication) provided an elegant
solution of problem (51) which is a constrained version
of the general nearest Kronecker product problem
discussed in the earlier paper by Van Loan and Pitsianis
(1993).

From the discussion so far we can say that the hybrid
parametric-nonparametric distribution of a structural
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matrix can be expressed by a noncentral Wishart
distribution so that G ~ W

n
(p, , ). The parameters of

the distribution, namely p ∈, ∈+
n
and ∈+

n
can be

calculated by following these steps:

1. Obtain the mean matrix (corresponding to the

baseline system) n
+∈G   from the standard FE

analysis. Obtain the covariance matrix C
G

= cov (vec

(G)) ∈ 2n

+ corresponding to G (e.g., using the
Karhunen–Loéve expansion of the parametric
random fields, see Ghanem and Spanos, 1991). The
elements of C

G
do not have to be very accurate (with

the understanding that inaccuracies are arising due
to the lack knowledge regarding the parametric
stochastic fields).

2. Obtain the normalized standard deviation δ
G

of G
from

2

2 2

|| [ ] || ( )

|| [ ] || ( )
F G

F

E E Trace

E Trace

 − δ = =2
G

G G C
G G

(53)

3. Begin with = O
n,n

(as in the case of non-parametric
distribution) and obtain the initial value of p from
Eq. (43) as

2 2

2 2

1 ( ) { ( )}

( )G

Trace Trace
p

Trace

+=
δ

G G
G (54)

From the discussion in Section 3, note that this value
of p is used in the non-parametric approach. The steps
below are aimed at incorporating parametric
uncertainties.

4. Form the matrix
2 2

/ 2 n n
Gp ×= ⊗ − ∈G G C   and

obtain ∈n×n by least-square minimization of the
Frobenius norm

||– ⊗ ||
F
.

5. Using this value of ∈n×n, calculate the new value
of p from Eq. (43) as

p
new

 =
( )

( )
2 2 2 2

2 2

{ ( )} { ( )}1

G

Trace Trace Trace

Trace

− + − Ω
δ

G G

G

6. Calculate δp = |p – p
new

|/n

(a) If δp ≤ 
p

(
p

is a small number, say 
p

= 0.01)
then the iteration has converged. Select p = p

new

and exit.

(b) Else if δp > 
p

then the iteration steps. Select
p = p

new
 and go back to step 4.

7. Finally calculate

( ) / p= −G

and

= –1 .

This iterative procedure completely de.nes all the
unknown parameters in the noncentral Wishart
distribution.

5. NUMERICAL IMPLEMENTATION OF THE

NON-CENTRAL WISHART MODEL

The parameters of the distribution G ~ W
n
(p, , ), namely

p ∈, ∈+
n
and ∈+

n
 can be calculated by following

the method outlined in the previous section. In this section
we outline a numerical procedure to generate the samples
of the system matrix satisfying the hybrid distribution.
The proposed method is based on the derivation itself,
as described in Subsection 4.1.

The simulation procedure is surprisingly simple and
hinges on the factorization in Eq. (20). Basically one only
needs to simulate a Gaussian random matrix X ~ N

n,p

(, ⊗ I
p
) and use this equation to generate the samples

of the system matrix. This can be achieved by following
these simple steps

1. Obtain the distribution parameters p ∈, ∈+
n
and

∈+
n

from G and C
G

using the iterative procedure
described in the previous section. Approximate p to
its nearest integer (because p is in the order of several
thousands, this introduces very little error).

2. Perform the Cholesky factorizations of the positive
de.nite matrices ∈+

n
and ∈+

n
 as

= DDT, D ∈n×n (55)

and  , .n n×= ∈ 

3. Calculate the n × n square matrix

 1−= D  (57)

4. Construct the n × p rectangular mean matrix

= [ , O
n,n–p] ∈n×p. (58)

5. Obtain the matrix Y ∈n×p containing uncorrelated
Gaussian random numbers with mean and unit
standard deviation.
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6. Generate the samples of a system matrix as

G = DYYTDT ∈+
n
. (59)

One needs to repeat the above procedure for the mass,
sti.ness and damping matrices. The above procedure
can be implemented very easily. For example, in
MATLABR®, the following four lines of code will
generate the samples of the system matrices:

D=[chol(Sigma)]’; Mhat=[chol(Omega)]’;
Mtilde=D\Mhat;
Y=[Mtilde zeros(n,p-n)]+randn(n,p);
G=D*Y*Y’*D’;
Once the samples of the system matrices are

generated, the rest of the analysis is identical to any
Monte Carlo simulation based approach. In the next
section the proposed approach is illustrated thorough an
example.

