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Response Variability of Linear Stochastic Systems: A

General Solution Using Random Matrix Theory
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Uncertainties need to be taken into account for credible predictions of the dy-
namic response of complex structural systems. Such uncertainties should include
uncertainties in the system parameters and those arising due to the modelling of a
complex system. In spite of extensive research over the past four decades a general
purpose probabilistic predictive code for real-life structural dynamical systems is
still not available. The reasons behind this include: (a) the computational time
can be prohibitively high compared to a deterministic analysis, and (b) the de-
tailed and complete information regarding parametric and model uncertainties are
in general not available. In this paper a Wishart random matrix based approach is
proposed to address the above two issues. Closed-form approximate analytical ex-
pressions are developed to obtain the mean and covariance of the amplitude of the
frequency response function. The method utilizes analytical inversion of the ran-
dom dynamic stiffness matrix in the frequency domain. The method is applied to
vibration of a cantilever plate with uncertainties. The dynamic response obtained
using the Wishart random matrix model agree well with the results obtained from
the stochastic finite element method.

Nomenclature

f(t) forcing vector
M, C and K mass, damping and stiffness matrices respectively
q(t) response vector
Γn (a) multivariate gamma function
n number of degrees of freedom
p,Σ scalar and matrix parameters of the Wishart distribution

Conventions
(•)T matrix transposition
|•| absolute of a complex quantity
R space of real numbers
R+

n space n× n real positive definite matrices
Rn×m space n×m real matrices
det {•} determinant of a matrix
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etr {•} exp {Trace (•)}
E [•] expectation operator
‖•‖F Frobenius norm of a matrix, ‖•‖F =

(
Trace

(
(•)(•)T

))1/2

⊗ Kronecker product (see1)
∼ distributed as
Trace (•) sum of the diagonal elements of a matrix

I. Introduction

Numerical computer codes implementing physics based models are the backbone of today’s
dynamic analysis of complex systems. Laboratory based controlled tests are often performed

to gain insight into some specific physics of a problem. Such tests can indeed lead to new physi-
cal laws improving a part of the overall science model. Test data can also be used to calibrate a
known model. However, neither of these activities are enough to produce a credible numerical tool
because of several types of uncertainties which exist in the whole process of physics based compu-
tational predictions. Such uncertainties include, but not limited to (a) parametric uncertainty (e.g,
uncertainty in geometric parameters, friction coefficient, strength of the materials involved); (b)
model inadequacy (arising from the lack of scientific knowledge about the model which is a-priori
unknown); (c) experimental error (uncertain and unknown error percolate into the model when
they are calibrated against experimental results); (d) computational uncertainty (e.g, machine pre-
cession, error tolerance and the so called ‘h’ and ‘p’ refinements in finite element analysis) and
(e) model uncertainty (genuine randomness in the model such as uncertainty in the position and
velocity in quantum mechanics, deterministic chaos). These uncertainties must be assessed and
managed for credible computational predictions.

Over the years two different types of approaches have emerged to quantify uncertainty in me-
chanical systems. In the parametric approach the uncertainties associated with the system param-
eters, such as Young’s modulus, mass density, Poisson’s ratio, damping coefficient and geometric
parameters are quantified using statistical methods and propagated, for example, using the stochas-
tic finite element method.2–12 Model uncertainty or computational uncertainty on the other hand
do not always explicitly depend on the system parameters. For example, there can be unquantified
errors associated with the equation of motion (linear on non-linear), in the damping model (vis-
cous or non-viscous13), in the model of structural joints, and also in the numerical methods (e.g,
discretisation of displacement fields, truncation and roundoff errors, tolerances in the optimization
and iterative algorithms, step-sizes in the time-integration methods). The parametric approach is
not quite suitable to quantify this type of uncertainties. As a result non-parametric approaches14–22

have been proposed for this purpose.
In spite of extensive research over the past four decades we still lack a general purpose proba-

bilistic predictive code for structural dynamical systems. The main reasons behind this are: (a) the
computational time can be prohibitively high compared to a deterministic analysis for real prob-
lems, (b) the volume of input data can be unrealistic to obtain for a credible probabilistic analysis,
(c) the predictive accuracy can be poor if considerable resources are not spend on the previous
two items, and (d) as the state-of-the art methodology stands now (such as the Stochastic Finite
Element Method), only very few highly trained professionals (such as those with PhDs) can even
attempt to apply the complex concepts (e.g., random fields) and methodologies to real-life prob-
lems. One needs to strike a balance between these four issues. This paper is aimed at developing
a new approach with the ambition that it should:

