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a b s t r a c t

The sliding oscillations of multiwall carbon nanotubes (MWCNTs) with open ends are characterized.

The interlayer van der Waals interaction provides a restoring force for the oscillatory system whereas the

ultralow interlayer friction was ignored due to its negligible influence on the oscillation. Based on this

model, various oscillation modes were obtained with the associated frequency of the order 1–100 GHz

by using the finite element method. The radius and length dependence and the effect of end constraints

have been further studied and quantified for the sliding oscillation of MWCNTs. The results are

interpreted in terms of the mass change and the restriction on the motion of the individual tubes of

MWCNTs. In view of these analyses, MWCNTs with open ends may expect to serve as nanoscale

oscillatory devices where the oscillation modes and frequency can be controlled by choosing the tube

geometry and imposing desirable end constraints.

& 2010 Elsevier B.V. All rights reserved.
1. Introduction

Vibration of carbon nanotubes (CNTs) has been studied
extensively in the last two decades [1]. It was shown [2,3] that
these nanotubules can be terahertz nanoresonators which are
promising for nanoscale sensors, transducers and actuators [4].
In the vibration analyses of CNTs special attention was paid to
the radial breathing vibration [5–7], beam-like bending vibration
[8–12] and axisymmetric axial vibration [10–13], which serve as
useful probes for the geometric size, atomic structures and elastic
properties of CNTs and thus are of major scientific and engineer-
ing interest. In 2000, Cumings and Zettl [14] experimentally
observed sliding motion of a multiwall CNT (MWCNT) where the
inner tubes slide relative to the outermost tube with open ends.
The observation demonstrated that such an MWCNT system has
the potential to be low wear nanobearings, nanosprings and
nanooscillators that form essential components of Nano-Electro-
Mechanical systems. Such a sliding motion of the adjacent layers
also offers a good testing platform for the study of the interlayer
interaction of MWCNTs including the interlayer friction and
interlayer van der Waals (vdW) interaction. The sliding behaviors
of MWCNTs thus have attracted considerable attention in
nanomechanics community [14–24].

In 2002, motivated by Cumings and Zettl’s work, Zheng and
Jiang [15] developed a continuum model based on Lennard-Jones
potential [25] to account for the sliding oscillation of double wall
CNTs (DWCNTs) in terms of the interlayer van der Waals (vdW)
ll rights reserved.
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interaction. The predicted frequency of the DWCNT oscillator is
of the order 0.1–1 GHz. In addition, consistent with the experi-
mental observation [14], the authors showed that the interlayer
friction of DWCNTs is ultralow and cannot significantly affect the
oscillation frequency. One year later Rivera et al. [16] conducted
molecule dynamics (MD) simulations on a similar oscillatory
system of DWCNTs. The results showed again that a DWCNT could
be a gigahertz oscillator when the inner tube was pulled out
and then released. However, such an oscillation was damped by
the interlayer friction arising from the thermal fluctuation in the
conformation of the DWCNT. Interestingly, both experimental
and theoretical studies [14–16] indicated that the interlayer vdW
interaction offered a constant restoring force for the MWCNT
oscillatory system, which is independent of the relative displace-
ment between adjacent layers. These early studies [14–16]
stimulated a significant wave of exploration on the oscillatory
sliding of MWCNTs in recent research [18–24]. The studies were
largely focused on the unique features of the nanoscale friction
between the adjacent layers of MWCNTs. The oscillation velocity
[18,24], the end conditions [18], defects [23] of individual tubes
and the commensuration between the adjacent tubes [20,22] of
MWCNTs are identified as the possible origins of the interlayer
friction. On the other hand, detailed studies on the sliding
oscillation of MWCNTs themselves have not been available in
the literature due to lack of an efficient model for MWCNTs as
oscillatory systems.

