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In the recent years, probabilistic approaches have been developed to incorporate uncertainties in 
the dynamic systems. These uncertainties arise due to unknown experimental errors or 
variability in nominally identical dynamic systems. The majority of these probabilistic methods 
are based on modal data. These modal data based probabilistic methods do not employ damping 
matrices and hence cannot be used for accurate prediction of amplitudes of vibrations and 
complex frequency response functions (FRFs) and also these modal data based do not work well 
for the closed modes systems. In this paper, a new FRF-based parametric approach is presented 
which tackles the problem of incorporating damping and closed modes in uncertain dynamic 
systems. The advantages of using FRF data over modal data for probabilistic model updating 
are demonstrated. In the proposed FRF-based probabilistic updating approach, the finite element 
model is updated in such a way that the updated model reflects general damping in the 
experimental model by considering the updating parameters as complex. The effectiveness of 
the proposed finite element updating procedure is demonstrated by numerical examples. The 
results have shown that the proposed damped FRF-based probabilistic model updating 
procedure can be used to identify and quantify uncertainties in the dynamic systems. 
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1. Introduction 
In various areas of computational modelling, it has been established over the past three decades 

that uncertainties should be taken into account for credible predictions. In the context of structural 
dynamics, such uncertainties can be broadly divided into two categories, namely, parametric and 
nonparametric uncertainties. Parametric uncertainty includes uncertainty in geometric parameters, 
friction coefficient, and stiffness of the materials involved. Nonparametric uncertainty, on the other 
hand, can arise due to lack of scientific knowledge about the model which is unknown a-priori. 
Although this distinction is often made, the origin of uncertainty in real-life system it is not always 
obvious [1]. Deterministic finite element model updating [2] is well established, both in terms of the 
development of the methods and in applications to industrial-scale structures. Early updating 
methods belonged to the nonparametric category [3]; although these methods are computationally 
cheaper and reproduce the measured modal data exactly, they violate structural connectivity and the 
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updated structural matrices are difficult to interpret. In contrast, parametric methods provide wide 
choices of updating parameters, structural connectivity can be easily maintained and corrections 
suggested in the selected parameters can be physically interpreted. The parametric methods are 
based on some kind of sensitivity analysis that minimizes the error between the predicted results 
and test data from a single physical structure. Model uncertainties should be located and 
parameterized sensitively to the predictions. Finally, the model should be validated by assessing the 
model quality within its range of operation and its robustness to modifications in the loading 
configuration, design changes, coupled structure analysis and different boundary conditions.   

Collins et al. [4] developed a Bayesian approach to model updating using linearized sensitivities 
based on knowledge of the statistics of the unknown parameters and the vibration. In these 
approaches, the randomness arises only from the measurement noise and the updating parameters 
take unique values, to be found by iterative correction to the estimated means, whilst the variance is 
minimized [5]. These statistical approaches have been extended to update parameter distributions 
using measured response distributions from multiple measurements. These include Bayesian 
methods [6]. Hua et al. [7] considered an improved perturbation method where statistical 
correlations between the updating parameters were taken into account. McFarland et al. [8] used 
Gaussian process emulators to update linear systems with parametric updating. This approach is 
valid for both Gaussian and non-Gaussian random variables. 

In the present paper, a new FRF-based stochastic model updating approach is presented which 
tackles the problem of incorporating damping and closely spaced modes in the dynamic system. 
The proposed method is able to identify and quantify the uncertainties in the dynamic system. It is 
shown that stochastic model updating methods based on modal data are related to resonance 
frequencies only and cannot be used for damping estimation and dynamic systems with close 
modes. The advantages of using FRF data over modal data to update the analytical model are 
demonstrated.   

2. Frequency response functions (FRFs) with parametric uncertainty 
 

In this section, equations of FRFs with parametric uncertainty are developed. We consider 
linear structural damped dynamic systems with parametric uncertainties. In the parametric 
approach, the uncertainties associated with the system parameters such as Young’s modulus, 
structural damping, mass density, Poisson’s ratio and geometric parameters are defined using 
statistical models.  The parametric approach can be implemented either using random variables or 
using random fields. In the random variable approach, physical variables of a structure are directly 
modelled using random variables. The random variables in turn can be characterized by the mean 
vector and the covariance matrix.  Problems of structural dynamics in which the uncertainty in the 
mass, damping and stiffness of a structure is modelled within a framework of random fields can be 
treated using the stochastic finite element method. Following either the random variable approach 
or the random field approach, the equation of motion of a structurally damped linear stochastic 
dynamical system in the frequency domain can be expressed as 

               
     ( )[ ] ( )[ ] ( )[ ]( ) ( ){ } ( ){ }ωωθθωθ FXDMK =ℑ+− 2      (1) 

 
where ℑ  represents the unit imaginary and ( )[ ] nnM ×ℜ∈θ , ( )[ ] nnD ×ℜ∈θ  and ( )[ ] nnK ×ℜ∈θ  are the 

random mass, structural damping and stiffness matrices based on the n degrees of freedom, 
( ){ } nX ℜ∈ω .  The input excitation to the structure is given by the vector ( ){ } nF ℜ∈ω . The parameter 