(a) not take more than 10 times the computational time required for the corresponding deter-
ministic approach;

(b) result a predictive accuracy within 10% of direct Monte Carlo Simulation (MCS);

2 of 15

American Institute of Aeronautics and Astronautics



(c) use no more than 10 times of input data needed for the corresponding deterministic approach;
and

(d) enable ‘normal’ engineering graduates to perform probabilistic structural dynamic analyses
with a reasonable amount of training.

A Wishart random matrix based approach is developed in this paper. First we briefly outline
some aspects of random matrix theory in Section II. Parameter selection of Wishart matrices
is discussed in Section III. Section IV closed-form expressions for the mean and covariance of
the dynamic response of a linear system is derived in the frequency domain. In addition to the
deterministic analysis, only the normalized standard deviation of the mass and stiffness matrices is
required in this approach. The closed-form expressions enable very fast calculation of the response
statistics at the cost of loss of accuracy with respect to direct MCS. A numerical example is given
in Section V to explore different trade-offs being made in the proposed approach.

II. Background of the Random Matrix Model for Structural Dynamics

A. The Equation of Motion

The equation of motion of a damped n-degree-of-freedom linear dynamic system can be expressed
as

Mq̈(t) + Cq̇(t) + Kq(t) = f(t) (1)

where M, C and K are the mass, damping and stiffness matrices respectively. In the presence of
uncertainty in the system and model, the system matrices become random matrices. The proba-
bility density functions of the random matrices M, C and K completely quantify the uncertainties
associated with system (1). Given the uncertainties in the system matrices, the aim of the ‘forward
problem’ is to obtain uncertainty associated with the response vector q. So far only direct Monte
Carlo simulation based methods have been proposed when M, C and K are modelled by random
matrices. In this paper we develop analytical methods to obtain the response statistics of linear
dynamical systems. The proposed approach is based on the direct inversion of complex random
matrices.

B. Brief Overview of Random Matrices

Random matrices were introduced by Wishart23 in the late 1920s in the context of multivariate
statistics. Since then research on random matrices has attracted interests in physics, number theory
and more recently in mechanical and electrical engineering. We refer the books24–29 for the history
and applications of random matrix theory. The probability density function of a random matrix
can be defined in a manner similar to that of a random variable or random vector. If A is a n×m
real random matrix, then the matrix variate probability density function of A ∈ Rn×m, denoted by
pA(A), is a mapping from the space of n×m real matrices to the real line, i.e., pA(A) : Rn×m → R.
Here we define probability density functions of two random matrices which are relevant to stochastic
mechanics problems.

Gaussian random matrix : A rectangular random matrix X ∈ Rn×p is said to have a matrix
variate Gaussian distribution with mean matrix M ∈ Rn×p and covariance matrix Σ ⊗Ψ, where
Σ ∈ R+

n and Ψ ∈ R+
p provided the pdf of X is given by

pX (X) = (2π)−np/2det {Σ}−p/2 det {Ψ}−n/2 etr
{
−1

2
Σ−1(X−M)Ψ−1(X−M)T

}
. (2)

