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Abstract

This paper presents a novel solution strategy to the stochastic system of linear algebraic equations (a1A1 + a2A2 + � � � + amAm)x = b
arising from stochastic finite element modelling in computational mechanics, in which ai (i = 1, . . . ,m) denote random variables, Ai

(i = 1, . . . ,m) real symmetric deterministic matrices, b a deterministic/random vector and x the unknown random vector to be solved.
The system is first decoupled by simultaneously diagonalizing all the matrices Ai via a similarity transformation, and then it is trivial
to invert the sum of the diagonalized stochastic matrices to obtain the explicit solution of the stochastic equation system. Unless all
the matrices Ai share exactly the same eigen-structure, the joint diagonalization can only be approximately achieved. Hence, the solution
is approximate and corresponds to a particular average eigen-structure of the matrix family. Specifically, the classical Jacobi algorithm
for the computation of eigenvalues of a single matrix is modified to accommodate multiple matrices and the resulting Jacobi-like joint
diagonalization algorithm preserves the fundamental properties of the original version including its convergence and an explicit solution
for the optimal Givens rotation angle. Three numerical examples are provided to illustrate the performance of the method.
� 2006 Elsevier B.V. All rights reserved.

Keywords: Stochastic finite element method; Stochastic computational mechanics; Matrix; Average eigen-structure; Joint diagonalization
1. Introduction

1.1. Notations

Throughout this paper, matrices, vectors and scalars are respectively denoted by bold capital letters (e.g. A), bold lower
case letters (e.g. x) and regular characters (e.g. a). Without special explanation, a vector (e.g. x) always indicates a column
vector. Superscript T denotes the transpose of a matrix or a vector. The entry located in the ith row and jth column of a
matrix A is represented by (A)ij.

1.2. Problem background

The classical linear finite element equations have the following generic form:

Ax ¼ b; ð1Þ
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where the physical meanings of A, x and b relate to the system under consideration. For example, in a simple problem of
elastostatics A denotes the elastic stiffness matrix, x the unknown nodal displacement vector and b the nodal load vector; in
a steady-state heat conduction problem, they denote the heat conduction matrix, the unknown nodal temperature vector
and the nodal temperature-load vector respectively.

In reality, due to various uncertainties, the deterministic physical model described by Eq. (1) is seldom valid. Conse-
quently, an appropriate safety factor is often adopted to amend the result for a practical engineering problem. Numerous
successful applications have shown the power of this deterministic approach. Conversely, there exist a number of situations
where deterministic models have failed to give satisfactory solutions, and these include problems in rocks, soil and ground
water where the stochastic uncertainty becomes dominant. Consequently, a more generalized solution technique, namely the
stochastic finite element method (SFEM), is needed to model these intricate random physical systems. The study of SFEMs
has been in progress for several decades and many different techniques have been presented to formulate uncertainties in var-
ious applications [1–14,17]. However, compared to the success of the deterministic FEM, the SFEM is still in its infancy and
many fundamental questions are still outstanding. Due to the continual exponential increase in computer power and data
storage, the formulation of the SFEM has recently received considerable attention from the computational mechanics com-
munity [17] and, generally, for many engineering applications, the final linear SFEM equations takes the following form:

ða1A1 þ a2A2 þ � � � þ amAmÞx ¼ b; ð2Þ
where the deterministic n · n real symmetric matrices Ai (i = 1, . . . ,m), unknown real random vector x and deterministic
real vector b have essentially the same physical meanings with their primary counterparts in Eq. (1); real scalars ai

(i = 1, . . . ,m) denote a series of dimensionless random factors that capture various intrinsic uncertainties in the system.
The advantage of Eq. (2) is that the physical problem with a stochastic nature is decoupled into deterministic and stochastic
parts in a simple regular fashion. Typically, different SFEM formulations define ai, Ai and b differently but give rise to the
same stochastic system of linear algebraic equations as shown above [1–11]. It should be noted that, Eq. (2) is not always
explicitly addressed in the literature [1–5], since there is no significant advantage of transforming early SFEM techniques
into the form of Eq. (2).

The aim of this paper is to introduce a new numerical procedure for the solution of the stochastic system of linear alge-
braic equations. The main techniques applied to the solution of Eq. (2) include the Monte Carlo method [12,13], the per-
turbation method [1–3], the Neumann expansion method [4,5] and the polynomial chaos expansion method [6–11].
However, none of these schemes have promoted the SFEM to such a mature level as the well established FEM. For
the development of a solver for Eq. (2), these methods will be considered later in this paper.

Remarks: (1) For simplicity, uncertainties arising from the right-hand side of Eq. (2) have at this stage been temporarily
ignored. However, as will be shown in Section 3, it is trivial to relax this unnecessary restriction. (2) Eqs. (1) and (2) are
associated with static/stationary problems in mechanics. In principle, the discussions in this paper can be extended to linear
dynamic/transient problems and some non-linear problems. However, a series of new challenges have to be tackled in par-
ticular when deterministic matrices Ai (i = 1, . . . ,m) are time- and/or history-dependent, and these will be considered in
future work.

