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Abstract

The development of NURBS-Enhanced Finite Element Method (NEFEM) is
revisited. This technique allows a seamless integration of the CAD boundary
representation of the domain and the finite element method (FEM). The im-
portance of the geometrical model in finite element simulations is addressed
and the benefits and potential of NEFEM are discussed and compared with
respect to other curved finite element techniques.
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1. Introduction

This paper revisits the state of the art of an efficient methodology to
integrate the NURBS boundary representation of the domain into a stan-
dard finite element framework: the so-called NURBS-enhanced finite element
method (NEFEM).

Non-uniform rational B-splines (NURBS, see [72]) are nowadays widely
used for geometric description in Computer Aided Design (CAD). Other
popular options for geometric description in CAD are polynomial B-splines (a
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particular case of NURBS) and subdivision surfaces. This fact has motivated
the development of novel numerical techniques considering CAD descriptions
of the computational domain.

NURBS-Enhanced Finite Element Method uses NURBS to accurately
describe the boundary of the computational domain and the solution is ap-
proximated using polynomials defined with Cartesian coordinates, directly in
the physical space. From a practical point of view, NEFEM considers efficient
strategies for numerical integration on elements affected by curved bound-
aries. It is worth remarking that at elements not intersecting the boundary
classical finite elements (FEs) are used, preserving the efficiency of the finite
element method (FEM).

NEFEM was first presented for 2D domains in [79], showing the advan-
tages in front of classical isoparametric FEs using both continuous and dis-
continuous Galerkin formulations for the numerical solution of some test
problems. It is important to remark that all the ideas presented in [79] are
valid not only when the boundary of the domain is parametrized by NURBS,
but for any piecewise boundary parametrization. The discussion is centered
on NURBS boundary parametrization because they are the most extended
technology in CAD. In [80] NEFEM was shown to be a porwerful tool for
solving compressible flow problems governed by the Euler equations of gas
dynamics.

Several high-order FE methodologies for the treatment of curved bound-
aries are discussed and compared in [82], including isoparametric FEM,
Cartesian FEM, p-FEM and NEFEM. Numerical examples show that NE-
FEM is not only more accurate than FE methods with an approximate
boundary representation, but also outperforms p-FEM with an exact bound-
ary representation, showing the advantages of combining Cartesian approxi-
mation with exact boundary representation.

In [81] the extension of NEFEM to 3D domains is presented. Although
conceptually easy, the extension of NEFEM to 3D requires attention to sev-
eral geometric aspects. The advantages of NEFEM in front of other curved
FE techniques are discussed and illustrated using numerical examples.

This paper is organized as follows. In Section 2 a review of FE tech-
niques for curved boundaries with a historical perspective is presented. An
introductory overview of Non-Uniform Rational B-Splines is given in Sec-
tion 3. Section 4 is devoted to review NEFEM. The core concept is first
described and technical details regarding the polynomial approximation and
the numerical integration in curved elements is presented. Optimal a priori
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error estimates for NEFEM are recalled and, finally, some implementation
details are summarized in order to facilitate the adoption of NEFEM by the
FE community. In Section 5 a critical comparison between FE techniques
used in domains with curved boundaries is presented, with particular empha-
sis in two issues: the exact boundary representation of the domain and the
consistency of the approximation. The numerical examples presented in Sec-
tion 6 range from second-order elliptic problems to more complex problems
involving the numerical solution of Euler and Maxwell’s equations. The ap-
plication of NEFEM in continuous and discontinuous Galerkin frameworks
is illustrated. In the numerical examples NEFEM is shown as a powerful
strategy to efficiently treat curved boundaries and to avoid excessive mesh
refinement when complex geometric objects are considered. Finally, Section
7 summarizes the main conclusions and Section 8 discusses some areas of
future research.

2. Historical perspective

The origin of the finite element method (FEM) is mainly attributed to
pioneer works in the field of airplane structural analysis, see [104, 19] for
an overview of the early history of the FEM. The need of curved elements
to improve the quality of the shape discretization soon arose and the first
approach introduced to efficiently deal with curved boundaries were the so-
called isoparametric elements, see [35, 103]. In these works the authors
pointed out that in a practical setting, mesh refinement is governed by the
need to accurately represent curved geometric objects, and the use of curved
elements was proposed in order to retain accurate boundary descriptions
without performing excessive mesh refinement. The key idea of isoparamet-
ric elements was to employ the same polynomial functions to approximate
the solution and to define the mapping between the reference element and the
physical element, hence the term isoparametric. This approach was rapidly
adopted for solid mechanics applications due to its straightforward imple-
mentation and its relatively good performance.

During the 1970s, there was an increasing interest in the development and
analysis of curved finite elements, see [17, 77, 93, 107, 106, 108, 38, 39]. The
technique presented in [106, 108] is recognized to be the first FEM consider-
ing an exact boundary representation. Triangular elements with one curved
edge were introduced, and the isoparametric mapping was modified to map
a reference element into the triangular element with an exact boundary de-
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scription. A similar approach was developed in [77], also using triangular
elements with one curved side corresponding to the exact boundary. Alter-
natives to the standard polynomial approximation of the solution were also
proposed within the context of curved FEs with an exact boundary represen-
tation, see for instance the rational basis in [93, 94]. Nevertheless, all these
FE techniques with exact boundary representation were not considered a
practical tool, but a mathematical idealization, due to the impossibility to
extend the ideas to 3D domains.

The necessity of accurate geometric descriptions in the automotive in-
dustry was the origin of the so-called blending mappings proposed in [38].
This mappings represented an inflection point in the development of general
procedures to exactly treat curved boundaries as they were the core concept
of a new and successful family of elements called transfinite elements, see
[39]. The key idea was to introduce blending functions to define a mapping
between a reference square and a subdomain with the boundary given by four
parametric curves. The problem of geometric inaccuracies associated to the
isoparametric transformation are removed by blending mappings, and higher
degrees of interpolation can be successfully employed. Therefore, blending
mappings were naturally adopted in the so-called p-version of the FEM (p-
FEM), see [4] and a recent review in [86]. In this approach the mesh remain
fixed (usually containing large elements) and the degree of the approxima-
tions is increased in order to properly capture the solution. Therefore, an
accurate geometric description is crucial in this context.

During the 1980s a great effort was dedicated to the study of approxima-
tion spaces that guarantee optimal convergence of the finite element method
in the presence of curved boundaries, see for instance [14, 95, 32, 61, 12].

Despite the early introduction of curved FE techniques for solid mechan-
ics applications, in the 1980s and 1990s the geometric description was an
important handicap for computational fluid dynamics (CFD). In particular,
linear approximation of curved walls in numerical solutions of Euler equations
of gas dynamics was identified as the origin of spurious entropy production
near curved boundaries. In a finite volume (FV) context, see [7], the problem
was identified in [27, 8]. In cite [98] a local approximation of the curvature
is used in order to enhance the imposition of the wall boundary condition
on curved boundaries, resulting in a dramatic reduction of the entropy pro-
duction. More recently, in the so-called spectral volume method, see [99],
the accurate treatment of curved boundaries has been identified as a critical
issue. In [97] the spectral volume method is extended to the two-dimensional
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Euler equations with curved boundaries and in [44] the authors implement
the ideas of [55] to enhance the accuracy of the approximation in the pres-
ence of curved walls. In a discontinuous Galerkin (DG) context, see [20], the
same problematic when solving Euler equations was identified in [9]. In [92]
a detailed study of this problem is presented to conclude that accurate re-
sults can only be obtained taking into account the curvature of the boundary.
More recently, in [55] a new methodology is presented for the computation of
the fluxes across curved boundaries but, unfortunately, the proposed method
is not conservative. In [34], the advantages of using high-order isoparametric
elements for the numerical solution of inviscid compressible flow problems
are also illustrated. Using ultra-coarse meshes and high-order approxima-
tions the authors show the benefits of curved elements. In fact, this work
evidences the necessity of better than isoparametric boundary representa-
tion when coarse meshes are considered because the C° continuity of the
curved boundary between elements is shown to have an important impact
in quantities of interest such as the pressure coefficient over an airfoil pro-
file.  More recently, in [37] a different mapping is proposed based on the
boundary representation with Bézier curves. Imposing C! continuity of the
approximated boundary an important improvement is obtained compared to
standard isoparametric mappings. It is worth recalling that the necessity of
curved elements and a C! continuity approximation of the boundary in fluid
mechanics applications was very early pointed out as a key issue for obtaining
accurate solution without excessive mesh refinement, see for instance [68].

Accurate geometric descriptions are also relevant in other areas of fluid
mechanics such as the numerical solution of the Navier-Stokes equations, see
for instance [62, 57|, but the importance of the geometrical model is not
exclusive of fluid mechanics. Maxwell’s equations are also very sensitive to
an accurate geometric description. In [102] the error induced by isoparamet-
ric approximations of curvilinear geometries is studied. By solving the 3D
Maxwell’s equations in a sphere, the authors show that an exact descrip-
tion of the geometry reduces the error in one order of magnitude compared
to isoparametric elements. Similar conclusions are derived in [64] for lin-
ear elasticity problems. They conclude that sizable errors are present in the
numerical solution when the order of the geometric approximation is lower
than the order of the functional interpolation. The relevance of an accurate
geometric model for some applications in solid mechanics is also illustrated in
[69], where the use of B-splines is proposed for the geometric representation
of the interface in frictionless contact problems.
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Curved FE were developed during the 1970s and 1980s without regard-
ing the emerging CAD industry. The great impact of CAD technology in
the FE community arrived in the 1980s. In fact, researchers on the field
of shape optimization were the first to promote the so-called marriage of
CAD and FE. In a shape optimization process, the integration of CAD into
the analysis stage is crucial to avoid the geometric approximation inherent
in a mesh. In [75] transfinite elements were implemented using NURBS for
the geometric description. Obviously, the rational nature of NURBS leads
to rational function maps between the reference element and the element in
the physical space. Note however that the solution is approximated using
polynomials. Some inaccuracies associated to the lack of satisfaction of the
isoparametric concept are mentioned in [75], but not further explained. To
obtain an isoparametric approach, the exact boundary representation was
abandoned, and a simplification of the geometry with polynomial B-Splines
was proposed. Thus, some of the advantages of NURBS, such as exact rep-
resentation of conics, were lost.

Over the 1990s, other authors focused their attention on integrating
NURBS technology into FE codes. For instance, in [29] an element geometric
mapping also based on blending functions with NURBS is proposed. More
recently, in [67], p-FEM with NURBS for the boundary representation is ap-
plied to plane elasticity problems. The inaccuracies previously mentioned
in [75] are also reported, and the lack of satisfaction of the isoparametric
concept is alleviated by a rational enrichment of the polynomial basis used
to approximate the solution.

The relevance of an accurate geometry description also motivated, in the
late 1990s, a new family of FE-like techniques based on CAD, which is still
today object of intensive research: isogeometric methods. The key idea is to
use the same CAD representation for both geometrical design and analysis.
Thus, contrary to classical FE methodologies, the whole domain is treated
as a CAD entity, not only the boundary of the domain. Moreover, classical
polynomial approximations of the solution are abandoned and the solution
is approximated with the same basis used in the CAD environment. The
first application is again encountered on shape optimization, using B-Splines
for the geometrical description and for the mechanical analysis, see [53]. In
the 2000s, more advanced CAD technology have been applied following the
same rationale. In [18] subdivision surfaces are used for thin shell analysis and
relevant advantages are found due to the sensitivity of shells to an inaccurate
geometric representation. More recently, NURBS have been used to develop
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isogeometric methods, see for instance [51, 49]. In [51] the application of a
NURBS isogeometric method to shape optimization processes is presented.
Finally, in [49] a more general framework known as isogeometric analysis is
proposed. This approach is not only focused on the accurate representation
of the geometry, but also in the possibilities of NURBS as a basis for the
approximation. See more recent advances in [25].

3. Non-Uniform Rational B-Splines (NURBS)

This section provides a brief introduction to NURBS curves and surfaces.
Core concepts used in the following sections are introduced and the reader
is referred to [72, 74] for a complete presentation.

3.1. NURBS curves

A gth-degree NURBS curve is a piecewise rational function defined in
parametric form as

C(\) = (Z:; v, B, Cf(A)) / @2 v, cg(A)) 0<A<,

where {B;} are the coordinates of the nc, + 1 control points (forming the
control polygon), {v;} are the control weights, and {C{(\)} are the normalized
B-spline basis functions of degree ¢, which are defined recursively by

1 if A e Ay, Aisal,

0 elsewhere,

o) = {

A=\ A —A
CF(N) = S0 () + Sl (),
» Aigk — Ai ¥ Nk — Aigr »
for k=1...q, where \;, for i =0,...,ng, are the knots or breakpoints, which

are assumed ordered 0 < \; < \;;1 < 1. They form the so-called knot vector
A: {07---707)\q+17---7)\nqu71717---71}7
—— ——
q+1 q+1

which uniquely describes the B-spline basis functions. The multiplicity of
a knot, when it is larger than one, determines the decrease in the number
of continuous derivatives. The number of control points, n.p,+1, and knots,
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Figure 1: B-spline basis functions for the knot vector (1)

7y

Figure 2: NURBS curve (solid line), control points (denoted by o), control polygon (dashed
line) and breakpoints (denoted by o)

n,+1, are related to the degree of the parametrization, ¢, by the relation
n, = e, + ¢ + 1, see [72] for more details. Figure 1 shows the B-spline basis
functions for the knot vector

A ={0,0,0,0.2,0.4,0.6,0.8,0.8,1,1,1}. (1)

Note that NURBS are piecewise rational functions, whose definition changes
at knots. An example of a NURBS curve is represented in Figure 2 with the
corresponding control polygon. The image of the breakpoints or knots by
the NURBS are depicted in order to stress the discontinuous nature of the
parametrization. In practice CAD manipulators work with trimmed NURBS,
which are defined as the initial parametrization restricted to a subspace of
the parametric space. Figure 3 shows the NURBS curve of Figure 2 trimmed
to the subinterval [0.05,0.75].
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Figure 3: Trimmed NURBS curve with A € [0.05,0.75] (solid line), control points (denoted
by o), control polygon (dashed line) and breakpoints (denoted by o )

3.2. NURBS surfaces

A NURBS surface of degree ¢ in A and degree [ in k, is a piecewise rational
function defined in parametric form as

nép cp ng\p nc’{p
S(A (ZZV”B SqlAﬁ))/( VUSq’()\ R)) 0<\k<1,
i=0 j=0 i=0 j=0

where {B;;} are the coordinates of the (ng,+1)(nf, +1) control points (defin-

ing the control net), {v;;} are the control weights, and {SZ’;()\, k)} are the
2D B-spline basis functions of degree ¢ in A and [ in x. Each 2D B-Spline
basis function is defined as a tensor product of 1D basis functions, that is

7l Pyp— l
SH(\ k) = CHA)CS(K). (2)
Figure 4 shows two 2D B-spline basis functions for knot vectors
*=1{0,0,0,0.2,0.6,0.6,1,1,1},

={0,0,0,0,0.4,1,1,1,1}.

Complete 1D basis are represented for each direction to illustrate the con-
struction of 2D basis functions as described in Equation (2).