6. NUMERICAL EXAMPLE: DYNAMIC RESPONSE OF A

CLAMPED PLATE WITH RANDOMLY

INHOMOGENEOUS PROPERTIES

A cantilever steel plate with a slot having uncertain
properties is considered to illustrate the application of
the derived hybrid distribution in probabilistic structural
dynamics. The schematic diagram of the plate together
with the deterministic numerical values assumed for the
system parameters are shown in Fig. 1. The plate is
excited by an unit harmonic force and the response is
calculated at the point shown in the diagram. The standard

Figure 1: The Schematic Diagram of a Steel Cantilever Plate. The
Deterministic Properties are: Ē = 200 × 109N/m2, ¯  =
0.3, ¯  = 7860kg/m3, t̄ = 3.0mm, L

x
 = 1.0m, L

y
 = 0.5m,

Modal Damping Factor: 3% for all Modes

four-noded thin plate bending element (resulting 12
degrees of freedom per element) is used (Dawe, 1984).
The system has 1440 degrees of freedom so that n = 1440.
The .rst six deterministic mode shapes and natural
frequencies of the plate are shown in Fig. 2.

It is assumed that the Young’s modulus, Poissons
ratio, mass density and thickness are random fields of
the form

1( ) (1 ( ))EE E f= +x x (60)

2( ) (1 ( ))fνν = ν +x x (61)

3( ) (1 ( ))p fρ = ρ +x x (62)

and 4( ) (1 ( )).tt t f= +x x (63)

The two dimensional vector x denotes the spatial
coordinates. The strength parameters are assumed to be


E
= 0.10, 

µ
= 0.08, ρ = 0.11 and 

t
= 0.10. The random

fields f
i
(x), i = 1, · · · , 4 are assumed to be two-dimensional

homogenous Gaussian random fields. An exponential
correlation function with correlation length 0.2 times the
lengths in each direction has been considered. The
random .elds are simulated by expanding them using the
Karhunen-Lo‘eve expansion (Ghanem and Spanos, 1991,
Papoulis and Pillai, 2002) involving uncorrelated
standard normal variables. A 5000-sample Monte Carlo
simulation is performed to obtain the frequency response
functions (FRFs) of the system. The quantities E(x), ρ(x)
and t(x) are positive while –1 ≤ ν(x) ≤ 1/2 for all x. Due
to the positive and bounded nature of these quantities,
the Gaussian random .eld is not an ideal model for these
quantities. However, due to small variability considered
for these parameters, the probability that any of these
quantities become non-physical is small. We have
explicitly veri.ed that all the realizations of these four
random fields are physical in nature in our Monte Carlo
simulation.

Direct stochastic finite-element Monte Carlo
Simulation of the amplitude and phase of the cross-FRF
are shown in Fig. 3 and Fig. 4 respectively. The
realizations of the amplitude and phase of the FRF for
each sample are shown together with the ensemble mean,
5% and 95% probability points and the results for the
baseline system. We have selected the frequency range
as 0 - 600Hz. The proposed noncentral Wishart matrix
approach is independent of these selections. The
ensemble mean of the response amplitude follows the
deterministic result closely in the low and medium
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Figure 2: First Six Deterministic Mode Shapes and Natural Frequencies of the Plate
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Figure 3: Direct Stochastic Finite-element Monte Carlo
Simulation of the Amplitude of the cross-FRF of the
Plate with Randomly Distributed Material and
Geometric Properties

Figure 4: Direct Stochastic Finite-element Monte Carlo
Simulation of the Phase of the Cross-FRF of the Plate
with Randomly Distributed Material and Geometric
Properties

frequency ranges. However, the ensemble mean of the
phase of the response is quite different from the
deterministic result in the medium and high frequency
ranges. Overall the spread in the amplitude and phase of
the response increases with increasing frequency. The
direct stochastic finite-element Monte Carlo Simulation
of the amplitude and phase of the driving-point-FRF are
shown in Fig. 5 and Fig. 6 respectively. The realizations
of the amplitude and phase of the FRF for each sample
are shown together with the ensemble mean, 5% and 95%
probability points and the results for the baseline system.

The ensemble mean follows the deterministic result
closely across the frequency range. The amount of spread
in the amplitude and phase of the response in this case is
smaller compared to the cross-FRF. This is due to the
fact that the a.ect of distributed random material
properties is more when we measure the response at a
point further to the source.

