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A Reduced Second-Order
Approach for Linear Viscoelastic
Oscillators
This paper proposes a new approach for the reduction in the model-order of linear
multiple-degree-of-freedom viscoelastic systems via equivalent second-order systems. The
assumed viscoelastic forces depend on the past history of motion via convolution inte-
grals over kernel functions. Current methods to solve this type of problem normally use
the state-space approach involving additional internal variables. Such approaches often
increase the order of the eigenvalue problem to be solved and can become computation-
ally expensive for large systems. Here, an approximate reduced second-order approach is
proposed for this type of problems. The proposed approximation utilizes the idea of
generalized proportional damping and expressions of approximate eigenvalues of the
system. A closed-form expression of the equivalent second-order system has been derived.
The new expression is obtained by elementary operations involving the mass, stiffness,
and the kernel function matrix only. This enables one to approximately calculate the
dynamical response of complex viscoelastic systems using the standard tools for conven-
tional second-order systems. Representative numerical examples are given to verify the
accuracy of the derived expressions. �DOI: 10.1115/1.4000913�
Introduction
The characterization of energy dissipation in complex vibrating

tructures such as aircrafts and helicopters is of fundamental im-
ortance. Noise and vibration are not only uncomfortable to the
sers of these complex dynamical systems, but also may lead to
atigue, fracture, and even failure of such systems. The increasing
se of composite structural materials, active control, and damage
olerant systems in the aerospace and automotive industries have
ead to renewed demand for energy absorbing and high damping

aterials. Effective applications of such materials in complex en-
ineering dynamical systems require robust and efficient analyti-
al and numerical methods. Due to the superior damping charac-
eristics, the dynamics of viscoelastic materials and structures
ave received significant attention over the past 2 decades. This
aper is aimed at developing a computationally efficient numeri-
al method by approximating a higher-order viscoelastic system
ith an equivalent reduced second-order system. Here, the word

system” is used in a general sense to represent oscillatory me-
hanical structures. Depending on the application, a system may
mply a complete structure, e.g., a car body-in-white, or it can also
mply a small substructure, e.g., a beam or a plate.

The key feature of a viscoelastic system is the incorporation of
he time history of the state-variables in the equation of motion.
he equation of motion of an N-degree-of-freedom linear vis-
oelastic system can be expressed by coupled integro-differential
quations as

Mü�t� +�
0

t

G�t − ��u̇���d� + Keu�t� = f�t� �1�

ere, u�t��RN is the displacement vector, f�t��RN is the forcing
ector, M�RN�N is the mass matrix, Ke�RN�N is the elastic
tiffness matrix, and G�t��RN�N is the matrix of viscoelastic
ernel functions. Here, RN denotes the space of N-dimensional
eal vectors and RN�N denotes the space of N�N real matrices.
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The kernel functions G�t� are known as retardation functions, he-
redity functions, after-effect functions, or relaxation functions in
the context of different subjects. In the limit when G�t−��
=C��t−��, where ��t� is the Dirac-delta function, Eq. �1� reduces
to the case of elastic system with viscous damping. A wide variety
of mathematical expressions could be used for the kernel func-
tions G�t�, as long as the rate of energy dissipation is non-
negative. Some of the kernel functions used in the literature are
shown in Table 1.

Taking the Laplace transform of Eq. �1�, the equation of motion
can be expressed as

D�s�u�s� = f�s� �2�

where u�s� and f�s� are, respectively, the Laplace transforms of
u�t� and f�t�, and the dynamic stiffness matrix D�s� is given by

D�s� = s2M + sG�s� + Ke � CN�N �3�

Here, CN�N denotes the space of N�N complex matrices.
Current methods for dynamic analysis of viscoelastic systems

are dominated by state-space based approaches. Bagley and Tor-
vik �1� used an extended state-space approach for linear systems
with fractional derivative damping models. They have expressed
the extended state-vector in terms of various fractional order dif-
ferentials of the displacement vector. Golla and Hughes �2� and
McTavish and Hughes �3� used an internal variables based ap-
proach �Golla-Hughes-McTavish �GHM� method� in the context
of viscoelastic structures. Another approach, known as the anelas-
tic displacement field �ADF� method, was developed by Lesieutre
and co-workers �4,5�. Like GHM, the ADF method is also an
internal variable based viscoelastic model, but distinguished from
GHM in that it is first-order in time, not second-order. Muravyov
and co-worker �6,7� proposed an extended state-space method for
systems with exponential viscoelastic kernels associated with the
stiffness operator. Wagner and Adhikari �8–10� proposed a sym-
metric state-space approach for linear systems with the Biot
model. Muscolino et al. �11� and Palmeri et al. �12,13� used state-
space based approach time-domain analysis viscoelastic systems
subject to random excitations.

