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a b s t r a c t

Damping in the stator of a rotating machine is able to reduce the unbalance response, and increase the

speed where the stability limit is reached. However, damping in the rotor is destablising and the

analysis of rotors with internal viscous damping is well established. The drive towards composite and

laminated rotors mean that the viscous damping model is not always appropriate, and viscoelastic

material models whose properties depend on frequency should be used. These properties may be

measured experimentally and the analysis of structures containing viscoelastic material materials may

be performed in the time domain using the ADF, ATF or GHM methods. This paper extends this analysis

to rotors containing viscoelastic materials using the ATF approach. Other internal variable formulations

for viscoelastic material may be used following the approach adopted in this paper with only slight

modifications. Viscous damping in the rotor produces a skew-symmetric component in the ‘stiffness’

matrix; for viscoelastic models the skew-symmetric term appears in the internal variable equations.

This paper gives an example to demonstrate the calculation of the stability limit speed for a machine.

& 2010 Elsevier Ltd. All rights reserved.
1. Introduction

The stability, steady state unbalance and the transient
responses of a machine depend on the stiffness and damping
characteristics of the complete machine. Support damping is able
to improve the stability and transient behaviour, and elastomer
supports are a cheap and convenient way of achieving this. The
optimum parameters for such supports have been considered
[1–4]. Bormann and Gasch [4] also included a frequency
dependent elastomer modulus in their analysis. However the
use of elastomers makes the analysis much more difficult,
particularly where time dependence is important. For example,
the effects of temperature and material ageing make the standard
methods of machine balancing ineffective, since either the
influence coefficients or the modes change with time. The analysis
of non-linear machines, for example those with cracks in the
shaft, is often best undertaken using a time domain method.
The response of a machine during a run-up or run-down is a
transient response that should be simulated in the time domain.
Friswell et al. [5] included the effects of temperature of the
viscoelastic material into the analysis, together with a simple
ll rights reserved.
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energy dissipation model, to demonstrate the effects on the
steady state response and balancing. This paper considers the
analysis of a viscoelastic rotor and concentrates on the prediction
of the stability limit speed for a machine. Roy et al. [6] considered
this problem by integrating the stress directly. Genta [7]
accounted for internal damping in the rotor using a Voigt–Boit
model. This paper takes a different approach by transforming the
physical and internal variables to account for the rotor spin.

The damping model used is generalized from viscous to non-
viscous. Adhikari and Woodhouse [8,9] presented a systematic
study on the analysis and identification of damped mechanical
systems, focused on non-viscously damped MDOF linear vibrating
systems. Woodhouse [10] obtained approximate expressions for
damped natural frequencies, complex modes and transfer func-
tions for linear systems with light viscous and non-viscous
damping. Bagley and Torvik [11,12] presented a finite element
formulation and closed form solutions in the Laplace domain for
the dynamics of damped bar and beam structures. They showed
that the fractional derivative model has some attractive features,
and that very few empirical parameters are required to model the
viscoelastic material over a wide frequency range.

An alternative approach to modelling the dynamics of
elastomers is to introduce additional co-ordinates to account for
the frequency dependent and hysteretic behaviour. Motivated by
the need to produce finite element models (FEMs) that are
capable of predicting the dynamic response of a structure or
component, Hughes and his co-workers [13,14] and Lesieutre
and his co-workers [15–18] developed independent means of
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Nomenclature

B coupling matrix in the equations of motion for the
physical degrees of freedom vector

Bi coupling matrix in the equations of motion for the
physical degrees of freedom, relating to the ith
internal variable vector

C matrix coefficient for the first order derivative in the
equations of motion for the internal variables

Ci matrix coefficient for the first order derivative in the
equation of motion for internal degrees of
freedom vector i

D speed dependent matrix coefficient for the zeroth
order derivative in the equations of motion for the
internal variables

Di speed dependent matrix coefficient for the zeroth
order term in the stationary frame for internal
variable vector i, defined by Eq. (20)

F coupling matrix in the equations of motion for the
internal degrees of freedom vector

f external force vector in physical degrees of freedom
Fi coupling matrix in the equations of motion for

internal degrees of freedom vector i

G global physical gyroscopic matrix
H speed independent matrix coefficient for the zeroth

order derivative in the equations of motion for the
internal variables

Hi matrix coefficient for the zeroth order derivative in
the equation of motion for internal degrees of
freedom vector i

