
This article appeared in a journal published by Elsevier. The attached
copy is furnished to the author for internal non-commercial research
and education use, including for instruction at the authors institution

and sharing with colleagues.

Other uses, including reproduction and distribution, or selling or
licensing copies, or posting to personal, institutional or third party

websites are prohibited.

In most cases authors are permitted to post their version of the
article (e.g. in Word or Tex form) to their personal website or
institutional repository. Authors requiring further information

regarding Elsevier’s archiving and manuscript policies are
encouraged to visit:

http://www.elsevier.com/copyright

http://www.elsevier.com/copyright


Author's personal copy

Physics Letters A 374 (2010) 2467–2474

Contents lists available at ScienceDirect

Physics Letters A

www.elsevier.com/locate/pla

Axisymmetric vibration of single-walled carbon nanotubes in water

C.Y. Wang ∗, C.F. Li, S. Adhikari

School of Engineering, Swansea University, Singleton Park, Swansea SA2 8PP, Wales, UK

a r t i c l e i n f o a b s t r a c t

Article history:
Received 13 January 2010
Received in revised form 31 March 2010
Accepted 1 April 2010
Available online 3 April 2010
Communicated by R. Wu

Keywords:
Single-walled carbon nanotubes
Water
Axisymmetric vibration
Van der Waals interaction

A double shell-Stokes flow model is developed to study the axisymmetric vibration of single-walled
carbon nanotubes (SWCNTs) immerged in water. In contrast to macroscopic solid–liquid system, a sub-
merged SWCNT is coupled with surrounding water via the van der Waals interaction. It is shown that
this unique feature substantially reduces viscous damping of the axisymmetric radial, longitudinal and
torsional vibrations and significantly up-shifts the frequency of the radial vibration of an SWCNT. The
study offers a theoretical explanation for the experimental observation and molecular dynamics simula-
tions available in particular cases, and provides an efficient modelling tool and useful guidance for the
study of the general dynamic behaviour of SWCNTs in a fluid.

© 2010 Elsevier B.V. All rights reserved.

1. Introduction

Carbon nanotubes (CNTs) [1] have a broad range of potential applications in the next generation of nanotechnology, many of which
will be implemented in a fluid environment. One of the typical examples is CNT-based nanofluidic devices [2] where fluid molecules
are conveyed or stored inside nano-channels of CNTs. Such nanodevices can be used as chemical/biological sensors [3,4], cell/molecule
transporters [5,6] and heat transporters [7]. The alternative interest lies in the use of CNTs submerged in a fluid, to name a few, CNT-
based nanovehicles swimming in the human body to deliver drugs [8], nanorotors that use suspended CNTs [9] to stir up liquid in confined
space and enhance diffusion process [8], and the CNT scanning probes for imaging in an aqueous environment [10]. Obviously, an in-depth
understanding of the CNT–fluid interaction and its effect on the mechanical behaviour of CNTs are essential to the development of the
CNT-based nanodevices running in the presence of a fluid phase.

Up till now, considerable effort has been made to study the dynamic and static behaviour of the fluid inside CNTs [2,11] and its
influence on the vibration and buckling of CNTs [12–17]. Nevertheless, only one particular vibration mode, i.e., the radial breathing (RB)
vibration was studied [18–20] for CNTs immersed in a fluid. It is shown that the fluid significantly raises the RB frequency [18,20] rather
than extinguishing the vibration via the viscous damping. This unintuitive result infers that in the presence of fluids CNTs can still serve as
Terahertz resonators in NanoElectroMechincal System. On the other hand, the vibration could also exert strong impact on the mechanical
integrity of CNTs and in turn, significantly affect the proper functioning of CNT-based nanodevices in an aqueous environment. Recently,
Longhurt and Quirke [21–23] further studied the RB vibration for single-walled CNTs (SWCNTs) in water using multi-scale modelling.
In their molecular dynamic (MD) simulation the authors observed a layer of water molecules absorbed on the surface of SWCNTs. In
particular, the van der Waals (vdW) interaction between the absorbed water and the SWCNTs is found to be responsible for the up-shift
of the RB frequency in a fluid [21–23]. This milestone study has paved the way for an investigation on the general vibration behaviour of
SWCNTs in a fluid, which still remains an open topic in nanomechanics. Evidently, such a study necessitates a suitable model for SWCNTs,
the SWCNT–water interaction and the water flow in the surrounding area.

