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Abstract

In Part I of the current work [this issue], we have developed a numerical model for simulating the process of low-velocity impact damage

in composite laminates using the finite element method (FEM). This FEM model based on the Mindlin plate element can describe various

impact-induced damages and their mutual effects. Some new and effective techniques have also been put forward in that paper, which can

significantly increase the computational efficiency. In the current paper, i.e. Part II of the two-part series on the study of impact of composites,

we focus on the following two aspects: (a) verification of our numerical model through the comparison with other researchers’ results; (b)

investigation of the impact-induced damage in the laminated plates using the present numerical model. For the first aspect, some previous

experimental data have been adopted for comparison to validate the present numerical model. For the second, we have mainly studied the

effects on the impact damage in detail in such aspects as the size of target plate, the boundary conditions of target plate, impact velocity,

impactor mass, etc. From these computations, the understanding of the low-velocity impact damage in laminates can be improved. q 2002

Elsevier Science Ltd. All rights reserved.
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1. Introduction

Many researchers have shown that the low-velocity

transverse impact could cause various damages, such as

matrix cracks, delamination and fiber breakage in fiber-

reinforced polymer composite laminates. Such damages,

especially delaminations, can cause significant reductions in

the compressive strength of laminates and influence the

reliability of structures. Hence, many previous studies [2–8]

have been devoted to understanding the mechanisms and

mechanics of the impact damage in the laminates and

building up clear relationship between various parameters

of impact events and those of damage extents (e.g.

delamination size). However, there has been little work

reported about the full and direct numerical simulation of

the whole damage process. Actually, as stated previously

[1], most of the current numerical approaches have roughly

evaluated the delamination sizes using some simple

empirical formulae [3,5,6] or simplified models with the

aid of experimental information [7].

In Part I of the present work [1], which stems from our

previous studies [9,10], we have developed an integrated

and elaborate numerical model that can describe the various

damages and their mutual effects. Obviously, a simple,

reliable, and computationally efficient numerical model can

greatly facilitate the study on this subject. Here, in Part II,

we first verify our numerical model developed previously by

comparison with some experimental results. Then, by using

this numerical tool, the various aspects of impact phenom-

ena have been effectively studied. The effects of various

parameters on the impact process, especially on the impact-

induced damages, have been investigated in such aspects as

the size of target plate, the boundary conditions of target

plate, impact velocity, impactor mass, etc. All these results

can help us understand the impact damage process more

comprehensively.
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2. Verification of the numerical model

It should be mentioned here that various aspects of the

present numerical model have been verified in our previous

researches [9,10]. Therefore, for simplicity, we directly

employ some realistic experimental results to verify our

model.

As stated previously [1], the present model deals with

the cross-ply laminates, i.e. 08=908=08: The recent

experimental work done by Collombet et al. [4] on the

circular cross-ply laminates 0n=90m=0n; has been chosen

for comparison. Three cases of stacking sequence are

defined [4], i.e. Case 1: n ¼ 2 and m ¼ 6; Case 2: n ¼ 3

and m ¼ 4 and Case 3: n ¼ 4 and m ¼ 2: The parameters

of the impactor are listed as: radius r ¼ 12:5 £ 1023 m;
effective density r ¼ 2:8113 £ 105 kg/m3, effective mass

ms ¼ 2:3 kg, impact velocity V ¼ 4:85 m/s, effective im-

pact energy e ¼ 27:0 J, Young’s modulus E ¼ 210 GPa

and Poisson’s ratio n ¼ 0:3: We further define the

following parameters used in the indentation law [1,11]

as: k ¼ 2:583 £ 109 N/m1.5, q ¼ 2:0; b ¼ 0:094 and acr ¼

1:7 £ 1024 m. The dimensions of the plate are: total

thickness t ¼ 1:8 £ 1023 m; and diameter of circular plate

d ¼ 0:16 m: The material properties of glass/epoxy compo-

site are shown as: r ¼ 1:678 £ 103 kg/m3, E1 ¼ 30:5 GPa,

E2 ¼ E3 ¼ 6:9 GPa, n21 ¼ 0:344; G12 ¼ G13 ¼ 4:65 GPa,

G23 ¼ 1:6 GPa. As stated in Part I [1], several typical

damage patterns, such as the fiber failure, matrix cracking,

matrix crushing and delamination, have been considered.