Methods, which are not based on state-space approach, are less

common. The main reasons for seeking an alternative to the state-
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pace approach are: �a� although exact in nature, the state-space
pproach for linear viscoelastic systems is relatively computation-
lly intensive for real-life multiple degrees of freedom �MDOF�
ystems, due to the huge number of internal variables, and �b� the
ell-understood mathematical insights offered by methods in the
riginal space �e.g., the modal analysis� is lost in a state-space
ased approach. For example, a 30 degree-of-freedom oscillatory
ystem with a four-term Biot model �see Table 1� will, in general,
esult into a state-space matrix of dimension 30� �2+4�=180.
ompared with this, a nonproportionally viscously damped sys-

em will result into a state-space matrix of dimension 30�2=60.
his is a key motivation to seek for reduced nonstate-space based
pproaches.

It should be emphasized that some kind of approximation needs
o be employed for nonstate-space approaches. Woodhouse �14�
nd Adhikari �15,16� proposed approximate methods based on a
mall damping assumption. Based on a variational principle, Qian
nd Hansen �17� derived a substructure synthesis method, where
he viscoelastic system eigensolution is obtained from the un-
amped system eigensolution. Several authors �18,19� discussed
he nature of eigensolutions of viscoelastic systems to develop an
nderstanding for approximate analyses. Daya and Potier-Ferry
20� proposed an asymptotic numerical method for the calculation
f natural frequencies and loss-factors of viscoelastic systems.
sing the small viscoelasticity assumption, Segalman �21� pre-

ented an approach to obtain the damping and stiffness matrices
or viscoelastic systems. Bilbao et al. �22� considered proportional
amping approximation for structures with viscoelastic dampers.
riswell et al. �23,24� proposed reduced-order models for vis-
oelastic systems with the GHM model. Adhikari and Pascual �25�
roposed approximation methods based on the Taylor series ex-
ansion of the kernel function G�s� in the complex plane.

In this paper, we aim to obtain an equivalent second-order sys-
em for a general viscoelastic system. This is effectively a strategy
or the reduction in the model-order. The main motivation behind
eeking this approximation are:

• the physical understandings are very well developed for
second-order systems, compared with viscoelastic systems,

Table 1 Some viscoelastic f

Model
number Viscoelastic function

1 G�s� = �k=1
n ak

s + bk

2 G�s� =
E1s

� − E0bs�

1 + bs� �0 � �,� �

3 G�s� = G���k�k

s + 2	̂k�̂k

s2 + 2	̂k�̂ks + �̂k
2

4 G�s� = 1 + �k=1
n 
ks

s + �k

5 G�s� = c
1 − e−st0

st0

6 G�s� =
c

st0

1 + 2�st0/��2 − e−st0

1 + 2�st0/��2

7 G�s� = ces2/4��1 − erf	 s

2
�
��
which are, in general, higher-order systems;
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• wide ranging resources such as computational tools, books,
and software are available for second-order systems;

• the computational cost for the analysis of a second-order
system is significantly less, compared with a viscoelastic
system, as there is no need to employ additional dissipation
coordinates.

The approximation proposed here utilized the generalized pro-
portional damping �26,27� and approximate eigenvalues �16,25�
of viscoelastic systems. First, proportionally damped systems are
considered in Sec. 2, and later, the results are extended to the
general case in Sec. 3. The newly derived results are applied to a
linear array of viscoelastic spring-mass system with 25dof in Sec.
4 for numerical illustration.

