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Abstract
Uncertainly propagation in multi-parameter complex structures possess significant computational challenges.
This paper investigates the possibility of using the High Dimensional Model Representation (HDMR) ap-
proach when uncertain system parameters are modeled using Fuzzy variables. In particular, the application
of HDMR is proposed for fuzzy finite element analysis of linear dynamical systems. The HDMR expansion
is an efficient formulation for high-dimensional mapping in complex systems if the higher order variable
correlations are weak, thereby permitting the input-output relationship behavior to be captured by the terms
of low-order. The computational effort to determine the expansion functions using the alpha cut method
scales polynomically with the number of variables rather than exponentially. This logic is based on the
fundamental assumption underlying the HDMR representation that only low-order correlations among the
input variables are likely to have significant impacts upon the outputs for most high-dimensional complex
systems. The proposed method is first illustrated for multi-parameter linear and nonlinear mathematical test
functions with Fuzzy variables. The method is then integrated with a commercial Finite Element software
(ADINA). Modal analysis of a simplified aircraft wing with Fuzzy parameters has been used to illustrate the
generality of the proposed approach. In the numerical examples, triangular membership functions have been
used and the results have been validated against direct Monte Carlo simulations. It is shown that using the
proposed HDMR approach, the number of Finite Element function calls can be reduced without significantly
compromising the accuracy.

1 Introduction

Uncertainties are unavoidable in the description of real-life engineering systems. The quantification of un-
certainties plays a crucial role in establishing the credibility of a numerical model. In the context of structural
dynamics, there may be uncertainties associated with the system parameters, such as Young’s modulus, mass
density, Poisson’s ratio, damping coefficients and geometric parameters such as length and thickness of dif-
ferent components. Such uncertainties can be modeled either by probabilistic approaches or by possibilistic
approaches. In the context of probabilistic approaches, over the past two decades the stochastic finite element
method (see for example [1–11]) and random matrix theory (see for example [12–18]) have been developed
to systematically quantify uncertainly in dynamical systems. The reliable application of probabilistic ap-
proaches requires information to construct the probability density functions of uncertain parameters. This
information may not be easily available for many complex practical problems. In such situations, possi-
bilistic approaches such as interval algebra [19], convex models [20] and fuzzy set [21] based methods can
be used. In this paper the uncertain variables describing the system parameters are modeled using fuzzy
variables.
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Over the past decade significant developments have taken place in fuzzy finite element analysis of linear
dynamical systems (see for example the review papers [22–25]). A fuzzy variable can be viewed as a gen-
eralization of an interval variable. When an uncertain variable is modeled using the interval approach, the
possible values of the variable lie within a lower and an upper bound. The fuzzy approach generalizes this
concept by introducing a membership function. In the context of computational mechanics, the aim of a
fuzzy finite element analysis is to obtain the possible range of certain output quantities (such as displace-
ment, acceleration and stress) given the possibilities of a set of input variables. This problem, known as the
uncertainty propagation problem, has taken center stage in recent research activities in the field. In principle
an uncertainty propagation problem can be always solved using the so called direct Monte Carlo simula-
tion. Using this approach, all possibilities are individually simulated and bounds are obtained from these
results. For most practical problems, direct Monte Carlo simulation is prohibitively computationally expen-
sive. Therefore, the aim of the majority of current research is to reduce the computational cost. Since fuzzy
variables are a generalization of interval variables, methods applicable for interval variables such as classical
interval arithmetic [19] or affine analysis [26, 27] can be used. The Neumann expansion [28], the transfor-
mation method [29–32], and more recently, response surface based methods [33–35] have been proposed for
fuzzy uncertainty propagation. In the context of dynamical systems, several authors have extended classical
modal analysis to fuzzy modal analysis [36–42]. A crucial factor in the efficiency of all of the methods is
the number of input variables, often known as the ‘dimensionality’ of the problem. Here we investigate the
possibility of using the High Dimensional Model Representation (HDMR) approach to address this issue.