Various mechanical models for CNTs have been used in the literature. Such models include, but are not limited to Euler beam model
[24] and more involved structural mechanics model [25–27]. Specifically, the elastic shell model was efficiently used for the mechanical
behaviour of CNTs [28–31] and microtubules (MTs) in eukaryotic cells [32–35] with good agreement with experiments [33] and atomistic
simulations [29,31]. In addition, the dimensional analysis [35] showed that the fluid motion surrounding nanoscale tubes can be considered
as the Stokes flow with a Reynolds number much smaller than unity [36]. Motivated by these earlier studies, we have developed a double
shell-Stokes flow model for the single-walled CNT (SWCNT)–water coupling system. Here the core SWCNT and the absorbed layer of water
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Fig. 1. The schematic diagram of the SWCNT–water coupling system.

are modelled as two-layer thin shells coupled via the interlayer vdW interaction. The external water is modelled as the Stokes-flow. Based
on the model we study the axisymmetric vibration of SWCNTs in water, i.e., axisymmetric radial, longitudinal and tangential modes, which
can be used as probes for the geometric size [18], the atomistic structures [19] and the material properties [37] of SWCNTs and thus, are
of major engineering and scientific interest.

2. The double shell-Stokes flow model

This Letter aims to study the axisymmetric vibration of SWCNTs submerged in water. In doing this we shall first develop an appropriate
model for the solid–fluid coupling system at nanoscale, which is substantially different from their macroscopic counterpart. As shown in
Fig. 1, this system comprises three constituent parts, i.e., the inner (sealed) SWCNT, the absorbed layer of water molecules [21–23] and the
water flow surrounding the absorbed layer. The core SWCNT is coupled with the absorbed layer of water through the normal interlayer
vdW interaction [21–23].

2.1. Double shell model for the SWCNT–absorbed water system

SWCNTs are one-atom layer cylindrical shells where carbon atoms are connected via chemical bonds in hexagonal arrangement. Such
discrete shells deform through the changes of the in-plane σ -bond and off-plane π -bond of carbon atoms, which contrasts with the
deformation mechanisms of 3D continuum thin shells [31]. Thus, as shown in [31], SWCNTs may not have a well defined effective
wall-thickness and equivalent Young’s modulus [31,38,39]. On the other hand, the continuum 2D constitutive relations still hold true
for SWCNTs [38], i.e., the equivalent strains are related to the membrane forces via in-plane extension stiffness (K ), in-plane torsional
stiffness, bending stiffness (D) and off-plane torsional stiffness. Specifically, the values of these stiffnesses can be measured directly in
atomistic simulations without defining the effective wall thickness and Young’s modulus. It is thus more realistic to model SWCNTs as 2D
elastic shells with the above four stiffnesses as material constants [31]. Based on this model [31], the dynamic equations are derived for
the axisymmetric vibration of SWCNTs (Appendix A):
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Here x and θ are the axial and angular circumferential coordinates; u, v and w are the axial, circumferential and (inward positive) radial
displacements, respectively; rcnt is the radius, ρ is the mass density per unit area and ν is the Poisson ratio of an SWCNT; t is the time
and pcnt is the (inward positive) radial pressure on the core SWCNT due to its normal vdW interaction with the absorbed layer of water
molecules.