Note that NURBS surfaces change their definition along knot lines, that
is when A = \;, fori =1,...,n), or k = k;, for i = 1,...,nf. An example of
a NURBS surface is represented in Figure 5 with the corresponding control
net. Knot lines are represented on the NURBS surface in order to stress
the discontinuous nature of the parametrization. An example of a trimmed
NURBS surface is represented in Figure 6, showing the NURBS surface of
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Figure 4: Example of 2D B-spline basis functions
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Figure 5: (a) Parametric space, (b) NURBS surface with knot lines, and (c¢) control net
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(a) (c)

Figure 6: (a) Parametric space trimmed by the thick curve, (b) trimmed NURBS surface
with knot lines and the thick curve used to trim the initial surface of Figure 5, and (c)
control net

K:A

1

0.6

0.2

0 0.4 1

(a) (b) (c)

Figure 7: (a) Parametric space, (b) singular NURBS surface with knot lines, and (c)
control net

Figure 5 trimmed with the thick curve. In practical applications, it is also
common to deal with singular (or singularly parametrized) NURBS surfaces.
Such surfaces contain at least one singular point, defined as a point where a
directional derivative is zero. For these surfaces, knot lines typically converge
to the singular point, see an example in Figure 7.

4. NURBS-Enhanced Finite Element Method (NEFEM)

This section introduces the fundamental ideas of NEFEM in 2D and 3D
domains, see [79, 81| for further details. The core concept is first described
and the strategy to define curved entities in NEFEM is detailed. Special
attention is paid to the design of efficient strategies in order to define high-
order approximations and to perform the numerical integration on curved
NEFEM elements. Optimal a priori error estimates for h and p refinement

11
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Figure 8: (a) Domain with part of the boundary defined by curved NURBS surfaces
corresponding to the NASA almond, (b) cut through an unstructured tetrahedral mesh
with the surface triangular mesh on the almond, and (c) detail of the mesh near the almond

are recalled, and implementation details are given in order to facilitate the
adoption of NEFEM.

4.1. NEFEM concept

Consider an open bounded domain 2 whose boundary 0f2, or a portion
of it, is parametrized by NURBS curves in 2D or surfaces in 3D. In 2D every
NURBS is assumed to be parametrized by

C:[0,1] — C(]0,1]) C 90 C R*.
Analogously, in 3D every NURBS is assumed to be parametrized by
S :[0,1]* — S([0,1]*) C 90 C R?.

A regular partition of the domain ) = U. Q. in simplices is assumed, such
that Q; (N Q; = 0, for i # j. For instance, Figure 8 shows a 3D computational
domain with part of the boundary defined by NURBS surfaces corresponding
to the NASA almond [30], a useful geometry for benchmarking electromag-
netic scattering codes. A cut through an unstructured tetrahedral mesh is
also represented in Figure 8, including the surface triangular mesh on the
almond.

As usual in FE mesh generation codes, it is assumed that every curved
boundary face belongs to a unique NURBS. That is, one element face can
not be defined by portions of two, or more, different NURBS. Note however

12
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Figure 9: (a) Knot lines of the NURBS surfaces defining the NASA almond, (b) surface
triangulation, and (c) surface triangulation and knot lines

that the piecewise definition of each NURBS is independent on the mesh dis-
cretization. Thus, NURBS parametrization can change its definition within
one face, that is, FE edges do not need to coincide with knot lines. Figure
9 shows the image of the knot lines of the NASA almond surfaces and the
surface triangulation corresponding to the mesh represented in Figure 8. It
can be observed that spatial discretization is independent of the piecewise
NURBS surface parametrization. It is worth remarking that allowing changes
of NURBS parametrization to be independent on the spatial discretization
means that special attention must to be paid to the numerical integration
over elements affected by the NURBS boundary representation, see Section
4.4.2.

An element without any edge or face in contact with NURBS boundaries
has planar faces and it is defined and treated as a standard FE. Therefore, in
the vast majority of the domain, interpolation and numerical integration are
standard, preserving the computational efficiency of classical FEM. Specifical
numerical strategies for interpolation and numerical integration are needed
only for those elements affected by NURBS boundaries.

4.2. Curved elements

In NEFEM, curved elements are defined in terms of the NURBS boundary
representation of the domain. The formal definition of curved faces and
elements in a NEFEM mesh is given in this section.

4.2.1. 2D elements
Let I'. be an edge on the NURBS boundary parametrized by C, and
Ty, xo € 0F) the two vertices on the NURBS boundary, see Figure 10. The

edge is defined by
Ie := C([A], A3)),

13
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y /1
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Figure 10: Parametrization of a curved triangular element with a edge on the NURBS
boundary

where A{ and A§ are the parametric coordinates (in the parametric space of
the NURBS) of the end points of T..

A curved triangular element with an edge on the NURBS boundary is de-
fined as a convex linear combination of the curved NURBS edge and the in-
terior vertex. For instance, element represented in Figure 10 is parametrized
by

P R— €,
(N Y) — (N, 0) == (1 = 9)C(N) + Dz,

where R = [A{, XS] x [0, 1] and @3 is the internal vertex of €2, see Figure 10.

(3)

4.2.2. 3D elements

Let T, be a tetrahedral face on the NURBS boundary parametrized by S,
and x1, Ty, 3 € 0L the three vertices on the NURBS boundary, see Figure
11. Assuming that the vertices @1, x5, 3 do not correspond to singular points
of the NURBS parametrization, a straight-sided triangle A, in the parametric
space of the NURBS is uniquely defined by the parametric coordinates of the
vertices, §7'(x1), S~ (x,) and S~ '(x3). The curved face with a NURBS
boundary representation, Y., is defined as the image of the straight-sided
triangle A, by the NURBS parametrization S,

T, := S(A.), (4)

as illustrated in Figure 11.

Note that when the surface S is trimmed by a curve C' in the paramet-
ric space of the NURBS, the edges of the triangle A, must be replaced by
trimmed NURBS curves. In such cases A, is a curved triangle in the para-
metric space of the NURBS and curved edges of A, are NURBS curves (used
to trim the original surface), see an example in Figure 12. Finally, assuming

14
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Figure 11: Parametrization of a curved tetrahedral element with a face on the NURBS
boundary, showing a face Y. on the NURBS boundary, and a face TEZ with an edge on
the NURBS boundary, Y%

‘A
1
C-
S
N —
0 Q
0 1 ”

Figure 12: Curved tetrahedral face on a trimmed NURBS boundary. NURBS surface S
is trimmed by NURBS curve C, leading to a curved triangle A, in the parametric space

15
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A

OO 1

Figure 13: Curved tetrahedral face on a singular NURBS boundary with a singular point,
leading to a quadrilateral A, in the parametric space

that one of the vertices of the tetrahedral face corresponds to a singular point
of the NURBS parametrization, A, must be defined as a quadrilateral in the
parametric space of the NURBS, see an example in Figure 13.

Interior curved faces with an edge on the NURBS boundary are defined
as a convex linear combination of the curved edge and the interior face node.
For instance, curved face Y% represented in Figure 11 is parametrized by

61134 : [Qla QQ] X [07 1] o TeE

(0,0) — Ou,(0,0) := (1 — 0)0(0) + o4, (5)

where 0([o1, 02]) parametrizes the curved edge from vertex x, to vertex xs.
Note that this approach to define interior curved faces ensures the same
definition of an interior curved face as seen from the two elements sharing
this face. Note also that other types of curved faces are present in real meshes,
such as faces with several edges over the NURBS boundary. A systematic
way of defining all possible curved faces is presented in Section 4.4.2.

With this definition of curved faces, a curved tetrahedral element with
a face on the NURBS boundary is defined by a convex linear combination
of the curved NURBS face and the interior vertex. For instance, element
represented in Figure 11 is parametrized by

oA x[0,1] — Q.

(A, k6, 9) — U\, 1, 09) i= (1 — 9)S(\, k) + Va4, (6)

where x; denotes the interior vertex of €).. Similarly, an element with an
edge on the NURBS boundary corresponds to a convex linear combination
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Figure 14: Curved tetrahedral elements with an edge on the NURBS boundary

of one of its curved faces an the opposite node, and can be parametrized by

P [Qla QQ] X [0, 1]2 — Qe (7)

(Qa g, T) — (I)(Qa g, T) = (1 - 7)9:133(@7 0) + Ty,
where &3 and x4 are the interior vertices of €2, see Figure 14. Note that the
definition of ® in Equation (7) is independent on the order of the interior
vertices &3 and x4. That is, element €2, can be equivalently parametrized by

q)(ga g, 7_) = (]‘ - T)®w4(ga 0) + T3,

It is worth remarking that interior edges, (i.e, edges with no more than one
node over the NURBS boundary) are considered as straight edges. Note that
this assumption allows to ensure that the elements affected by the NURBS
boundary representation of the domain are only elements with at least one
face or one edge over the NURBS boundary, and therefore, the overhead in-
troduced by NEFEM is restricted to a very small portion of the total number
of elements.

4.8. High-order approximation in curved elements

NEFEM considers nodal polynomial interpolation in each element. To
ensure reproducibility of polynomials in the physical space, NEFEM defines
the approximation directly with Cartesian coordinates, x, that is

DNen

u(x) ~ u(x) = Z u;N;(z), (8)
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where u; are nodal values, N; are polynomial shape functions (Lagrange
polynomials) of order p in @, and n, is the number of element nodes. Re-
call that in isoparametric FEM or p-FEM the approximation is defined in a
reference element. However, contrary to NEFEM, the definition of the poly-
nomial basis for high-order curved elements does not ensure reproducibility
of polynomials in the physical space.

To make the computation of Lagrange polynomial basis more systematic,
for any degree and for any distribution of nodes, the implementation proposed
in [83, 46] is adapted to define the approximation in Cartesian coordinates.

Given a nodal set with coordinates {z;};=, the Lagrange polynomial
basis { N;(x) }7= can be expressed in terms of the polynomial basis { P;(x) }7=
as

Ni@) =Y [V7], P (@) 9)
j=1

where the multidimensional Vandermonde matrix is defined as V;; := Pj(x;),
for i,7 = 1,...,ne. Note that Equation (9) holds for any polynomial basis
{P;(x)};=. Here a polynomial basis { P;(x)};= with the required degree and
whose definition is independent of the nodal coordinates is considered. In
fact, the polynomial basis considered here is derived from the Jacobi polyno-
mials, see [87, 33], to ensure moderate condition number for the Vandermonde
matrix V, see also [54].

Different options can be considered to define a nodal distribution in €2,.
Any nodal distribution, such as equally-spaced nodal distributions, can be
defined on the (imaginary) element with planar edges/faces given by the
vertices of (2., or adapted to the NURBS geometry, see Figures 15 and 16.
It is worth remarking that, even if the nodes are placed over an imaginary
element with planar faces, the approximation is only defined on the interior
of the curved element €2, with the NURBS boundary representation.

The definition of a nodal distribution on the element with planar faces,
see Figures 15 (a) and 16 (a), induces a marginal extra efficiency, avoiding
to define a specific nodal distribution for each curved element. Adapting a
nodal distribution to the NURBS geometry, see Figures 15 (b) and 16 (b),
allows a seamless imposition of boundary conditions in strong form, directly
imposing the value of the solution at nodes on the boundary. But, nodal
distributions adapted to curved boundaries do not represent any implemen-
tation advantage if boundary conditions are imposed in weak form, as usual
in DG formulations. Note however the evolution of the condition number,
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(a) (b)

Figure 15: Equally-spaced nodal distribution for p = 5 (a) defined using the (imaginary)
triangle with planar faces, and (b) adapted to the curved geometry

(b)

Figure 16: Equally-spaced nodal distribution for p = 3 (a) defined using the (imaginary)
tetrahedral with planar faces, and (b) adapted to the curved geometry
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Figure 17: Condition number of the mass matrix as a function of the interpolation degree

(p)

shown in Figure 17, for the element mass matrix as a function of the polyno-
mial degree of approximation, p. Adapted distributions of nodes induce an
important reduction on condition number.

For very high-order approximations, let say p > 5, equally-spaced nodal
distributions may lead to ill-conditioned elemental matrices, even if adapted
distributions are considered. In this case, it is more convenient to use special
distributions of nodes in order to reduce the condition number of the resulting
element matrices, see for instance the distributions proposed in [15, 16, 89,
45, 63, 100]. Figures 18 and 19 show Fekette nodal distribution in a triangle
and the distribution proposed in [45] in a tetrahedral element. Adaptation
of such distributions to the curved geometry lead to an extra reduction in
condition number of the elemental matrices, see Figure 17.

In the examples of Figures 15, 16, 18 and 19, the use of nodal distri-
butions non-adapted to the NURBS boundary implies that some nodes lie
outside the region of interest (i.e., the area/volume that defines the curved
element). Shape functions associated to those nodes contribute very little to
the elemental mass matrix deteriorating its condition number, see for instance
the shape functions associated to a triangular with a degree of interpolation
p = 3 for adapted and non-adapted Fekette nodal distributions in Figure 20.
The problem is far more evident as the degree of the approximation is in-
creased because more nodes lie outside the region of interest. Obviously, the
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Figure 18: Fekette nodal distribution for p =5 (a) defined using the (imaginary) triangle
with planar faces, and (b) adapted to the curved geometry

(b)

Figure 19: Fekette nodal distribution for p = 3 (a) defined using the (imaginary) tetrahe-
dral with planar faces, and (b) adapted to the curved geometry
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Figure 20: Polynomial basis functions for a NEFEM curved element with Fekette nodal
distributions and p = 3: (a) on the straight-sided triangle given by its vertices, and (b)
adapted to the exact geometry

condition number of elemental matrices for non-adapted nodal distributions
is highly dependent on the geometry of the curved element. To illustrate
that dependence, Figure 21 shows the evolution of the condition number of
the elemental mass matrix as a function of d/h where h is the characteristic
element size and d is the maximum distance between the curved boundary
and the straight line connecting the two vertex on the boundary. It is worth
remarking that the condition number for adapted distributions does not de-
teriorate as the element is distorted.

4.4. Numerical integration in curved elements

Weak form of the problem requires both integrations over element edges/faces
and in element interiors. Integrals in elements not having an edge or face in
contact with NURBS boundaries are computed using standard procedures.
For an element €). affected by the NURBS boundary representation, de-
sign of specific quadratures is necessary. Special attention must be paid
to the definition of suitable quadratures accounting for changes of NURBS
parametrization within an element face or edge.

This section present numerical integration on curved edges/faces (line/surface
integrals, usually related to the implementation of natural boundary condi-
tions or to flux evaluation over the face in a DG context) and in curved
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Figure 21: Condition number of the elemental mass matrix as a function of d/h

elements (volume integrals).

4.4.1. 2D case
A line integral to be computed along a curved boundary edge given by a
trimmed NURBS, T'. = C([A{, \§]), can be written as

/F fdf:/ “HEW) 1T dA,

)\e
Al

where f is a generic function (usually polynomial), and ||J¢|| denotes the
norm of the differential of the NURBS parametrization C' (which, in general,
is not a polynomial). As usual, a 1D numerical quadrature is used for the
numerical computation of the integral, namely

Nip

| Sl Z FCO) 1 Te(X)| wi, (10)

where )\; and w; are the coordinates and weights of the n;, integration points
in (A7, A5).