1.3. Contributions

This paper presents a novel strategy to solve the stochastic system of linear algebraic equations (2) where matrices Ai

(i = 1, . . . ,m) are real and symmetric. It is shown that the problem can be approximately treated as an average eigenvalue
problem, and can be solved analytically by a deterministic matrix algorithm using a sequence of orthogonal similarity
transformations. Once the explicit solution of the random vector x is obtained, the associated statistical moments and joint
probability distributions can be accurately calculated. In particular, the classical Jacobi algorithm for the computation of
eigenvalues of a single matrix is modified to accommodate multiple matrices, which preserves the fundamental properties
of the original version including its convergence and an explicit solution for the optimal Givens rotation angle. Further-
more, the computational cost of the Jacobi-like algorithm is proportional to the total number of matrices Ai, which in turn
is equal to the total number of random variables, ai, in the system. This infers that the algorithm can be easily parallelized.

The remainder of this paper is organized as follows. First, the existing techniques for solving Eq. (2) are outlined in Section 2.
Then, the proposed strategy is explained in detail in Section 3, including its operation process, algorithm properties and per-
formance analysis. In Section 4, three numerical examples are employed to investigate in detail the performance of the proposed
method. The paper concludes in Section 5 with a summary of the main features and limitations of the new solution strategy.

2. Review of existing solution techniques

Until recently, there have been four major techniques employed to solve the stochastic system of linear algebraic equa-
tions (2): the Monte Carlo method, the perturbation method, the Neumann expansion method and the polynomial chaos
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expansion method. In order to avoid confusion in terminology, it should be noted that sometimes the same titles are also
employed in the literature to indicate the entire schemes corresponding to their SFEM formulations. Although the follow-
ing discussion will only explore these methods from the viewpoint of a solver for Eq. (2), the principles hold respectively for
their associated SFEM schemes.

2.1. The Monte Carlo method

First, N sets of samples of the random variables ai (i = 1, . . . ,m) are generated. For each sample path ai = aij, where the
right-hand side sample values are distinguished by sample index j = 1, . . . ,N, Eq. (2) becomes a standard deterministic sys-
tem of linear algebraic equations:

Bjxj ¼ b; ð3Þ
with

Bj ¼
Xm

i¼1

aijAi. ð4Þ

Solutions of Eq. (3)

xj ¼ B�1
j b ðj ¼ 1; . . . ;NÞ ð5Þ

form a sample set for the random solution x, which can then be employed to calculate the associated empirical joint dis-
tribution or empirical statistical quantities.

The Monte Carlo method is simple and perhaps the most versatile method used to date, but typically the computational
costs are extremely high, especially for large scale problems where a large number of samples have to be computed in order
to obtain a rational estimation satisfying the required accuracy. Improvements [12,13] have been made to overcome this
computational difficulty.

2.2. The perturbation method

In a perturbation scheme, all the random variables ai (i = 1, . . . ,m) are first decomposed into a deterministic part and a
random part, i.e.

ai ¼ EðaiÞ þ as
i ði ¼ 1; . . . ;mÞ; ð6Þ

where E(ai) and as
i denote respectively the mean value and the centred deviation random variable. As a result, Eq. (2) is

then transformed into

ðA0 þ as
1A1 þ as

2A2 þ � � � þ as
mAmÞx ¼ b; ð7Þ

where

A0 ¼
Xm

i¼1

EðaiÞAi ð8Þ

is the deterministic mean of sum
Pm

i¼1aiAi. Meanwhile, the random solution x is approximated by Taylor’s series

x � xjas
i¼0ði¼1;...;mÞ þ

Xm

i¼1

ox

oas
i
as

i ¼ xo þ
Xm

i¼1

cia
s
i ; ð9Þ

where the origin xo and coefficients ci (i = 1, . . . ,m) are both unknown deterministic vectors. Next, substituting (9) into
Eq. (7) yields

ðA0 þ as
1A1 þ � � � þ as

mAmÞðxo þ c1a
s
1 þ � � � þ cmas

mÞ ¼ b ð10aÞ

A0xo þ
Xm

i¼1

ðA0ci þ AixoÞas
i þ
Xm

i¼1

Xm

j¼1

Aicja
s
ia

s
j ¼ b. ð10bÞ

Inspired by the idea of perturbation in deterministic problems, some researchers [1–3] believe that the following equalities
resulting respectively from the zero-order ‘‘random perturbation’’ and the first-order ‘‘random perturbation’’ hold, pro-
vided that the scale of random fluctuations as

i is sufficiently small (e.g. less than 10% [1]):
Zero order

A0xo ¼ b. ð11aÞ
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First order

A0ci ¼ �Aixo ði ¼ 1; . . . ;mÞ ð11bÞ

from which xo and ci can be solved and then employed in (9) to provide an approximation to the random solution x in
terms of the first-order Taylor’s series.

In the literature, the aforementioned procedure is called the first-order perturbation method and similarly, the second-
order perturbation method follows immediately from expanding the first-order Taylor series (9) to the second order. Appli-
cations of higher-order perturbations are, however, rare due to the increasingly high complexity of analytic derivations as
well as computational costs. Although a number of numerical experiments with small random fluctuations have been
reported to show good agreements between the perturbation method and the Monte Carlo method, no criteria for conver-
gence have been established in the present context [3].