Similar to Ref. [23], the absorbed layer of water will be treated as a flexible membrane shell whose four elastic stiffnesses vanish and
its rigidity is solely represented by the CNT–water surface tension (γ ) on the absorbed layer of water, i.e., a constant membrane tensile
force that is identical in all directions. This is equivalent to the stress state of a membrane subject to initial axial and circumferential
tensile forces of the same magnitude γ . In the equilibrium state, there is a net force of zero inside the water shell whereas, during the

axisymmetric vibration, the surface tension (γ ) generates nonzero net forces (per unit area) γ · ( ∂ w w
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∂x2 ), γ · ( ∂2 v w
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∂x2 in x, θ and radial (r) directions, respectively [40], where uw , v w and w w are the displacements in the three directions, and rw

is the radius of the water shell. The equations for the axisymmetric vibration of the water shell can then be obtained as
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Here ρw is the mass density per unit area of the water shell; pw is the (inward positive) radial pressure on the inner surface of the water
shell due to the vdW interaction and Prx , Prθ and Prr are the axial, circumferential and radial stresses on the outer surface of the water
shell due to surrounding water. The vdW interaction pcnt and pw are action and reaction, which can be calculated by [21–23,28–30].

pcnt = c · (w w − w) and pw = − rcnt

rw
· pcnt (3)

where c is the vdW interaction coefficient defined as the second derivative of the interlayer potential with respect to interlayer spacing.
Such a linear model has been widely used for the interlayer vdW interaction in multi-walled CNTs (MWCNTs) [29,30] and those between
CNTs and water [21–23] with excellent agreement with MD simulations [21–23,29]. Since SWCNTs are usually of a large length-to-diameter
aspect ratio, we shall treat SWCNTs and the external water shell as infinitely long shells. The solution of Eqs. (1) and (2) can be assumed
as [35][ u
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where (U , V , W ) and (U w , V w , W w) represent the initial vibration amplitudes (at t = 0) of SWCNTs and the water shell in axial, circum-
ferential and radial directions, respectively. kx is the wave vector (nm−1) in the axial direction. The real part of ω (Re(ω)) gives the angular
frequency that is related to the frequency by f = Re(ω)

2π . In addition, as seen in Eq. (4), the vibration amplitude at time t = T > 0 can be
calculated by the initial vibration amplitude times eIm(ω)·T , where Im(ω) is the imaginary part of ω. Thus, when Im(ω) < 0, the vibration
decays exponentially with the time. In other words, the negative Im(ω) measures the damping of the associated vibration modes.

2.2. Stokes-flow model for the surrounding water

In Fig. 1, the water shell is surrounded by the exterior water which will be flowing due to the water shell oscillation induced by the
vibration of the core SWCNT. The motion of the water could exert influence on the vibration of the SWCNT but was not considered in
previous studies [21–23]. A suitable model of the water flow is crucial for a reliable description to the vibration of an SWCNT in water. To
develop this model, we shall first conduct a dimensional analysis to estimate the Reynolds number of the water flow induced by SWCNT
vibration. Here let us consider the RB vibration, a special axisymmetric radial mode that has been observed experimentally for SWCNTs in
a fluid [18–20]. It was shown [23] that the RB frequency in water is of the order of 229 cm−1 for SWCNTs with radius (r) around 0.5 nm.
This frequency corresponds to the RB vibration mainly of the core SWCNT whose vibration amplitude is at least an order of magnitude
larger than that of the outer water shell [23]. Assuming that the vibration amplitude of SWCNT is 0.1 nm (i.e., 10 times smaller than
its diameter), the vibration amplitude (A) of the water shell should be of the order of 0.01 nm. The average velocity of the water flow
adjoining the water shell can then be estimated as v � 4 · A · fRB ≈ 1.4 × 103 m/s. Accordingly, the Reynolds number of the water flow,
calculated by Re = ρwater ·v·rcnt

μw
, is of the order of 0.1 or even smaller (ρwater = 1000 kg/m3 and η = 1.003 × 10−3 N s/m2 [36] are the mass

density and dynamic viscosity of water (20 ◦C)). The water flow can thus be modelled as the Stokes flow whose governing equations are
as follows when its gravity is ignored [36]

∇ • ṽ = 0 and ∇p = η · ∇2 ṽ. (5)

Here ṽ is the velocity of the water flow with three components ṽx , ṽθ and ṽr in radial, circumferential and axial directions and p is the
pressure in water. On the surface of the water shell (i.e., r = rw ), the continuity condition requires that the water flow moves at the same
velocity as that of the water shell, i.e.,
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By using Eqs. (4)–(6), the stresses acting on the outer surface of the water shell due to the surrounding water flow can be obtained as[ Prx
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]
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The derivation of Eq. (7) and the form of Arx , Arθ and Arr can be found in Appendix B.