The material parameters used in the failure criteria of these

damage patterns are defined as: XT ¼ 700 MPa, YT ¼ 100

MPa, YC ¼ 237 MPa, S12 ¼ 64 MPa, Sf ¼ 120 MPa, Sm23 ¼

200 MPa, S31 ¼64 MPa, S123 ¼86 MPa and GC ¼900 J/m2.

2.1. Verification of delamination size

For three stacking sequences, the comparisons of

delamination sizes between experiment and numerical

simulation are shown in Figs. 1–3. The delamination has

been identified to occur on the interface between the middle

908 layers and bottom 08 layers [1]. From these figures, it

can be found that the present numerical technique can

produce very similar delamination shapes to those obtained

in experiments. The main geometric features of the

delamination, e.g. the peanut shape, can be captured. For

further detailed comparisons, the data of three representa-

tive dimensions of delamination, i.e. the length, width and

area of delamination as shown in Fig. 1, are plotted in Fig. 4.

From this figure, it can be found that the length and width of

delamination in numerical simulation agree very well with

those practical ones. Also all delamination sizes predicted

by numerical technique are a little higher although the errors

are all within 10%. With the decrease in the thickness of

middle 908 layers, the delamination area increases. There is

also a representative geometric feature of delamination in

Fig. 4. The length of delamination increases very quickly,
Fig. 2. Delamination in circular glass/epoxy cross-ply laminated plate

ð03=904=03Þ impacted at 27 J. (a) Experimental result; (b) numerical result.

Fig. 1. Delamination in circular glass/epoxy cross-ply laminated plate

ð02=906=02Þ impacted at 27 J. (a) Experimental result; (b) numerical result.
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but the width of delamination increases slowly, as observed

by other researchers [8].

2.2. Verification of matrix crack

The distributions of matrix cracks predicated by

numerical simulation for impact energy of 27 J are shown

in Fig. 5. The profiles of matrix cracks in Fig. 5 are similar

to the sketch given in Ref. [4]. In our numerical model,

the matrix cracks can be predicted within various layers by

using a kind of averaging technique [1]. In Fig. 5, the extent

of matrix cracks is represented in gray scale. As the color

becomes darker, more matrix cracks occur in more layers.

From Fig. 5, it can be found that the profiles of distributions

of matrix cracks are similar to the delamination shapes.

Compared with the dimensions of delamination shown in

Figs. 1–3, it can be found that the matrix cracks are

distributed in larger areas, especially in the 08 direction. In

two 08 layers, impacted and unimpacted, cracks are few and

extended (bending cracks); whereas in 908 layer cracks

(shear cracks) are numerous and short. From Case 1

ð02=906=02Þ to Case 2 ð03=904=03Þ and Case 3 ð04=
902=04Þ; with the decrease of the thickness of 908 layers,

Fig. 5. Profiles of matrix cracks obtained from numerical simulation for

circular glass/epoxy cross-ply laminated plate impacted at 27 J correspond-

ing to three different lay-ups. (a) Numerical result of matrix cracks for

ð02=906=02Þ under 27 J; (b) numerical result of matrix cracks

for ð03=904=03Þ under 27 J; (c) numerical result of matrix cracks for

ð04=902=04Þ under 27 J.

Fig. 4. Comparison between various dimensions of delamination obtained

from experiment and those from numerical simulation for circular

glass/epoxy cross-ply laminated plate impacted at 27 J corresponding to

three different lay-ups.

Fig. 3. Delamination in circular glass/epoxy cross-ply laminated plate

ð04=902=04Þ impacted at 27 J. (a) Experimental result; (b) numerical result.
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these short matrix cracks in the 908 direction increase

significantly since the stiffness in the 908 direction is

reduced and the matrix cracks in these 908 middle layers can

occur more easily. Also, the dimension of main cracks in the

08 direction tends to increase with the decrease of the

thickness of 908 layers. All these phenomena have been

identified in experiment [4].

2.3. Verification of force–time history and the central

deflection

With regard to impact force and central deflection, the

comparisons between the numerical and experimental

results for three stacking sequences are shown in Figs. 6

and 7. It can be found from Fig. 6 that the force–time curves

obtained from the proposed numerical model match well

with the experimental ones, e.g. the period and peak value,

except for some small fluctuations. The maximum deflec-

tion curves in Fig. 7 also give out a good map from

numerical predication to experimental results. From Figs. 6

and 7 we can see that stacking sequence has no evident

effect on time-dependent physical values, i.e. impact force

and central deflection of the plates, as also shown in Ref. [4].