This distribution is usually denoted as X ∼ Nn,p (M,Σ⊗Ψ).
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Wishart matrix : A n×n symmetric positive definite random matrix S is said to have a Wishart
distribution with parameters p ≥ n and Σ ∈ R+

n , if its pdf is given by

pS (S) =
{

2
1
2
np Γn

(
1
2
p

)
det {Σ} 1

2
p

}−1

|S| 12 (p−n−1)etr
{
−1

2
Σ−1S

}
(3)

where etr {•} is the exponential of trace of a matrix. This distribution is usually denoted as
S ∼ Wn(p,Σ). Previous works16,19,20 showed that the system matrices arising in linear structural
dynamics can be modelled as Wishart matrices. Originally23 only integer values were considered
for the shape parameter p in the Wishart distribution. However, it is a misconception that p is
limited to integer numbers only (see for example pp. 87 in Muirhead28 and pp. 89 in Gupta and
Nagar30). One can easily observe that equation (3) is valid for all real p greater than n (when
p < n, then the distribution is often called the anti-Wishart distribution31). In this paper we use
the Wishart distribution in the generalized sense to allow the parameter p as a real number. Note
that Wishart distribution with parameter p as a real number is also known as the matrix variate
Gamma distribution of type I.30

In Eq. (3) the function Γn (a) is the multivariate gamma function, which can be expressed in
terms of products of the usual univariate gamma functions as

Γn (a) = π
1
4
n(n−1)

n∏

k=1

Γ
[
a− 1

2
(k − 1)

]
; for <(a) >

1
2
(n− 1). (4)

For more details on the matrix variate distributions we refer to the books.25–28,30

III. Wishart Random Matrix Model for the System Matrices

Suppose that the mean values of M, C and K are given by M0, C0 and K0 respectively. This
information is likely to be available, for example, using the deterministic finite element method.
However, there are uncertainties associated with our modelling so that M, C and K are actually
random matrices. The matrix variate distributions of the random system matrices should be
such that: (1) M, C and K are symmetric matrices, (2) M is positive-definite and C and K
are nonnegative-definite matrices. Because the system matrices are symmetric and non-negative
definite, they can be always factorized as G = XXT . Here G represent any one the system matrices
and X is in general a rectangular matrix. In the simplest case when X is considered as a Gaussian
random matrix X ∼ Nn,p (O,Σ⊗ I), the distribution of G = XXT becomes Wishart distribution23

so that G ∼ Wn(p,Σ). This distribution has two unknown parameters, namely the scalar p and
the n × n matrix Σ which need to be fitted from ‘data’. In this case by ‘data’ we mean the
mean and standard deviation of the system matrices. The mean and standard deviation of the
system matrices can be obtained in various ways including, stochastic finite element discretisation,
experimental identification or direct Monte Carlo Simulation.

The normalized standard deviation of a random matrix G is defined as

σ2
G =

E
[
‖G− E [G] ‖2

F

]

‖E [G] ‖2
F

. (5)

Assuming that G0 and σG are known, there are four different ways in which the two parameters of
the Wishart distribution can be selected:

1. The mean of the distribution is same as the ‘measured’ mean and the (normalized) standard
deviation is same as the measured standard deviation. Mathematically, this implies

E [G] = G0 and σG = σ̃G (6)
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where σ̃G indicates measured standard deviation of a system matrix. This approach was
proposed by Soize16 and it results in the following parameters for the Wishart distribution:

p = n + 1 + θ and Σ = G0/p (7)

where
θ = (1 + β)/σ̃2

G − (n + 1) (8)

with
β = {Trace (G0)}2 /Trace

(
G0

2
)
. (9)

With this distribution the difference between the mean of the inverse and the inverse of the
mean of G can be significantly different.19,20

2. The distribution of G is such that E [G] and E
[
G−1

]
are closest to measured G0 and G0

−1

together with the normalized standard deviation of G equals to measured σ̃G. Mathematically,
this implies

‖G0 − E [G]‖F and
∥∥G0

−1 − E
[
G−1

]∥∥
F

are minimum and σG = σ̃G. (10)

This approach was proposed by Adhikari19,20 and it results in the following parameters for
the Wishart distribution:

p = n + 1 + θ and Σ = G0/α (11)

where
α =

√
θ(n + 1 + θ) (12)

and p and θ are as defined in the previous case.