In the present study we shall conduct a comprehensive
investigation on the sliding vibration of MWCNTs to quantify
the oscillatory frequency, predict the associated oscillatory mode
and examine the effect of dimensional factors and end constraints
on the sliding oscillation of MWCNTs. A finite element method
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(FEM) validated and first used in the buckling analysis of
MWCNTs [26] will be further extended to the oscillation analysis
of MWCNTs. The emphasis will be placed on novel physical
phenomena arising from the coupled multilayer structure of
CNTs. It is expected that the present work will bring in better
understanding of the nanostructures of MWCNTs and provide a
comprehensive guidance for the conceptual design of CNT-based
nanooscillators in future nanotechnology.
2. Modeling and method of analysis

The finite element (FE) model for MWCNTs is generally
developed based on the modeling criteria determined by Wang
et al. [27]. In this model the constituent tubes of MWCNTs were
modeled by adopting solid shell elements. The mesh designs were
kept consistent for all analyses such that each tube consists of 36
elements in the circumferential cross sectional plane and
(45L/10R) elements in the longitudinal direction. Here L is the
length and R is the mid-surface radius of the tube. The vdW
interactions between adjacent tubes were simulated by linear
spring elements which are represented by lines in Fig. 1 for a
double wall CNT. The stiffness k of the spring is given by

k¼
c

2
ðAiþAoÞ ð1Þ

and the interlayer vdW interaction coefficient c is estimated as
c¼102 GPa/nm [10,11,28]. Here Ai and Ao denote the mid-areas of
the inner and outer shell elements, respectively, which can be
calculated by Ai¼2pRiL and Ao¼2pRoL, where, as shown in Fig. 1,
Ri and Ro denote the mid-surface radii of the inner and outer
cylindrical shell elements, respectively. The potential energy
U(s, x) of the interlayer vdW interaction modeled by the spring
system is a function of the interlayer spacing s and the axial
distance x between the centers of two adjacent layers. The vdW
radial pressure is calculated by @U(s, x)/@s while the vdW axial
stress is given by @U(s, x)/@x. On the other hand, the low interlayer
friction cannot significantly change the oscillation frequency of
MWCNTs [14,15,23] and thus is neglected in the present study.

The method to impose the boundary conditions in this study
was similar to that of Refs. [26,28] whereby two types of end
Ri
Ro

Fig. 1. The finite element model of a double wall CNT. The figure shows the

discretisation of the inner and the outer tube with mid-surface radii Ri and Ro,

respectively. Mid-areas Ai and Ao can be calculated from mid-surface radii Ri and

Ro, respectively. The linear springs representing the vdW interaction are shown by

lines.
constraints are considered for the constituent tubes of MWCNTs,
i.e., simply supported (SS) end with v¼0, w¼0 and @2w/@x2

¼0
and clamped (C) end with u¼0, v¼0, w¼0 and @w/@x¼0. Here u,
v and w denote the displacements of the ends in the longitudinal,
circumferential and radial directions, respectively. The reader
may refer to Refs. [26–28] for further discussions on the modeling
methodology used in the present study. Note that half (symme-
try) models were used to reduce computational time and also
allow for the deformation of the inner tube to be graphically
viewed. The oscillation analysis of the MWCNTs was carried out
using the ANSYS FE software package. Here it should be pointed
out that the finite element shell model is not capable of treating
nanotube chirality. However, since the tube chirality is expected
to have negligible effect on the vibration of CNTs, this limitation
cannot lead to significant errors in our results. Indeed, in our
previous work the present model was efficiently applied to the
buckling and vibration analyses of MWCNTs [26,28], where the
buckling results given by the present model are found to be in
good agreement with those given by other models [26]. In
particular, as will be shown later (Section 3.2), the diameter and
radius dependence of sliding oscillation predicted based on the
present FE model is in qualitative agreement with the dependence
predicted by multi-scale simulations in Refs. [15,16]. However,
the quantitative comparison of the present model with other
models is not yet available due to lack of data for the sliding
oscillation of MWCNTs.
3. Results and discussion

In this section, the above ANSYS model will be employed to
study the sliding oscillation of MWCNTs. Five-wall CNTs in Table 1
are chosen as typical examples, which can be classified into six
categories, i.e., (1) thin (Example 1), (2) thick (Example 2),
(3) almost solid (Example 3) MWCNTs with the innermost radius-
to-thickness ratio Ri/H decreasing from 5, 1 to 0.25, (4) short
(Example 3), (5) intermediate (Example 4) and (6) long (Example
5) MWCNTs with the length-to-the outermost diameter aspect
ratio L/D0 increasing from 5, 10 to 20. Both simply supported and
clamped ends are considered for individual tubes of these
examples. The values of equivalent material and geometric
constants of single wall CNTs (SWCNTs) used in the present
study are Young’s modulus E¼3.5 TPa, the effective wall thickness
h¼0.1 nm [30], Poisson’s ratio n¼0.2 [31,32] and the mass
density per unit volume r¼2.27 g/cm3 [29].