K global physical stiffness matrix
Ke stiffness matrix for element e

M global physical mass matrix
p vector of internal degrees of freedom
pei ith internal variable vector for element e

q vector of physical degrees of freedom
Qe elastic and viscoelastic force for element e

qe nodal displacement vector for element e

T2nðtÞ transformation from rotating to stationary
coordinates for n pairs of degrees of freedom

E Young’s modulus
G(s) frequency dependent material modulus, given by

Eq. (12)
Ie second moment of area for element e

m number of internal variables in the viscoelastic model
for each physical coordinate

‘e length of element e

ai,di,bi ATF viscoelastic model parameters for the ith internal
variable

gi parameter derived from giaiE¼ d2
i bi

fðtÞ angle of rotation of the rotor
K̂e element stiffness matrix with E¼1
� tilde denotes a variable in the rotating frame of

reference
ADF anelastic displacement fields
ATF augmenting thermodynamic fields
FEM finite element method
GHM Golla–Hughes–McTavish
MSE modal strain energy
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augmenting an FEM with new coordinates containing damping
properties found from material loss factor curves. The GHM
method [13,14] uses a second order physical co-ordinate system
and the Lesieutre approaches [15–18] use first order state space
methods called the anelastic displacement fields (ADF) or the
augmenting thermodynamic fields (ATF) methods. Both are
superior to the modal strain energy (MSE) method proposed by
Rogers et al. [19]. While the MSE method is substantially easier to
use, both the ADF and the GHM methods are more accurate. These
two more complex approaches are able to account for damping
effects over a range of frequencies, complex mode behaviour,
transient responses and both time and frequency domain
modelling. Inman [20] applied the GHM approach to simple
beams and Banks and Inman [21] provided an alternate time
domain method for modelling hysteresis. Friswell et al. [22]
considered the curve fitting required in the GHM approach.

The modelling of the elastomer often uses internal variables to
model the frequency dependence of the modulus. The approach
starts with data for the experimentally obtained complex
modulus or loss factor as a function of frequency. These data are
available from manufacturers of viscoelastic material and are
curve fitted by a rational polynomial. This rational polynomial,
with coefficients reflecting the material properties of the test
specimen, is next used to represent the Laplace Transform of the
hysteretic stress–strain relationship. The result is combined with
the undamped model of the structure to produce a final model
containing expanded co-ordinates and a damping matrix that
captures the transient decay and complex mode behaviour of the
machine with the viscoelastic components. The approach adopted
here is the ATF approach incorporating temperature dependence
[23–25]. Of course other internal variable formulations for
viscoelastic material (for example ADF or GHM) may be used
following the approach adopted in this paper with only slight
modifications.
2. Element matrices in the rotating frame

The element mass and stiffness matrices for the shaft are
identical to the standard formulation. Lesieutre and Mingori [15]
gave the finite elements for Euler–Bernoulli beam bending. These
expressions are extended to the shaft model by considering the
two transverse directions independently.

The element matrices in rotating coordinates are based on the
physical nodal displacement vector given by [26]

~qe ¼ ½ ~u1 ~v1
~y1

~c1
~u2 ~v2

~y2
~c2�
> ð1Þ

where u and v are nodal displacements in the x and y directions, y
and c are rotations about the x and y axes, the subscripts 1 and 2
denote the two ends of the shaft element, and the tilde denotes
that the variables are defined in the rotating frame of reference.
The ith internal variable vector, defined in the rotating frame, is

~pei ¼ ½ ~pu1i ~pv1i ~pu2i ~pv2i�
> ð2Þ

where the subscripts u and v denote the two directions for the
beam model. Fig. 1 shows the shaft element and the associated
degrees of freedom. The standard cubic shape functions are used
to interpolate the physical deformation within the element, and
linear shape functions are used to interpolate the internal
variables. Note that i¼1,y,m, since there are m internal
variables, arising from the m first order terms in the frequency
dependent viscoelastic material modulus.