Figure 5: Direct Stochastic Finite-element Monte Carlo
Simulation of the Amplitude of the Driving-point-FRF
of the Plate with Randomly Distributed Material and
Geometric Properties

Figure 6: Direct Stochastic Finite-element Monte Carlo
Simulation of the Phase of the Drivingpoint-FRF of the
Plate with Randomly Distributed Material and
Geometric Properties

Now we want to see if the results obtained from the
direct stochastic finite element Monte Carlo Simulation
can be reproduced using noncentral Wishart random
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matrices whose parameters are identified according to
the method outlined before. We want to see whether the
proposed method can predict the known variability in
the response in the case when very accurate information
regarding parametric uncertainty is available. The
purpose of this is simply to validate the proposed
formulation. The intended use of the proposed approach
is however for the case when the elements of the
covariance matrix of the system matrices are not very
accurate. The details of the parametric variations of the
random fields will not be used in the noncentral Wishart
matrix approach. From the simulated random mass and
sti.ness matrices we obtain we obtain C

M
, C

K
, n = 1440,

δ
M

= 0.0806 and δ
K

= 0.1741. Since 3% constant modal
damping factor is assumed for all the modes, δ

C
= 0 and

C
C

= O
n2,n2. The only uncertainty related information used

in the random matrix approach are the values of C
M
, C

K
,

δ
M

and δ
K
. The detailed information regarding which

element property functions are random fields, nature of
these random fields (correlation structure, Gaussian or
non-Gaussian) and the amount of randomness are not
used in the noncentral Wishart matrix approach. This is
aimed at depicting a realistic situation where accurate
information regarding these quantities are in general not
available. Using n = 1440, δ

M
= 0.0806, δ

K
= 0.1741 and

the covariance matrices, the samples of the mass and
sti.ness matrices are simulated following the procedure
outlined in Section 5. The amplitude and the phase of
the cross-FRF obtained using the samples of the
noncentral Wishart matrices are shown in Fig. 7 and Fig.
8 respectively. The realizations of the amplitude and
phase of the FRF for each sample are shown together
with the ensemble mean, 5% and 95% probability points
and the results for the baseline system. The equivalent
results for the driving-point-FRF are shown in Fig. 9 and
Fig. 10. It may be observed that the qualitative features
of the response is similar to what obtained using the
detailed stochastic finite element simulation in Fig. 3–
Fig. 6.

The predicted mean and standard deviation of
the amplitude and phase using the direct stochastic finite
element simulation and the noncentral Wishart matrix
approach are compared in Fig. 11–Fig. 14 for the cross
FRF and the driving-point-FRF respectively. The mean
of the response amplitude obtained from the proposed
noncentral Wishart matrix approach is very close to the
results obtained using the stochastic .nite element
simulation across the frequency range considered. The
standard deviations of the response amplitude obtained
from the proposed noncentral Wishart matrix theory

Figure 7: Monte Carlo Simulation of the Amplitude of the Cross-
FRF of the Plate using Noncentral Wishart Mass and
Stiffness Matrices, n = 1440,

M
 = 0.0806 and

K
 = 0.1741

Figure 8: Monte Carlo Simulation of the Phase of the Cross-FRF
of the Plate using Noncentral Wishart Mass and
Stiffness Matrices, n = 1440,

M
 = 0.0806 and

K
 = 0.1741

match well to the standard deviations obtained using the
stochastic finite element simulation. It is interesting to
note that the proposed noncentral Wishart matrix
approach produces accurate results even in the low and
medium frequency ranges.

The predicted 5% and 95% probability points using
the direct stochastic finite element simulation and
proposed noncentral Wishart matrix method are
compared in Fig. 15–Fig. 18. The essential features of
these plots are similar to the standard deviation plots
shown before. Again, excellent agreement between
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Figure 10:Monte Carlo Simulation of the Phase of the Driving-
point-FRF of the Plate using Noncentral Wishart Mass
and Stiffness Matrices, n = 1440,

M
= 0.0806 and

K
=

0.1741

Figure 9: Monte Carlo Simulation of the Amplitude of the
Driving-point-FRF of the Plate using Noncentral
Wishart Mass and Stiffness Matrices, n = 1440,

M
=

0.0806 and
K

= 0.1741

Figure 11:Comparison of the Mean and Standard Deviation of the
Amplitude of the Cross-FRF Obtained using the Direct
Stochastic Finite Element Simulation and Proposed
Noncentral Wishart Matrix Method

Figure 13:Comparison of the Mean and Standard Deviation of the
Amplitude of the Driving-point-FRF Obtained using the
Direct Stochastic Finite Element Simulation and
Proposed Noncentral Wishart Matrix Method

Figure 12:Comparison of the Mean and Standard Deviation of the
Phase of the Cross-FRF Obtained using the Direct
Stochastic Finite Element Simulation and Proposed
Noncentral Wishart Matrix Method

Figure 14:Comparison of the Mean and Standard Deviation of the
Phase of the Driving-point-FRF Obtained using the
Direct Stochastic Finite Element Simulation and
Proposed Noncentral Wishart Matrix Method
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Figure 16:Comparison of the 5% and 95% Probability Points of
the Phase of the Cross-FRF Obtained using the Direct
Stochastic Finite Element Simulation and Proposed
Noncentral Wishart Matrix Method