The HDMR technique is based on optimization and projector operator theory. The HDMR expansion is an
efficient formulation for high-dimensional mapping in complex systems if the higher order variable corre-
lations are weak, thereby permitting the input-output relationship behavior to be captured by the terms of
low-order. The computational effort to determine the expansion functions using the alpha-cut method will
scale polynomically with the number of variables rather than exponentially. This logic is based on the fun-
damental assumption underlying the HDMR representation that only low-order correlations among the input
variables are likely to have significant impacts upon the outputs for most high-dimensional complex sys-
tems. This approach is particularly suitable for multi-parameter systems arising in real structural dynamical
systems.

The outline of the paper is as follows. section 2 gives a brief background of fuzzy finite element method. The
proposed high dimensional model representation approach is described in section 3. A step by step summary
of the proposed method is given in section 4, and two numerical examples illustrate the proposed method
in section 5. The approach is first illustrated for multi-parameter nonlinear mathematical test functions with
fuzzy variables. The method is then integrated with a commercial Finite Element software (ADINA). The
modal analysis of a simplified aircraft wing with fuzzy parameters has been used to illustrate the generality
of the proposed approach. In the numerical examples, triangular membership functions have been used and
the results have been validated against direct Monte Carlo simulations. Based on the studies in the paper,
some conclusions are drawn in section 6.

2 Background of the Fuzzy Finite Element Method

2.1 A brief overview of fuzzy variables

The concept of the fuzzy set was proposed by Zadeh [21] to represent imprecise information in a mathe-
matically rigorous manner. Since then numerous books and papers have discussed the detail of fuzzy sets
(see for example the review papers [22–25]). Here a very brief discussion is given for completeness. The
mathematical description of fuzzy variables can be given in various levels of abstraction. The easiest way to
describe a fuzzy variable is via interval variables. A scalar interval variable xI can be defined as

xI = [xl, xh] = {x ∈ R|xl ≤ x ≤ xh} . (1)



The scalar interval variable can be extended to vector and tensor valued variables in a natural way. In contrast
to the probabilistic description, the entries of a vector or tensor are always considered to be uncorrelated.
Therefore, generalizing (1), a n-dimensional interval vector simply lies within a n-dimensional hypercube
in Rn.

A fuzzy set can be defined by extending the deterministic (crisp) value and combining interval algebra.
Suppose X is a (real) space whose elements are denoted by x. The key idea in fuzzy set theory is the
membership function µ

Ã
: X → M ⊆ [0, 1] which maps X into the membership space M . If µ

Ã
(x) = 1

then x is definitely a member of the fuzzy set Ã. On the other hand, if µ
Ã
(x) = 0 then x is definitely

not a member of the fuzzy set Ã. For any intermediate case 0 < µ
Ã
(x) < 0 the membership is uncertain.

Therefore, using the membership function, a fuzzy set can be defined as

Ã =
{(

x, µ
Ã
(x)

)
|x ∈ X

}
(2)

If supx∈X µ
Ã
(x) = 1, then the fuzzy set Ã is called normal. In this paper only normalized fuzzy sets are

considered.

The notion of support and α-cuts of a fuzzy set play a crucial role in the computational and analytical methods
involving fuzzy sets. The support of a fuzzy set Ã is the crisp set of all x ∈ X , such that µ

Ã
(x) > 0, or

mathematically
supp

(
Ã
)
=

{
x|µ

Ã
(x) > 0, x ∈ X

}
(3)

The α-cut or α-level set of Ã is the crisp set Aα such that

Aα =
{
x|µ

Ã
(x) ≥ α, x ∈ X, 0 < α ≤ 1

}
(4)

In the case of bounded supports, we also define the 0-cut as the largest closed interval

A0 =
[
inf

(
supp

(
Ã
))

, sup
(
supp

(
Ã
))]

Often α-cuts are considered as intervals of confidence, since in case of convex fuzzy sets, they are closed
intervals associated with a gradation of possibility or confidence between [0, 1]. In figure 1 the concept of a
fuzzy set is pictorially described.

Figure 1: Membership functions of a fuzzy variable; (a) symmetric triangular membership function; (b)
asymmetric triangular membership function; (c) general membership function. The value corresponding to
α = 1 is the crisp (or deterministic) value. The range corresponding to α = 0 is the widest interval. Any
intermediate value of 0 < α < 1, yields an interval variable with a finite lower and upper bound.