Here we are concerned with the elastic forces arising from the
shaft element and the viscoelastic material properties. Following
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Fig. 1. The definition of the degrees of freedom for the shaft element.
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the development for the ATF method for static structures [15], the
force is

~Q e ¼�Ke ~qeþ
Xm

i ¼ 1

Bi ~pei ð3Þ

where

Ci
_~p eiþHi ~pei ¼ Fi ~qe for i¼ 1, . . . ,m: ð4Þ

The stiffness matrix is standard [26] and for Euler–Bernoulli
beam theory is

Ke ¼
EIe

‘3
e

12 0 0 6‘e �12 0 0 6‘e

0 12 �6‘e 0 0 �12 �6‘e 0

0 �6‘e 4‘2
e 0 0 6‘e 2‘2

e 0

6‘e 0 0 4‘2
e �6‘e 0 0 2‘2

e

�12 0 0 �6‘e 12 0 0 �6‘e

0 �12 6‘e 0 0 12 6‘e 0

0 �6‘e 2‘2
e 0 0 6‘e 4‘2

e 0

6‘e 0 0 2‘2
e �6‘e 0 0 4‘2

e

2
666666666666664

3
777777777777775

:

ð5Þ

The other matrices are [15]

Ci ¼
‘e

6

2 0 1 0

0 2 0 1

1 0 2 0

0 1 0 2

2
6664

3
7775, Hi ¼ biCi ð6Þ

and

Bi ¼
diIe

‘e

�1 0 1 0

0 �1 0 1

0 ‘e 0 0

�‘e 0 0 0

1 0 �1 0

0 1 0 �1

0 0 0 �‘e

0 0 ‘e 0

2
666666666666664

3
777777777777775

, Fi ¼
bi

aiIe
B>i : ð7Þ

Note that Ci and Hi are symmetric and positive definite.
The corresponding frequency dependent material model may

be recovered by substituting for ~pei in the physical equations of
motion in the Laplace domain. Thus, from Eqs. (3) and (4), the
nodal force is

~Q e ¼�Ke ~qeþ
Xm

i ¼ 1

Bi ~pei ¼�Ke ~qeþ
Xm

i ¼ 1

Bi½CisþHi�
�1Fi ~qe: ð8Þ
Using Eq. (6) this becomes

~Q e ¼�Ke ~qeþ
Xm

i ¼ 1

1

sþbi
BiC
�1
i Fi ~qe: ð9Þ

Finally, Bi, Ci and Fi have been chosen such that BiC
�1
i Fi ¼ giKe,

where the scalar constant is given by giaiE¼ d2
i bi. Thus

~Q e ¼� E�
Xm

i ¼ 1

d2
i

ai

bi

sþbi

" #
K̂e ~qe ð10Þ

where K̂e is the element stiffness matrix with unit Young’s
modulus (E¼1).

This is equivalent to

~Q eðsÞ ¼�GðsÞK̂e ~qe ð11Þ

where G(s) is the frequency dependent material modulus given by

GðsÞ ¼ E�
Xm
i ¼ 1

d2
i

ai

bi

sþbi
: ð12Þ

Other decompositions of the stiffness matrix are possible,
leading to different internal variables and hence different
definitions of the matrices, but leading to the same equivalent
material properties. However, the definition above has the
advantage that the internal variables are defined at the nodes
and hence lead to a continuous ATF variable across elements. This
allows for the easy assembly of the finite element matrices.
3. Transforming the element matrices to the stationary frame

We include rotation via a transformation matrix T2(t) for each
pair of degrees of freedom defined as

T2 ¼
cosf �sinf
sinf cosf

" #
ð13Þ

where fðtÞ is the angle of rotation of the rotor, and this is allowed
to vary. If the rotor spin speed is constant then fðtÞ ¼Ot, where O
is the spin speed, and _f ¼O. Applying the transformation gives,
for example

u

v

� �
¼ T2

~u

~v

� �
: ð14Þ

The displacements in the rotating frame are

~u

~v

� �
¼ T�1

2

u

v

� �
¼ T>2

u

v

� �
: ð15Þ

This transformation must be used for each pair of coordinates, and
with the definition of the physical nodal displacements in Eq. (1)
this requires an 8�8 block diagonal transformation matrix, called
T8(t), with four 2�2 blocks given by T2(t). Similarly transforming
the internal variables given in Eq. (2) requires the 4�4 block
diagonal transformation matrix T4(t) consisting of two blocks
given by T2(t).