Figure 15:Comparison of the 5% and 95% Probability Points of
the Amplitude of the Cross-FRF Obtained using the
Direct Stochastic Finite Element Simulation and
Proposed Noncentral Wishart Matrix Method

Figure 17:Comparison of the 5% and 95% Probability Points of
the Amplitude of the Driving-point- FRF Obtained using
the Direct Stochastic Finite Element Simulation and
Proposed Noncentral Wishart Matrix Method

Figure 18:Comparison of the 5% and 95% Probability Points of
the Phase of the Driving-point-FRF Obtained using the
Direct Stochastic Finite Element Simulation and
Proposed Noncentral Wishart Matrix Method

proposed approach and the stochastic .nite element
simulation can be observed across the whole frequency
range.

7. CONCLUSIONS

When uncertainties in the system parameters (parametric
uncertainty) and modelling (non-parametric) are
considered, the discretized equation of motion of linear
dynamical systems is characterized by random mass,
sti.ness and damping matrices. A new hybrid
parametricnonparametric uncertainty quanti.cation (UQ)
method for linear dynamical systems has been
investigated. Based on a matrix factorization approach,
it is shown that the matrix variate probability density
function of the random system matrices can be
represented by the so called noncentral Wishart
distribution. Existing nonparametric distribution is the
central Wishart distribution, which is a special case of
the proposed noncentral Wishart distribution. Matrix
variate distributions proposed for structural dynamic
problems are summarized in Table 1. The noncentral
Wishart distribution has more parameters than the
nonparametric central Wishart distribution to
accommodate the parametric nature of uncertainty. On
the one hand it eliminates some of the drawbacks of the
nonparametric distribution, and on the other hand it can
incorporate some parametric features while keeping the
nonparametric features unchanged. This approach is
particularly suitable when all elements of the covariance
matrix of the system matrices are not known accurately
(e.g, due to the lack of knowledge regarding the
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Table 1: Summary of Random Matrix (RM) Models for Linear Uncertain Dynamical Systems. Here G  {M, C, K}
is any System Matrix, –G +

n
 is the Baseline (Mean) Model and C

G
 = cov (vec (G)) +

n2 is the Covariance
Matrix of the Elements of G

Author/Year Random Matrix Model Comments

Soize (2005) [and references Central Wishart/gamma random matrix (a) The trace of the covariance matrix of the
therein] W

n
(p, ), with =

–G/p elements of a system matrix is required.

2

2 2

1 { ( )}
1

( )G

Trace
p

Trace

 
= + δ  

G
G  and (b) The mean of the inverse and the inverse of

2

2
2 2

|| [ ] || ( )

|| [ ] || ( )
F G

G
F

E E Trace

E Trace

 − δ = =
G G C

G G

the mean of the system matrices can be
significantly different from each other for
the choice of the distribution parameters.

Adhikari (2007a) Central Wishart/gamma random (a) The trace of the covariance matrix of the
matrix W

n
(p, ), with elements of a system matrix is required.

/ ( 1)G p p n∑ = − −  and the

rest is as defined above. (b) Parameters are obtained using a least-
square error minimization approach.
The mean of the matrix and its inverse
produce minimum deviations from their
respective deterministic values.

This paper Noncentral Wishart random matrix (a) This distribution requires the same
W

n
(p, , ), with information as the previous two
= (

–G – ) / p, = –1 , p = distributions, namely
–G ∈+

n
 and C

G
∈+

n2

2 2 2 2

2 2

( ) { ( )} { ( )}

( )G

Trace Trace Trace

Trace

− + −
δ

G G
G

⊗ =
–G ⊗ –G - pC

G
/2 and δ

G
is

as defined above. (b) If = O
n,n

then this distribution reduces to
the central distribution proposed before.

(c) The matrix ∈+
n
 captures the parametric

uncertainty through a least-square error
minimization involving the covariance
matrix C

G
.

correlation functions, correlation lengths and standard
deviations of the uncertain parameters). In the limiting
case when no information regarding the covariance
matrix is available, the approach reduces to the case of
central Wishart distribution. One possible drawback of
this approach is that the determination of the parameters
for the non central Wishart distribution needs more
computational time and storage compared to the central
Wishart distribution. A simple numerical simulation
algorithm (which only requires the generation of
Gaussian random numbers) has been outlined to
implement the new distribution for structural dynamic
problems. The derived noncentral Wishart random matrix
model is applied to the forced vibration problem of a
plate with stochastically inhomogeneous properties.
Numerical results show that it is possible to predict the
variation of the dynamic response using the noncentral
Wishart matrices across a wide range of driving
frequency. These results suggest that the noncentral

Wishart matrices may be used as a consistent and uni.ed
uncertainty quanti.cation tool valid across the whole
frequency spectrum for linear vibration problems.
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