3. The mean of the inverse of the distribution is same as the ‘measured’ inverse of the mean
matrix and the (normalized) standard deviation is same as the measured standard deviation.
Mathematically, this implies

E
[
G−1

]
= G0

−1 and σG = σ̃G. (13)

This approach was proposed by Adhikari22 and it results in the following parameters for the
Wishart distribution:

p = n + 1 + θ and Σ = G0/θ (14)

where p and θ are as defined in the first case.

4. The mean of the eigenvalues of the distribution is same as the ‘measured’ eigenvalues of
the mean matrix and the (normalized) standard deviation is same as the measured standard
deviation. Mathematically, this implies

E
[
M−1

]
= M0

−1, E [K] = K0, σM = σ̃M and σK = σ̃K . (15)

This approach was discussed by Adhikari22 and the resulting parameters can be easily ob-
tained by following cases 1 and 3 above.

Based on numerical studies conducted by Adhikari,22 is was observed that parameter selection
corresponding to case 3 produces the best fidelity with direct Monte Carlo simulation, followed by
cases 2, 1, and 4. As a result, the parameters corresponding to case 3 are considered in the next
section.
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IV. Response Variability of Linear Stochastic Systems

Taking the Fourier transform Eq. (1), the dynamic response of the system can be expressed in
the Frequency domain as

q(ω) = D−1(ω)f(ω) (16)

where the dynamic stiffness matrix is defined as

D(ω) = −ω2M + iωC + K. (17)

This is a complex symmetric random matrix. The calculation of the response statistics requires
the calculation of statistical moments of the inverse of this matrix. At this point two approaches
can be taken, namely (a) approach based on random eigenvalues and eigenvectors,8,32,33 or (b)
approach based on direct matrix inversion. In this paper the second approach is adopted. In order
to proceed we employ the following assumptions:

1. Damping matrix is ‘small’ compared to the mass and stiffness matrices. This ‘light damp-
ing’ assumption is often made for a wide range of aero-mechanical systems. Note that no
assumption regarding proportional damping34,35 is made here.

2. Thee damping matrix is deterministic. This assumption is often known as the constant loss
factor assumption normally employed in high and mid-frequency vibration analysis.

3. The mass and stiffness matrices are statistically independent Wishart matrices.

4. The input force is deterministic.

Note that no assumptions related to small randomness or Gaussianity, often employed in pertur-
bation based analyses, is made here. From Eq. (17) observe that for a given frequency value the
dynamic stiffness matrix is linear combination two Wishart matrices with a deterministic imaginary
‘shift’. The dynamic stiffness matrix is however cannot be a complex Wishart matrix as it is not
Hermitian. Considering the fact that engineering interest often lies in the absolute value of the
response, we are interested in the statistical moments of

|q| (ω) =
∣∣D−1(ω)

∣∣ |f(ω)| = |D(ω)|−1 |f(ω)| (18)

where the absolute of the dynamic stiffness matrix is given by

|D(ω)| = {
[−ω2M + K]2 + ω2C2

}1/2
. (19)

For notational convenience the functional dependence of ω will be omitted. The first-order moment
of the absolute of the response |q| can be calculated as

q̄ = E [|q|] = E
[
|D|−1

]
f̄ (20)

where f̄ = |f|. The second-order moment of the absolute of the response can be calculated as

cov|q| = E
[
(|q| − E [|q|])(|q| − E [|q|])T

]
= E

[
|q| |q|T

]
− q̄q̄T

= E
[
|D|−1 f̄ f̄T |D|−1

]
− q̄q̄T .

(21)

The dynamic response statistics is obtained in two steps:

• A Wishart distribution is fitted to |D| matrix, which is symmetric and non-negative definite.
Note that D cannot be a Wishart matrix unless the system is undamped.