Recall that a NURBS parametrization, C| is a piecewise rational function
whose definition changes at the breakpoints. Thus, an independent numer-
ical quadrature must be considered for each one of the intervals between
breakpoints in order to take into account the discontinuous nature of the
parametrization.
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Figure 22: Number of integration points required to integrate all the polynomials of degree
of equal to 2p with an accuracy of (a) 1076 and (b) 107! along the trimmed NURBS
describing a quarter of a circle

When a polynomial interpolation of degree p is considered in the NEFEM
context, it is interesting to know the minimum number of integration points
needed to integrate all the polynomials of degree less or equal to 2p with a
desired accuracy. Figure 22 shows the number of integration points needed
to integrate all the polynomials of a degree less or equal to 2p with an accu-
racy of 107% and 107!° respectively along the trimmed NURBS describing a
quarter of a circle. The results using simple and composite Gauss-Legendre
quadratures are displayed. For a NEFEM computation with polynomials of
degree p = 5, simple Gauss-Legendre quadratures provide an accuracy of
107° in the boundary integrals using 10 integration points. Gauss-Legendre
composite quadratures with n = 4 require 5 subintervals, i.e. 20 integra-
tion points, to obtain the same accuracy, and Gauss-Legendre composite
quadratures with n = 8 require 2 subintervals, i.e. 16 points. For a NEFEM
computation with polynomials of degree 10, an accuracy of 107° is attained
with simple Gauss-Legendre quadratures with 15 integration points whereas
composite Gauss-Legendre quadratures with n = 4 require 28 integration
points and composite Gauss-Legendre quadratures with n = 8 require 24 in-
tegration points. If the desired accuracy is 107! the number of integration
points is only slightly increased for simple quadratures whereas composite
quadrature suffer from a higher increase in computation cost. For instance,
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for a NEFEM computation with polynomials of degree 10, simple Gauss-
Legendre quadrature require 19 points, composite quadratures with n = 4
require 16 subintervals, i.e. 64 points, and composite quadratures with n = 8
require 4 subintervals, i.e. 32 points. Same conclusions are obtained for the
integration along other trimmed NURBS, see [].

Although the faster convergence is obtained for high-order simple quadra-
tures, the use of composite rules is very attractive, allowing to control the
error in a straightforward manner, see for instance [28]. Numerical exper-
iments reveal that other popular quadrature rules such as trapezoidal and
Simpson composite rules or Romberg’s integration are not competitive com-
pared to Gauss-Legendre quadrature rules.

NEFEM also requires to compute integrals in an element 2. with one
edge I'. on the NURBS boundary, see Figure 10. Using the transformation
in Equation (3), element integrals are computed as

/Q fdQ:/Rf(‘P(%ﬂ)) | T (A, 9)| dA dY,

where | Jg| is the determinant of the Jacobian of the transformation 4. The
integral can be evaluated using 1D Gauss-Legendre quadratures in each di-
rection as

Nip Mip
| raas3 S repein )l (1)
e i=1 j=1
where n;; and m;;, are the number of integration points in A and ¥ directions,
respectively, &; = (X, 9;), and {\;,w;};2 and {¥;,@;};* are the 1D
quadrature points and weights for [A{, A5] and [0, 1] respectively.

Remark 1. When the transformation from the rectangle ¥ s considered,
the integrals involved in the elemental matrices, for a NEFEM solution with
interpolation of degree p, can be exactly computed for one of the parameters,
¥, using a Gauss-Legendre quadrature with p + 1 integration points. The
other dimension, X\, can be integrated using the same quadrature considered

for line integrals over NURBS.

Note that the rational definition of application 4 is only due to the ra-
tional definition of the boundary. Thus, in the particular case of a geometry
given by a ¢-th degree B-spline, i.e. a piecewise polynomial parametriza-
tion, the elemental matrices can be exactly computed with Gauss-Legendre
quadratures with p 4+ 1 integration points for the ¢ parameter, and ¢(p + 1)
integration points for the NURBS parameter .
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T3

Figure 23: Tetrahedral element with two edges on different NURBS boundaries, and face
splitting used for numerical integration (no new degrees of freedom are introduced)

4.4.2. 3D case

Curved faces on a NEFEM tetrahedral mesh can be classified in boundary
faces or curved faces with at least one edge on a NURBS boundary. To re-
duce casuistics in the implementation (i.e., to avoid implementing a different
parametrization for each curved face), faces with several edges on different
NURBS boundaries are split in subfaces with only one edge on a NURBS
boundary. It is worth remarking that subdivisions are only applied to design
a numerical quadrature without a special treatment of each face typology,
no new degrees of freedom are introduced.

To illustrate the proposed strategy, let us consider a face with two edges
on different NURBS boundaries, see Figure 23. Curved face TE is split in
three subfaces, which are defined as a linear convex combination of the edges
of T¥ and its center of mass x%,, see Figure 23. After subdivision each subface
has at most one edge on a NURBS boundary. In the example of Figure 23,
two subfaces have one edge on a NURBS boundary (they are parametrized
using application © in Equation (5)), and the third face, given by @2, 2; and
xk., is planar.

With this splitting technique, it is only necessary to describe the strategy
to perform the numerical integration on curved boundary faces and curved
faces with only one edge on a NURBS boundary.

A surface integral on a curved boundary face Y. = S(A.), see Figure 11,
can be written as

/ fdA = / F(SOn k) [ Ts(A k)| dA, (12)
Te Ae
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Y>>

Figure 24: Definition of a numerical quadrature on A, for the numerical integration on a
curved tetrahedral face with changes of NURBS parametrization along discontinuous lines
(knot lines): (a) triangle in the parametric space and (b) detailed view of the composite
quadrature

where f is a generic function (here a polynomial) and ||Js(\, x)|| denotes the
norm of the differential of the NURBS parametrization S (which, in general,
is not a polynomial). An efficient option to evaluate integral (12) is to use
a triangle quadrature [65, 96, 84] in A.. Recall that the spatial discretiza-
tion is independent on the NURBS boundary representation. Therefore, a
boundary face can be intersected by knot lines of the NURBS surface, see
Figure 9. If changes of NURBS parametrization are present within the para-
metric triangle A, a numerical quadrature must be designed to account for
the piecewise NURBS parametrization. For instance, a triangulation of A,
such that each subtriangle has no changes of NURBS parametrization can be
considered, with the associated composite quadrature (triangle quadrature
in each subtriangle), see Figure 24.

An integral on a curved face TZ with an edge on the NURBS boundary,
see Figure 11, can be written as

e ! A= / / 1(©(2.0) I Jo(e, o) dA, (13)

where f is a generic function and ||Jg(p, )| denotes the norm of the differ-
ential of mapping @, defined in Equation (5), which in general is not a poly-
nomial. Numerical integration can be performed using 1D Gauss-Legendre
quadratures in each direction. In fact, application © is linear in the second
parameter, o, and exact integration is feasible in this direction. For a NE-
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Figure 25: Splitting used for numerical integration in an element with two edges defined
by different NURBS (no new degrees of freedom are introduced)

FEM solution with a degree of approximation p, integral in Equation (13) can
be exactly computed for this direction, using a Gauss-Legendre quadrature
with p + 1 integration points. Numerical integration for the first direction,
given by NURBS parameter p, presents the same difficulty as integration
over a NURBS curve.

As usual, the evaluation of integral in Equation (13) requires taking into
account the piecewise nature of the NURBS parametrization, considering
composite quadratures for p direction.

The strategy to perform the element integrals follows the same rationale.
Elements with several faces and/or edges on different NURBS boundaries are
split in subelements with only one face or one edge on a NURBS boundary.
Again, it is worth remarking that subdivisions are only applied to design a
numerical quadrature without a special treatment of each element typology,
no new degrees of freedom are introduced.

Two examples are presented to illustrate the proposed strategy. First
example considers a tetrahedral element with two edges on different NURBS
boundaries, see Figure 23. To design a numerical quadrature on ()., three
subelements are defined as a linear convex combination of the subfaces and
interior vertex of the element, x4, see Figure 25. In this example, two subele-
ments have one edge on a NURBS boundary and the third one has planar
faces. Second example considers an element (), with two faces on different
NURBS boundaries, as represented in Figure 26. To perform numerical in-
tegration in (2., the element is split in four subelements using its center of
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Figure 26: Splitting used for numerical integration in an element with two faces defined
by different NURBS (no new degrees of freedom are introduced)

mass, x5 Subelements are defined as a linear convex combination of £ and
original faces of €., having at most one face on a NURBS boundary.

By combination of these two subdivision strategies, any element with
several faces and/or edges on the NURBS boundary can be split into elements
with only one face or one edge on the NURBS boundary. Thus, it is only
necessary to describe the strategy to perform the numerical integration on
these two element typologies.

Volume integrals for an element with one face on a NURBS boundary are
performed using parametrization in Equation (6) as

/Qede:/Ae/Olf(\Il()\,m,ﬁ)) Ja(\ k0)] V.

where f is a generic function (here a polynomial), and |Jg| denotes the
determinant of the Jacobian of transformation ¥. A numerical quadrature
on A, x [0,1] is easily defined as a tensor product of a triangle quadrature
in A, and a 1D Gauss-Legendre quadrature in [0, 1], see Figure 27. In fact,
exact integration is feasible in third parameter due to the linearity of ¥ with
respect to 1. For a NEFEM solution with a degree of approximation p, exact
integration in this direction is provided by a Gauss-Legendre quadrature with
p—+ 2 integration points. To account for changes of NURBS parametrization,
only the quadrature in A, is modified, see Figure 24.

Similarly, for an element with one edge on a NURBS boundary, volume
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Figure 27: Transformation from A, x [0, 1] to . to perform numerical integration on an
element with a face on the NURBS boundary

integrals are performed using parametrization in Equation (7) as

- [ [ [ 1(@on) ete.omiav

where |Jg| is the determinant of the Jacobian of transformation ®. Note
that application @ is linear in second and third parameters, o and 7. There-
fore, integrals involved in the elemental matrices, for a NEFEM solution with
interpolation of degree p, can be exactly computed for these directions using
a Gauss-Legendre quadrature with p + 2 integration points. No exact inte-
gration is feasible in NURBS parameter o, and composite quadratures must
be considered if changes of NURBS parametrization are present.

4.5. A priori error estimates

Since NEFEM considers standard FE polynomial interpolation, see Sec-
tion 4.3, a priori error estimates have similar expressions to those of classical
FE. For instance, the result for the solution of second-order elliptic problems
is recalled in the following theorem.

Theorem 1. Let Ty, be a non-degenerate discretization in elements (i.e. there
is a positive constant 5 such that o./he. > 3, for all Q. € Ty, where h, and
0e are the diameters of Q. and of the sphere inscribed in €., respectively).
Assuming that all boundary conditions along curved boundaries are imposed
in weak form and no interior curved faces/edges are present in the mesh, the
following a priori estimate holds

| — up|| gy < KPP |ulypq), (14)
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where ||-||p) is the energy norm, w € HPYH(Q) and w, are the exvact and
the NEFEM solutions respectively, K is a constant depending on 3, h is the
mesh size, and p is the polynomial degree of interpolation.

Moreover, for p-refinement convergence the following estimate also holds,

v —up||p@) < Cexp(—kN"), (15)

where C' and k are positive constants, N is the number of degrees of freedom,
and r 2, 1/ngg, with ngy the number of spatial dimensions.

With NEFEM (as well as for FE in a domain with polygonal boundaries)
the spatial discretization does not introduce geometric errors. Moreover, NE-
FEM uses polynomials to approximate the solution in Cartesian coordinates,
see section 4.3. Consequently, all a priori error estimates demonstrated for
FE in domains with polygonal boundaries can be reproduced exactly for NE-
FEM, even in the presence of elements far from having straight edges. The
results for standard FE in domains with polygonal boundaries can be found
in [13, 73, 52| for h-refinement and in [3, 85, 41| for p-refinement.

It is worth noting that contrary to NEFEM, the proof of a priori error
estimates for isoparametric FE in the presence of curved boundaries requires
special attention. This issue is discussed in detail in Section 5.3.

Theorem 1 assumes that essential boundary conditions are imposed in
weak form, for instance with numerical fluxes in a DG context, or with
Nitsche’s method in a continuous formulation, see for instance [70, 36]. If
Dirichlet boundary conditions are imposed in strong form, an additional con-
dition is required to keep optimal convergence rates: optimal nodal distri-
butions on every curved element have to be considered, see Figure 19 (b).
Theorem 1 also assumes that no interior curved faces/edges are present in the
mesh. Again, this extra hypothesis is only needed if a continuous Galerkin
approximation is considered and optimal nodal distributions are required to
keep optimal convergence rates. This is formally stated in the next result.

Theorem 2. Under the assumptions of Theorem 1, the error bounds (14)
and (15) hold for NEFEM in a continuous Galerkin framework, if optimal
nodal distributions on every curved element along the Dirichlet boundary or
with interior curved faces/edges are considered.

The requirement of Fekette nodal distributions is necessary for an ac-
curate interpolation of Dirichlet boundary conditions on curved boundaries.
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Due to the use of polynomial nodal basis in Cartesian coordinates, the errors
in the approximation of the prescribed value along the boundary may deteri-
orate the convergence of the solution. This is the case for NEFEM as well as
for other approaches considering Cartesian polynomial approximations. For
instance, in [78] optimal convergence rates are proven when nodes on the
boundary correspond to Lobatto points (i.e Fekette points in 1D).

4.6. Implementation

Introducing the NEFEM concept into an existing FE code requires little
effort. Note that the main difference of a NEFEM code with a standard FE
code is at the level of the computation of elemental matrices and vectors for
curved elements and faces (3D) or edges (2D). In fact, fortunately, the usual
routines for the computation of elemental matrices and vectors for straight-
sided elements can be directly used, without any modification. The usual
input of these routines are the integration points and the shape functions
evaluated at these points. In the case of curved elements intersecting the
NURBS boundary, these inputs are computed as described in previous sec-
tions. Thus, most of the routines usual in a standard FE code (routines for
assembly, computation of elemental matrices and vectors, etc) can be directly
used.

The most crucial point in the implementation may be the inclusion of the
NURBS boundary information. The information of all NURBS describing
the boundary and the associated NURBS information for each curved element
have to be stored.

In 2D, for every NURBS boundary the associated knot vector and the
control polygon are necessary. For each curved edge on a NURBS boundary
I'®, the parametric coordinates of the boundary nodes A{ and A\j, and a
pointer to the corresponding NURBS curve C' has to be stored, see Figure
10. In order to compute the parameters A\{ and A5, a NURBS projection
algorithm can be easily implemented, see for instance [72, 66]. It is worth
noting that the efficiency of the projection algorithm is not crucial because
it is performed once at the preprocessing stage.

In 3D, for every NURBS boundary the associated knot vectors and the
control net are necessary. For each curved face on the NURBS boundary
Y., the parametric coordinates of the boundary nodes (A{, k$), (AS, k5) and
(NS, KS), and a pointer to the corresponding NURBS surface S are stored,
see Figure 11.
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It is worth noting that for trimmed and singular surfaces extra informa-
tion must be stored. First, for each edge on the NURBS boundary corre-
sponding to a trimming curve, see Figure 12, the parametric coordinates of
the edge vertices associated to the trimming curve and a pointer to that
curve has to be stored. Second, for each vertex corresponding to a singular
point of a NURBS surface two parametric coordinates must be stored, see
Figure 13.