2.3. The Neumann expansion method

The first step of the Neumann expansion method [4,5] also consists of centralizing the random variables ai (i = 1, . . . ,m)
to obtain Eq. (7) whose left-hand side coefficients are further treated as a sum of a deterministic matrix and a stochastic
matrix, i.e.

ðA0 þ DAÞx ¼ b; ð12Þ

with the stochastic matrix DA defined as

DA ¼ as
1A1 þ as

2A2 þ � � � þ as
mAm. ð13Þ

The solution of Eq. (12) yields

x ¼ ðI þ A�1
0 DAÞ�1

A�1
0 b. ð14Þ

The term in the parentheses can be expressed in a Neumann series expansion giving

x ¼ ðI � B þ B2 � B3 þ � � �ÞA�1
0 b; ð15Þ

with

B ¼ A�1
0 DA. ð16Þ

The random solution vector can now be represented by the following series:

x ¼ xo � Bx0 þ B2xo � B3xo þ � � � ; ð17Þ
with

xo ¼ A�1
0 b. ð18Þ

It is well known that the Neumann expansion shown in Eq. (15) converges if the spectral radius of the stochastic matrix
B is always less than 1. This is not a serious restriction in engineering problems, as in most cases the random variations are
smaller than the mean value. The most significant feature of this approach is that the inverse of matrix A0 is required only
once for all samples and, at least in principle, the statistical moments of the solution x in (17) can be obtained analytically
by recognising that there is no inverse operation on DA in (13). Nevertheless, the computational costs of the Neumann
expansion method increase with the number of terms required in Eq. (17) to achieve a given accuracy and therefore for
problems with large random fluctuations, the method loses its advantage and could become even more expensive than
the direct Monte Carlo method. Note that improvements [12] have been made by combining the Neumann expansion
method and the preconditioned conjugate gradient method.

2.4. The polynomial chaos expansion method

In the theory of probability and stochastic processes, the polynomial chaos expansion [16] was originally developed
by Wiener [18], Cameron, Martin [19] and Itô [20] more than 50 years ago. Concisely, a function f(b1,b2, . . . ,bq) of a stan-
dard Gaussian random vector b = (b1,b2, . . . ,bq)T has a unique representation, i.e. the so called polynomial chaos
expansion

f ðb1; b2; . . . ; bqÞ ¼
X1
i¼1

hiHiðb1; b2; . . . ; bqÞ; ð19Þ
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where hi are constant coefficients and Hi(b1,b2, . . . ,bq) are orthonormal multiple Hermite polynomials [23] with the weight
function e�

1
2b

Tb. Hence, if ai (i = 1, . . . ,m) in Eq. (2) are mutually independent Gaussian random variables the associated
solution x then has the following polynomial chaos expansion:

x �
XM

i

hiH iða1; a2; . . . ; amÞ; ð20Þ

with Hi(a1,a2, . . . ,am) (i = 1, . . . ,M) generated by the weight function e�
1
2ða

2
1
þa2

1
þ���þa2

mÞ. As shown below, the unknown vector-
valued coefficients hi (i = 1, . . . ,M) can be solved from Eq. (2) through a Galerkin approach whose shape functions are
provided by these multiple Hermite polynomials. Substituting (20) into (2) yields

Xm

i¼1

aiAi

 ! XM

j¼1

hjH jða1; a2; . . . ; amÞ
 !

� b � 0. ð21Þ

Multiplying by Hk(a1,a2, . . . ,am) on both sides, Eq. (21) becomes

Xm

i¼1

aiAi

 ! XM

j¼1

hjHj

 !
� b

 !
H k � 0 ðk ¼ 1; 2; . . . ;MÞ. ð22Þ

As these shape functions are random, the integral weak form of Eq. (21) is then obtained by enforcing the expectation to
equal zero instead of the Riemann integration of the left-hand sides of Eq. (22), i.e.

E
Xm

i¼1

aiAi

 ! XM

j¼1

hjH j

 !
� b

 !
H k

 !
¼ 0 ðk ¼ 1; . . . ;MÞ; ð23aÞ

Xm

i¼1

XM

j¼1

EðaiH jHkÞAihj ¼ EðHkÞb ðk ¼ 1; . . . ;MÞ. ð23bÞ

Therefore, the solution x can be readily achieved in terms of the polynomial chaos expansion (20) after solving the n-vec-
tor-valued coefficients hj (j = 1, . . . ,M) from the above deterministic equation system of dimensionality Mn.

Due to the early theoretical work by Wiener et al. [18–20], the polynomial chaos expansion method [6–10] has a rigorous
mathematical base, including its suitability and convergence. However, this method can only be strictly applied to solve
equations consisting of Gaussian random variables, though for dynamic problems with a single random variable, different
polynomials (e.g. single-variable Jacobi polynomials) [11] have recently been chosen, without proof on the suitability, to
approximate functions of a non-Gaussian random variable. Furthermore, the complexity in terms of both the derivation
of multiple Hermite polynomials, i.e. the basic building blocks of this method, and the associated computational costs does
increase exponentially as the number of random variables grows. This is because the total number of multiple Hermite
polynomials required in the solution for Eq. (2) is given by

M ¼ ðmþ rÞ!
m!r!