• Once the parameters of the Wishart distribution corresponding to |D| is identified, the inverse
moments are obtained exactly in closed-from using the inverted Wishart distribution.30
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A. Random Dynamic Stiffness Matrix

We consider that |D| (ω) ∼ Wn(pD,ΣD) = S where pD(ω) ∈ R and ΣD(ω) ∈ Rn×n are the unknown
parameters of the Wishart distribution to be identified. Clearly various approaches can be used to
fit these parameters. Here we employ the following criteria

• The square-root of the mean of |D|2 is same as the mean of S, that is
√

E
[
|D|2

]
= E [S] . (22)

• The standard deviation of of |D|2 is same as the standard deviation of S2, that is

σ|D|2 = σS2 . (23)

For the first criteria we have

pDΣD =
{
(−ω2pMΣM + pKΣK)2 + ω2C2

}1/2
. (24)

For the second criteria we have
ω4σ2

M + σ2
K = σ2

D (25)

because the damping matrix is assumed to be deterministic. Using the expression of the second
moment of the Wishart matrices30 the preceding equation can be expressed as

ω4pM

(
M0

2 + M0Trace (M0)
)
/θM+pK

(
K0

2 + K0Trace (K0)
)
/θK =

(
|D|2 + |D|Trace (|D|)

)
/pD.

(26)
The scalar pD(ω) can be obtained by the least-square error minimization as

pD(ω) = Trace (AB) /Trace
(A2

)
(27)

where

A = ω4pM

(
M0

2 + M0Trace (M0)
)
/θM + pK

(
K0

2 + K0Trace (K0)
)
/θK (28)

and B = |D(ω)|2 + |D(ω)|Trace (|D(ω)|) . (29)

From Eq. (24), the matrix ΣD can be obtained as

ΣD(ω) = |D| (ω)/pD(ω). (30)

Equations (27) and (30) completely define the parameters of the Wishart distribution corresponding
to |D| (ω) for each ω. Next we utilize this distribution to obtain the response statistics in an exact
manner.

B. Second-order Statistics of Dynamic Response

If S is a Wishart matrix, then the distribution of V = S−1 is known as the inverted Wishart
distribution28,30 and is defined as below:

Inverted Wishart matrix : A n×n symmetric positive definite random matrix V is said to have
an inverted Wishart distribution with parameters m and Ψ ∈ R+

n , if its pdf is given by

pV (V) =
2−

1
2
(m−n−1)ndet{Ψ} 1

2 (m−n−1)

Γn

(
1
2(m− n− 1)

)
det {V}m/2

etr
{
−1

2
V−1Ψ

}
; m > 2n, Ψ > 0. (31)
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This distribution is usually denoted as V ∼ IWn(m,Ψ).
Moments of the inverted Wishart matrix can be obtained exactly in closed-form. Here we utilize

these powerful results to obtain the second-order moments of the inverse of the dynamic stiffness
matrix. Following Gupta and Nagar30 (pp. 99, Theorem 3.3.16) we have

E
[
S−1

]
=

1
pD − n− 1

Σ−1
D =

pD(ω) |D|−1 (ω)
pD(ω)− n− 1

(32)

E
[
S−1AS−1

]
=

Trace
(
Σ−1

D A
)
Σ−1

D + (pD − n− 1)Σ−1
D AΣ−1

D

(pD − n)(pD − n− 1)(pD − n− 3)
. (33)

Equation (21) can now be evaluated by considering A = f̄ f̄T . Thus we have

cov|q| = E
[
|D|−1 f̄ f̄T |D|−1

]
− q̄q̄T

=
Trace

(
Σ−1

D f̄ f̄T
)
Σ−1

D + (pD − n− 1)Σ−1
D f̄ f̄TΣ−1

D

(pD − n)(pD − n− 1)(pD − n− 3)
− q̄q̄T

=
Trace

(
q̄f̄T

)
Σ−1

D + (pD − n− 1)q̄q̄T

(pD − n)(pD − n− 1)(pD − n− 3)
− q̄q̄T .

(34)

Further simplifying we have

q̄ =
pD(ω)
θD(ω)

q0(ω) (35)

Here q0(ω) is the absolute value of the response corresponding to the baseline or ‘mean’ system

q0(ω) = |D0(ω)|−1 |f(ω)| (36)

with
|D0(ω)| = ∣∣−ω2M0 + iωC + K0

∣∣ (37)

and
θD(ω) = pD(ω)− n− 1. (38)

After some simplification, the covariance of the absolute of the response can be obtained from Eq.
(21) as

cov|q| (ω) =
(θD(ω) + n + 1)Trace

(
q0(ω)f̄(ω)T

)
Σ−1

D (ω) + (θD(ω) + 2)q0(ω)qT
0 (ω)

(θD(ω) + 1)(θD(ω)− 2)
. (39)

Equations (35) and (39) completely define the first two moments of the absolute value of the
response of a general uncertain linear dynamical system in closed-form.