Obviously, routines for the evaluation of NURBS and their derivatives
at a given parametric coordinates are necessary. This routines can be easily
obtained or implemented, see [72] and reference therein.

5. Why NEFEM?

This section is devoted to recall and compare several methodologies for
the treatment of curved boundaries: isoparametric FEM and Cartesian FEM,
with an approximate description of the geometry, and p-FEM with an exact
boundary representation. To simplify the presentation, triangular elements
with one curved side are considered.

Let Q C R? be an open bounded domain whose boundary 02, or a portion
of it, is curved. A regular partition of the domain Q = U. Q. in triangular
elements is assumed, such that Q;(Q; = 0, for i # j. It is important to
remark that, in the following, €2, denotes the element with an exact descrip-
tion of the curved boundary, also referred as physical subdomain. This is not
the case of classical isoparametric FE, where the computational element, Q"
corresponds to a polynomial approximation of the curved boundary.

5.1. Approximated boundary representation

The standard FE technique used in the presence of curved boundaries is
isoparametric FEM, see [35, 103]. A nodal interpolation of the solution, u,
is considered in the reference element / with local coordinates & = (£, n), see
Figure 28,

DNen

u() = u(§) = S wNi(e). (16)

where u; are nodal values, N; are polynomial shape functions of order p in &,
and ng, is the number of element nodes. The isoparametric transformation
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Figure 28: Isoparametric mapping between the reference element I, with local coordinates

&, and an approximation of the physical subdomain in Cartesian coordinates x, namely
Q= (1)

is used to relate local and Cartesian coordinates
@ I —Q

E— p(§) = Z x; N;(§), 1"

where x; are the nodal coordinates of the computational element Q. Note
that Q" is a polynomial approximation of the physical subdomain €, in
particular, of its boundary, see Figure 28. In fact, the term isoparametric
stands for the use of the same polynomial shape functions to define the func-
tional approximation u”, and to describe the geometry of the computational
element in Cartesian coordinates, see Equation (17).

Numerical integration in the computational element Q" (approximation
of €2,) is performed using the isoparametric transformation given in Equation
(17), with a numerical quadrature in the reference element /. For instance,
a stiffness elemental matrix coefficient is computed as

Ky = [ V(@) (@) a = [ (1WN©)- (7,750 ©) 17, de,

Qs
(18)
where J, is the Jacobian of the isoparametric transformation, see Equation
(17). For curved elements the isoparametric mapping is non-linear. There-
fore, the inverse of the Jacobian, J ;1, is not a polynomial function, and no
exact integration is feasible with standard quadrature rules. In practice, a
symmetric triangle quadrature [96] on I, with a sufficiently large number of
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integration points, is usually employed to compute (18). In fact, a quadra-
ture of order 2p — 1 provides optimal convergence of the isoparametric FEM,
see [105].

There are two sources of error in isoparametric FEM. First, the isopara-
metric mapping in Equation (17) introduces geometric errors, due to the
approximation of the physical subdomain €2, by the computational element
Q. In fact, the boundary of the computational domain 99, is a piecewise
polynomial approximation of the exact boundary 0f2, see Figure 28. Sec-
ond, for high-order approximations on curved elements, the definition of the
polynomial interpolation in Equation (16) in local coordinates, &, implies a
loss of consistency: a polynomial interpolation of degree p > 1 in & does not
correspond to a polynomial interpolation of degree p in . This implies that
the approximation is able to reproduce linear functions but it is not able
to reproduce higher order polynomials in Cartesian coordinates. In other
words, curved isoparametric FEs pass the patch test but they fail to pass the
so-called higher order patch tests, see [105] for further details.

Remark 2. Optimal convergence of isoparametric FEs is obtained under
some smoothness assumptions on the isoparametric mapping. In practice,
a specific node placement of interior nodes in curved elements of order p > 2
is mandatory to guarantee optimal rates of h and p convergence, see [17, 61].

An alternative to ensure consistency of the approximation, and optimal
convergence for any nodal distribution, is the so-called Cartesian FEM. This
approach defines the polynomial basis for the approximation of the solution
directly in the physical space, with Cartesian coordinates . Nevertheless,
the isoparametric transformation in Equation (28) and the computational
element Q" are still considered for integration purposes. For instance, a
stiffness elemental matrix coefficient is computed as

KS= | WNi(z) VuNj(z) dQ = /IVmNi(az(s)) -V N (2(8)) [T | dE.

QL
(19)
The definition of the approximation with Cartesian coordinates, x, en-
sures reproducibility of polynomials (i.e., consistency of order p). Moreover,
exact integration is feasible because shape functions and their derivatives
are polynomials, not only with Cartesian coordinates a, but also with local
coordinates . More precisely, for a degree of interpolation p, N; (:13(5)) and
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V. N; (:I:(S)) are polynomials of degree p and p — 1, respectively. Therefore,
the function to be integrated, f(€) = ViN;(x(€)) - VuN;(x(€))[J |, is a
polynomial of degree p(4p — 3) in €. The evaluation of integral in Equa-
tion (19) can be exact with a triangle quadrature of order p(4p — 3) on the
reference element I.

It is worth noting that Cartesian approximation can be considered with
Lagrangian, Eulerian, arbitrary Lagrangian-Eulerian or updated Lagrangian
formulations. Obviously, Cartesian approximation introduces an overhead
with respect to isoparametric FEs because it requires a specific definition of
the approximation for each curved element. When the mesh is fixed, this
overhead is restricted to elements affected by the curved boundary descrip-
tion, usually a very small portion of the total number of elements. For meshes
evolving with the simulation this overhead is repeated each time step, and in-
ternal curved edges must be considered. It is worth remarking that the extra
cost introduced by Cartesian FEM is justified by the improved accuracy with
respect to isoparametric FEs. In addition, Cartesian approximation allows
to ensure optimal convergence with no dependence on the node placement
for curved elements, see Remark 2 and Section 5.3.

Although Cartesian FEM ensures reproducibility of polynomials in the
physical space, the numerical integration in Cartesian FEM is still done in the
(approximated) computational element Q7. Thus, Cartesian FEM precludes
the lack consistency of isoparametric FEM, but it still suffers from geometric
error. This is not the case for p-FEM and NEFEM formulations.

5.2. NURBS boundary representation

This section recalls the basics of p-FEM formulation considering an exact
boundary representation, see [85, 86].

Nodal interpolation in p-FEM is defined in the reference element using
local coordinates &, see Equation (16), but an exact mapping is employed be-
tween the reference element [ and the physical subdomain €2.. For instance,
assuming a NURBS parametrization C(&) of the curved edge of €2, a simple
p-FEM mapping may be

d I —Q,
1o¢- ¢ (20)
& — §(§) = = CO) + T gwa s,
1—¢ 1—¢
where &; = C(0) and xo = C(1) are the vertices of €2, on the curved

boundary, and @3 is the internal vertex, see Figure 29. Other options are
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€T3

Figure 29: Exact mapping between the reference element I with local coordinates &, and
the physical subdomain €2, with Cartesian coordinates «

possible in order to define an exact mapping from I to €2, see for instance
[71]. However, no relevant differences, depending on the particular mapping
¢, are observed in the numerical tests discussed in Section 6.

In p-FEM, a stiffness elemental matrix coefficient is computed as

Ki = [ WNi(E@) WeNi(€(@)) d2 = [ (7,750 )- (5 Ve €)) ol e
integrating over the physical subdomain €2., with an exact description of the
geometry. Note that, the inverse of the Jacobian, J 51, is not a polynomial
function and, as for the isoparametric FEM, no exact integration is feasible
with standard quadrature rules. Nevertheless, under some smoothness re-
quirements on the parametrization C(§), the same quadrature order used in
the isoparametric FEM, that is 2p — 1, guarantees optimal convergence for
p-FEM, see [6].

Note that p-FEM presents a major advantage, compared to isoparametric
or Cartesian FEM, which is the exact boundary representation. Nevertheless,
p-FEM still suffers the same lack of consistency as isoparametric FEM, due
to the definition of the polynomial shape functions in the reference element
I, with local coordinates &. This is not the case for NEFEM, see Section 4.3.

NEFEM considers the polynomial approximation with Cartesian coordi-
nates x, ensuring reproducibility of polynomials in the physical space for
any order of approximation p. The exact description of the boundary is
used to perform the numerical integration on the physical subdomain €2.. In
NEFEM, a stiffness elemental matrix coefficient is computed as

K= | WNi(w)- VN;(@) d2 = /R VL Ni(2(N)) - VN, (2(X)| T | dA,

Qe
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Figure 30: Triangle with a curved edge containing changes of NURBS parametrization
(marked with O)

using the transformation in Equation (3).

It is worth recalling that NURBS are piecewise rational functions de-
fined in parametric form, see Section 3. Therefore, numerical integration for
p-FEM and NEFEM must be designed to account for changes of NURBS
definition along the curved edge of the physical subdomain €2.. This issue is
addressed in the next section.

5.2.1. Numerical integration for p-FEM and NEFEM

This section discusses the numerical integration for p-FEM and NEFEM
when changes of NURBS parametrization are considered inside the curved
boundary edge of a physical subdomain €2..

For illustration purposes the triangle with a curved edge represented in
Figure 30 is considered first. The curved edge is described with a piecewise
parametrization C', whose definition changes in two points on the curved
edge, marked with [J. The parametric coordinates of these points are called
the breakpoints or knots of the NURBS parametrization, see Section 3.

In p-FEM, the piecewise definition of the boundary induces a piecewise
definition of the mapping ¢, see Equation (20). Therefore, a specifically
designed numerical quadrature should be defined in the reference element
I. For the triangle represented in Figure 30, with two changes of NURBS
definition, the reference element should be partitioned as represented in Fig-
ure 31, where the discontinuous lines show the changes of definition of the
mapping ¢. Note that these lines originate at the breakpoints of the NURBS
parametrization in the £ axis, and are extended inside the reference element.
A composite numerical quadrature on I should be defined by using different
numerical quadratures in each region.
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Figure 31: Numerical integration for 2D p-FEM: subdivision of the reference element I
to design a numerical quadrature taking into account changes of NURBS parametrization
C(¢) at points marked with OJ

>

9 4
1

Figure 32: Numerical integration for 2D NEFEM: subdivision of the rectangle R =
[Af, XS] x [0, 1] to design a numerical quadrature taking into account changes of NURBS
parametrization C(\) at points marked with OJ

In NEFEM, changes of NURBS definition are easily accommodated us-
ing application 1), defined in Equation (3). The piecewise definition of the
boundary also induces a piecewise definition of the element mapping 1. The
rectangle R is subdivided using the breakpoints, as represented in Figure 32,
and a numerical quadrature in R is defined only in terms of 1D quadratures.
A composite 1D Gauss-Legendre quadrature is used in parameter A\ to take
into account the discontinuous nature of the NURBS parametrization. In
the other parameter, 17, exact integration is feasible, as discussed in Section
4.4.1.

Changes of NURBS parametrization inside a curved face are easily treated
in 3D NEFEM, see Section 4.4.2. The parametric triangle A. is subdivided
according to the changes of NURBS parametrization, and numerical quadra-
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Y

(a) (b)

Figure 33: Subdivisions to design a numerical quadrature taking into account changes of
NURBS definition. (a) On the prism A, x [0, 1] for 3D NEFEM and (b) on the reference
tetrahedral for 3D p-FEM

tures are defined in each subregion, see an example in the left plot of Figure
33.

In the 3D p-FEM context, the definition of a numerical quadrature on the
reference tetrahedral accounting changes of NURBS parametrization is more
complicated. The generalization of the 2D strategy requires subdivision of
the reference tetrahedral element to account for changes of NURBS surface
parametrization, see an example in the right plot of Figure 33. In general,
different subregions are possible after subdivision. Thus, a simple option to
define a quadrature on the reference element is to use further subdivision to
obtain only tetrahedral subregions. Then, a composite quadrature may be
defined on the reference element based on standard tetrahedral quadratures.
In fact, a usual practice to facilitate the implementation of the 3D p-FEM
is to consider a polynomial approximation of the boundary. For instance, in
[26] a least-squares approximation of the exact boundary is considered in a
p-FEM context. Although the polynomial approximation of the boundary
can be selected to satisfy continuity requirements across element interfaces
[64]. The exact boundary representation is therefore lost in order to simplify
the computational implementation.

To conclude, the design of a numerical quadrature accounting for changes
of NURBS definition requires specific strategies. For NEFEM, the complexity
of the numerical integration in 3D domains is reduced to the design of a 2D
numerical quadrature on the parametric triangle A., and exact integration
is feasible in the third direction, see left plot in Figure 33. In contrast, the
design of a numerical quadrature in the 3D p-FEM requires careful attention.

40



Preprint of

R. Sevilla, S. Fernandez-Méndez and A. Huerta

NURBS-Enhanced Finite Element Method (NEFEM): A seamless bridge between CAD and FEM
Archives of Computational Methods in Engineering, 18 (4); 441-484, 2011

Exact geometry | Consistency
Isoparametric FEM NO NO
Cartesian FEM NO YES
p-FEM YES NO
NEFEM YES YES

Table 1: Comparison of FE techniques used in domains with curved boundaries

The reference element must be partitioned and 3D composite quadratures
must be considered to define a suitable quadrature in the reference element
accounting for changes of NURBS definition, see right plot in Figure 33.

5.3. Critical comparison

The main differences between all the FE techniques considered in this
work are summarized in Table 1. On one hand, the use of a non-linear
mapping relating local and Cartesian coordinates (mapping of Equation (17)
in the isoparametric FEM and the exact mapping of Equation (20) in the
p-FEM) induces a loss of consistency. That is, a polynomial interpolation
of degree p > 1 in local coordinates &, does not correspond to a polynomial
interpolation of degree p in Cartesian coordinates . On the other hand,
the use of the isoparametric mapping to perform the numerical integration
(as done in the isoparametric FEM and in the Cartesian FEM) introduces
geometric errors, i.e., the boundary of the computational domain, 02, is a
piecewise polynomial approximation of the exact boundary, 9€2. The only
method ensuring both consistency of the approximation (for any p) and an
exact boundary representation of the domain is NEFEM, see Table 1.

It is worth mentioning that, from a computational point of view, the def-
inition of the polynomial basis in local coordinates &, as done in the isopara-
metric FEM and in p-FEM, induces a marginal extra efficiency. In this case
the polynomial basis is defined once in the reference element and used to
define the approximation in each curved element, whereas a Cartesian ap-
proximation requires a specific definition of the polynomial basis for each
curved element. The use of the isoparametric transformation to perform
the numerical integration, as done in the isoparametric FEM and in the
Cartesian FEM, also induces another marginal extra efficiency. A numerical
quadrature is defined in the reference element I and used for each curved
element. Whereas methods with an exact boundary representation require
specific strategies for curved elements. Nevertheless, it is important to recall
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that this extra cost is restricted to elements affected by the NURBS bound-
ary representation, in most applications a very small portion of the total
number of elements, those in contact with non polynomial boundaries.