2 Proportionally Damped Systems

2.1 Approximation of the Eigenvalues. We consider the
simplest case when the kernel function matrix takes the form

G�s� = G�s�C �4�

and the coefficient matrix C can be simultaneously diagonalized
with the mass and stiffness matrices using the undamped eigen-
vector corresponding to the underlying elastic system. The condi-
tion for the simultaneous diagonalization can be expressed �28,29�
as MC−1K=KC−1M. The undamped elastic eigenvalue problem
is given by

Ke� j = � j
2M� j, j = 1,2, . . . ,N �5�

where � j
2 and � j are, respectively, the eigenvalues and mass-

normalized eigenvectors of the system. We define the matrices

� = diag��1,�2, . . . ,�N� and � = ��1,�2, . . . ,�N� �6�

so that

�TKe� = �2 and �TM� = IN �7�

where IN is an N-dimensional identity matrix. Using these, Eq. �2�

tions in the Laplace domain

Author and year of publication

Biot �34� - 1955

Bagley and Torvik �1� - 1983

Golla and Hughes �2� – 1985 and
McTavish and Hughes �3� – 1993

Lesieutre and Mingori �4� – 1990

Adhikari and Woodhouse �35� – 1998

Adhikari and Woodhouse �35� – 1998

Adhikari and Woodhouse �36� – 2001
unc

1�

�

can be transformed into the modal coordinates as

Transactions of the ASME

 license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



w

H
o
t

U
t
W
o
e
f
o
s

I
t

S
e
�
t
k

e
T
w
G
p

w
i

E

K

w

T
a
�
e

T
t
g
p

J

Downlo
�s2IN + sG��s� + �2�u� = f� �8�

here � • �� denotes the quantities in the modal coordinates

G��s� = �TG�s�� = G�s�C�, u = �u� and f� = �Tf �9�

ere, C�=�TC� is a diagonal matrix. Denoting the eigenvalues
f the system as sj, the jth characteristic equation corresponding
o Eq. �8� can be obtained as

sj
2 + sjGjj� �sj� + � j

2 = 0 �10�

or dj�sj� = 0, where dj�s� = s2 + sGjj� �s� + � j
2 �11�

sing the small viscoelasticity assumption �21�, the solution of
his equation can be approximated �14,16,25�. Adhikari and

oodhouse �30� gave a detailed discussion on the quantification
f viscoelasticity. In the context of this paper, in simple math-
matical terms, small viscoelasticity implies less variation in the
unction G�s� with respect to s. Here, based on Ref. �25�, we
utline an approach suitable for the derivation of the equivalent
econd-order system. We define the modal damping factor  j as

 j =
lims→0 Gjj� �s�

2� j
= Cjj� /2� j �12�

f Eq. �8� was a truly second-order viscously damped elastic sys-
em, its eigenvalues �31� would have been given by

s0j
= −  j� j � i� j


1 −  j
2, � −  j� j � i� j �13�

ince, in general, this is not the case, the difference between the
lastic solution and the true solution of the characteristic equation
10� is essentially arising due to the “varying” nature of the func-
ion G�s�. The approximate solutions obtained here are based on
eeping this fact in mind.

The central idea is that the actual solution of the characteristic
quation �10� can be obtained by expanding the solution in a
aylor series around s0 j

. The error arising in the resulting solution
ould then depend on the “degree of variability” of the function
�s�. We assume that the true solution of Eq. �10� can be ex-
ressed as

sj = s0j
+ � j �14�

here � j is a small quantity. Substituting this into the character-
stic equation �11�, we have

dj�s0j
+ � j� = 0 �15�

xpanding dj�s0 j
+� j� in a Taylor series in � j around s0 j

, one has

dj�s0j
� + � j

�dj�s0j
�

�s
+

1

2
� j

2
�2dj�s0j

�

�s2 + . . . = 0 �16�

eeping only the first-order terms in � j, we have

� j � − � �dj�s0j
�

�s
�−1

dj�s0j
� �17�

here

�dj�s0j
�

�s
= s0j

	2 +
�Gjj�s0j

�

�s
� + Gjj�s0j

� �18�

he � j in Eq. �17� is a first-order approximation. Higher-order
pproximations can be obtained by retaining higher-order terms in
j in Eq. �16�. Thus, the complete approximate solution can be
xpressed as

sj � s̃ j = −  j� j + i� j − � j, −  j� j − i� j − � j
� �19�

he expression of the approximate eigenvalue derived here shows
hat they can be obtained by postprocessing of the undamped ei-
envalue �n and equivalent viscous damping factor n. This ap-

roximation of the complex conjugate eigenvalues is valid for any

ournal of Applied Mechanics
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kernel function. It could therefore be used with any viscoelastic
models given by Table 1.