2.3. Vibration analysis of the SWCNT–water system

By substituting Eqs. (3), (4) and (7) into Eqs. (1) and (2), the original partial differential equation can be transformed into a set of
algebraic equations as

H(k,ω)6×6 · [U , V , W , U w , V w , W w ]T = 0 (8)

where H is a 6 × 6 matrix. The existence condition of a nonzero solution of (U , V , W ) and (U w , V w , W w) is:

det H(k,ω)6×6 = 0. (9)

Solving Eq. (9) gives the eigenvalue ω whose real part is the vibration frequency of the SWCNT–water system. Substituting the obtained
value of ω into Eq. (8), one can calculate the amplitude ratios ( U

W , V
W , 1, U w

W , V w
W , W w

W ) defining the vibration mode associated with the

frequency.
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Fig. 2. The frequency of the axisymmetric vibration is obtained in (a) for an SWCNT–water system, where R1 (R2), L1 (L2) and T represent axisymmetric radial, longitudinal
and torsional vibration primarily of the SWCNT, and R w , Lw and T w denote those mainly of the water shell. R1 (R2), L1 (L2) and T (dotted lines in (b)) of the submerged
SWCNT are compared with their counterparts of the free SWCNT, i.e., Rc , Lc and Tc , in (b).

Fig. 3. The imaginary part of ω, i.e., Im(ω), corresponding to the vibration curves shown in Fig. 2(a). (a) Im(ωR1 ) and Im(ωL1 ) associated with of R1 and L1, and Im(ωR w )

associated with R w , (b) Im(ωL2 ) and Im(ωR2 ) associated with of L2 and R2, and Im(ωR w ) associated with R w , and (c) Im(ωT ) and Im(ωT w ) associated with T and T w ,
respectively.

3. Results and discussion

In this section, the axisymmetric vibration will be investigated for SWCNTs immerged in water. To this end SWCNTs with a typical
diameter 1.03 nm will be used as an example. The values of material constants are K = 360 J/nm, D = 2 eV, ρ = (2.27 g/cm3) × 0.34 nm
and ν = 0.2 for SWCNTs [28,31]. In addition, the values of ρw and γ of the water shell and the vdW interaction coefficient c between the
SWCNT and water shell can be extracted by fitting the double shell model to the MD simulations [21–23] for the radial breathing mode
(i.e., the axisymmetric radial vibration with kx = 0) with zero external pressure. The interlayer spacing (s) between the core SWCNTs and
the water shell can be obtained directly in Refs. [21,22]. The radius of water shell rw can then be obtained by rw = rcnt + s.

Following the procedure in Section 2, the phonon dispersion relations are obtained in Fig. 2(a) for the core SWCNT and the concentric
water shell around it. In particular, the dispersion curves of the SWCNT in the presence of water (dotted line) are compared in Fig. 2(b)
with their counterparts in the absence of water (solid lines). In Fig. 2(a), six frequency curves are obtained for the SWCNT–water shell
system and labelled with the corresponding vibration modes, e.g., the radial (R), longitudinal (L) and torsional (T ) modes. Here the
notations with subscript w denote the vibration mainly of the water shell while others represent those primarily of the core SWCNT. It
is noted in Fig. 2(a) that for different values of k(= rcntkx) the same frequency curve could correspond to different vibration modes. The
imaginary part of ω (i.e., Im(ω)) associated with the frequencies in Fig. 2(a) (i.e., Re(ω)/2π ) are presented in Fig. 3 measuring the viscous
damping of the corresponding vibrations.
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Fig. 4. Illustration of axisymmetric vibration of an SWCNT, i.e., (a) axisymmetric radial vibration, (b) axisymmetric longitudinal vibration, and (c) axisymmetric torsional
vibration.