A priort error estimates for the FE methodologies considered in this work
have similar expressions, with optimal convergence in all cases. However,
the hypotheses to obtain these estimates are different, depending on the
definition of the approximation, in local or Cartesian coordinates, and on
the boundary representation, that is, approximated or exact.

The influence of the definition of the polynomial basis in local or Carte-
sian coordinates is discussed first. When the polynomial basis is defined
with local coordinates &, the mapping relating local and Cartesian coordi-
nates must be smooth enough to guarantee optimal convergence. In practice,
for the isoparametric FEM specific nodal distributions on curved elements
are necessary to obtain optimal convergence rates with p > 2, see Remark 2
and [17, 61]. For p-FEM, the NURBS parametrization of the curved bound-
ary must be smooth enough to guarantee the necessary smoothness of the
p-FEM mapping relating local and Cartesian coordinates, see [3]. In con-
trast, when the polynomial basis is defined with Cartesian coordinates x,
the derivation of a priori error estimates is very close to FE a priori error
estimates in polygonal domains, which can be found in [52, 13]. For Carte-
sian FEM and NEFEM, no specific nodal distributions in curved elements
are necessary to achieve optimal convergence. Moreover, smooth variations
of the NURBS parametrization are not required to obtain the optimal con-
vergence rates with NEFEM, see Section 4.5. Nevertheless, optimal a prior:
error estimates for FE methods with a Cartesian approximation require ex-
tra attention if a standard (continuous) Galerkin formulation is considered.
If a strong imposition of Dirichlet boundary conditions is considered, or if
curved internal edges/faces are present in the mesh, optimal nodal distribu-
tions in curved elements are necessary in order to guarantee optimal rates of
convergence, see Theorems 1 and 2 in Section 4.5. The key issue is that test
functions do not vanish over the curved boundary, even if the test function is
associated to a node that is not located on the boundary. With specific nodal
distributions, such as Fekette points, the error induced by this lack of con-
sistency is lower than the approximation error and the optimal convergence
is guaranteed. Obviously, this is not the case for weakly imposed Dirichlet
boundary conditions, where optimal convergence is obtained irrespectively of
the node placement. Recall that in a DG framework boundary conditions are
usually imposed in a weak sense, and recent studies also suggest advantages
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of imposing boundary conditions weakly in a standard continuous Galerkin
framework, see [10].

The influence of the boundary representation in the convergence proper-
ties of the approximation is discussed next. For FE methods with an approx-
imate boundary representation (isoparametric FEM and Cartesian FEM),
optimal convergence is provided under the assumption that geometric errors
are lower than the discretization error. The difference between the compu-
tational element Q" and the physical subdomain €2, must be bounded by
vhP, where v is a constant, h is the characteristic mesh size and p is the
interpolation degree. Moreover, bounds of the Jacobian of the isoparametric
transformation and its first p derivatives are also necessary, see [17].

Thus, a curved element with an approximated boundary representation
must verify two contradictory requirements. On one hand, the computational
(polynomial) boundary 90" has to be close enough to the exact boundary
09. And, on the other hand, the discrepancy between the computational
element and the straight-sided element given by its vertices must vanish fast
enough, see [61].

6. Numerical examples

In this section the application and performance of NEFEM in the context
of continuous and discontinuous Galerkin formulations are illustrated using
several 2D and 3D examples.

First, the solution of second-order elliptic problems using a standard con-
tinuous Galerkin (CG) formulation is presented. A priori error estimates
recalled in Section 4.5 are verified for both h and p refinement. NEFEM is
compared to the methodologies for the treatment of curved boundaries dis-
cussed in Section 5, namely isoparametric and Cartesian FEM with an ap-
proximated boundary representation and p-FEM with a NURBS boundary
representation. Finally, the issues associated to Cartesian approximations in
the context of CG formulations are discussed.

Secondly, the solution of inviscid compressible flow problems is considered
using a discontinuous Galerkin (DG) formulation. The importance of the
geometrical model in this context is explored and the benefits of NEFEM
are shown.

Finally, NEFEM is applied to the numerical solution of electromagnetic
scattering problems using a DG formulation. The advantages of NEFEM in
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(a) Mesh 1 (b) Mesh 2

Figure 34: Coarse meshes for the second-order elliptic problem. Nested remeshing is used
for refinement

this context are presented comparing the results to other curved FE tech-
niques and to other methodologies used by the computational electromag-
netics (CEM) community. In addition, the possibilities of NEFEM when the
size of the geometrical model is subsidiary to the geometric complexity are
shown.

6.1. Second-order elliptic problems

In this section the following model problem is considered

—Au+u = f in Q
u = ug on Iy
Vu-n = g, on I,

where  is the domain, Ty UT, = 99 and m is the outward unit normal
vector on Jf).

First, a 2D domain € is considered (see two computational meshes with
curved elements in Figure 34). A Dirichlet boundary condition, correspond-
ing to the analytical solution, is imposed in strong form in the polygonal part
of the boundary I'y, and a Neumann boundary condition, also corresponding
to the analytical normal flux, is imposed in the curved part of the boundary
[',,. If desired, Dirichlet boundary conditions could be imposed in a strong
sense over the curved boundary by considering Fekette nodal distributions on
curved boundary edges, see Theorem 2 in Section 4.5 and the discussion in
Section 5.3. The curved part of the boundary is given by the usual quadratic
NURBS that describes a circle, see [72], trimmed to represent half a circle.

In order to illustrate both the relevance of an accurate boundary repre-
sentation of the domain and the issue of consistency, a polynomial source
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term is considered first, such that the analytical solution of the problem is a
polynomial function of degree 7, namely

u(z,y) =2y + 2%y + 4.

Figure 35 shows a p-convergence comparison in the coarse mesh of Fig-
ure 34. The energy error is represented as a function of the square root
of the number of degrees of freedom (ng.s) when the polynomial order of
the approximation is uniformly increased, starting with p = 1. In NEFEM,
the boundary of the domain is exactly represented and the polynomial basis
for the approximation is defined in Cartesian coordinates. Therefore, with
a polynomial approximation of degree p = 7 the solution provided by NE-
FEM is the exact solution (except from rounding errors). With Cartesian
FEs, the basis is also defined in Cartesian coordinates, but the computa-
tional boundary is a piecewise polynomial approximation of the circle. Thus,
the difference between NEFEM and Cartesian FEM is only due to geomet-
ric errors. Although isoparametric FE and the p-FEM show the expected
(exponential) convergence, the effect of a non-consistent approximation is
clearly observed. The function to be approximated is a polynomial in Carte-
sian coordinates u(ax), but it is far from being a polynomial function in local
coordinates u(ﬁ(m)) In this example, errors introduced by a non-consistent
approximation are higher than geometric errors. Thus, isoparametric FEM
and p-FEM provide the same performance.

Next, the same second-order elliptic problem is solved with a non-polynomial
source term, such that the analytical solution of the problem is

u(z,y) = x cos(y) + ysin(z).

Convergence under h-refinement is first explored. Figure 34 shows the
first two computational meshes; nested remeshing is used for refinement.
The number of integration points is sufficiently large in order to ensure that
no errors due to numerical integration are present. Energy error is depicted
in Figure 36 for a polynomial approximation of degree p = 5 and p = 6. The
optimal rate of h-convergence is exhibited by every FE technique consid-
ered, but some differences in accuracy are observed. In this example the use
of a Cartesian approximation (Cartesian FEs and NEFEM) provides more
accurate results than defining the approximation with local coordinates. NE-
FEM always provides the most accurate results due to the combined effect
of the Cartesian approximation and exact boundary representation. With
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Figure 35: Poisson problem with polynomial analytical solution: p-convergence in the
energy norm in the coarse mesh of Figure 34

p = 6, NEFEM is one order of magnitude more accurate than Cartesian FEs
and two orders of magnitude more accurate than isoparametric FEs and p-
FEM. In this example, p-FEM does not represent an advantage with respect
to isoparametric FEs. The error induced by the geometric approximation
of the boundary is lower than the error introduced by the definition of the
polynomial basis in local coordinates.

Figure 37 shows a similar analysis but related to the Neumann bound-
ary: h-convergence in the £3(T',,) norm is compared for isoparametric FEM,
Cartesian FEM, p-FEM and NEFEM with a polynomial interpolation up
to degree p = 4. Optimal convergence rates, i.e p 4+ 1, are obtained with
isoparametric FEM, Cartesian FEM and p-FEM, but it is very important
to note that NEFEM exhibits a superior rate of convergence, namely p + 2.
In fact, almost identical results are obtained using NEFEM with a degree
of approximation p and isoparametric FEM with a degree of approximation
p+1, with a saving in the number of nodes between 25% and 50% Moreover,
for the same mesh and order of interpolation, NEFEM is between two and
three orders of magnitude more precise than the corresponding isoparamet-
ric FE solution. Thus, this numerical example illustrates the efficiency of
NEFEM, in front of other FE techniques, for the computation of quantities
of interest at (or near) curved boundaries. It is worth emphasizing that even
if the exact boundary representation is considered by means of p-FEM the
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Figure 36: Second-order elliptic problem: h-convergence in the energy norm

results are much less accurate than using NEFEM evidencing, once more,
the importance of the geometrical model in conjunction with the definition
of the polynomial basis in Cartesian coordinates.

As shown in the h-convergence study, NEFEM is advantageous for low
and high-order approximations. Next, convergence under p-refinement is ex-
plored and compared. Figure 38 represents the evolution of the energy error
as a function of the square root of ngos. The polynomial degree of the approx-
imation is uniformly increased starting with p = 1 and for the discretizations
shown in Figure 34. As the order of the polynomial approximation is in-
creased, NEFEM offers the best performance. In fact, the desired error is
attained with the minimum ny.¢. Figure 38 shows that, for a given accuracy
and the coarsest mesh in Figure 34, NEFEM allows to reduce drastically the
Ngos. In particular, a reduction of 40% compared to Cartesian FEM and up
to 50% compared to isoparametric FEM or p-FEM.

The influence of the number of integration points n;, on the accuracy is
studied next. The coarsest mesh in Figure 34 with a polynomial approxima-
tion of degree p = 6 and p = 8 is used. To study quadrature accuracy, Figure
39 shows the evolution of the energy error versus the number of Gauss inte-
gration points for every curved boundary edge. When the polynomial basis
is defined in Cartesian coordinates (Cartesian FEM and NEFEM), numerical
integration requires more integration points to reach its maximum accuracy,
compared to the other methods. For a given degree of interpolation, NEFEM
is able to reach the same accuracy of isoparametric FEs with only one extra
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Figure 37: Second-order elliptic problem: h-convergence in the £2(I',,) norm
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Figure 38: Second-order elliptic problem: p-convergence in the energy norm for the com-
putational meshes represented in Figure 34

integration point. Moreover, with three or four integration points more than
isoparametric FEM, NEFEM reaches its maximum accuracy. For a degree of
interpolation p = 8, NEFEM is four orders of magnitude more precise than
isoparametric FEM and p-FEM, and three orders of magnitude more precise
than Cartesian FEM.

Comparing left and right plots in Figure 39 it is important to note that
NEFEM with p = 6 and 9 Gauss integration points along curved boundary
edges achieves comparable accuracy to isoparametric FEM with p = 8 and
9 Gauss integration points. That means, that NEFEM is able to reach the
same accuracy than isoparametric FEs using the same number of integra-
tion points for boundary integrals but with a lower degree of approximation.
Figure 40 shows the evolution of the energy error versus the total number
of integration points for interior integrals as the degree of approximation p
is increased.For each point of this figure the minimum number of integra-
tion points to achieve maximum accuracy for a given p is used. Due to the
lower degree of approximation required by NEFEM, it achieves the same
accuracy than isoparametric FEM with an important reduction in the total
number of integration points. Therefore, although NEFEM requires more
computational effort per integration point due to the Cartesian approxima-
tion and the NURBS boundary representation, this comparison shows that
NEFEM is competitive because the required number of integration points
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Figure 39: Second-order elliptic problem: Energy norm of the error as the number of
integration points (nip) along the curved boundary edge is increased. Coarse mesh of
Figure 34

is substantially reduced to achieve a desired accuracy. Figure 40 also shows
that Cartesian FEs are not competitive because the necessary number of in-
tegration points to achieve a comparable accuracy is much greater than using
NEFEM or isoparametric FEM. Finally, note that the results using p-FEM
are not displayed because in this problem it behaves as isoparametric FEM,
see Figure 39.

Next the behavior of NEFEM in 3D for the solution of the second-order
elliptic problem (6.1) is studied, where € is a sphere of unit radius. The
analytical solution is u(x,y) = x cos(y) + ysin(z) + z cos(z), and the source
term s is determined by analytical differentiation of u. Neumann boundary
conditions corresponding to the analytical normal flux are imposed in 0f).
A coarse mesh with only eight curved tetrahedral elements is considered, see
Figure 41, and high-order approximations are introduced to properly capture
the solution.

Figure 42 shows Cartesian FEM and NEFEM solutions with quadratic
and cubic approximation. The piecewise polynomial approximation of the
curved boundary introduced by isoparametric mapping is clearly observed.
With quadratic FEs, the maximum difference between exact and approxi-
mated boundaries is 0.1037. For cubic approximation, geometric error is still
important, 0.0268. Moreover, the piecewise polynomial approximation of the
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Figure 40: Second-order elliptic problem: Energy norm of the error vs number of inte-

gration points (nsp) for interior integrals as p increases using the coarsest mesh in Figure
34

Figure 41: Coarse mesh of the sphere with eight curved tetrahedrons
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(b) NEFEM p=2

(c) FEM p=3 (d) NEFEM p=3

Figure 42: Second-order elliptic problem: surface plot of Cartesian FEM and NEFEM
solutions using quadratic and cubic approximations

boundary induces a loss of regularity. Recall that the exact boundary 0f is a
C> surface, whereas its piecewise isoparametric approximation 9Q" is only C°
across boundary edges, see Figures 42 (a) and (¢). NEFEM exactly describes
the sphere boundary with one quadratic singular NURBS, independently of
the spatial discretization (i.e. the polynomial degree of approximation), as
represented in Figures 42 (b) and (d).

Figure 43 shows a p-convergence comparison when the polynomial order
of approximation is uniformly increased starting with p = 2 and for the dis-
cretization shown in Figure 41. Errors in maximum and energy norms are
represented as a function of the cube root of ngo¢. For NEFEM, the expected
(exponential) convergence for a problem with a smooth solution is obtained,
whereas a much slower convergence is obtained for methods with an approx-
imate boundary representation. Note that Cartesian and isoparametric FEs
offer the same performance if error is measured in maximum norm. However,
when error is measured in energy norm, Cartesian FEs perform slightly bet-
ter. The definition of the polynomial basis in Cartesian coordinates offers a
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Figure 43: p-convergence comparison for the second-order elliptic problem. The poly-
nomial degree of the approximation is uniformly increased from p = 2 and the error is
measured (a) in the maximum norm and (b) in the energy norm

better approximation of derivatives compared to isoparametric FEs. Figure
43 (a) also depicts maximum geometric error (measured as the maximum
distance between true boundary 9§ and its approximation 9Q2"), revealing
that geometric error controls solution error if an approximated boundary
representation is considered (isoparametric FEM or Cartesian FEM).