We now have to transform the expressions for the elastic force,
Eq. (3), using

~qe ¼ T>8 qe, Q e ¼ T8
~Q e, ~pe ¼ T>4 pe ð16Þ

Thus

Q e ¼�T8KeT>8 qeþ
Xm

i ¼ 1

T8BiT
>
4 pei ð17Þ
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and

T4CiT
>
4
_peiþT4Ci

_T
>

4 peiþT4HiT
>
4 pei ¼ T4FiT

>
8 qe for i¼ 1, . . . ,m:

ð18Þ

For an axi-symmetric rotor,

T8KeT>8 ¼Ke, T4CiT
>
4 ¼ Ci, T8BiT

>
4 ¼ Bi ð19Þ

However,

T4Ci
_T
>

4 ¼
_f
‘e

6

0 2 0 1

�2 0 �1 0

0 1 0 2

�1 0 �2 0

2
6664

3
7775� _fDi: ð20Þ

Hence the force in stationary frame of reference is

Q e ¼�Keqeþ
Xm
i ¼ 1

Bipei ð21Þ

where

Ci _peiþ
_fDipeiþHipei ¼ Fiqe for i¼ 1, . . . ,m: ð22Þ

Note that the only difference that the rotation makes is to
introduce a skew-symmetric term Di into the internal variable
equation. Of course there will also be the gyroscopic effects
from the inertial terms, and a skew-symmetric contribution
to the stiffness matrix if any internal viscous damping is
present.
Fig. 2. A schematic of the example machine.
4. The shaftline model of a rotating machine

Those nodes that are associated with a viscoelastic shaft
element have four physical degrees of freedom (two translations
and two rotations) and 2m internal variables (m in each
plane). The assembly process can proceed by reordering the
element degrees of freedom in the above development so that the
degrees of freedom for each node are grouped together [15]. This
would require the assembly in state space. The alternative,
adopted here, is to keep the physical and internal variables
separate. This has the advantage that the mass, gyroscopic and
stiffness matrices for the physical degrees of freedom in both the
rotor and stator may be assembled in the normal way. The
equations of motion in terms of the global physical degrees of
freedom, q, and the global internal variable vectors, p, in
stationary frame of reference, are

M €qþ _fG _qþKq¼ Bpþf ð23Þ

and

C _pþ _fDpþHp¼ Fq ð24Þ

where the ordering of q is based on the usual four degrees of
freedom per node, where each node is taken in order. M and G are
the standard mass and gyroscopic matrices with contributions
from both the shaft and the disks. The external force, f, arises
from unbalance and other sources. For simplicity we assume
that there are no degrees of freedom in the stator, although
including these is straight-forward. Damping in the stator is
easily included by adding the standard damping matrix into
Eq. (23). The order in the internal variables is taken as
p¼ ½p>11 p>21 � � � p>n1 p>12 � � � p>nm�

> where pji denotes the
internal variable vector of length 2 associated with node j and
eigenvalue bi and n is the number of nodes. The matrices C, D and
H are then block diagonal of the form (only C given)

C¼

C1ð11Þ C1ð12Þ

C1ð21Þ C1ð22Þ þC1ð11Þ C1ð12Þ

C1ð21Þ C1ð22Þ þC1ð11Þ C1ð12Þ

& &

Cmð21Þ Cmð22Þ þCmð11Þ Cmð12Þ

Cmð21Þ Cmð22Þ

2
6666666664

3
7777777775
ð25Þ

where

Ci ¼
Cið11Þ Cið12Þ

Cið21Þ Cið22Þ

" #
: ð26Þ

The coupling matrices B and F have a similar form due to the
relationship given in Eq. (7). They also have a similar form to
Eq. (25) except that the submatrices have dimension 4 �2 for B
and F, rather than 2�2 for C.