; ð24Þ

where r denotes the highest order of polynomials employed in the approximate polynomial chaos expansion (20). An exam-
ple is presented in Ref. [7] where a small stochastic equation system with six Gaussian random variables is considered.
It was necessary to use up to fourth-order polynomials to satisfy the required accuracy, and consequently there are
ð6þ4Þ!

6!4!
¼ 210 six-variable Hermite polynomials in the fourth-order primary function set fH ð0;1;...;4Þj ða1; a2; . . . ; a6Þg210

j¼1. There-
fore, the computational cost becomes a serious issue even for a rather small scale problem.
3. The joint diagonalization strategy

It should be noted that, in this paper, the authors have attempted to avoid using the term ‘‘random matrix’’ since the
discussions here have nothing to do with the existing theory of random matrices [15] which has recently been employed to
develop a non-parametric SFEM formulation [14]. Furthermore, Eq. (2) is termed a stochastic system of linear algebraic
equations compared to a standard deterministic system of linear algebraic equations (1). After the above critical review of
the existing methods, this section provides a pure algebraic treatment to a new solution strategy—termed the joint diag-
onalization—for the stochastic equation system (2).
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3.1. The formulation

The solution of Eq. (2) is well defined if the left-hand side sum of the matrices is non-singular almost surely, i.e.

Pð a1A1 þ a2A2 þ � � � þ amAmj j 6¼ 0Þ ¼ 1. ð25Þ
The objective here is to invert the matrix sum a1A1 + a2A2 + � � � + amAm to obtain an explicit solution of x in terms of ran-
dom variables ai (i = 1, . . . ,m).

Assume that there exists an invertible matrix P to simultaneously diagonalize all the matrices Ai (i = 1, . . . ,m) such that

P�1AiP ¼ Ki ¼ diagðki1; ki2; . . . ; kinÞ ði ¼ 1; . . . ;mÞ; ð26Þ
where kij (j = 1, . . . ,n) are eigenvalues of the n · n real symmetric matrix Ai. Eq. (2) can then be transformed into

Pða1K1 þ a2K2 þ � � � þ amKmÞP�1x ¼ b. ð27Þ
The solution x is given by

x ¼ PK�1P�1b; ð28Þ
with

K�1 ¼ ða1K1 þ a2K2 þ � � � þ amKmÞ�1 ¼ diag
1Xm

i¼1
aiki1

;
1Xm

i¼1
aiki2

; . . . ;
1Xm

i¼1
aikin

 !
. ð29Þ

Letting

P�1b ¼ ðd1; d2; . . . ; dnÞT ð30Þ
expression (28) becomes

x ¼ P

Xm

i¼1

aiki1

 !�1

Xm

i¼1

aiki2

 !�1

. .
.

Xm

i¼1

aikin

 !�1

0
BBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCA

d1

d2

..

.

dn

0
BBBB@

1
CCCCA ¼ P

d1

d2

. .
.

dn

0
BBBB@

1
CCCCA

Xm

i¼1

aiki1

 !�1

Xm

i¼1

aiki2

 !�1

..

.

Xm

i¼1

aikin

 !�1

0
BBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCA

.

ð31Þ
Hence, in a more concise form, the solution is

x ¼ D
1Xm

i¼1
aiki1

;
1Xm

i¼1
aiki2

; � � � ; 1Xm

i¼1
aikin

 !T

; ð32Þ

where

D ¼ P diagðd1; d2; . . . ; dnÞ. ð33Þ
Expression (32), in which the coefficients D and kij (i = 1, . . . ,m; j = 1, . . . ,n) are constants determined completely by

matrices Ai (i = 1, . . . ,m) and vector b, gives an explicit solution to Eq. (2). As a result, the associated joint probability
distribution and statistical moments (e.g. expectation and covariance) can be readily computed. A key issue of the pro-
posed strategy is therefore to obtain the transform matrix P and the corresponding eigenvalues kij (i = 1, . . . ,m,
j = 1, . . . ,n), which is essentially an average eigenvalue problem and will be treated in detail in the next sub-section.

3.2. A Jacobi-like algorithm for the average eigenvalue problem

The eigenvalue problem of a single matrix is well understood in linear algebra. It is well known that a n · n real symmetric
matrix A can always be transformed into a real diagonal matrix K through an orthogonal similarity transformation, i.e.

Q�1AQ ¼ K ¼ diagðk1; k2; . . . ; knÞ; ð34Þ
where ki 2 R ði ¼ 1; . . . ; nÞ and Q�1 = QT. There are various numerical algorithms to obtain K and Q, and among them
the classical Jacobi method [21,22] diagonalizes A by vanishing its off-diagonal elements through a sequence of Givens
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similarity transformations. Although Jacobi’s original consideration is for a single matrix, his idea is rather general and the
classical algorithm can be readily modified to accommodate multiple real symmetric matrices, as described below.