V. Numerical Example: Dynamic Response of a Plate With Random
Properties

A cantilever steel plate with uncertain properties is considered to illustrate the application of
the closed-form expressions based on Wishart random matrices in probabilistic structural dynamics.
The diagram of the plate together with the deterministic numerical values assumed for the system
parameters are shown in figure 1. The plate is excited by an unit harmonic force and the response is
calculated at the point shown in the diagram. The standard four-noded thin plate bending element
(resulting 12 degrees of freedom per element) is used. The plate is divided into 25 elements along
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Figure 1. The Finite Element (FE) model of a steel cantilever plate: 25 × 15 elements, 416 nodes,
1200 degrees-of-freedom. The deterministic properties are: Ē = 200×109N/m2, µ̄ = 0.3, ρ̄ = 7860kg/m3,
t̄ = 3.0mm, Lx = 0.998m, Ly = 0.59m. Input node number: 817, output node number: 1000, modal
damping factor: 0.5% for all modes.

the x-axis and 15 elements along the y-axis for numerical calculations. The resulting system has
1200 degrees of freedom so that n = 1200. It is assumed that the Young’s modulus, Poissons ratio,
mass density and thickness are random fields of the form

E(x) = Ē (1 + εEf1(x)) (40)
µ(x) = µ̄ (1 + εµf2(x)) (41)
ρ(x) = ρ̄ (1 + ερf3(x)) (42)

and t(x) = t̄ (1 + εtf4(x)) . (43)

The two dimensional vector x denotes the spatial coordinates. The strength parameters are assumed
to be εE = 0.15, εµ = 0.10, ερ = 0.14 and εt = 0.12. The random fields fi(x), i = 1, · · · , 4 are
assumed to be delta-correlated homogenous Gaussian random fields. Monte Carlo simulation is
performed to obtain the FRFs.

We present results for a typical cross-FRF and a driving point FRF of the system. The following
three approaches are compared to gain understanding into the proposed approximate method:

• Direct Monte Carlo Simulation: Here the response statistics is obtained using 1000 samples of
the actual random fields describing the system. This is considered as the most exact descrip-
tion of the response statistics and used as the benchmark to evaluate the other approaches.

• Monte Carlo Simulation using Wishart Matrices: Here the response statistics is obtained
using 1000 samples of the fitted Wishart matrices describing the mass and stuffiness matrices.
The details of the parametric variations of the random fields are not used in the Wishart

9 of 15

American Institute of Aeronautics and Astronautics



matrix approach. From the simulated random mass and stiffness matrices we obtain n = 1200,
σM = 0.0999 and σK = 0.2151. Since 0.5% constant modal damping factor is assumed
for all the modes, σC = 0. The only uncertainty related information used in the random
matrix approach are the values of σM and σK . The information regarding which element
property functions are random fields, nature of these random fields (correlation structure,
Gaussian or non-Gaussian) and the amount of randomness are not used in the Wishart matrix
approach. This is aimed to depict a realistic situation when the detailed information regarding
uncertainties in a complex engineering system is not available to the analyst. Using n = 1200,
σM = 0.0999 and σK = 0.2151, together with the deterministic values of M and K we obtain
θM = 32950 and θK = 5779. Using these, the samples of the mass and stiffness matrices
are simulated following the procedure outlined in reference20 and the response statistics are
calculated using standard statistical methods.

• Proposed Analytical Method using Wishart Matrices: Here the closed-form expressions given
by Eqs. (35) and (39) are used to obtain the mean and standard-deviation of the response.