3. Numerical investigations

3.1. Numerical model

By using the current numerical model, we have studied

the low-velocity impact phenomenon of continuous fiber-

reinforced carbon/epoxy composite laminates. For cross-ply

laminates 04=902=04 with the thickness of single layer of

1:8 £ 1024 m, the material constants of composite are taken

from Refs. [5,10], which are: r ¼ 1:58 £ 103 kg/m3, E1 ¼

139 GPa, E2 ¼ E3 ¼ 9:4 GPa, n21 ¼ 0:30905; G12 ¼ G13 ¼

4:5 GPa, G23 ¼ 2:98 GPa, XT ¼ 2070 MPa, YT ¼ 74 MPa,

YC ¼ 237 MPa, S12 ¼ 64 MPa, Sf ¼ 120 MPa, Sm23 ¼

64 MPa, S31 ¼ 64 MPa, Sl23 ¼ 86 MPa, GC ¼ 240 J/m2.

The parameters of the impactor are: radius r ¼ 6:35£

1023 m, effective density r ¼ 2:5 £ 104 kg/m3, the effective

mass is 0.0268 kg, E ¼ 210 GPa and n ¼ 0:3: The exper-

imental parameters used in the indentation law between the

ball and plates are taken from Ref. [11]: k ¼ 1:413 £ 109 N/

m1.5, q ¼ 2:5; b ¼ 0:094 and acr ¼ 1:7 £ 1024 m. There

are two kinds of boundary conditions, i.e. the simply-

supported and clamped conditions and four kinds of plate

sizes, i.e. lengths of plate equaling 0.2, 0.3, 0.4 and 0.5 m,

taken into consideration. Furthermore, seven kinds of

impact velocity ranging from 13 to 19 m/s are considered.

3.2. Numerical results

For a simply-supported plate with length of 0.2 m under

the impact velocity of 19 m/s, Fig. 8 shows the delamination

shape within the FEM mesh when t ¼ 2:2434 £ 1024 s.

From this figure, it can be found that the peanut shape of

delamination, which occurs on the interface of 908 layer and

the bottom 08 layer, can be captured correctly by using our

numerical model. Fig. 9 demonstrates the matrix cracks at

this moment. Matrix cracks happen within the first six layers

counting from bottom to top, including both 0 and 908

layers. Compared with the experimental photograph for the

damages shown in Fig. 1 in Part I [1], it can be found that

the present results obtained numerically can properly reflect

the real situation. Compared with the matrix cracks shown

in Fig. 5, the transverse cracks along the 908 direction in 908

layers in Fig. 9 are much less. The reason is that, on one

hand, E1=E2 in the present computation is much higher than

the previous case in Fig. 5, and in this case, the fibers in the

908 layers share much lower impact load compared with that

carried out by the 908 layers in the previous case. On the

other hand, the impact loads in the case of Fig. 5 are higher.

Fig. 7. Comparison of impact deflection history between numerical

predication and experiment for circular glass/epoxy cross-ply laminated

plate impacted at 27 J.

Fig. 6. Comparison of impact force history between numerical predication

and experiment for circular glass/epoxy cross-ply laminated plate impacted

at 27 J.
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We can also identify some local matrix crush due to

compression under the impactor. They occur within a very

small area under the impactor and in the first two layers

counting from top to bottom. No fiber breakage happens due

to the low impact energy, i.e. maximum 4.8374 J.