3.1. Sliding oscillation of MWCNTs

In what follows, we study the sliding oscillation of MWCNTs
where the two ends of each constituent tube are open and simply
supported. To this end the first five vibration modes given by the
ANSYS model are shown in Fig. 1 for the five examples in Table 1.
Table 1
Five-wall CNTs as typical examples of MWCNTs considered in the present study.

Examples

1 2 3 4 5

Thin Thick Solid/short Solid/intermediate Solid/long

Ri (nm) 6.8 1.36 0.34 0.34 0.34

H (nm) 1.36 1.36 1.36 1.36 1.36

L (nm) 81.6 27.2 17 34 68

L/(D0) 5 5 5 10 20

Ri/H 5 1 0.25 0.25 0.25
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Fig. 2. First five vibration modes of 5-wall CNT with SS–SS boundary condition: (a) Example 1; (b) Example 2; (c) Example 3; (d) Example 4; (e) Example 5. The edge of the

MWCNT is zoomed to show the sliding mode for clarity.
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Fig. 3. Dependence of radius on vibration frequency of 5-wall CNT, for constant

aspect ratio (L/D0¼5) with a different innermost radius. SM1, y, SM5 represent

sliding modes. BM1, y, BM5 represent bending modes.
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It can be seen from Fig. 2(a) and (b) that, in Examples 1 and 2
(with L/D0¼5 and Ri/H¼5 and 1, respectively) the first vibration
mode associated with fundamental frequency is characterized by
the rigid body translation of the outermost layer with respect to
the core layers in axial direction. A similar sliding oscillation of
CNTs has also been observed in experiment [13] and multi-scale
simulations [14,15]. In Fig. 2(a) and (b), when the mode number
increases (i.e., the frequency rises) different sliding oscillations
are achieved, where the oscillation of one individual tube relative
to other layers is transferred sequentially from the outermost
layer to the innermost layer. The sliding oscillations are also
observed for Example 3, a (almost) solid MWCNT with L/D0¼5
and Ri/H¼0.25, i.e., modes 1, 2, 4 and 5 in Fig. 2(c).

The frequencies of the vibration modes in Fig. 2 are shown
graphically in Fig. 3 for Examples 1–3. As seen in Fig. 3 the
oscillation frequencies of the three examples generally increase
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when the oscillating tube changes from the outermost layer, to
the next layer and finally to the innermost one, which are denoted
by SM1 (sliding mode), SM2, y, SM5, respectively. This tendency
becomes more pronounced when the innermost radius of the
MWCNTs decreases from 6.8 to 0.34 nm. For example, when the
sliding modes change from SM1 of the outermost layer to SM5 of
the innermost one the oscillation frequency of Example 1 almost
remains unchanged at 4.3 GHz while that of Example 3 rises
drastically from 90 GHz of SM1 to 330 GHz of SM4. In addition,
contrary to the case of Examples 1 (a thin MWCNT) and 2 (a thick
MWCNT), where the first five modes are all sliding oscillations
(Fig. 2(a) and (b)), transverse bending vibration (f3¼177.68 GHz)
is observed for Example 3 as the third mode (Fig. 2(c)) where the
half axial wave number is one. As shown in Fig. 3, for Example 3
the energy of the sliding oscillations SM3 and SM4 of tubes 3 and
4 (tube 1 is the outermost layer), respectively, is even higher than
that of the aforementioned bending vibration detonated as BM1.
Further increasing the aspect ratio of Example 3 from 5 to 10 and
to 20 we obtain Examples 4 and 5 of Table 1, which are considered
as intermediate and long MWCNTs, respectively. In this case the
constituent tubes have a large aspect ratio ranging from 10 to 100,
i.e., they have typical beam-type structures. As can be observed
in Fig. 2(d) and (e), the fundamental frequency of these two
examples always corresponds to the first transverse bending
mode (BM1). The second bending mode (BM2) is identified as
modes 5 and 3 for Examples 4 and 5, respectively, while other
three modes in Fig. 2(d) and (e) are the sliding oscillation similar
to those of Examples 1–3. The frequencies of these modes are
plotted in Fig. 4 for Examples 4 and 5. It is noted that the
transverse bending vibration of MWCNTs is characterized by a
circular cross-section and almost unchanged interlayer spacing
[10,11]. Naturally the frequency or energy of such a bending mode
is determined primarily by the flexural rigidity of MWCNTs as
equivalent nano-beams. In contrast, the sliding oscillation of
MWCNTs is mainly controlled by the interlayer vdW interaction
instead of material or structural properties of CNTs. The above
observation suggests that when the aspect ratio of MWCNTs is
sufficiently large, say larger than 10, the interlayer vdW
interaction could exert comparable or even stronger effects on
their mechanical behaviors than the flexural rigidity of MWCNTs.