The mean of the amplitude of the response of the cross-FRF of the plate is shown in figure 2.
Percentage error in employing the Wishart Random Matrix approximation using Monte Carlo
Simulation and the proposed analytical approach is also shown in the figure. The error using the
analytical approach is similar to that obtained using the Monte Carlo Simulation of the Wishart
matrices. Except for the very low frequency ranges, error resulted from the proposed analytical
methods is generally less than 10%. The mean of the amplitude of the response of the driving-
point-FRF of the plate is shown in figure 3. Percentage error in employing the Wishart Random
Matrix approximation using Monte Carlo Simulation and the proposed analytical approach is also
shown in the figure. Like the previous case, error using the analytical approach is generally less
than 10%.

Now we turn our attention to the standard deviation of the amplitude of the FRFs. The
standard deviation of the amplitude of the response of the cross-FRF of the plate is shown in
figure 4. Percentage error in employing the Wishart Random Matrix approximation using Monte
Carlo Simulation and the proposed analytical approach is also shown in the figure. The error using
the analytical approach is of the same order to that obtained using the Monte Carlo Simulation of
the Wishart matrices. Except for the very low frequency ranges, error resulted from the proposed
analytical methods is generally less than 10%. The standard deviation of the amplitude of the
response of the driving-point-FRF of the plate is shown in figure 5. Percentage error in employ-
ing the Wishart Random Matrix approximation using Monte Carlo Simulation and the proposed
analytical approach is also shown in the figure. Like the previous three figures, error using the
analytical approach is generally less than 10%.

The numerical results obtained here show that the proposed analytical method based on Wishart
random matrices results in acceptable accuracy. Uncertainty related information needed for the
proposed approach are the normalized standard deviations of the mass and stiffness matrices. The
mean and covariance of the amplitude of the dynamic response in the frequency domain is obtained
by simple post-processing of the results corresponding to the baseline system. This fact makes this
approach particularly suitable to integrate with commercial finite element software.

VI. Conclusions

The probabilistic characterization of the response of linear stochastic dynamical systems is
considered. This problem requires the solution of a set of coupled complex algebraic equations,
which in turn involves the inverse of a complex symmetric random matrix. Wishart random matrix
model is used for the mass and stiffness matrices. In addition to the baseline matrices, only
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(b) Percentage error in employing the Wishart Random Matrix approximation

Figure 2. Mean of the amplitude of the response of the cross-FRF of the plate, n = 1200, σM = 0.0999
and σK = 0.2151.

normalized standard deviations are required to obtain the parameters of the Wishart distributions.
Assuming the damping is small and not random, a Wishart distribution is fitted to the amplitude
of the dynamic stiffness matrix for every frequency point. Properties of the inverted Wishart
distribution are used to obtain the statistics of the amplitude of the dynamic response. Approximate
closed-form expressions of the mean and covariance of the amplitude of the dynamic response
in the frequency domain is derived. These expressions are simple post-processing of the results
corresponding to the baseline system. The method is applied to frequency response analysis of a
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(b) Percentage error in employing the Wishart Random Matrix Approximation

Figure 3. Mean of the amplitude of the response of the driving-point-FRF of the plate, n = 1200,
σM = 0.0999 and σK = 0.2151.

cantilever plate with uncertainties. Error obtained using the proposed analytical method is less
than 10% when compared with the results obtained from direct Monte Carlo simulation.

Acknowledgments

The author acknowledges the support of the UK Engineering and Physical Sciences Research
Council (EPSRC) through the award of an Advanced Research Fellowship.

12 of 15

American Institute of Aeronautics and Astronautics



0 50 100 150 200 250 300 350 400 450 500
−160

−140

−120

−100

−80

−60

−40

Frequency (Hz)

Lo
g 

am
pl

itu
de

 (d
B)

 o
f H

(1
00

0,
81

7) (ω
)

 

 

Standard deviation: SFEM MCS
Standard deviation: Wishart MCS
Standard deviation: Wishart analytical
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Figure 4. Standard deviation of the amplitude of the response of the cross-FRF of the plate, n = 1200,
σM = 0.0999 and σK = 0.2151.
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