Denoted by G, the orthogonal Givens matrix corresponding to a rotation angle h is

ð35Þ

Let

Akk kF ,

Xn

i¼1

Xn

j¼1

ðAkÞ2ij

 !1
2

ðk ¼ 1; . . . ;mÞ ð36Þ

and

offðAkÞ,
Xn

i¼1

Xn

j¼1
j 6¼i

ðAkÞ2ij ðk ¼ 1; . . . ;mÞ ð37Þ

denote the Frobenius norms of n · n real symmetric matrices Ak (k = 1, . . . ,m) in Eq. (2) and the quadratic sums of off-
diagonal elements in Ak respectively. The aim here is to gradually reduce

Pm
k¼1offðAkÞ through a sequence of orthogonal

similarity transformations that have no effect on kAkkF (k = 1, . . . ,m).
As only the pth and qth rows/columns of a matrix change under a Givens similarity transformation, elements of

A�k ¼ Gðp; q; hÞAkG�1ðp; q; hÞ are given by

ðA�kÞij ¼ ðAkÞij ði 6¼ p; q; j 6¼ p; qÞ; ð38aÞ
ðA�kÞip ¼ ðA

�
kÞpi ¼ ðAkÞip cos hþ ðAkÞiq sin h ði 6¼ p; qÞ; ð38bÞ

ðA�kÞiq ¼ ðA
�
kÞqi ¼ �ðAkÞip sin hþ ðAkÞiq cos h ði 6¼ p; qÞ; ð38cÞ

ðA�kÞpp ¼ ðAkÞpp cos2 hþ ðAkÞqq sin2 hþ ðAkÞpq sin 2h; ð38dÞ
ðA�kÞqq ¼ ðAkÞpp sin2 hþ ðAkÞqq cos2 h� ðAkÞpq sin 2h; ð38eÞ

ðA�kÞpq ¼ ðA
�
kÞqp ¼

1

2
½ðAkÞqq � ðAkÞpp� sin 2hþ ðAkÞpq cos 2h ð38fÞ

from which it is easy to verify that

ðA�kÞ
2
pp þ ðA

�
kÞ

2
qq þ 2ðA�kÞ

2
pq ¼ ðAkÞ2pp þ ðAkÞ2qq þ 2ðAkÞ2pq. ð39Þ

The Frobenius norm of a matrix remains invariant under orthogonal similarity transformations [21,22], therefore the fol-
lowing equalities hold:

offðA�kÞ ¼ A�k
�� ��2

F
�
Xn

i¼1

ðA�kÞ
2
ii ¼ Akk k2

F �
Xn

i¼1
i6¼p;q

ðAkÞ2ii � ½ðA
�
kÞ

2
pp þ ðA

�
kÞ

2
qq�

¼ offðAkÞ � 2ðAkÞ2pq þ 2ðA�kÞ
2
pq ð40ÞXm

k¼1

offðA�kÞ ¼
Xm

k¼1

offðAkÞ �
Xm

k¼1

2ðAkÞ2pq þ
Xm

k¼1

2ðA�kÞ
2
pq. ð41Þ

Hence, the minimization of
Pm

k¼1offðA�kÞ is equivalent to minimizing
Pm

k¼12ðA�kÞ
2
pq.
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According to expression (38), we have

Xm

k¼1

2ðA�kÞ
2
pq ¼

Xm

k¼1

2
1

2
½ðAkÞqq � ðAkÞpp� sin 2hþ ðAkÞpq cos 2h

� �2

¼
Xm

k¼1

cos 2h

sin 2h

 !T 2ðAkÞ2pq ðAkÞqq � ðAkÞpp;

ðAkÞqq � ðAkÞpp
1
2
½ðAkÞqq � ðAkÞpp�

2

0
@

1
A cos 2h

sin 2h

 !

¼ cos 2h sin 2hð ÞJ
cos 2h

sin 2h

 !
; ð42Þ

where

J ¼
Xm

k¼1

2ðAkÞ2pq ðAkÞqq � ðAkÞpp

ðAkÞqq � ðAkÞpp
1
2
½ðAkÞqq � ðAkÞpp�

2

 !
. ð43Þ

The left-hand side of equality (42) is a quadratic sum and the right-hand side is a real quadratic form. By noticing the fact
that cos 2h sin 2hð ÞT is a unit vector due to the trigonometric identity cos22h + sin22h � 1 and is able to represent any
unit vector in a plane, the 2 · 2 real symmetric matrix J defined in (43) is concluded to be nonnegative definite since its
corresponding quadratic form is always nonnegative. Let eðJÞ1 and eðJÞ2 denote the unit eigenvectors (different up to a sign
coefficient �1) of J, and kðJÞ1 P kðJÞ2 P 0 the eigenvalues, the range of (42) is known from the theory of quadratic form, i.e.

kðJÞ2 6

Xm

k¼1

2ðA�kÞ
2
pq ¼ cos 2h sin 2hð ÞJ

cos 2h

sin 2h

� �
6 kðJÞ1 ð44Þ

whose maximum and minimum are reached when cos 2h sin 2hð ÞT is equal to e
ðJÞ
1 and e

ðJÞ
2 respectively. Hence,Pm

k¼12ðA�kÞ
2
pq is minimized by setting cos 2h sin 2hð ÞT equal to the unit eigenvector corresponding to the smaller eigenvalue

of the 2 · 2 matrix J. Without loss of generality, cos2h can be assumed always nonnegative. Therefore, the optimal Givens
rotation angle hopt to minimize

Pm
k¼12ðA�kÞ

2
pq is uniquely determined by

cos 2hopt sin 2hoptð ÞT ¼ e
ðJÞ
2 ðcos 2hopt P 0Þ ð45Þ

from which the corresponding Givens matrix follows immediately.
Finally, the classical Jacobi algorithm [21,22] is modified as follows to accommodate multiple real symmetric matrices:

(1) Sweep in turn all the entries of matrices Ak (k = 1, . . . ,m) and find an entry (p,q) such thatXm

k¼1

ðAkÞ2pq 6¼ 0. ð46Þ

(2) For every entry (p,q) satisfying the above condition, compute the optimal Givens rotation angle hopt according to
Eq. (45) and form the corresponding Givens matrix G(p,q,hopt).