3.1. Axisymmetric radial vibration

Let us first look at the R mode (i.e., R1 and R2) in Fig. 2(a), which represents the axisymmetric radial vibration mainly of the submerged
SWCNT. As illustrated in Fig. 4(a) for the axisymmetric R mode, the predominant radial displacement of the SWCNT (as a function of time)
does not change along the circumferential direction but varies periodically in the axial direction with an axial wavelength of λ = 2π ·rcnt

k . It
is seen from Fig. 2(a) that the frequency of such R modes decreases monotonically with decreasing k, i.e., increasing axial wavelength λ.
It approaches an asymptotic value of 229 cm−1 when k becomes sufficiently small, i.e., axial wavelength λ is long enough. In particular, at
k = 0, i.e., infinitely long axial wavelength λ, R mode turns into RB mode of SWCNTs where the radial vibration is uniform along both axial
and circumferential directions as if the whole tube was breathing. The analysis of the amplitude ratios ( U

W , V
W , 1, U w

W , V w
W , W w

W ) further
indicates that, in this R mode, the vibration of the water shell and the resulting water flow surrounding the water shell are negligible as
compared with the radial vibration of the SWCNT. In other words, the exterior water is virtually at rest when the submerged SWCNT is
vibrating in radial direction, i.e., the water neighbouring the SWCNT behaves simply like an equivalent rigid body. This observation based
on the present model can be explained by the fact that the core SWCNT is not directly in touch with the water shell but coupled with it
via the interlayer vdW interaction. Such SWCNT–water coupling is not strong enough as compared with the equivalent radial rigidity of
the water shell that originates from the surface tension of the absorbed water layer and the strengthening effect on the water shell given
by the exterior water. As a result, the radial motion cannot be efficiently transferred from the inner SWCNT to the external water. This
result given by the present model justifies the rigid-shell assumption for the absorbed water layer in studying RB mode of SWCNTs in
water [21,22]. Specifically, in this case, the energy dissipation due to the predominant effect of the friction in the Stokes flow (i.e., the flow
of surrounding water) can be reasonably neglected. Ideally, the energy of such a vibration system is nearly conserved, which would lead
to negligible damping of the radial vibration of the SWCNTs immerged in water. Consistent with these analyses, our numerical results in
Fig. 3 reveal that the imaginary part of ω associated with the R mode (i.e., Im(ωR1 ) in Fig. 3(a) and Im(ωR2 ) in Fig. 3(b)) almost vanishes,
showing that the vibration amplitude of the SWCNT remains almost constant independent of time. It then follows that in the presence of
water SWCNTs can vibrate almost freely in radial direction. Here the negligible damping of the vibration is a result of the interlayer vdW
interaction between the core SWCNT and the absorbed water molecules.

Furthermore, the comparison made in Fig. 2(b) demonstrates that the radial vibration of the SWCNT in water exhibit frequency
233 cm−1 (dotted lines), which is more than 4 cm−1 higher than its counterpart in the absence of water (solid lines). The up-shift
of the frequency can again be attributed to the interlayer vdW interaction between the SWCNT and the surrounding water. Such a phe-
nomenon was observed previously for radial breathing mode at k = 0 [21–23]. In particular, the present study shows that the up-shift
of the R mode frequency remains almost a constant throughout the whole length of k considered here. This suggests that the effect of
the vdW interaction on the R mode frequency is independent of the axial wavelength of the radial vibration. Here it is noted that the
above obtained effects of exterior water on the axisymmetric R mode of SWCNTs are found to be in agreement with existing experimental
observation [18,20] and MD simulations [21–23] available for RB mode of SWCNTs, i.e., the axisymmetric R mode with k = 0 or an infinite
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axial wavelength. In these previous studies, the up-shift of 2 to 10 cm−1 is obtained for the RB mode of SWCNTs in a fluid whereas no
viscous damping has ever been reported.