θ  is used to denote the random nature of the system matrices. In general the global random 
stiffness, structural damping and mass matrices can be expressed as: 
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       ( )[ ] [ ] ( )[ ]ξθθ KKK ∆+= 0     (2) 

       ( )[ ] [ ] ( )[ ]ξθθ DDD ∆+= 0     (3) 

       ( )[ ] [ ] ( )[ ]ξθθ MMM ∆+= 0     (4) 
 
Here the deterministic parts [ ]0K ,[ ]0D and [ ]0M are the usual system matrices obtained from the 

conventional finite element method. The m dimensional random vector ( ){ } mℜ∈θξ  completely 
characterizes uncertainties in the system. The nature of the random parts ( )•∆  depends on the 
probabilistic approach used.  For example, if the stochastic finite element approach is used, then the 
random part can be expanded in a linear series using the Karhunen-Loéve (KL) expansion [9].  As 
an example, for systems with Gaussian random fields, the structural damping matrix can be 
expressed as 

 
      ( )( ) ( )∑

=
=∆

m

j
jj KD

1
θξθξ        (5) 

 
where ( )θξ j

 are uncorrelated standard Gaussian random variables and [ ] mm
jK ×ℜ∈  are constant 

matrices. It is assumed that the random vector ( )θξ  has a mean mℜ∈m  and a covariance ∑ ×ℜ∈ mm .  
 
In this paper, measured FRFs are considered as data for updating. The FRF matrix ( ) of a 

random system can be obtained from the random dynamic system given in Eq. (1) as 
 

( )( )[ ] ( )( )[ ] ( )( )[ ] ( )( )[ ] ( )( )[ ][ ] 121 −− ℑ+−== θξθξωθξθξαθξ DMKZ   (6) 
 

( )( )[ ]θξZ  represents the random dynamic stiffness matrix, which is the inverse of the random 
FRF matrix. Because of the presence of damping, the measured FRFs are complex. The FRFs will 
be functions of the random vector ξ  because the system matrices are functions of these random 
variables.  

 

3. Problems with conventional stochastic model updating methods 
In this section, problems with conventional stochastic model updating methods are discussed.. 
 

The three degrees of freedom lumped mass system [10], shown in Fig. 1, is used to 
demonstrate the problems associated with using mean values of the FRF data for model updating. 
The modes for this example are well separated. The lumped masses, (m1, m2, m3) are assumed to be 
fixed and each has a mass of 5 kg. The uncertain parameters in this model are taken to be all of the 
stiffness and damping parameters. The spring stiffnesses (k1, k2, k3) are given by 

200×= kiik ξ kN/m, where the random variables kiξ  are assembled into a vector 

{ } [ ] 3
321 ℜ∈= T

kkkk ξξξξ . For this example the random variable vector, { }kξ , is assumed 
to be Gaussian with mean and variance 
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In the conventional stochastic model updating approach using modal data, the mean of the 
modal data is calculated and subsequently used for deterministic updating to estimate the mean of 
the updated parameters. The success of this approach is based on the assumption that the mean 
modal data is approximately equal to the modal data for the mean parameters, which turns out to be 
a reasonable assumption for well separated modes. A similar approach could be proposed for model 
updating based on FRF data, where the mean of the random FRFs could be used for stochastic 
model updating. However, as will be demonstrated here, the mean FRF is very different from the 
FRF of the mean parameters.  

 

 

Figure 1: The three degree of freedom lumped mass system with well separated modes 

The FRFs are generated using Monte Carlo simulation with 2000 samples of the stiffness and 
damping parameters. Hence, for this three dof system, 6000 FRFs are generated based on a single 
excitation location, and these generated FRFs are considered as the ‘experimental’ data. The mean 
of these FRFs are calculated and used for updating. First, consider this approach for the undamped 
system. Figure 2 (a) shows the random undamped FRFs, where the mean is given as the thick line. 
Clearly the shape of the mean FRF does not represent an actual FRF of a physical system. The 
resonance phenomenon for dynamic systems means that the relationship between the parameters 
and the FRF is highly nonlinear, and hence the mean FRF is very different from the FRF of the 
mean parameters. Suppose the mean FRFs are subsequently used for FRF-based model updating 
method using the method of Lin and Ewins [11]. The result is the updated FRF shown in Fig. 2(b), 
which is also compared to the mean FRF.  Clearly the updated FRF does not match the mean FRF 
very well, as expected. The covariance matrix of the updating parameters is calculated using the 
expression given by [12] as 

 

        [ ] [ ]SSSSSS TTT
θΣ=∑

−1
    (8) 

where [ ]S is the FRF sensitivity matrix and [ ]θΣ  is the covariance matrix of the measured data. In 
this case, the calculated covariance matrix of the updated parameters is 

     

















−

−
=Σ

0355.00075.00077.0
0075.00128.00069.0
0077.00069.00223.0

k
    (9)

      

which is very different to the initial covariance matrix given in Eq. (7).  
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Figure 2: Stochastic undamped FRFs and subsequent model updating 
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Figure 3: Stochastic damped FRFs and subsequent model updating 