(3) Apply Givens similarity transformation G(p,q,hopt)AkG�1(p,q,hopt) to all the matrices Ak (k = 1, . . . ,m) respectively
and update these matrices into A�kðk ¼ 1; . . . ;mÞ. (Note: only the pth and qth rows/columns in these matrices need to
be updated.)

(4) Repeat the above procedure until the process converges.

As the Givens matrix corresponding to h = 0 is an identity matrix, we have

Xm

k¼1

2ðA�kÞ
2
pq

�����
h¼hopt

6

Xm

k¼1

2ðA�kÞ
2
pq

�����
h¼0

¼
Xm

k¼1

2ðAkÞ2pq. ð47Þ

Substituting (47) into (41) yields

0 6
Xm

k¼1

offðA�kÞ
�����
h¼hopt

6

Xm

k¼1

offðAkÞ; ð48Þ

which indicates that
Pm

k¼1offðAkÞ is monotonously decreasing in this iterative procedure. Therefore, the convergence to an
average eigen-structure is guaranteed by the proposed Jacobi-like joint diagonalization algorithm. Assuming the above
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procedure has been performed K times with Givens matrices G1,G2, . . . ,GK respectively, the transform matrix P in (26) is
then given by

P ¼ G�1
1 G�1

2 � � �G
�1
K ¼ GT

1 GT
2 � � �G

T
K ð49Þ

and the corresponding eigenvalues kij (i = 1, . . . ,m j = 1, . . . ,n) are those diagonal entries in the final matrices A�k ðk ¼
1; . . . ;mÞ.
3.3. Discussion

(1) For the stochastic system of Eq. (2) with one random variable, i.e.

a1A1x ¼ b ð50Þ

the Jacobi-like algorithm for multiple real symmetric matrices reduces to the classical Jacobi algorithm for a single
real symmetric matrix and the proposed joint diagonalization solution strategy gives the exact solution of x in this
simple case, i.e.
x ¼ PK�1
1 P�1b ¼ P diag

1

a1k11

;
1

a1k12

; . . . ;
1

a1k1n

� �
P�1b ¼ 1

a1

A�1
1 b. ð51Þ
However, existing methods, such as the Monte Carlo method, the perturbation method, the Neumann expansion
method and the polynomial chaos method, lack the above feature. In addition, it can be seen from Eqs. (50) and
(1), that the solution for the deterministic equation system (1) can be regarded as a special case of the proposed solver
for the more general stochastic equation system (2).
(2) For the stochastic equation system (2) with more than one random variable, i.e. m P 2, the joint diagonalization can
only be approximately achieved in this manner unless all the real symmetric matrices Ai (i = 1, . . . ,m) share exactly
the same eigen-structure. Consequently, the approximate result is essentially an average eigen-structure that mini-
mizes all the off-diagonal entries measured by

Pm
k¼1offðAkÞ. It should be noted that in a practical problem, the

approximate similarity among matrices Ai (i = 1, . . . ,m) is not only determined by the stochastic field of the physical
problem under consideration but is also influenced by the method employed to construct these matrices, which is
directly related to the choice of random variables ai (i = 1, . . . ,m). The effectiveness and efficiency of the proposed
approach depend on the degree of the eigen-structure similarity of the matrices involved. The applicability and lim-
itations of the approach will be explored further in the next section.

(3) As shown in the explicit solution (32), the performance of the proposed solution strategy is not influenced by either
the range or the type of random variations. In the previous sections, the right-hand side vector b of Eq. (2) has been
assumed deterministic, however, this restriction can be readily removed in the present approach, since there is essen-
tially no intermediate operation required on b until the final solution x is calculated for the given random variables ai

(i = 1, . . . ,m).
(4) The major computational cost of the proposed approach is the Jacobi-like joint diagonalization procedure which is

obviously proportional to m, the total number of matrices, as illustrated in the last section. This implies that the algo-
rithm can be easily parallelized and the total computational cost is proportional to the total number of random vari-
ables in the system.

4. Numerical examples

Three examples are employed to provide a numerical assessment of the overall performance of the proposed joint diag-
onalization method. All the numerical tests are conducted on a PC system with dual Intel Xeon 2.4 GHz processors and
1.0 GB DDR memory.