Fig. 10 shows the history of impact force. From this

figure, it can be found that the impact force increases very

fast and reaches a local peak soon. After this peak, the

impact force drops quickly, but insignificantly due to the first

occurrence of the matrix cracks and the interface delamina-

tion they induced. With the extension of the matrix cracks

and delamination, the impact force experiences an unstable

and slow increase process. Of course, compared with the

increasing process before damages occur, the slope of the

increase of the impact force is much lower due to

the reduction of the local and global stiffness of the

laminates caused by various damages. After this unstable

increase, the impact force undergoes a new higher and

durative platform. Within this platform, the impact force

reaches its highest peak. In usual cases, the various damages

finish their extension procedure before the appearance of

this highest peak in the impact force history. After this peak,

the ball and plate start to separate from each other and the

impact force comes through a decrease process. This typical

procedure of impact force described above has been identified

in many previous experiments [6]. Also, with the increase in

the impact velocity, the impact force increases. Fig. 11

shows the central deflection of plates. In the case of 19 m/s

impact velocity, the maximum deflection is already two

times larger than the total thickness of the plate. Then, the

plate obviously goes into the state of large deformation. This

result testifies that the employment of the large deformation

theory in our numerical model [1] is necessary. Fig. 12

shows the relationship between the occurrence time of

Fig. 9. Matrix cracks for a simply-supported plate with length of 0.2 m

under the impact velocity of 19 m/s.

Fig. 8. Delamination shape at 908/08 interface for a simply-supported plate

with length of 0.2 m under the impact velocity of 19 m/s.

Fig. 11. Central deflection of a simply-supported plate with a length of

0.2 m.

Fig. 10. Impact force of a simply-supported plate with a length of 0.2 m.
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the matrix crack and delamination. From this figure, it can

be found that matrix cracks always occur before delamina-

tion. As found in many previous experiments [2,3], the

interface delamination is always triggered by the matrix

cracks. This figure illustrates that our simulation result is

reasonable in obtaining the correct mechanism of the impact

damages. Actually, as stated in Ref. [5], some unreasonable

simulation results have been obtained when using DYNA3D

code, such as the earlier appearance of the delamination

than the matrix cracks. Also, as shown in Fig. 12, with

the increase of the impact velocity, both the matrix cracks

and delamination appear earlier. By comparing Fig. 12 with

Fig. 10, we can find that the first peak in the impact force

history corresponds to the first occurrence of the matrix

cracks. Before the moment of the first peak of the impact

force, there is no matrix cracks and delamination extension

except the assumed initial tiny delamination. Fig. 13(a)

shows the extension history of the interface delamination.

As a result of comparing with that in Fig. 10, all the

delamination extensions finish before the appearance of the

highest impact force. Also, with the increase of the impact

velocity, the duration period of delamination extension

becomes shorter and the delamination area increases.

Fig. 13(b) shows the extension history of the matrix cracks.

If the failure criterion for matrix cracks is satisfied within

one specified element in one layer, this element area will be

added to the total area of matrix cracks shown in Fig. 13(b).

By comparison with those in Fig. 13(a) and (b), it can be

found that the delamination area is more sensitive to the

impact velocity than the area of matrix cracks. Fig. 14

shows the typical dimensions W and L of delamination

defined in Fig. 1(a) in various models of the simply-

supported and clamped plates, respectively. For simplicity,

SS and CL represent the terms of ‘simply-supported’ and

‘clamped’ in this figure, respectively. The fitted curves from

the isolated data obtained numerically are also plotted.

Fig. 14. Dimensions of delaminations (width W and length L ) for simply-

supported and clamped plates. (a) Simply-supported plate; (b) clamped

plate.

Fig. 13. Evolution history of delamination and matrix cracks for a simply-

supported plate with a length of 0.2 m. (a) Delamination; (b) matrix crack.

Fig. 12. Comparison of occurrence time between matrix crack and

delamination for a simply-supported plate with a length of 0.2 m.
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In Fig. 14, Lp represents the length of the plate. From this

figure, we can identify that L increases (i.e. the length of

delamination) very quickly with the increase of the impact

energy, however, W (i.e. the width of delamination) is

insensitive to the impact energy. The relationship between

two dimensions of delamination revealed in this figure has

been identified in many previous experiments, e.g. Ref. [8].

Actually, this is one of most important geometric features

for delaminations in composites.

3.3. Effect of plate size and boundary condition

Fig. 15 shows the effect of plate size on the maximum

impact force, maximum central deflection and delamination

size for plates of two kinds of boundary conditions.

Fig. 15(a) shows that the maximum impact force decreases

with the increase of the plate length due to the reduction of

the global stiffness of plates. However, the effect of the plate

size on the maximum impact force also decreases quickly

with the increase of plate size. For example, when the plate

length varies from 0.2 to 0.3 m, the maximum impact force

drops significantly, but it drops very slowly when the plate

length is larger than 0.3 m. Fig. 15(b) demonstrates that the

maximum central deflection of plate increases with the

increase of plate size. However, the tendency of this

increase weakens gradually as the plate size becomes larger.