Once the approximate eigenvalues of the system are known, the
key idea proposed here is that G��s� in Eq. �8� can be approxi-
mated by G��s̃ j�, that is

Geqv� = G��s̃ j� ∀ j �20�

This approximation is based on the physical understanding that
damping has a significant effect on the dynamic response only
around the natural frequencies. Using this approximation, we have

�s2IN + sG��s� + �2� � �s2IN + sGeqv� + �2� �21�

Because the matrix G��s̃ j� is a diagonal matrix for all j, the dy-
namic response of the system can be obtained using the usual
modal analysis approach. This approximation can be expressed in
a more elegant way using the generalized proportional damping
approach.

2.2 Generalized Proportional Damping. The concept of
generalized proportional damping was introduced by Adhikari
�26�. The generalized proportional damping expresses the damp-
ing matrix in terms of a smooth continuous function involving
specially arranged mass and stiffness matrices so that the system
still posses classical normal modes. The main result is below.

Theorem. Viscously damped linear systems will have classical
normal modes if the damping matrix can be represented by C
=Mf�M−1K�, where f� • � is a smooth analytic function in the
neighborhood of all the undamped eigenvalues.

This enables one to model the variations in the modal damping
factors with respect to the frequency in a simplified manner. We
use this observation to obtain an equivalent second-order system.
Using C=Mf�M−1K�, it can be shown �26,27� that

�TC� = f��2� or 2 j� j = f�� j
2�, ∀ j �22�

The reconstruction of a damping matrix using the generalized pro-
portional damping requires the functional variation to be ex-
presses as a function of � j

2. Therefore, it is convenient to write the
approximate eigenvalues in Eq. �19� as

s̃ j = h�� j
2� �23�

where h� • � is a smooth function. Applying Eq. �22� to the G��s̃ j�
and using the expression of G�s� in Eq. �4�, one can write

Gjj� �s̃ j� = Cjj� G�s̃ j� = Cjj� G�h�� j
2��, ∀ j �24�

From this equation, the generalized proportional damping can be
identified �26,27� as

Geqv = CG�h�M−1K�� �25�

Observe that G�h�M−1K�� is now a function of a matrix argument.
The scalar functions described in Table 1 need to be adjusted to be
used with matrix arguments. For example, for the Biot model,
G�s�=�k=1

n ak / �s+bk� needs to be expressed as G�S�=�k=1
n ak�S

+bkIN�−1, where S is a N�N complex matrix.
The equivalence between Eqs. �24� and �25� is a key result for

the developments proposed in this paper. To prove this, using Eq.
�7�, we have

M = �−T�−1, K = �−T�2�−1 and M−1K = ��2�−1

�26�

Because the function f� • � is assumed to be analytic in the neigh-
borhood of all the eigenvalues of M−1K, it can be expressed in
polynomial forms using the Taylor series expansion. Following
Bellman �32, Chapter 6�, we can obtain

f�M−1K� = �f��2��−1 �27�

Premultiplying and postmultiplying Eq. �25� by �T and �, re-

spectively, one obtains

JULY 2010, Vol. 77 / 041003-3
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Geqv� = �TGeqv� = �TCG�h�M−1K��� �28�

sing the relationship in Eq. �27� and considering f� • �=G�h� • ��,
his equation can be expressed as

Geqv� = �TC��G�h��2���−1�� = ��TC��G�h��2��

= C�G�h��2�� �29�
he diagonal of the preceding equation is Eq. �24�, which com-
letes the proof. One fact immediately obvious from this proof is
hat, on the contrary to what was assumed before, matrix C does
ot have to be simultaneously diagonalizable with M and K for
he equivalence between Eqs. �24� and �25�. The only conse-
uence will be the fact that the eigenvalue Eq. �10� will become
pproximate for a nonproportional C matrix. Based on this in-
ight, we generalize this approach to a nonproportionally damped
ystem with a general kernel function in Sec. 3.