As shown before, these unique features of the radial vibration in water are due to the interlayer vdW interaction, which is a result
of the large surface-to-volume ratio of the nanoscale SWCNTs. Indeed, this character distinguishes such a nanoscale solid–fluid coupling
system from its macroscopic counterpart where the surrounding fluid is in contact with the solid and thus, moves with the solid at
the same speed on the solid–fluid interface. Consequently, the strong damping would occur for the radial vibration of the macroscopic
solid–fluid system.

In Fig. 2(a), another vibration mode R w with significant radial displacement is obtained at a low frequency around 56 cm−1 when k
increases from zero to one. In this mode, the radial displacement of water shell is comparable with its axial displacement but greater than
its circumferential displacement and all displacements of the core SWCNT. In the SWCNT–water system the surrounding water is moving
with the absorbed layer (i.e., the water shell) at the interface with exactly the same velocity (see boundary condition (6)). Thus, in this
R w mode, significant motion of exterior water will be generated in the neighbourhood of the water shell. Naturally, the friction of the
water flow as the Stokes flow will lead to the substantial energy dissipation of the R w mode. Consequently, as shown in Fig. 3(a) the
imaginary part of ω associated with R w , i.e., Im(ωR w ), is a negative real number whose absolute value is of the order of magnitude 1013.
These results indicate that due to the viscous damping effect of the Stokes flow, the vibration amplitude of the R w mode will decrease
drastically with time, i.e., the excitation of the R w mode will be quenched by the surrounding water in a very short period. For example,
suppose Im(ωR w ) = −1013 the half life of the R w mode is only 0.07 pico-second. It is thus concluded that, in reality, R w mode cannot
exist in the SWCNT–water system. This explains the reason as to why such a low frequency R mode with substantial vibration of the
water shell has never been observed in experiments as discussed in Ref. [23].

3.2. Axisymmetric longitudinal and torsional vibration

Next we shall study the axisymmetric L and T modes of the SWCNT–water system. In doing this let us first consider the longitudinal
vibration of the submerged SWCNT, i.e., L1 and L2 modes in Fig. 2(a), where, as shown in Fig. 4(b), the SWCNT is stretching or shrinking
with time along the axial direction. Here it is noted in Eqs. (1a) and (1c) that the longitudinal vibration of an SWCNT is generally coupled
with its radial vibration primarily due to the Poisson ratio effect. This coupling effect is very strong in the transition zone between R1
and L1 modes, and L2 and R2 modes (Fig. 2(a)) where the radial displacement is comparable with the longitudinal one. However, such
coupling becomes much less pronounced for the L1 and L2 modes where the longitudinal displacement is orders of magnitudes greater
than the radial one. Accordingly, in the L mode of the SWCNT, the SWCNT–water shell coupling via the normal vdW interaction is very
weak and can almost be neglected in vibration analysis. This character results in two consequences: firstly as we can see from Fig. 2(b),
the longitudinal vibrations of the submerged SWCNTs have almost the identical frequency to their counterparts of the individual SWCNT
showing negligible effect of the vdW interaction on L mode frequency. Secondly, due to the separation between the SWCNT and the
exterior water, the surrounding water (including the water shell) is nearly at a stationary state and the energy loss of the vibration
caused by the friction of the water flow can be safely neglected. Thus, analogous to the case of the radial vibration (Section 3.1), in
Figs. 3(a) and 3(b) the imaginary part of ω associated with L modes, i.e., Im(ωL1 ) and Im(ωL2 ), is almost zero. These results reveal that
the longitudinal vibration of an SWCNT will not decay with time even when the SWCNT is submerged in water.