Fig. 15(c) shows the effect of plate size on the delamination

size. Surprisingly, from this figure, we found that the effect

of plate size on the delamination size is not obvious when

the impact velocity is low. However, when the impact

velocity is high, e.g. larger than 17 m/s, there is an obvious

tendency of increase in the delamination size with the

increase of the plate size. To explain this phenomenon, we

would first emphasize that the impact is basically a local

phenomenon. When the impact velocity is low, the global

deformation of plate is very small, and only the local area

under the impactor deforms seriously. In this case, the

delamination is basically dominated by the local defor-

mation. Then the reduction of global stiffness of plate with

the increase of plate size has very small influence on the

impact damage process. However, when the impact velocity

is large, the plate goes into very large deformation as shown

in Fig. 11. The local deformation area becomes quite large

and significant. In this case, the reduction of the global

stiffness of plate may have more obvious influences on the

local deformation under the impactor. Furthermore, the

plate itself goes through a serious global bending defor-

mation. Both the local deformation and global bending

deformation dominates the delamination evolution in

various stages. Then, in this case, when the plate size

increases, the delamination size increases since the bending

deformation becomes larger and the local deformation

under the impactor becomes more drastic due to the

reduction of global stiffness of plate. In general, however,

from Fig. 15(c), it can be concluded that the effect of plate

size on the final delamination size is not so significant. For

example, for impact velocity equaling 19 m/s, the delami-

nation size increases only around 10% although the plate

length increases 2.5 times in size. The plate size has the

similar effect on the matrix cracks.

Fig. 15(a) also shows the influence of boundary

conditions on the maximum impact force. Inspection of

this figure reveals that the effect of boundary conditions on

the maximum impact force is very small. Only when the

plate length is small, i.e. 0.2 m, a slight increase in the

maximum impact force can be observed if the boundary

condition is changed from the simply-supported to the

clamped. When the plate size becomes larger, this effect

becomes weak and obscure. Fig. 15(b) demonstrates that the

effect of boundary conditions on the maximum central

deflection is very small too. Fig. 15(c) shows the effect of

Fig. 15. Influence of plate size and boundary condition on maximum impact

force, maximum central deflection and delamination size for simply-

supported plates. (a) Maximum impact force; (b) maximum central

deflection; (c) delamination size.
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the boundary condition on the final delamination size. It can

be found that there is no clear tendency to reveal this effect.

3.4. Effect of impactor mass

To study the influence of the impactor mass in the impact

phenomenon, we set up four models for the simply-

supported plates of length of 0.4 m. One of the models in

Section 3.1, which possesses the impact energy 2.6264 J, the

impact velocity 14 m/s and the effective mass 0.0268 kg, is

selected as a reference point, and other models are set up by

changing the mass and velocity of impactor, while keeping

the impact energy constant. The influences of the impactor

mass on the impact force history are shown in Fig. 16(a),

from which, it can be found that the impactor mass has

significant effect on the impact force history. With the

increase of impact velocity and decrease of the impactor

mass, the maximum impact force increases and the impact

duration becomes shorter. Fig. 16(b) shows the effect of the

impactor mass on the central deflection of plate. From this

figure, we can find the maximum central deflection

increases as the impactor mass increases. Fig. 16(c)

demonstrates the extension history of delamination for

various models. From this figure, it can be found that the

delamination size increases significantly with the decrease

of the impactor mass and the increase of the impact velocity.

This increase of delamination size is more obvious for

higher impact velocity range. Seemingly, the duration

period of delamination extension becomes shorter with the

decrease of the impactor mass and the increase of the impact

velocity. Fig. 16(d) shows the extension history of matrix

cracks. From this figure, we can get the similar conclusion

as that obtained for the delamination. The only difference is

that the increase of the area of matrix cracks is not as

sensitive to the impact velocity range as that of the

delamination. We have also analyzed another 4 models

similar to the above four ones except for the plates of length

of 0.2 m. The similar results have been obtained.

3.5. Prediction of delamination size

It is very important to find the relationship between the

various impact parameters and the delamination size.

Obviously, a reliable, clear and direct relationship can

help people predict roughly the delamination size or damage

extent easily and quickly.