The General Case
In this section, we consider a general form of the G�s� matrix.

or example, generalizing the Biot model to the matrix case, one
as

G�s� = Kv0
+ �

k=1

n
ak

s + bk
Kvk

�30�

here Kv j
, j=0,1 ,2 , . . . are N�N real symmetric matrices. For a

roportionally damped system, the validity of the equivalent
econd-order system depends on the accuracy of two approxima-
ions, namely, �a� approximate eigenvalues of the system s̃ j given
y Eq. �19� and �b� G�s� can be “replaced” by G�s̃ j�. This ap-
roximation may likely to be valid for lightly viscoelastic sys-
ems. For systems with general nonproportional G�s�, it is further
ssumed that the system is lightly nonproportionally damped �33�
or the purpose of the calculation of the approximate eigenvalues.
his implies that G��s� is a diagonally dominant matrix. There-

ore, when the equation for approximate eigenvalues �19� is ap-
lied to nonproportionally damped systems, it contains two ap-
roximations, namely, �a� the system is lightly viscoelastic and �b�
he system is lightly nonproportional. Under these assumptions,
e can extend the approximations derived in Sec. 2 of the general

ase and have

Geqv = G�h�M−1K�� �31�
his is the main result of the paper. Using this equivalent damping
atrix, the equation of motion of a viscoelastic system can be

pproximately expressed in the second-order form. Now we as-

ume S̃=h�M−1K� for notational convenience and simplify the
erm h�M−1K� for an easy practical implementation.

From Eq. �12�, note that

� j j = lim
s→0

Gjj� �s�/2 = G0j j
/2 �32�

here

G0 = lim
s→0

G�s� �33�

s an example, for the Biot model in Eq. �30�, one has G0=Kv0

�k=1
n ak

bk
Kvk

. Rewriting Eq. �32� in the matrix form, one has

�� =
1

2
M−1G0 �34�

here � is the diagonal matrix containing the damping factors  j

� = diag�1,2, . . . ,N� �35�

sing Eq. �34� and taking the positive sign for illustration, the

igenvalue matrix can be expressed from Eq. �13� as

41003-4 / Vol. 77, JULY 2010
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S0 = − M−1G0/2 + i
M−1K �36�
From Eq. �17� and using the idea of generalized proportional
damping, the correction term � j can be expressed in a matrix form
as

� = − �Dp�S0��−1D�S0� �37�
where

D�S0� = S0
2M + S0G�S0� + Ke �38�

and

Dp�S0� =  �D�s�
�s


s=S0

= S0	2M +  �G�s�
�s


s=S0

� + G�S0�

�39�
As an example, for the Biot model in Eq. �30�, we can obtain

�G�s�
�s

= − �
k=1

n
ak

�s + bk�2Kvk
�40�

so that

G�S0� = Kv0
+ �

k=1

n

akKvk
�S0 + bkIN�−1 �41�

and

 �G�s�
�s


s=S0

= − �
k=1

n

akKvk
�S0 + bkIN�−2 �42�

Using these expressions, from Eq. �14�, we have

S̃ = S0 + � �43�
and

Geqv = G�S̃� � CN�N �44�

The results obtained in this paper can be conveniently summa-
rized in the following conjecture.

Conjecture. A viscoelastic system with a kernel function matrix
G�s��CN�N in the Laplace domain can be approximated by a
second-order system with an equivalent damping matrix obtained
by simply replacing the argument s with a complex N�N matrix

S, that is, Geqv=G�S̃��CN�N, where

S̃ = S0 + � � CN�N

S0 = − M−1G0/2 + i
M−1K � CN�N

G0 = lim
s→0

G�s� � RN�N

� = − �Dp�S0��−1�S0
2M + S0G�S0� + Ke� � CN�N

Dp�S0� = S0	2M +  �G�s�
�s


s=S0

� + G�S0� � CN�N �45�

This conjecture completely defines the proposed reduced-order
approximation and it is valid for a general G�s�, as shown in Table
1. The approximation scheme will remain the same; the only
changes will be due to the different functional forms of G�s�. One
only needs to solve the undamped eigenvalue problem to obtain
the equivalent second-order system to use this approximation. As
a result of this conjecture, the equation of motion in the Laplace
domain can be expressed by