For the torsional vibration illustrated in Fig. 4(c), it is seen from Eq. (1b) that the circumferential displacement of an SWCNT is
decoupled with its longitudinal and radial displacements. Thus, the interlayer vdW interaction in the radial direction has absolutely no
effect on the axisymmetric torsional vibration of the SWCNT. Naturally, such a torsional vibration of the SWCNT is independent of the
surrounding water. As a result, the T mode frequency of the submerged SWCNT coincides with its counterpart of the isolated SWCNT
in Fig. 2(b). In addition, the imaginary part of ω associated with the T mode (i.e., Im(ωT )) goes to zero in Fig. 3(c). This means that, in
the presence of water the axisymmetric torsional vibration of the SWCNT is an undamped free vibration completely decoupled with the
motion of surrounding water. Here it is emphasized that similar to the case of radial vibration, the unique features of longitudinal and
torsional vibrations again arise from the vdW interaction between the SWCNT and the absorbed layer of water.

In Fig. 2(a), Lw and T w are also obtained for the SWCNT–water system, which represent the vibration mainly of the water shell.
Here, Lw denotes the vibration modes of the water shell with its longitudinal displacement comparable with the radial one but orders
of magnitude larger than the circumferential displacements. T w denotes the vibration with a substantial circumferential displacement.
The continuity condition (6) on the interface of the water shell and the surrounding water requires that, at the interface the surrounding
water moves with the water shell at the same speed. Thus, Lw and T w modes will induce the flow of the surrounding water and then,
the damping of the vibration due to the dominant effect of friction in the surrounding Stokes flow. Thus in Figs. 3(b) and 3(c) we have
negative imaginary parts of ωassociated with Lw and T w modes, i.e., Im(ωLw ) and Im(ωT w ). Here it is noted in Fig. 3 that absolute values
of Im(ωLw ) and Im(ωT w ), i.e., the damping of the vibration, increases rapidly with increasing k and rising frequency. In Fig. 2(a), when
k = 2 the Lw and T w mode frequencies are approximately 55 and 27 cm−1, respectively, and the corresponding Im(ωLw ) and Im(ωT w )

shown in Figs. 3(b) and 3(c) are of the order of −1013. Based on these data the release time τ -to-period (1/ f ) ratios calculated for Lw

and T w modes are much less than unit, which suggests that these water-shell vibrations will be extinguished right after their excitation.
Furthermore, in the range of small k, e.g., k < 1 the frequency becomes zero in Fig. 2(a) and Im(ωLw ) and Im(ωT w ) obtained in our
calculation are still negative. In this case, Lw and T w modes correspond to the non-oscillating motions of the SWCNT–water system. These
vibration modes obviously cannot be detected in real cases and thus cannot exert significant influence on the mechanical behaviour of the
core SWCNTs.

4. Conclusion

The double shell-Stokes flow model has been developed for the dynamical behaviour of an SWCNT–fluid system and utilized to study
the axisymmetric vibration of SWCNTs in water. An SWCNT is a nanoscale cylindrical shell, which exhibits a large surface-to-volume ratio
and significant vdW interaction with the surrounding fluid. It is this unique feature that distinguishes the SWCNT–water system from
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its macroscopic counterparts and gives rise to the distinctive vibrational behaviour of a submerged SWCNT. The present study aims to
examine the effect of the CNT–fluid coupling on the vibration of SWCNTs. The new findings are summarised as follows.

1. For SWCNTs immerged in water, the vdW interaction between the SWCNTs and surrounding water significantly raises the frequency
of the axisymmetric radial modes, but has negligible effect on that of the axisymmetric longitudinal mode and absolutely no influence on
that of the axisymmetric torsional mode.

2. The vdW interaction separates the submerged SWCNTs from the exterior water, which efficiently prevent the vibration of the SWCNT
from being transferred to the surrounding water and in turn, substantially reduces viscous damping effect of water. As a result, damping
of the axisymmetric vibrations is negligible for SWCNTs in water.