This example stress the importance of geometrical model in FE simu-
lations and critical conclusions are derived. In [85], p-FEM with an ex-
act boundary description is compared to high-order subparametric elements
(with a quadratic approximation of the boundary). Two dimensional ex-
amples confirm the expected exponential convergence of p-FEM, whereas
subparametric approach leads to a suboptimal convergence rate. The 3D ex-
ample shown in this section shows a more dramatic situation because NEFEM
is compared to high-order isoparametric and Cartesian elements. Therefore,
this example demonstrate that a high-order approximation of the geometry
is not always sufficient to achieve maximum performance for a given spatial
discretization.

In most situations, internal edges can be straight, but there are a number
of situations in which internal curved edges are present in a computational
mesh. For instance, curved internal edges must be considered in a bound-
ary layer or in the presence of a curved material interface. Moreover, in 3D
internal faces with an edge on the NURBS boundary are curved even when
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Figure 44: Mesh of a sphere showing some internal curved faces

(a) Mesh 1 (b) Mesh 2

Figure 45: Two triangular meshes with interior curved edges and Fekette nodal distribu-
tions for a degree of approximation p = 8

internal edges are straight, see an example in Figure 44. The use of Cartesian
approximations in that situation requires special attention, see Theorem 2 in
Section 4.5 and the discussion in Section 5.3. In order to illustrate this issue
the second-order elliptic problem (6.1) is solved in a 2D domain using ele-
ments with internal curved edges, see two computational meshes in Figure 45.
Note that specific nodal distributions, such as Fekette nodes, must be used in
order to achieve optimal performance of the Cartesian approximation. Figure
46 shows a p-convergence comparison by using different nodal distributions
in the discretizations shown in Figure 45. The error in energy norm is repre-
sented as a function of the square root of ngr. When equally-spaced nodal
distributions are employed, exponential convergence is not achieved. The
accuracy is substantially improved with Fekette nodal distributions adapted
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Figure 46: p-convergence of the error in the energy norm for different nodal distributions
on the meshes of Figure 45

to the exact geometry, showing the expected (exponential) convergence.

A similar performance is observed in 3D simulations, see an example in
Figure 47. The second-order elliptic problem (6.1) is solved in a sphere with
the computational mesh represented in Figure 44. A detailed view of the
numerical solution reveals a small discontinuity of the solution across curved
boundary edges.

Remark 3. As usual, for any formulation using Cartesian approzimation,
the reader should be aware that the continuity of the solution across internal
curved faces is mot guaranteed by imposing the continuity of the solution
at face nodes. Optimal nodal distributions on curved internal faces can be
used in order to guarantee optimal convergence or extra constraints must be
imposed in order to guarantee continuity of the solution across internal faces.
This difficulty does not appear if a DG framework because the continuity of
the solution is weakly imposed, with numerical fluzes.

6.2. Inviscid compressible flow

Euler equations of gas dynamics express the conservation of mass, mo-
mentum and energy for a compressible, inviscid and non-conducting fluid.
The strong form of these conservation laws, in the absence of external vol-
ume forces, can be written in conservative form as

dU  OF,(U)
P e (21)
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-1.5

Figure 47: Solution of the Poisson problem in a sphere and detail of the solution showing
a small discontinuity across curved boundary edges

where Einstein notation is assumed (that is repeated indices are implicity
summed over), U is the vector of conservation variables and F(U) are the
flux vectors for each spatial dimension xj, that is

P PUk
U=|pv ]|, FpU)=|pvv,+ep|,
oF (PE + p)uvy,

where p is the density, pv is the momentum, pE is the total energy per unit
volume, e is the unitary vector in the x; direction, and p is the pressure,
see [31] for more details.

An equation of state, relating the internal energy to pressure and den-
sity, completes this system of nonlinear hyperbolic equations. For a perfect
polytropic gas the equation of state is

b=~ 1p(E - 5llol?),

where 7 is the ratio of the specific heat coefficients (specific heat at constant
pressure over specific heat at constant volume), with value v = 1.4 for air.

A usual quantity for postprocess of inviscid flow computations is the Mach
number, defined as

where ¢ = \/p/p is the speed of sound. For a more detailed presentation of
the Euler equations see for instance [2, 47, 58].
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The importance of the geometrical model in the numerical solution of
Euler equations is crucial, see for instance [27, 9, 8, 22, 92, 98, 97, 55, 34, 37|
to name a few. In this section NEFEM is presented as a powerful method
for solving the Euler equations of gas dynamics in the presence of curved
boundaries.

All computations in this section are advanced in time until the density
residual is reduced to 107'% in the £5(€2) norm by using a third-order TVD
Runge-Kutta scheme, see [23, 40]. The approximate Roe solver is considered
for the evaluation of the numerical flux, see for instance [90]. In fact, the
Roe flux provides more accurate results than the Lax-Friederichs one for low
order approximations, but no significant differences are observed for high-
order approximations. However, it is very important to remark that the
conclusions of the work derived from the comparison of NEFEM and FEM
are exactly the same with a Lax-Friederichs flux.

The first example considers the subsonic flow around a circle at free-
stream Mach number M, = 0.3. This example is a classical test case for
inviscid flow solvers because it allows to quantify the numerical dissipation
of a given scheme in the presence of curved boundaries. As shown first in [9]
using a linear approximation for the geometry it is not possible to converge to
the steady state solution, even if the mesh is drastically refined near the circle.
As it is commented in [21], the singularities of the polygonal approximation
of the boundary generate entropy and the solution develops a non-physical
wake that makes impossible the convergence to the correct solution.

To illustrate that problem and to show the possibilities of NEFEM in
this scenario, four O-meshes with 16 x 4, 32 x 8, 64 x 16, and 128 x 32
nodes (i.e. 128, 512, 2048 and 8192 elements respectively) are considered for
low-order computations. A detailed view of these meshes near the circle is
represented in Figure 48.

Figure 49 shows Mach number isolines for isoparametric FE with linear
approximation. The results corroborate the conclusions first published by
Bassi and Rebay: even if the mesh is highly refined near the circle, for
instance using the fine mesh of Figure 48 with 128 curved elements along the
circular boundary, a non-physical entropy production is observed behind the
wall.

Figure 50 shows Mach number isolines computed with NEFEM using
linear approximation. The results reveal a very good symmetry of the Mach
number patterns, even if coarse meshes are used. More important, NEFEM
allows convergence to the correct physical solution using the fine mesh with
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Figure 48: Inviscid subsonic flow around a circle: detail of O-meshes for low-order com-
putations
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(c) 64x 16 (d) 128 x 32

Figure 49: Inviscid subsonic flow around a circle: Mach number isolines with isoparametric
FE and p=1
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(d) 128 x 32

Figure 50: Inviscid subsonic flow around a circle: Mach number isolines with NEFEM and
p=1

a piecewise linear approximation of the solution. The exact computation of
the outward unit normal improves the imposition of the solid wall boundary
condition. This issue and the exact representation of the boundary drastically
reduce the entropy production compared to isoparametric FE.

In order to provide a more quantitative analysis, other aerodynamic quan-
tities for the evaluation of the accuracy are used, namely the entropy error

v
€ent — i (pﬁ) - 17
Poo \ P

D <1+0.5(7—1)M2>“

the pressure loss

Pross = 0 "\ 14 05(y — )M2
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Figure 51: Inviscid subsonic flow around a circle: (a) Pressure loss distribution and (b)
pressure coefficient distribution, at the upper mid of the circle for p=1

and the pressure coefficient

P 0505002

where the subscript oo indicates free-stream values.

Figure 51 shows pressure loss and pressure coefficient distributions on
the upper mid of the circle. At the most critical point, the stagnation point
behind the circle, the maximum pressure loss error with isoparametric FE
in the fine mesh is 1.8 x 1072, whereas NEFEM maximum error is reduced
more than one order of magnitude, namely 8.4 x 10~%. Moreover, in the fine
mesh, the pressure coefficient error at the stagnation point is 2.8 x 10~ for
standard FE and 4 x 1073 for NEFEM, almost two orders of magnitude more
precise for the same number of degrees of freedom.

Figure 52 represents h-convergence of the entropy error on the upper part
of the circle. Entropy production observable in Figure 49 deteriorates the h-
convergence of standard isoparametric FEs. In contrast, NEFEM exhibits
the optimal convergence rate for linear approximation.

The next example involves the subsonic flow over a NACA0012 airfoil at
free stream Mach number M., = 0.3 and angle of attack a = 0°. Four O-
meshes with 16 x 4, 32 x 8, 64 x 16, and 128 x 32 nodes (i.e. 128, 512, 2048
and 8192 elements respectively) are considered for low-order computations.
A detailed view of these meshes near the airfoil is represented in Figure 53.
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Figure 52: Inviscid subsonic flow around a circle: h-convergence of the entropy error for
isoparametric FEs and NEFEM (p = 1)

To design such meshes, a conformal mapping is applied to previous meshes
used for the flow around a circle.

Figure 54 shows Mach number isolines for isoparametric FE with linear
approximation. Again, the results illustrate the spurious entropy produc-
tion caused by the polygonal approximation of curved boundaries. Figure
55 shows Mach number isolines computed with NEFEM using linear approx-
imation. The results show, once more, a remarkable improvement due to
the exact boundary representation. To quantify accuracy, Figure 56 com-
pare the entropy production and pressure loss in the upper part of the airfoil
for isoparametric FE and NEFEM in the finest mesh if Figure 53. With
isoparametric FE the £2 norm of the entropy error on the airfoil profile is
1.3 x 1073 in the finest mesh. The exact boundary representation considered
in NEFEM reduces the £2 norm of the entropy error on the airfoil profile
to 4 x 107*, almost three times more accurate than isoparametric FEs. As
usual in subsonic inviscid flow simulation involving airfoils, the most critical
region is the leading edge, not only due to the high variations of the curva-
ture of the airfoil but also because under-resolved flow features are convected
contaminating the solution around the whole profile.

The next example involves the subsonic flow over a bump at free stream
Mach number M., = 0.5 and it is used to demonstrate the possibilities of
NEFEM using ultra coarse meshes and high-order approximations. Figure
57 (a) shows the computational mesh, with only two curved elements and 22
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Figure 53: Inviscid subsonic flow around a NACAO0012 airfoil: detail of O-meshes for
low-order computations
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Figure 54: Inviscid subsonic flow around a NACA0012 airfoil: Mach number isolines with
isoparametric FE and p=1
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(c) 64 x 16 (d) 128 x 32

Figure 55: Inviscid subsonic flow around a NACA0012 airfoil: Mach number isolines with
NEFEM and p=1
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Figure 56: Inviscid subsonic flow around a NACAO0012 airfoil: (a) entropy error and (b)
pressure loss in the upper part of the airfoil
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(a) Mesh and Fekette nodal distribution
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Figure 57: Inviscid subsonic flow over a bump: (a) Coarse mesh and (b) NEFEM solution
with p =8

straight-sided elements. Fekette nodal distributions are represented corre-
sponding to a degree of approximation p = 8 and the Mach number isolines
are depicted in Figure 57 (b). Figure 58 shows the convergence of the en-
tropy error as p is uniformly increased starting with p = 2 up to p =9, in
the discretization shown in Figure 57 (a). As expected for a problem with a
smooth solution, optimal (exponential) convergence is achieved, see Theorem
2 in Section 4.5. It is worth remarking that using a degree of approxima-
tion p = 4 the entropy error is less than 10™*, with 360 degrees of freedom.
For very high-order approximations, let say p = 8, the entropy error is less
than 107° and a perfect symmetric Mach distribution pattern is obtained,
see Figure 57 (b), with 1 080 degrees of freedom.

The flow around a circle is considered next, but now a very coarse mesh
is used and high-order approximations are introduced in order to explore the
necessity of exact boundary representations in this context.

This problem has been extensively studied in the past and many authors
have advocated the use of isoparametric FEs to reduce the entropy produc-
tion near curved walls. A comparison between isoparametric curved FEs
and subparametric FEs with linear approximation for the geometry is often
presented in order to illustrate the necessity of using curved elements. That
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Figure 58: Inviscid subsonic flow over a bump: p-convergence of the entropy error with
NEFEM

is, the polygonal approximation is maintained but the degree of the approx-
imation is increased, see [9, 34, 57| to name a few. The main problem of
considering subparametric formulations with only a linear approximation of
the geometry is that the solution of a different problem is considered, that
is the flow around a polygon rather than the flow around a circle. In ad-
dition the corners of the approximated boundary produce rarefaction waves
that are better resolved when the polynomial degree of the approximation
is increased, as pointed out in [55]. In order to illustrate that issue, Figure
59 shows the Mach number isolines computed with a subparametric formula-
tion. A mesh with 16 straight-sided elements around the circle is considered
and the degree of the approximation is p = 4. The rarefaction waves can be
observed in the detailed view near corners of the polygonal boundary.

This experiment shows that subparametric formulations with a linear
approximation of the geometry are not well suited in this context but this
does not imply that isoparametric FEs are the best alternative in the presence
of curved walls. In fact, it is worth remarking that when isoparametric
FEs are considered, the boundary of the computational domain is only a C°
approximation of the true boundary. Therefore, a small discontinuity of the
outward unit normal is introduced and some inaccuracies near curved walls
can still be observed.

In order to show the benefits of NEFEM, the coarse mesh represented
in Figure 60 is considered and high-order isoparametric FE and NEFEM
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Figure 59: Inviscid subsonic flow around a circle: subparametric FE solution using
straight-sided elements and high-order approximation of the solution (p = 4)

Figure 60: Inviscid subsonic flow around a circle: coarse mesh and Fekkete nodal distri-
bution for p =6

are compared. It is worth emphasizing that only four curved elements are
considered to describe the circle, corresponding to 24 nodes over the curved
boundary for a degree of approximation p = 6. Figure 60 shows the Mach
number isolines for isoparametric FEs and NEFEM with a degree of approx-
imation p = 6 and p = 7. The solution with very high-order isoparametric
FEs is not completely symmetric with respect to the y axis, reflecting a small
entropy production behind the circle. It is worth remarking that for p = 6
the maximum difference between the approximated boundary and the true
circle is less than 10~* and the asymmetry in the Mach number distribution
is remarkable. For p = 7 the maximum difference between the approximated
boundary and the true circle is almost 10~ and a visually symmetric Mach
number distribution is still not obtained. The discontinuity in the outward
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(a) FEM p =6 (b) NEFEM p = 6

(c) FEM p=7 (d) NEFEM p =7

Figure 61: Inviscid subsonic flow around a circle: Mach number distribution in the coarse
mesh shown in Figure 60 with isoparametric FE and NEFEM and high-order approxima-
tions

unite normal in the stagnation point behind the circle, due to the piecewise
C® approximation of the circle with isoparametric FEs, has a big impact in
the entropy production, even with very high-order isoparametric approxima-
tions. In contrast, it is worth remarking the quality of the solution obtained
with NEFEM with a degree of approximation p = 6. The solution is perfectly
symmetric with respect to the y axis showing that the inaccuracies observed
with isoparametric FEs are not due to the coarse mesh considered in this
example, but to geometric inaccuracies.