3.2. Effect of geometrical size

It was shown in the preceding section that the oscillatory
behavior of MWCNTs will change significantly with their
geometrical size, such as the radius and length of the oscillating
tubes. Next we examine this issue in detail.
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First we study the dependence of the sliding oscillation on the
(innermost) radius of MWCNTs. To this end we consider Examples
1–3 of Table 1 with the innermost radius decreasing from 6.8 to
0.34 nm and constant aspect ratio 5. It is seen in Fig. 3 that the
frequency of the sliding modes increases considerably when the
innermost radius decreases. In particular, when the sliding
oscillation changes from SM1 of the outermost layer, to SM2 of
the adjacent layer and finally to SM5 of the innermost layer the
associated frequency turns out to be more and more sensitive to
the decreasing innermost radius. Indeed, as the innermost radius
reduces from 6.8 nm of Example 1 to 0.34 nm of Example 3, the
frequency of SM1 upshifts from 4.26 to 90 GHz, while that of SM4
is raised substantially from 5.59 to 330 GHz. The dependence of
the sliding oscillation on the length of MWCNTs can be clearly
seen in Fig. 4 obtained for Examples 3–5, where the length of
MWCNTs increases from 17 to 68 nm while the innermost radius
remains unchanged at 0.34 nm. As shown in the figure, the
frequencies of sliding modes SM1, SM2 and SM3 decrease
considerably with the increasing length of the five-wall CNTs.
For instance, as the length becomes four times as much as its
original value of 17 nm the frequency of all sliding modes
decreases approximately by a factor of two.

It is noted that such a radius and length dependence obtained
based on the present ANSYS model is in qualitative agreement
with the prediction given by previous multi-scale simulations
[15,16]. The numerical results can be explained by the unique
features of an MWCNT oscillatory system demonstrated in
Refs. [14–16]. In these studies the authors revealed that the
restoring force of the oscillation of individual tubes is determined
by the rate of change of the interlayer (vdW interaction) potential
relative to the extrusion of the oscillating tube and thus is
independent of the length of the MWCNT. In addition, the radius
dependence of the interlayer vdW interaction, which is weak
especially for the tubes of large radius, say 42 nm [15], has been
neglected in the present study. It follows that reducing the
innermost radius and length of the MWCNT does not significantly
affect the restoring force of the system but leads to decreasing
mass of all the oscillating tubes, which therefore upshifts the
frequency of all sliding modes of the MWCNT. Similar theory can
also be used to elucidate the increase of the sliding frequency
obtained in Fig. 3 when the oscillation modes change from SM1 of
the outermost tube with the largest radius to SM5 of the
innermost one with the smallest radius.
3.3. Boundary condition effect

In this section we examine the effect of end constraints on
the sliding oscillation of MWCNTs. In doing this, we sequentially
clamp one end of the constituent tubes of originally simply
supported MWCNTs until all the constituent tubes are clamped
at one end while the other end is still simply supported. This
clamping procedure is carried out in the following sequences:
clamp the outermost tube first, then its adjacent tube, and finally
the innermost tube. The dependence of frequencies and mode
shapes on the number of clamped tubes N is calculated and plotted
in Fig. 4 for Example 1. As seen in Section 3.1, Example 1 consists of
short constituent tubes with a small aspect ratio 5. When the tube
is simply supported it exhibits sliding oscillation associated with
the five lowest frequencies. In Fig. 5(a) we found that clamping
the outermost tube prohibits SM1 of Example 1. This is simply
because the clamped outermost layer cannot move in axial
direction. In this case, the fundamental frequency is associated
with SM2 of the second layer and the following three modes with
higher frequencies are SM3, SM4 and SM5 of the next three inner
layers, respectively. These are almost the same as those of the
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Fig. 5. First five vibration modes of 5-wall originally SS–SS CNT (Example 1) with clamping at the end of the wall, sequentially from outermost wall to innermost wall.