3. On the other hand, the excitation of the vibration primarily of the water molecules absorbed on the submerged SWCNTs will be
extinguished very quickly due to the strong viscous damping of the exterior water.

4. It is thus concluded that, in the water–SWCNT system, surrounding water basically behaves like a rigid body interacting with
the vibrating SWCNT via the vdW interaction. This equivalent model accounts for the aforementioned unique features of axisymmetric
vibration in water and provide guidance to future study of the general vibration behaviour of CNTs in an aqueous environment.

Appendix A

The governing equations for free vibration of an SWCNT subject to a uniform radial pressure can be obtained base on Flugge shell
theory [29,30].
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. (A.1)

For axisymmetric vibration we have ∂
∂θ

= 0. Substituting this condition into (A.1) leads to the governing equations for axisymmetric
vibration of an SWCNT subject to a uniform radial pressure pcnt , i.e., Eq. (1) in text.

Appendix B

The Stokes-flow satisfies Eq. (5) when its gravity is ignored. The general solution of Eq. (5) in the cylindrical coordinates (r, θ, x) is
[36]: ⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

ṽr = r ∂
∂r (

∂Π
∂r ) + ∂Ψ

∂r + ∂Ω
r∂θ

,

ṽθ = r ∂
∂r (

1
r

∂Π
∂θ

) + ∂Ψ
r∂θ

− ∂Ω
∂r ,

ṽx = r ∂
∂r (

∂Π
∂x ) + ∂Π

∂x + ∂Ψ
∂x ,

p = −2μ∂2Π

∂x2

(B.1)

where Π , Ψ , Ω are potential functions satisfying Laplace’s equation{∇2Π = 0,

∇2Ψ = 0,

∇2Ω = 0.

(B.2)

On the outer surface of the water shell r = rw , the boundary condition of water surrounding the water shell is specified by Eq. (6), where⎧⎪⎨
⎪⎩

∂uw
∂t = −iU wω exp(ikxx − iωt),

∂v w
∂t = −iV wω exp(ikxx − iωt),

∂ w w
∂t = −W wω exp(ikxx − iωt).

(B.3)

Provided that the fluid velocity at the infinity is finite, the general solution of (B.2) can be expressed as the superposition of a sequence
of harmonic functions, each of which is of the following form [36]{

Π = CΠ Kn(kxr)exp(inϕ + ikxx),
Ψ = CΨ Kn(kxr)exp(inϕ + ikxx),
Ω = CΩ Kn(kxr)exp(inϕ + ikxx)

(B.4)

where CΠ , CΨ , CΩ are constants, and Kn(kxr) is the modified Bessel function of the second kind. In particular, for the axisymmetric
vibration of the SWCNT–water system the value of integer n is zero. Substituting (B.4) into (B.1) and utilizing the boundary condition (6)
on the water shell surface r = rw . The constants CΠ , CΨ , CΩ can be expressed with U w , V w , W w , ω, and kx
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CΠ = rw · ω exp(−iωt)(U wkK 2
1 + W wk · K0 K1)

k · (k2 K 3
1 − 2k · K0 K 2

1 − k2 K 2
0 K1)

,
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0 K1)

,
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0 )

k · (k2 K 3
1 − 2k · K0 K 2

1 − k2 · K 2
0 K1)

(B.5)

where k = kxrw , K0 = K0(k) and K1 = K1(k).
In the cylindrical coordinate system, the normal stress Prr , the shear stresses Prθ and Pxr are given by⎧⎪⎨

⎪⎩
Prr = −p + 2μw

∂ ṽr
∂r ,
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P xr = μw( ∂ ṽx
∂r + ∂ ṽr

∂x ).

(B.6)

Substituting (B.1) into (B.6) and replacing Π , Ψ , Ω and CΠ , CΨ , CΩ with their explicit expressions in (B.4) and (B.5) yields Eq. (B.7)
where

Axr = i · (−2(W wk + U w)k2 K 3
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1 + 2W wk3 K 2
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,
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1 )
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1 − k2 K 2
0 K1

. (B.7)
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