The last example in this section involves the simulation of the flow around
a (non-symmetric) RAE2822 airfoil at free-stream Mach number M., = 0.5
and angle of attack a = 0°. Figure 62 shows the computational mesh and
the Mach number distribution for p = 8. Despite the ultra coarse mesh
considered, with NEFEM and high-order approximations the complex flow
features are well resolved. To quantify the accuracy of high-order NEFEM
computations, Figure 63 shows the convergence of the lift coefficient (C) as
the degree of the approximation is uniformly increased starting with p = 2
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(a) Mesh (b) Mach number

Figure 62: Inviscid subsonic flow around a RAFE2822 airfoil: coarse mesh and Mach number
isolines for NEFEM and p = 8

in the coarse mesh shown in Figure 62 (a). Recall that the lift coefficient is

defined as .

Cr = m /Fp(ng cos v — ny sin av)dl,
where L is the chord length of the airfoil and I' is the curve describing the
airfoil.

It is worth noting that with p = 7 the estimated lift coefficient is C}, =
0.2764 and with p = 8 is C, = 0.2769, showing mesh convergence of this
aerodynamic force to the required engineering accuracy, that is less than one
lift count difference between the solution with p = 7 and p = 8, with less
than 12 000 degrees of freedom.

6.3. FElectromagnetic scaltering

In this section a DG formulation is considered for the simulation of the
scattering of a single plane electromagnetic wave by Perfect Electric Conduc-
tor (PEC) obstacles.

The governing equations are the transient Maxwell’s equations. For a
linear isotropic material of relative permittivity € and relative permeability
i, and assuming that there are no current sources in the material, the time
dependent Maxwell’s equations can be written in the conservative form of
Equation (21) with a source term. In 3D the vector of conserved quantities
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Figure 63: Inviscid subsonic flow around a RAE2822 airfoil: lift coefficient convergence
for increasing p in the mesh of Figure 62 (a)

U and the fluxes F') are

€E1 0 —Hg H2
€E2 H3 0 _Hl
o cFE o €E3 . —HQ - H1 . 0
U_(ILLHt)_ ,UHI aFl_ 0 7F2_ E3 aF3_ —E2 )
,LLHQ —E3 0 E1
,LLHg E2 —E1 0

and the source term is given by

(1—5)8E

S = ot
(1_ )alll )

M=ot

where E = (FEy, Ey, E3) and H = (Hy, Hy, H3) denote the scattered electric

and magnetic fields respectively, and E* and H® are the electric and magnetic
incident fields respectively.

In 2D, the hyperbolic system (21) decouples into the Transverse Elec-
tric (TE) and Transverse Magnetic (TM) modes. The vector of conserved
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quantities, the fluxes and the source are given by

(1- )3E1
ek, 0 —H; 88Eti
U=|cE |, Fi=|H |, Fa=| 0 |, 5= a-9%%2 |,
pHs Ey —E 3%1'
— 1)
for the TE mode, and
OH;
wH, 0 B, (1=m) 6t1.
U= (uty |, Fi=|-B |, Fo={0], 5=|@_n2
[22=0 I 3], I ; (1—p) , (22)
cEy —H, H, o
(1—¢) 8153

for the TM mode.

The numerical simulation of electromagnetic scattering problems involves
approximating the interaction between a known incident field and a scatterer.
The scattered field produced by this interaction is a wave that propagates
outwards towards infinity. It is crucial to use a mechanism to perform the ab-
sorption of outgoing waves. The numerical examples presented in this chapter
consider a Perfectly Matched Layer (PML) surrounding the computational
in order to absorb the outgoing waves, see for instance [11, 1, 91]. The setup
of the problem is illustrated in Figure 64, showing a PML surrounding the
computational domain ).

The radar cross section (RCS) is one of the most important quantities
of interest in electromagnetic scattering problems. It provides a description
of how an object reflects an incident electromagnetic wave, see [43, 5]. For
example, the scattering width is defined as
| B | Hs|?

X = lim (2r)™mi—s = lim (2r)™7 —=.
T—00 |E3)|2 r—00 |H|?

Typically, the RCS (per unit area/length) is measured in Decibels, this con-
version is achieved by computing
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Figure 64: Schematic of an electromagnetic scattering problem with a PML surrounding
the computational domain

When only near field data is available, the RCS can be evaluated by
performing a near-to-far field transformation, for further details see [88, 43,
5].

In this section, several numerical examples are shown in 2D and 3D to
illustrate the possibilities and benefits of NEFEM. The results are often com-
pared to the curved FE techniques presented in Section 5 and to other tech-
niques used by the CEM community. The behavior and benefits of NEFEM
in the presence of complex scatterers with small geometric features are also
explored and challenging problems including complex scatterers and higher
frequencies are considered.

The first example consists on a planar wave traveling in the ™+ direction
and scattered by a PEC circular cylinder of diameter 4\, where A denotes
the wavelength of the incident field. A coarse mesh with only four elements
for the discretization of the curved boundary is considered, and high-order
approximations are used to properly capture the solution. Figure 65 shows
the computational mesh, the transverse scattered field computed with NE-
FEM and p = 10, and the RCS. A 2\ thick PML is introduced in order to
absorb outgoing waves.

The RCS error evolution for increasing p is depicted in Figure 66. For
the same discretization (i.e. same degree of interpolation), NEFEM results
are more accurate than isoparametric or Cartesian FE, with an approximate
boundary description, and also more accurate than p-FEM, with an exact
boundary representation. For instance, NEFEM with p = 10 produces a RCS
error in £%([—, 7]) norm of about 1072, whereas isoparametric or Cartesian
FE require p = 12 to achieve a comparable accuracy, and p-FEM requires
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Figure 66: Scattering by a PEC cylinder of diameter 4\: p-convergence comparison of
several curved FEs

p = 11. Thus, NEFEM is able to reach the desired accuracy with a reduc-
tion of about 30% compared to isoparametric or Cartesian FEs, and of 15%
compared to p-FEM (also with an exact boundary representation). This dif-
ference in ng.simplies important differences in computational cost. NEFEM
computation requires 2 585 time steps to reach the time-harmonic steady
state, whereas isoparametric and Cartesian FEs employ 3 692 time steps and
p-FEM requires 3 114 time steps. In addition, each time step with NEFEM
requires less computational cost due to the lower p needed to achieve the
desired accuracy.

The difference between isoparametric FEs and Cartesian FEs are indis-
tinguishable, showing that a Cartesian approximation of the solution does
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(a) Mesh (b) Hs field (c) ET field

Figure 67: Scattering by a PEC NACAO0012 airfoil of chord length 2\

not offer any advantage if an approximated boundary representation is con-
sidered. The difference between isoparametric FEs and p-FEM is only due to
geometric errors, and relevant differences in accuracy are observed. Finally,
NEFEM also considers the exact boundary representation and outperforms
p-FEM, showing that the Cartesian approximation combined with an ex-
act boundary representation, i.e. NEFEM, provides the maximum accuracy
for a given spatial discretization. Finally, note that with an approximate
boundary representation the exponential convergence is exhibited for p > 8
whereas with an exact boundary representation the exponential convergence
is achieved for p > 5.

To conclude, it is worth remarking that only one element per two wave-
lengths is considered in this example and a RCS error of 1072 is obtained
with p = 10, that is, using less than 6 nodes per wavelength. Thus, the exact
geometry considered in NEFEM combined with the Cartesian approximation
allows to compute accurate solutions with the minimum ng.¢, compared to
other curved FEs and other techniques used by the CEM community.

In the next example a planar wave traveling in the z™ direction and
scattered by the NACA0012 airfoil [56] of chord length 2\ is considered.
Figure 67 shows an ultra coarse computational mesh with a A thick PML,
the scattered Hj field and the total (scattered plus incident) Ej field for a
NEFEM solution with p = 6. Note that only two elements are considered
in the upper part of the airfoil. Figure 68 illustrates the convergence of
the solution for increasing p, with isoparametric FEs and NEFEM. As no
analytical solution is available, a reference solution is computed in a fine
mesh with high-order approximation and a thicker PML.

For isoparametric FEs, the RCS error in £%([—, 7]) norm decreases as p
increases, but it is important to remark that the RCS error in the £%°([—7, 7])
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Figure 68: Scattering by a PEC NACA0012 airfoil of chord length 2X: TE RCS comparison
as p increases

norm behaves different. In particular, the RCS error for angles near —m or
7 is higher with p = 5 than using p = 4, showing important discrepancies
with respect to the reference solution. Recall that, for isoparametric FEs,
as p increases not only the solution is represented with higher degree, but
also the geometry. Thus, slightly different profiles are considered for each p.
Moreover, the approximated boundary is only C° on the boundary nodes. In
particular a discontinuity of the profile in the leading edge is clearly observ-
able using coarse meshes and high-order isoparametric FEs, see Figures 69
(a), (b) and (c). With NEFEM, the exact boundary representation is consid-
ered with no dependence on the spatial discretization (i.e. the degree of the
polynomial approximation), see Figures 69 (d), (e) and (f). Consequently,
with NEFEM, the RCS error is uniformly reduced for all viewing angles as
the degree of the approximation is increased, see Figure 68 (b).

Figure 70 compares the RCS error distribution with isoparametric FEs
and NEFEM, for a degree of approximation p = 5 and p = 6. Note that
the maximum error with isoparametric FEs is observed at viewing angles
corresponding to the leading edge (¢ = —m and ¢ = 7), whereas for NEFEM
the maximum error is obtained near the singularity (¢ = 0).

This example illustrates the sensitivity of the RCS to poor geometric
representations. Isoparametric approximations are not sufficient when coarse
meshes and high-order approximations are considered. Geometric errors may
lead to important discrepancies in the RCS. Thus, h-refinement is usually per-
formed at the leading edge of airfoils to provide an accurate representation
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Figure 69: Scattering by a PEC NACAO0012 airfoil of chord length 2\: detailed view of
the transverse scattered field near the leading edge for isoparametric FE and NEFEM
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Figure 70: Scattering by a PEC NACA0012 airfoil of chord length 2X: RCS error com-
parison for isoparametric FEM and NEFEM
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(a) Mesh (b) E, field

Figure 71: Scattering by a PEC sphere of diameter \

of the geometry. With NEFEM, the exact boundary representation allows to
mesh the domain with no dependence on the geometrical complexity. Using
only one element per wavelength and p = 5, i.e. 6 nodes per wavelength, an
accurate solution is obtained, without performing h-refinement. The max-
imum error in a NEFEM computations is observed where the solution is
complex, not where the geometry is complex.

Next example considers an incident plane wave traveling in the z* direc-
tion and scattered by a PEC sphere of diameter A. The sphere is exactly
described with a quadratic singular NURBS surface, and a coarse mesh with
only eight elements for the discretization of the curved boundary is consid-
ered, see two cuts of the volume mesh and the surface mesh of the sphere in
Figure 71 (a). The mesh has 1 271 elements with planar faces and 32 curved
elements (8 elements with a face on the NURBS boundary and 24 elements
with an edge on the NURBS boundary). Scattered E; field computed with
NEFEM and a polynomial approximation of degree p = 5 is represented in
Figure 71 (b), showing the field intensity on the sphere surface and illustrat-
ing the absorption of outgoing waves in the PML.

Figures 72 and 73 compare the RCS computed with degree p = 3 and
p = 4 with the analytical solution, for vertical and horizontal polarization
respectively. For Cartesian FEs, the RCS error is not reduced for all view-
ing angles as p increases. In particular, the RCS near viewing angles —m
and 7 is more accurate with p = 3 than using p = 4, see Figures 72 (a)
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Figure 72: Scattering by a PEC sphere of diameter A\: RCS comparison for increasing p
and for the vertical polarization
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Figure 73: Scattering by a PEC sphere of diameter A\: RCS comparison for increasing p
and for the horizontal polarization
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Figure 74: Scattering by a PEC sphere of diameter A\: p-convergence comparison of the
RCS error

and 73 (a). Again, the approximate boundary representation has a critical
influence in the RCS. NEFEM exhibits the same robustness than in the pre-
vious examples. The error is decreased for all viewing angles as the degree
of the approximation is increased. A perfect match between analytical and
computed solution is observed with p = 4, see Figures 72 (b) and 73 (b).
Note that Cartesian FEs offer a slightly different performance for verti-
cal and horizontal polarizations. In fact, higher errors are observed for the
horizontal polarization, whereas for NEFEM, almost identical performance is
observed for both polarizations. To compare accuracy, Figure 74 represents
the RCS error in the £?(—,7) norm for increasing p, starting with p = 2,
showing the superiority of NEFEM compared to Cartesian FEs. The most
critical difference is observed in the horizontal polarization for p = 5. NE-
FEM is almost one order of magnitude more precise than the corresponding
Cartesian FEs. It is worth remarking that the RCS error for Cartesian FEs
is controlled by the geometric error for p > 3. In fact, the isoparametric
approximation of the sphere with 8 curved elements is considered in Section
6.1, and a similar performance is observed in a second-order elliptic problem.
Compared to other techniques, NEFEM is also more accurate and effi-
cient. For instance, to achieve an accuracy of 1072 measuring the maximum
norm of the scattering width, more than 100 000 degrees of freedom are
required using high-order edge elements [60]. With NEFEM, a degree of
approximation p = 4 provides an error of 4.7 x 1073, using 45 605 degrees
of freedom, that is, NEFEM is two times more accurate by using 50% of
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(a) Mesh (b) ET field

Figure 75: Scattering by a PEC NASA almond of characteristic length A: computational
mesh and NEFEM solution with p =4

the ngos, showing that NEFEM is also competitive in 3D compared to other
techniques used by the CEM community.

The following example considers a popular benchmark for 3D RCS com-
putations, the scattering by a PEC NASA almond, see [30, 101]. One of the
challenges of this example is the singularity exhibited by the solution on the
tip of the almond. Moreover, the high variation on the surface curvature
introduces extra complexity in the scattered field distribution.

The monostatic RCS computation of an almond of characteristic length A
is considered. The mesh employed for the computation has 10 805 elements
with planar faces and 336 curved elements (120 with a face on the NURBS
boundary, and 216 with an edge on the NURBS boundary). Figure 75 (a)
shows two cuts of the volume mesh, corresponding to the free-space, and
the surface mesh on the almond. The total component of the Ej3 field for
a NEFEM solution with p = 4 is represented in Figure 75 (b), for a wave
incident onto the tip of the almond.

The monostatic RCS evaluation is performed by computing N¢ = 18
solutions corresponding to a series of incident angles ¢§- = jm/N* with
7 =0,...,N*. The monostatic pattern for the vertical polarization is rep-
resented in Figure 76, and compared with a reference solution, showing ex-
cellent agreement. The difference between both solutions is 1.5 x 1072 in
the £2(—n, ) norm. The reference data corresponds to a computation using
high-order edge elements, see [59]. In the NEFEM computation, the markers
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Figure 76: Scattering by a PEC NASA almond of characteristic length A\: monostatic RCS
for a NEFEM solution with p = 4, compared with high-order edge elements of [59]

correspond to the 18 computations, and the continuous line corresponds to
a postprocess of the monostatic data, as described in [76].

Previous examples show the potential of NEFEM in front of several FE
methodologies for the numerical solution of classical test cases, but the chal-
lenges of solving Maxwell’s equations are not typically found in the equations,
but in the geometrical complexity of the scatterer and/or in the wavelength of
the incident field (with respect to the characteristic length of the scatterer).