All the frequency values are in GHz units.
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MWCNTs with two simply supported ends (SS–SS) except that
the oscillation frequencies of SM2–SM5 are about 6% higher than
those of the SS-SS case. To get some idea, clamping the outermost
layer will slightly upshift the frequency of SM2 from 4.26 to
4.54 GHz. It is also shown in Fig. 5(a) that at the highest frequency
considered here (mode 5), the system exhibits circumferential
mode where the walls of constituent tubes are bent/stretched
along circumferential and longitudinal directions. Specifically, the
frequency only rises marginally from 4.5 GHz of SM2 to 5.6 GHz of
SM5 but it increases drastically to 21 GHz when the circum-
ferential mode is achieved. Further increasing the number of
clamped layers restricts the sliding oscillations of the inner tubes.
As a result, more circumferential modes are found in the first five
modes in Fig. 5(b) and (c). Naturally, clamping all the constituent
tubes at one end completely eliminates the sliding oscillations of
Example 1 and all five low frequency oscillations turn into the
circumferential modes as shown in Fig. 5(e). As mentioned above
the oscillating frequency of individual tubes rises significantly
when the outermost layer of the simply supported MWCNT is
fixed. However, as shown in Fig. 5, on further clamping the inner
layers the oscillating frequencies obtained for the individual tubes
remain almost unchanged, which are up to 10 times lower than
those of circumferential modes. Since the frequency of circum-
ferential modes is primarily determined by the wall rigidity of
MWCNTs, e.g., bending rigidity and in-plane extension rigidity,
the frequency of the circumferential modes basically measures
the effects of the wall rigidities of CNTs, which can be regarded
as material constants [30]. Thus, the much higher frequency of
the circumferential modes indicates that for MWCNTs the wall
rigidities play a more important role than the interlayer vdW inter-
action in determining the mechanical behavior of the MWCNT.
In addition, it is seen that enforcing clamped end constraints on
individual tubes enables us to intentionally choose oscillating tubes,
i.e., the sliding modes, and also moderately adjust the frequency of
particular sliding oscillation mode in the design of MWCNT-based
nanoscale oscillatory systems.
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4. Conclusions

We have investigated the axial oscillations of MWCNTs and
their dependence on the geometric sizes and boundary condi-
tions. The simply supported boundary conditions are applied to
six types of MWCNTs as shown in Table 1, such as thin, thick
and almost solid MWCNTs, and short, intermediate and long
MWCNTs. The heterogeneous boundary conditions (i.e., some
tubes of MWCNTs have two ends simply supported while other
tubes have one end simply supported and the other fixed) are also
considered for the oscillation of thin MWCNTs. The major
conclusions arising from the present study are summarized as
follows:
(1)
 MWCNTs with simply supported open ends can serve as
nanoscale oscillators where one constituent tube slides back
and forth in axial direction relative to others. For thick and
solid MWCNTs the frequency of such oscillations increases
rapidly when the oscillating tube changes from the outermost
tube to the innermost one. However, in the case of thin
MWCNTs the frequency remains almost constant. The
frequency of axial oscillation ranges from the order of 1 to
100 GHz.
(2)
 The frequency of the axial oscillation increases substantially
with decreasing radius and length of MWCNTs due to the
declining mass of the oscillating tubes. Such radius and length
dependence becomes more pronounced for the higher
frequency oscillation of the inner tubes.
(3)
 Clamping the constituent tubes prevents the axial oscillation
of the clamped tubes and tends to increase the oscillation
frequency of other tubes. Specifically, clamping the outermost
tube of simply supported MWCNTs will upshift the oscillation
frequency of other tubes by around 6%. Such an effect
however is negligible when the inner tubes are clamped.
(4)
 The comparison of frequency among axial oscillation, trans-
verse bending and circumferential modes indicates that the
wall stiffnesses of constituent tubes exert much stronger
influence than the interlayer vdW interaction on the mechan-
ical responses of MWCNTs whereas for slender MWCNTs, say
length-to-diameter ratio larger than 10, the influence of the
interlayer vdW interaction could be more significant than that
of transverse bending stiffness of MWCNTs as nanoscale
beams.
nents of Nano-Electro-Mechanical systems (NEMS) such as
actuators, charge detection devices and parametric amplifiers.
Nanometer-scale oscillators are promising for critical compo-

Thus the results obtained in the present study are essential for the
development and conceptual design of NEMS devices based on
MWCNT oscillators.
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