 

A similar study is performed for the damped system, with 2000 samples of parameter sets. 
The FRF based complex updating parameter method given by Arora et al. [13] is used for updating. 
The real parts of the identified parameters represent stiffness and whereas imaginary part of the 
updating parameter represent structural damping. Figure 3 (a) shows the randomly generated 
damped FRFs and also the mean damped FRF shown by the thick line. The mean FRF is smooth 
because of the presence of damping but it still does not represent the actual FRF of the system. 
Figure 3(b) compares the updated damped FRF and demonstrates that it does not match the mean 
FRF very well. The covariance matrices of the stiffness and damping parameters are: 
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0621.00042.00063.0
0042.0059.00057.0
0063.00057.0072.0

d
     (11) 

which are significantly different to their initial values. 

This example has clearly shown that updating methods based on the mean FRFs perform very 
poorly. Even for an idealized simulated case the estimated covariance matrices of the parameters 
have significant errors. The reason for these problems is that the mean FRF is not a good 
representation of an FRF for any set of parameters. Furthermore the mean FRF is very different 
from the FRF of the mean parameters. Increased damping gives smoother mean FRFs and improves 
the convergence of the updating methods, because the resonance peaks are not so sharp. However 
the updated model still has significant errors.   

 

4. Uncertainty quantification of dynamic systems using FRF based 
stochastic model updating 

The example in above section has shown that conventional stochastic model updating 
methods for damped dynamic systems do not work particularly well for damped systems with close 
modes. There is a need to develop procedure for stochastic damped model updating to quantify the 
uncertainties not only in stiffness and mass matrices but also in the damping. A new FRF based 
method is proposed to overcome the difficulties in updating damping matrix for systems with well-
separated or close modes. This method is a development of the complex updating method given by 
Arora et al. [13], in which updating parameters are considered as complex; the real part of the 
updating parameter represents the stiffness and the imaginary part represents structural damping in 
the dynamic system. This method has been fully tested and demonstrated for the deterministic case 
with only a single set of measurements. Here the method is applied to each set of FRF data 
separately, yielding a set of identified parameters for each set of measurements. The statistics of the 
parameters (for example, mean and variance) are then obtained from these sampled identified 
parameters.  Eq. (13) is the basic relationship of the deterministic model updating 

 
      ( )( ) ( )( ){ } ( )( ){ }S , u , ξ θ ω ξ θ = ∆α ξ θ ω     (12) 

 
Since every set of measured FRF data gives a set of parameters, these parameters may be 

regarded as samples from the probability distribution of parameters. Hence we may take the mean 
and variance of these updated parameters to solve our stochastic model updating problem.  

  

5. Simulated case study 
The three degrees of freedom lumped mass system with well separated modes as presented in 

previous section is considered. The values of mass, stiffness and damping are identical to above 
section including the simulated parameter uncertainty. In the proposed approach, each set of 
random FRF vectors are used to update the random variables. After updating all the random 
parameters, the mean and covariance matrix of the random variables are used to quantify the 
uncertainty in the random dynamic system. Monte Carlo simulations with 2000 sample parameter 
sets are used to generate the random stiffnesses and hence the 2000 FRF vectors.   
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Figure 4(a) shows the FRF obtained from the mean values of stiffnesses after updating the 
undamped system, and demonstrate that the mean stiffnesses are estimated accurately. The 
covariance matrix of the updated parameters is 

  

    

















−

−
=Σ

04.0005.00089.0
005.004.00101.0
0089.00101.00399.0

     (13) 

 
which is very close to the variance used to generate the FRF data. 
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Figure 3: The updated using mean values FRF (a) undamped (b) damped system  

A similar study was performed for the damped system, where six parameters are considered 
uncertain, namely three stiffness parameters and three damping parameters. Again 2000 samples are 
used to generate 2000 vectors of damped FRFs, which are used to the parameters. Figure 4(b) 
shows the FRF obtained from the mean values of the uncertain parameters after updating for the 
damped system, and demonstrates that mean parameters are accurately estimated. The estimated 
covariance matrices for the updated stiffness and damped parameters are close to the initial 
variances used for the simulations 
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Hence the proposed FRF based stochastic model updating approach is able to quantify the 
uncertainty in the dynamic system. The proposed approach is also able to estimate damping, in 
contrast to most of the stochastic model updating methods using modal data, which neglect 
damping. 
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6. Conclusions 
A new FRF based stochastic damped model updating approach has been proposed in this paper. 

In order to overcome the problem of close modes and damping in random dynamic systems, a 
complex FRF based stochastic model updating method was proposed. The proposed probabilistic 
updating method is a parameter based method in which complex FRFs are used to update the 
parameters. These updated parameters are subsequently used quantify the uncertainties in the 
stochastic dynamic system. The effectiveness of the proposed updating procedure was demonstrated 
by numerical examples, using case studies with well separated modes and also with closely spaced 
modes. The results have shown that the proposed damped FRF-based probabilistic model updating 
procedure can be used for accurate quantification of uncertain parameters in these dynamic systems. 
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