The following example considers the scattering of an incident wave trav-
eling in the z* direction by a PEC sphere of diameter 20\. The mesh used in
the computations has 124 135 elements with planar faces and 17 856 curved
elements (11 176 elements with a face on the NURBS boundary and 6 680
elements with an edge on the NURBS boundary). The surface mesh on the
sphere is represented in Figure 77 (a), and the first component of scattered
electric field over the sphere for a NEFEM solution with p = 5 is represented
in Figure 77 (b). A comparison of the computed RCS with the analytical
solution is depicted in Figure 78, showing good agreement with the analyt-
ical solution. In fact, the RCS distributions overlap for a viewing angle in
[—7/4, /4], see Figure 79, and some differences are observed in the other
viewing angles. Note that the spatial discretization is relatively coarse for
this frequency and a reasonable accuracy for engineering purposes is ob-
tained. The relative RCS in the £2(—m, 7) norm is 4.7 x 1072 for the vertical
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(a) Surface mesh

Figure 77: Scattering by a PEC sphere of diameter 20\
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Figure 78: Scattering by a PEC sphere of diameter 20A: RCS for a NEFEM solution with
p=4
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Figure 79: Scattering by a PEC sphere of diameter 20\: RCS for a NEFEM solution with
p =4 in the range [—7/4, 7 /4]

polarization and 6.3 x 1072 for the horizontal polarization. Again, the error
in the RCS is higher for the horizontal polarization due to the singularity
induced by the logarithmic scale. If the error is measured in the scattering
width, an error of 1.2 x 1072 is obtained for both polarizations. If lower errors
are required, further p-refinement can be performed on the same mesh.

NEFEM is also a competent approach to 3D challenging simulations com-
pared to other techniques. For instance, the method proposed by [50] is
applied to compute the scattering by a conducting sphere in the frequency
domain. To achieve a relative error of about 1072 for a sphere of diameter
15\, almost 4 million of degrees of freedom are needed. In this section, same
accuracy is obtained with NEFEM for a higher frequency problem (sphere
of diameter 20\) using 4 344 725 degrees of freedom. It is worth mentioning
that an improved PML is applied in [50] in the frequency domain, that allows
a 0.2\ thick PML, whereas the NEFEM computation uses a A thick PML,
demonstrating, once more, the benefits of NEFEM.

It is also worth remarking that even if the surface mesh of the obstacle is
refined for high frequency applications, an accurate geometric model is still
important. As noted in [50], as the frequency is increased, geometric errors
are more influential in the scattered field. For instance, with isoparametric
FEs, the geometric singularities introduced at boundary edges may produce
non physical diffraction.

Next example considers the scattering of a plane electromagnetic wave
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(a) Surface mesh (c) H3

Figure 80: Scattering by a PEC NASA almond of characteristic length 8\: surface mesh
and two components of the scattered field for a NEFEM solution with p =5

RCS

-40 ¢ ‘ ‘ ‘ 1 i ‘ ‘
- -T2 0 /2 s - -m/2 0 /2 T
0 ¢
(a) Vertical polarization (b) Horizontal polarization

Figure 81: Scattering by a PEC NASA almond of characteristic length 8\: RCS for a
NEFEM solution with p =5

by a PEC NASA almond of characteristic length 8\. The mesh has 9 348
elements with planar faces and 1200 curved elements. The surface mesh
on the almond is represented in Figure 80 (a), and a detailed view of two
components of the scattered field are represented over the almond surface in
Figures 80 (b) and (c), corresponding to a wave incident onto the tip of the
almond.

Figure 81 shows the RCS for vertical and horizontal polarizations. Two
RCS patterns are displayed, for a NEFEM solution with p = 4 and p = 5
respectively. Results show a perfect agreement with published results [42],
which are obtained with linear FEs in a tetrahedral mesh with 1 121 431
mesh nodes. Thus, this example shows the competitiveness of NEFEM com-
pared to other formulations for more challenging applications. Even if a
DG formulation is considered, i.e. duplicating nodes at inter-element faces,
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(a) Surface mesh

Figure 82: Scattering by a PEC NASA almond of characteristic length 21\: surface mesh
on the almond and two components of the scattered field for a NEFEM solution with p = 3

RCS
RCS

- -77/2 0 7r/2 ™ - -7f/2 0 77/2 ™
@ 0
(a) Vertical polarization (b) Horizontal polarization

Figure 83: Scattering by a PEC NASA almond of characteristic length 21A: RCS for a
NEFEM solution with p = 4

the computation requires less degrees of freedom to obtain similar accuracy,
due to the good performance of NEFEM with coarse meshes and high-order
approximations.

Next, the scattering by a PEC NASA almond of characteristic length
21\ is considered. The mesh has 48 699 elements with planar faces and
6 008 curved elements. Figure 82 shows the surface mesh on the almond
and two components of the scattered field computed with NEFEM and p =
3, corresponding to a wave incident onto the tip of the almond. RCS
distribution for vertical and horizontal polarization are represented in Figure
83. Results compare well with published results [42], and again show the
competitiveness of NEFEM for higher frequency problems. The tetrahedral
mesh used in [42] has 51 342 008 linear elements, and approximately 8 million
of nodes. With NEFEM and p = 4 the mesh has 2 million of nodes (including
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the duplication due to the DG formulation), requiring four times less degrees
of freedom than using standard linear FEs.

The results presented in this section has shown the benefits of NEFEM
using standard FE meshes. However, the possibilities of NEFEM still go
beyond.

It is well known that, in the context of FEs, the size of the model is
sometimes subsidiary of the geometrical complexity and not only on solution
itself. In particular, FE simulation of the scattering by complex objects with
small geometric details requires drastic h-refinement to capture the geometry.
Moreover, for scattering applications, small geometric details are influential
in the solution, specially for high frequency problems, and a simplification of
the geometry may lead to important discrepancies in the computed scattered
field. Nevertheless, as it will be shown next, in the NEFEM context, when
small is influential it does not imply small elements.

Two numerical examples that show the possibilities of NEFEM when the
scatterer contains small geometric features are shown. As noted earlier, in
Section 4.1, it is important to remark that the only restriction for a NE-
FEM element is that the edges and/or faces on the boundary belong to one
NURBS. It is neither necessary to locate nodes at boundary corners or edges
(entities with C° continuity) nor to refine the mesh near the boundary to
capture the geometry. It is exactly represented in NEFEM independently
on the spacial discretization. The computational meshes in this section are
chosen to emphasize the possibilities of NEFEM.

The scattering by a PEC #rreqular circular cylinder of diameter 4\ is
considered. Two computational meshes are employed for the analysis, see a
detail near the scatterer in Figure 84. The first mesh is a standard FE mesh in
which h-refinement is performed in order to provide an accurate description
of the small geometric features, see Figure 84 (a). The resulting mesh has 130
curved elements. The second mesh, represented in Figure 84 (b), is a coarse
NEFEM mesh with only 16 curved elements, some of them (represented in
red) containing small geometric details and corner singularities inside an
edge.

Figure 85 shows the transverse field Hs computed in the refined mesh
with a degree of interpolation p = 5, and in the coarse NEFEM mesh with
a degree of interpolation p = 12. The scattered fields are indistinguishable,
even near the most critical zone. Nevertheless, a slight difference near the
corner singularity can be appreciated, see a detailed view of the solution
in Figure 86. Obviously, the discrepancy is originated by the limitations
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(a) Refined FEM mesh

Figure 84: Scattering by an irregular circular cylinder of diameter 4\: detail of a standard
FE mesh refined towards the small geometric details, and a coarse NEFEM mesh with
elements containing corner geometric singularities

(a) Refined FEM mesh (b) Coarse NEFEM mesh

Figure 85: Scattering by an irregular circular cylinder of diameter 4\: Hj field computed
in the discretizations shown in Figure 84
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(a) Refined FEM mesh (b) Coarse NEFEM mesh

Figure 86: Scattering by an irregular circular cylinder of diameter 4\: detail of the Hgs
field

of the standard FE nodal interpolation for the approximation of a singular
solution, see [85] and following examples in this section. Despite of this known
limitation, it is important to remark that the quantity of interest, the RCS,
shows very good agreement when it is compared with the RCS computed
with the refined mesh, see Figure 87. In fact, two NEFEM computations
are performed in the coarse mesh of Figure 84 (b), with p = 6 and p = 12,
illustrating the convergence as the degree of approximation is increased. For
p = 12 the relative RCS error in the £?(—7, 7) norm is 4.1 x 1072

Finally, it is worth mentioning that the drastic difference between mini-
mum mesh sizes, in the discretizations shown in Figure 84, induces important
differences in the time-step size when explicit time integrators are used and,
therefore, adds another advantage of NEFEM. In the refined mesh with p =5
the minimum distance between two mesh nodes is 1.4 x 107°, whereas in the
NEFEM coarse mesh with p = 12 the minimum distance is 1.2 x 1073. The
computation with the refined mesh requires 527 459 time steps, whereas the
computation in the coarse NEFEM mesh requires 6 620 time steps.

The aim of the last example is to show the possibilities of NEFEM ele-
ments, containing edge singularities, in 3D domains. In large scale 3D com-
putations, very small geometric details may lead to unaffordable computa-
tional times with explicit time-marching algorithms, due to the excessive
h-refinement needed to accurately capture the geometry.
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Figure 87: Scattering by an irregular circular cylinder of diameter 4\: RCS comparison

(a) Reference FEM mesh (b) FEM mesh

Figure 88: Scattering by a PEC thin plate: standard FE meshes

To show the capabilities of NEFEM in this scenario, the scattering by
a PEC thin plate of dimensions A\ x 4\/7 x A/22 is considered. The small
thickness of the plate, with respect to the wave length A, implies that h-
refinement in standard FE meshes is controlled by the thickness of the plate,
not by the desired number of nodes per wavelength.

Two standard FEM computational meshes are considered to compare the
accuracy of NEFEM computations. Figure 88 (a) shows a standard FE mesh
with refinement towards the singularities of the plate. The second mesh, in
Figure 88 (b), is a FEM mesh with a desired mesh size of about \/8. As
usual, a standard mesh generator needs to perform extra h-refinement to offer
an accurate description of the geometrical model. Therefore, the minimum
mesh size in a standard FE mesh is, at least, A/22.

Nevertheless, the mesh size for NEFEM is not controlled by small geomet-
ric features, and the desired mesh size is maintained, even in the presence of
singularities in the boundary of the domain. The plate is exactly represented
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(a) NURBS surfaces (b) NEFEM mesh

Figure 89: Scattering by a PEC thin plate: NURBS surfaces (separated for visualization)
and NEFEM coarse mesh with elements containing edge singularities

Figure 90: Detailed view of a NEFEM element containing an edge singularity in its bound-
ary face

by two NURBS surfaces with C° continuity at the edges of the plate, as il-
lustrated in Figure 89 (a). A NEFEM coarse mesh is represented in Figure
89 (b). Note that, to obtain the desired mesh size, some elements contain
an edge singularity inside one NURBS face, see a detailed view of a NEFEM
element in Figure 90.

Figure 91 compares the RCS distribution for vertical and horizontal polar-
izations. An excellent agreement is observed between the three computations,
showing the potential of NEFEM coarse meshes with elements containing sin-
gularities. Again, the maximum disagreement is obtained at singularities of
the RCS due to its logarithmic scale. The error of the scattering width and
in the £2(—,7) norm for NEFEM is 3.2 x 102 and 4.7 x 1072 for the ver-
tical and horizontal polarizations respectively. Despite the known limitation
of polynomial approximation for the approximation of singular solutions it
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Figure 91: Scattering by a PEC thin plate: comparison of the RCS computed in the
discretizations shown in Figures 88 (a), 88 (b) and 89 (a)

is remarkable the quality obtained in the RCS patterns by using NEFEM
meshes.

7. Closing remarks

This papers presents a complete overview of recently proposed NURBS-
enhanced finite element method (NEFEM). This methodology is an improve-
ment of the standard FEM where the exact CAD description of the geomet-
rical model is considered, but only for the boundary of the computational
domain. At elements intersecting the NURBS boundary specific strategies
to perform the interpolation and the numerical integration are proposed.
NEFEM defines the approximation directly with Cartesian coordinates, en-
suring reproducibility of polynomials in the physical space. The key idea of
the numerical integration technique is to use specifically designed mappings
for curved elements in order to decouple complexity of the NURBS boundary
description, allowing a seamless treatment of trimmed and singular NURBS
surfaces in 3D. It is worth recalling that at elements not intersecting the
boundary classical FE are used, preserving the efficiency of the FEM.

The application and superiority of NEFEM with respect to other curved
FE techniques has been presented. Ranging from second-order elliptic prob-
lems solved with a standard continuous Galerkin formulation to more com-
plex applications such as the numerical solution of Euler and Maxwell’s equa-
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tions solved with a discontinuous Galerkin formulation, the benefits of NE-
FEM have been well established. NEFEM is not only more accurate than
classical isoparametric FEM or Cartesian FEM that use an approximated
boundary representation of the computation domain, but also outperforms
p-FEM with an exact boundary representation, showing the importance of
both the Cartesian approximation of the solution and the exact boundary
representation.

In addition, the use of NEFEM implies that the spatial discretization is no
longer subsidiary to the geometrical complexity. The behavior and potential
of NEFEM elements have been shown as a powerful way of avoiding excessive
mesh refinement to capture geometric details. With NEFEM, the mesh is
refined where the solution is complex not where the geometry is complex.

8. Areas of further research

The potential and benefits of NEFEM for the treatment of curved bound-
aries have been demonstrated during the last years. However NEFEM is still
a relative new approach and several research lines are still open. Some inter-
esting topics are discussed next.

NEFEM has not been applied in practical FE adaptive process, see for
instance [48], and the potential benefits in this context are clear. In this
scenario the computational mesh is locally refined (or the polynomial order
of the approximation increased) to properly approximate both the solution
and the geometry. As NEFEM does not require mesh refinement to capture
geometric features, the adaptive process is only controlled by the complexity
of the solution, reducing therefore the necessary number of degrees of freedom
to achieve a desired accuracy. Thus, the study of A and p adaptive processes
in a NEFEM framework is worth to be investigated and compared with other
FE techniques.

The potential of NEFEM for high-order computations in coarse meshes
has been shown in this paper. NEFEM meshes offer a drastically reduction
of the number of degrees of freedom compared to standard FE meshes. In
addition, when combined with explicit time marching algorithms, the afford-
able time step due to the use of coarse meshes makes that approach highly
competitive. Nevertheless, one of the topics that deserves attention is the
improvement of the quality of the polynomial approximation in the presence
of singular solutions inside NEFEM elements. The enrichment of the poly-
nomial basis, well known for standard FEM meshes, see for instance [24], is
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worth to be investigated in the NEFEM context.

The generation of coarse meshes of complex geometric objects for NEFEM
computations is not a trivial task. Although strictly speaking, NEFEM does
not need a high-order mesh generator, the use of a linear mesh generator
may lead to non-valid NEFEM meshes. Moreover, tools for meshing com-
plex objects without refinement near geometric singularities in the boundary
are not provided by any mesh generator. Thus, automatic mesh generation
technology for NEFEM is a new challenge by itself.
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