D̃�s�u�s� = f�s� �46�

where the equivalent second-order dynamic stiffness matrix D̃�s�

is given by
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D̃�s� = s2M + sGeqv + Ke � CN�N �47�

he matrix Geqv is, in general, nonproportional and complex. All
onventional approaches for nonproportionally damped systems
an be used for Eq. �46�. This approximation eliminates the need
o employ additional dissipation coordinates and significantly re-
uces the computational cost. The suggested approximation is
imple and involves only elementary matrix operations involving
he system matrices. In Sec. 4, we verify the accuracy of the
roposed approximation.

Numerical Examples
A partly damped linear array of the spring-mass oscillator is

onsidered to illustrate the application of the proposed approxima-
ion. The system, together with the numerical values assumed for
ifferent parameters, are shown in Fig. 1.

The mass matrix of the system can be given by M=muI, where
is the N�N identity matrix. The stiffness matrix of the system is
iven by

Ke = kuJ, where J = �
2 − 1

− 1 2 − 1

� � �

− 1 2 − 1

� � − 1

− 1 2

�
�48�

The following two cases are considered for the viscoelastic ker-
el.

• For the system shown in Fig. 1�a�, certain of the masses
have dissipative elements connecting them to the ground. In
this case, the viscoelastic damping force depends only on
the absolute motion of the individual masses. For this case
the kernel function matrix has the form of Eq. �4�, that is

G�s� = G�s�C �49�

where the coefficient matrix C=caĨ. The matrix Ĩ has a
similar form of an N�N identity matrix, except that it has
nonzero diagonal entries corresponding to the masses at-
tached with the dampers only.

• For the system shown in Fig. 1�b�, by contrast, dissipative
elements are connected between certain adjacent pairs of
masses. In this case, the viscoelastic damping force depends
on the relative motion of the two adjacent masses. The ker-
nel function matrix has the form of Eq. �49� with the coef-

˜ ˜

(a)

(b)

m
uk uk um

uk

ukum
ukuk

g(t)

g(t

um

u

Fig. 1 Linear array of N spring-ma
=4.0Ã105 N/m. Viscoelastic damper
17th masses with ca=40.0 N s/m and
considered.
ficient matrix C=cbJ. The matrix J has a similar form to the

ournal of Applied Mechanics
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matrix J in Eq. �48�, except that it has nonzero entries cor-
responding to the masses attached with the viscoelastic
dampers only.

With the C matrices considered here, it is easy to verify that,
for both cases, the system is actually nonproportionally damped.
For numerical calculations, we have considered a 25-degree-of-
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Fig. 2 Percentage error in the eigenvalues obtained using the
approximate expressions for case „a…. „a… Error in the real parts.
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reedom system so that N=25. Values of the mass and stiffness
ssociated with each unit are assumed to be the same with numeri-
al values of m=1 kg and k=4.00�105 N /m. The resulting un-
amped natural frequencies then range from approximately 20 Hz
o 200 Hz. The value ca=40.0 N s /m and cb=120.0 N s /m has
een used for cases �a� and �b�, respectively. The function G�s� is
ssumed to be the Biot model with four terms as

G�s� = �
k=1

4
bk

s + bk
�50�

ith bk= �20.4703,188.1373,243.7953,300.2269� s−1. The accu-
acy of the approximate second-order system proposed here de-
ends on the accuracy of the approximate eigenvalues. As a result,
e first look at how the eigenvalues are approximated using the

wo approximate expressions derived in Sec. 2.1.
In Fig. 2, the percentage error in the real sand imaginary parts

f the eigenvalues obtained using the two approximate expres-
ions for case �a� have been shown. For the calculation of the
ercentage error, the eigenvalues obtained from the state-space
pproach �8,9�, involving additional dissipation coordinates, were
sed. For this 25 degrees-of-freedom system, the order of the
tate-space problem turns out to be 90. This demonstrates the
omputational need for the model-order reduction in viscoelastic
ystems and highlights the justification behind the approximation
roposed in the paper.