The eigenvalues, eigenvectors and forced response are easily
computed from the following state space form of Eqs. (23)
and (24),

d

dt

q

_q

p

8><
>:

9>=
>;¼

0 I 0

�M�1K � _fM�1G M�1B

C�1F 0 �C�1
ðHþ _fDÞ

2
64

3
75

q

_q

p

8><
>:

9>=
>;þ

0

M�1f

0

8><
>:

9>=
>;:
ð27Þ

5. Numerical example

The example from Roy et al. [6] will be used to demonstrate the
approach given here. It should be emphasized that the estimated
eigenvalues should be identical as the model is the same, but the
analysis approach adopted is different. Because of this, only the
basic example will be given to verify the approach developed in
this paper, as the other results given by Roy et al. [6] may be
reproduced easily. The key result is the stability limit speed, that is
the maximum rotor spin speed for which the machine is stable.

The machine considered is shown schematically in Fig. 2, and
consists of an overhung disk on one end, and a single bearing at the
other end. The rotor has a length of 0.75 m and a diameter of
0.05 m. The disk has thickness 0.03 m and diameter 0.15 m. The
bearing is long, in the sense that the shaft is constrained to have
zero rotation at the bearing. The shaft is able to deflect transversely
at the bearing, and the support has stiffness 500 GN/m and
damping 1.5 Ns/m in both transverse directions. The shaft and
disk are made of aluminium, of density 2750 kg/m3 and Young’s
modulus E ¼ 71.3 GPa. The frequency dependent properties of the
material are given by the ADF model with a single internal variable
(m¼1), with b1 ¼ 8000, a1 ¼ 8000 and d1 ¼ 4:7766� 106.

The first forward whirling mode is the first to go unstable and
Fig. 3 shows the real part of the corresponding eigenvalue as a
function of rotor spin speed. The spin speed is non-
dimensionalized with the estimate of the first natural frequency



40.6

40.8

41

41.2

N
at

ur
al

 F
re

qu
en

cy
 (

H
z)

2440 2450 2460 2470

−1

0

1

R
ea

l(
ei

ge
nv

al
ue

) 
x 

10
3

Rotor Spin Speed (rev/min)

Fig. 4. The variation of the first forward whirling natural frequency and the real

part of the corresponding eigenvalue with the rotor spin speed. The dashed lines

are the 1X line in the upper plot and the stability boundary in the lower plot. The

dot-dashed lines are at 2458 rev/min.

0.5 0.6 0.7 0.8 0.9 1 1.1
−0.1

−0.08

−0.06

−0.04

−0.02

0

0.02

0.04

0.06

Non−dimensional rotor spin speed

R
ea

l (
ei

ge
nv

al
ue

)

Fig. 3. The variation of the real part of the first forward whirling eigenvalue with

the non-dimensional rotor spin speed.

M.I. Friswell et al. / International Journal of Mechanical Sciences 52 (2010) 1319–1324 1323
given by Roy et al. [6], so that the plot is identical to that given by
Roy et al. Fig. 4 shows a zoomed plot of both the first forward
whirling natural frequency as a function of rotor spin speed and
also the real part of the corresponding eigenvalue. This highlights
that the stability limit speed is at the first forward whirling
critical speed of 2458 rev/min. Note that the line in Fig. 3 is not
zero at a non-dimensional rotor spin speed of 1 because the speed
is non-dimensionalized with respect to an estimate of the first
natural frequency, not the actual critical speed.
6. Conclusions

This paper has developed a novel approach to the analysis of
rotating machines where the shaft is made of viscoelastic material
that has frequency dependent properties. The material is
modelled using the internal variable method, where extra degrees
of freedom are introduced into the equations of motion to model
the frequency dependence of the material using a state space form
with constant matrices. The difficulty in rotating machines, where
the damping is in the rotating part of the system, is that the
velocity in the rotating frame must be transformed into the
stationary frame. With constant viscous damping in the shaft this
leads to skew-symmetric terms in the stiffness matrix that are
destabilizing. The new feature of the proposed method is that
internal variables used to model the frequency dependent
material properties are also transformed into the stationary
frame of reference and this leads to skew-symmetric terms in
the equations for the internal variables. The proposed approach is
easily implemented in shaft-line models of rotating machines, as
the internal variables merely add an extra forcing term into the
standard equations of motion. Of course the differential equations
relating to the internal variables must also be solved simulta-
neously. The method was verified using an example from the
literature.
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