Until now, there are various approaches to set up this

relationship or map. The first and direct impact parameter

Fig. 16. Influence of impactor mass on impact force, central deflection, evolution history of delamination and matrix cracks (under the same impact energy).

(a) Impact force; (b) central deflection; (c) evolution history of delamination; (d) evolution history of matrix cracks.
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is the impact or incident energy. Before, many studies have

been carried out to clarify the relationship between the

impact energy and delamination size. Such kind of study is

also performed here with the results shown in Fig. 17(a).

The first eight sets of data in this figure are obtained from

the impactor data stated in Section 3.1 where the impactor

mass keeps constant. In this case, it can be found that the

delamination size is correlated with the impactor energy in

a very good linear relationship. The last two sets of data

in this figure are those obtained from the impact data stated

in Section 3.4, where the impact energy remains constant,

while both the mass and impact velocity of impactor are

changed. Of course, in this case, although the same impact

energy is used, the delamination sizes are completely

different as stated in Section 3.4. Moreover, Davies and

Zhang [6] have reported that the increase of plate thickness

can also cause the maps of impact energy versus

delamination size to become increasingly more chaotic.

So taking impact energy as the parameter to predicate the

delamination size is confined in a small area, in which

there are only variations of plate size and boundary

conditions. If the impactor or the plate thickness is

changed, the relevance with the delamination size becomes

unclear.

Fig. 17. Prediction of delamination size by various parameters. (a) Impact energy versus delamination size; (b) maximum impact force versus delamination

size; (c) maximum central deflection versus delamination size.
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The second parameter is the maximum impact force as

used in Ref. [6]. Fig. 17(b) that shows the relationship

between the maximum impact force and the delamination

size. From this figure, we can find that the first eight sets of

data can also create an acceptable linear relationship between

the maximum impact force and the delamination size. For the

last two sets of data with the variation of the impactor mass,

the slope has a little change for plates of two lengths. It means

that it may be difficult to create an accurate relationship to

predict the delamination size only by using the maximum

impact force. Other parameters, such as the impactor mass,

should also be considered. However, these two last sets of

data are still located quite near the fitted linear line. The

maximum force is an approximately acceptable parameter to

correlate itself to the delamination size.

Some researchers have also used the central deflection of

plate when the maximum impact force occurs as an impact

parameter to set up the relationship with the delamination

size. Fig. 17(c) shows this relationship. From this figure, it can

be found that the first eight sets of data become scattered and

the linear relationship is not obvious. Furthermore, for the last

two sets of data with the variation of impactor mass, we can

find that slopes of the last two sets of data are completely

different from those obtained from the first eight sets of data.

In this case, with the increase of the central deflection of plates

when the maximum impact force occurs, the delamination

sizes even decrease. By checking Fig. 16(b), we can find that

the maximum central deflection decreases with the decrease

of the impactor mass and increase of the impact velocity.

However, in this case, the delamination sizes increases as

shown in Fig. 16(c).

4. Conclusions

In this paper, we first verified our previous FEM model

based on the 9-node Mindlin plate element for directly

simulating the low-velocity impact-induced damage in

laminated plates [1]. It was found that this numerical model

can capture the main features of impact phenomenon and

reasonably predict various damages. Furthermore, various

aspects of low-velocity impact of composites have been

studied by using this model. From the numerical results, the

following conclusions have been reached.

With the increase of plate size, the maximum impact force

decreases, but the maximum central deflection increase. The

influence of plate size on the delamination size is not obvious.

Only when the impact velocity is comparatively high, the

larger plate size will lead to a larger delamination size. The

influence of the boundary condition on the maximum impact

force, maximum central deflection and delamination size is

very small. However, the impactor mass has very significant

effects on the impact process. Under the condition of identical

impact energy, with the decrease of mass and increase of

impact velocity, the maximum impact force increases and the

impact period becomes shorter. Both delamination size and

the area of matrix cracks increase in this case. However, the

maximum central deflection becomes smaller. When the

plate size and boundary conditions change, the map of impact

energy versus delamination area is clear. However, when the

plate thickness and the impactor mass change, this relevance

between the impact energy and delamination size becomes

chaotic and unclear. It is unsuitable to use the deflection,

which corresponds to the maximum impact force to predict

the delamination size. The maximum force can be used to

predict delamination size most effectively, except for a little

dispersion of the data.
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