The zeroth order approximation shown in Fig. 2 corresponds to
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ig. 3 FRF for case „a…. „a… Driving point FRF at node 5. „b…
ross FRF between nodes 8 and 22.
he eigenvalues obtained using Eq. �13�. The first-order approxi-
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mation is obtained using Eq. �19�. As expected, the first-order
approximation is more accurate than the zeroth order approxima-
tion. A driving point and a cross frequency response function
�FRF� of the system corresponding to case �a� are shown in Fig. 3.
With the exact FRF, three more approximations are shown in this
diagram.

The FRF with G0 is obtained from a second-order system with
a damping matrix given by Eq. �33�. This is perhaps the simplest
possible approximation. However, as can be seen from the plots,
this approximation introduces a significant error and clearly not
suitable for this problem. The other two approximations, namely,
zeroth and first-order approximation, produce fairly similar re-
sults. The zeroth order approximation can be obtained from Eq.
�45� by substituting �=O. This is particularly a very simple ap-
proximation for which Geqv=G�−M−1G0 /2+i
M−1K��CN�N.
The first-order approximation can be obtained by using all the
equations in Eq. �45�. The computational time is slightly more
than the zeroth order approximation, as one has to calculate a
matrix inversion to obtain the correction term �. From Fig. 3, it
can be observed that both of these approximation turn out to be
accurate for this problem. The approximations are less accurate in
the lower frequency range, which collaborate with the observation
in Fig. 2 that errors in the lower modes are more than that in the
higher modes.

Percentage errors in the real sand imaginary parts of the eigen-
values obtained using the two approximate expressions for case
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Fig. 4 Percentage error in the eigenvalues obtained using the
approximate expressions for case „b…. „a… Error in the real
parts. „b… Error in the imaginary parts.
�b� are shown in Fig. 4.
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As expected, the first-order approximation is more accurate that
he zeroth order approximation. The trend of errors in these dia-
rams is opposite to the previous case shown in Fig. 2. Here,
rrors increase with increasing frequency. As a consequence, the
rror in using the proposed second-order approximation might be
ore in the high frequency regions, compared with the low fre-

uency regions. This can be confirmed from Fig. 5, where the
xact and approximate FRFs are plotted for case �b�.

Like the previous case, we observe that the zeroth and first-
rder approximations are very close and significantly better than
he approximation with matrix G0 only. These numerical results
how that the simple approximation developed here can be used to
ignificantly reduce the order of linear multiple-degree-of-
reedom viscoelastic systems.

Conclusions
The order of the state-space model of a multiple-degree-of-

reedom linear viscoelastic system can be very large due to the
dditional dissipation coordinates. To reduce the computational
ost, the model-order reduction in viscoelastic systems has been
onsidered. In particular, the possibility of using an equivalent
econd-order system has been discussed. The main contribution of
he paper is that an equivalent second-order model can be ob-
ained by simply treating the viscoelastic kernel function as a

atrix function of a suitable argument matrix. This particular ma-
rix can, in turn, be obtained using elementary matrix operations
f the known system matrices. The idea behind this approximation
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ig. 5 FRF for case „b…. „a… Driving point FRF at node 5. „b…
ross FRF between nodes 8 and 22.
risen from the concept of generalized proportional damping,
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where any frequency depended damping can be incorporated
within the scope of the proportional damping approximation.
Here, generalized proportional damping is used together with the
expressions of approximate eigenvalues of the viscoelastic sys-
tem. Like any approximate method, this approach has regions of
acceptable accuracy. The error arising in the eigenvalue approxi-
mation depends on the validity of two assumptions, namely, �a�
small viscoelasticity and �b� small nonproportionality. As a result,
the accuracy of the proposed second-order model depends on
these two conditions. The proposed approach is valid for any gen-
eral viscoelastic kernel function �smooth functions of frequency�
such as the GHM, ADF, fractional derivative, and Biot model.

In the numerical examples, a system with order 90 in the state-
space is reduced to a second-order system with dimension 25
using the proposed method. Acceptable agreements between the
full system and the reduced system were obtained for the fre-
quency response functions. Further reduction from the second-
order system may be possible, for example, using the Guyan type
reduction. The results derived in this paper may be a good starting
point for future research in this direction.
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