4.1. Example 1

This example is an artificially designed problem, aiming to demonstrate the effectiveness of the proposed procedure for
matrices with similar eigen-structures. The matrices Ai (i = 1, . . . ,m) are generated by

Ai ¼ QðKi þ DiÞQT ði ¼ 1; . . . ;mÞ; ð52Þ

where matrix Q is a given orthogonal matrix that remains the same for all the matrices Ai; and matrices Ki and Di,
representing the diagonal and the off-diagonal entries of the average eigen-structure respectively, are randomly generated
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Fig. 2. Computational cost of the Jacobi-like joint diagonalization algorithm: (a) convergence control level and (b) time cost of the Jacobi-like joint
diagonalization.
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Fig. 1. Contour plots of matrices Ai and P�1AiP: (a) an example of matrix A1 and (b) an example of matrix P�1AiP.
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matrices that differ with index i. In particular, matrices Ki are diagonal matrices whose diagonal entries are all positive;
matrices Di are real symmetric matrices whose diagonal entries are all zero and the absolute values of off-diagonal entries
are relatively small (about 10% in this example) compared with the corresponding diagonal entry in matrix Ki.

A typical matrix Ai and its transformed counterpart P�1AiP are respectively illustrated in Fig. 1(a) and (b), where the
entries in the matrix are linearly mapped into image pixels whose colours represent the values of the corresponding matrix
entries. It can be seen that the Jacobi-like joint diagonalization algorithm significantly reduces the magnitudes of the off-
diagonal entries when these matrices share approximately the same eigen-structure. As observed in Section 3.2, the com-
putational cost of the proposed Jacobi-like joint diagonalization algorithm is proportional to the total number of matrices.
This relationship is verified in Fig. 2(b), where the number of matrices m ranges from 50 to 500 and approximately the same
convergence level is achieved as shown in Fig. 2(a).

4.2. Example 2

The second example considers an elastic plane stress problem as shown in Fig. 3. Young’s modulus E of the random
medium is assumed to be a stationary Gaussian stochastic field with a mean value m(E) = 3.0 · 1010 Pa and a covariance

function CovðP 1; P 2Þ ¼ 6:561� 1019e
�ðx2�x1Þ2þ y2�y1ð Þ2

2:02 Pa2, where P1(x1,y1) and P2(x2,y2) denote any pair of points within the
stochastic field. Using a Karhunen–Loève expansion based scheme [24,6–9], the stochastic field is explicitly expanded into a
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Fig. 3. Structural illustration of Example 2.
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Fig. 4. Contour plots of matrices (a) A1 and (b) A2.
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finite function series, which in turn results in a stochastic equation system with the standard FEM procedure. The stochas-
tic system consists of m = 26 real symmetric matrices associated with a constant parameter a1 � 1 and mutually indepen-
dent standard Gaussian random variables ai (i = 2, . . . , 26).

To demonstrate the effectiveness of the joint diagonalization procedure, the images of matrices A1 and A2, and their
transformed counterparts A�1 ¼ P�1A1P and A�2 ¼ P�1A2P are respectively depicted in Figs. 4 and 5. It can be seen from
the figures that the total value of the off-diagonal entries, i.e.

Pm
k¼1offðAkÞ, is significantly reduced by the Jacobi-like joint

diagonalization. From the resulting average eigen-structure, the ratio of the off-diagonal entries to the Frobenius norm is
9.655 · 10�4, i.e.Xm

k¼1

offðA�kÞ :
Xm

k¼1

A�k
�� ��2

F
¼ 9:655� 10�4 : 1. ð53Þ

The corresponding convergence history is plotted in Fig. 6.
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Fig. 5. Contour plots of matrices (a) A�1 ¼ P�1A1P and (b) A�2 ¼ P�1A2P.
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Fig. 6. Convergence history of the Jacobi-like joint diagonalization.

Fig. 7. Solutions obtained with Monte Carlo, Neumann expansion and joint diagonalization methods (one sample path).
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Due to the number of random variables used in this example and the fluctuation range of these random variables,
only the Monte Carlo method and the Neumann expansion method (up to the sixth order expansion in Eq. (17)) are



Fig. 8. Solutions obtained with Monte Carlo, Neumann expansion and joint diagonalization methods (eight sample paths).
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implemented for comparison with the current joint diagonalization method. For one sample path of ai (i = 1, . . . , 26), the
comparison of the solutions x obtained respectively with the Monte Carlo method, the Neumann expansion method and
the joint diagonalization method is illustrated in Fig. 7. It can be seen that the proposed method obtains a good path-wise
solution (strong solution) to the stochastic equation system (2). Fig. 8 shows the comparison for eight sample paths and the
current method also gives a very good statistical solution (weak solution) to the stochastic equation system (2). In order to
obtain good empirical statistics of the 52 unknown random variables (i.e. the nodal displacements) used in this example,
500 path-wise solutions are calculated with the three different methods. The corresponding CPU time costs of 500 solutions
are recorded in Table 1. It can be seen that the joint diagonalization solution strategy exhibits the best performance in
terms of efficiency. However, as the joint diagonalization algorithm proposed in this work is based on the classical Jacobi
algorithm, this advantage may disappear for large-scale matrices.

Finally, for one sample path of the random medium, the contour plots of principal stresses are shown in Fig. 9. The
deterministic counterpart of this simple example, in which Young’s modulus takes a fixed value E = 3.0 · 1010 Pa, is also
Table 1
CPU time costs of 500 solutions

Monte Carlo method Neumann expansion method Joint diagonalization method

CPU time cost (s) 0.427 0.926 0.343

Fig. 9. Principal stress distribution of the random medium (for one sample path): (a) principle stress r1 and (b) principle stress r2.



Fig. 10. Principal stress distribution of the corresponding deterministic medium: (a) principle stress r1 and (b) principle stress r2.
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Fig. 11. Illustration of Example 3.
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analysed using the standard FE method with the same mesh structure and the principal stresses are illustrated in Fig. 10 for
comparison. As shown in Fig. 10(a), there is no horizontal stress distribution in this simple problem when the material
properties are constant. However, due to the spatial variation of material properties, a horizontal stress distribution is
observed in Fig. 9(a). It can be seen in Figs. 9(b) and 10(b) that, although the principal stress level in the stochastic case
is very close to the deterministic case, there is a visible random variation of the principal stresses resulting from the prop-
erty variation throughout the random medium, as expected.

4.3. Example 3

A simplified tunnel model as shown in Fig. 11, in which the stochastic field of Young’s modulus has a mean value

m(E) = 3.0 · 1010 Pa and a covariance function CovðP 1; P 2Þ ¼ 3:8025� 1020e
�ðx2�x1Þ2þ y2�y1ð Þ2

2:02 Pa2, is considered in this
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Fig. 12. Convergence history of the Jacobi-like joint diagonalization.

Fig. 13. Principal stress distribution of a simplified tunnel model (for one sample path): (a) principle stress r1 and (b) principle stress r2.

Fig. 14. Principal stress distribution of the corresponding deterministic model: (a) principle stress r1 and (b) principle stress r2.
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example. The stochastic system of linear algebraic equations is formed through a similar procedure as used in the previous
example. After joint diagonalization, the ratio of the off-diagonal entries to the Frobenius norm is 6.024 · 10�3, and the
corresponding convergence history is shown in Fig. 12.

A corresponding deterministic model, sharing the same geometric configuration but setting Young’s modulus to a fixed
value E = 3.0 · 1010 Pa, is also analysed using the standard FE method. Principal stress distributions of the stochastic
model and the deterministic model are respectively shown in Figs. 13 and 14, from which it can be observed that the stress
distribution of the stochastic model is not only influenced by the model structure but also by the random material property
variation throughout the medium.

5. Conclusions

This paper presents a novel strategy for solving the stochastic system of linear algebraic equations (2) originating from
stochastic finite element methods. Firstly, the solution strategy simultaneously diagonalizes all the matrices in the system to
obtain an average eigen-structure. The stochastic equation system is then decoupled by joint diagonalization and its
approximate solution is explicitly obtained by inverting the resulting diagonal stochastic matrix and performing the cor-
responding similarity transformation. For the joint diagonalization, the classical Jacobi method has been modified for use
with multiple symmetric matrices, while preserving the fundamental properties of the original version including the con-
vergence and the explicit solution to the optimal Givens rotation angle. The computational cost of this Jacobi-like joint
diagonalization algorithm is proportional to the total number of matrices in the system. This infers that it can be easily
parallelized. For the solution of the stochastic system of linear algebraic equations, using the proposed approach, there
is no restriction regarding either the range or the type of random variations in consideration.

Even though the presented strategy gives an explicit solution to Eq. (2) in a closed form, the authors do not advocate the
Jacobi-like joint diagonalization algorithm for large-scale matrices. Indeed for a single matrix the classical Jacobi algorithm
is not the most efficient method and does become extremely slow in dealing with a larger matrix. In this paper, the joint
diagonalization of multiple matrices is achieved through a similarity transformation by using an orthogonal matrix, thus its
performance depends on the approximate similarity of the matrix family, which is not only determined by the stochastic
field associated with the physical problem in consideration but is also strongly influenced by the method used to construct
these matrices. These are the major limitations of the proposed Jacobi-like joint diagonalization algorithm.

It should be noted that neither the similarity transformation nor the orthogonal matrix is necessary and essential in this
solution strategy. For example, it is trivial to prove that for two real symmetric matrices A and B, if at least one of these is
positive definite, then there exists an invertible matrix C, which is not necessarily (and usually is not) orthogonal, to simul-
taneously diagonalize both matrices through a congruent transformation such that CTAC and CTBC are real diagonal
matrices.

The proposed joint diagonalization strategy may provide an alternative way to solve the stochastic system of linear alge-
braic equations in small scale cases. It is well known that for a deterministic system of linear algebraic equations (1), there
exist various numerical algorithms developed for different types of matrices and different solution requirements, which are
all explicitly or implicitly based on inverting the matrix in consideration. For a more general stochastic system of linear
algebraic equations (2), it can be similarly expected that there will be different numerical algorithms based on the joint diag-
onalization of multiple matrices, which essentially give an approximate inverse of the matrix family as shown in the pre-
vious sections. Finally, for large-scale cases, an improved algorithm which combines the current procedure with dimension-
reduction techniques is very promising and this will be addressed in future publications.

A free C++ code of the presented solver to the stochastic system of linear algebraic equations is available upon request.
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Boston, 1996.
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