2.2 Uncertainty propagation

The equation of motion of a damped n-degree-of-freedom linear structural dynamical system with fuzzy
parameters can be expressed as

M(x)q̈(t) + C(x)q̇(t) + K(x)q(t) = f(t) (5)

where x ∈ RM is a fuzzy vector, f(t) ∈ Rn is the forcing vector, q(t) ∈ Rn is the response vector and M ∈
Rn×n, C ∈ Rn×n and K ∈ Rn×n are the mass, damping and stiffness matrices respectively. When fuzzyness
in the system parameters, boundary conditions and geometry are considered, the system matrices become
matrices with fuzzy entries. Uncertainties in system (5) are completely characterized by the membership
functions of the entries of the vector x. The main interests in structural dynamic analysis are (a) quantification
of uncertainty in the eigenvalues and eigenvectors, and (b) quantification of uncertainty in the response q
either in the time domain or in the frequency domain. Few researchers [35–37] have considered uncertainty
quantification in the frequency response function of a linear dynamical systems with fuzzy variables. This
problem, in effect, has to solve the uncertainty propagation problem, which can be expressed in a general
way as

y = f(x) ∈ Rm (6)

where f(•) : RM → Rm is a smooth nonlinear function of the input fuzzy vector x. The function f(•) can be
the frequency response function of Eq. (5) or the eigensolutions.

The uncertainty propagation of fuzzy variables through smooth nonlinear functions can be performed in two
main ways:

• Interval algebra based approach: In this approach a fuzzy variable is considered as an interval vari-
able for each α-cut and propagated using classical interval arithmetic [19]. Unless the functions are
simple and the number of variables is small, this approach produces a very large bound for the output
variables. Such overestimates may not be useful for practical design decisions.

• Global optimisation based approach: Here for each α-cut two optimisation problems are solved for
each of the output quantities. The first optimisation problem aims to find the minimum value while the
second optimisation problem aims to find the maximum value of the output quantity. By combining
results for all α-cuts, one can obtain the fuzzy description of the output quantities. The advantage
of this approach is that the bounds are ‘tight’ and the wealth of tools are available for mathematical
optimisation can be employed in a reasonably straight-forward manner. The disadvantage is, of course,
the computational cost as two optimisation problems need to be solved for every α-cut and for every
output quantity. For these reasons efficient numerical methods are necessary to use this approach.

In this paper the global optimisation based approach is adopted for uncertainty propagation. Suppose I is the
set of integers and r ∈ I is the number of α-cuts used for each of the input fuzzy variables xj , j = 1, 2, . . . ,m
in the numerical analysis. Therefore, 0 ≤ [α1, α2, · · · , αr] < 1 are the values of α for which we wish to
obtain our outputs. Suppose fj (xαk

) , j = 1, 2, . . . ,M are the functions which relate the output yjk with the
interval variable xαk

associated with αk for some k ≤ r such that

yjk = fj (xαk
) , j = 1, 2, . . . ,m; k = 1, 2, . . . , r (7)

The fuzzy uncertainty propagation problem can be formally defined as the solution of the following set of
optimisation problems

yjkmin
= min (fj (xαk

))
yjkmax = max (fj (xαk

))

}
∀ j = 1, 2, . . . ,m; k = 1, 2, . . . , r (8)

In total there are 2mr optimisation problems. The computational cost of each of these optimisation problems
depends on the dimensionality of the xαk

that is M . Suppose c(M) is the computational cost associated



with each optimisation problem. For example, if fj(•) are monotonic functions, then the optimal values
occur at the vertices of the M dimensional parallelepiped. For this case one has c(M) ∝ 2M . The total
computational cost to solve the fuzzy uncertainty propagation problem (8) is therefore 2mrC(M). Since
m, r and M are fixed by the problem, there are two ways to reduce the computational cost, namely (a) to
reduce the number of function evaluations by using superior optimisation techniques, or (b) to reduce the
cost of each function evaluation, for example, by ‘replacing’ the expensive function by a surrogate model.
In this paper the second approach is adopted. Clearly if the cost of each function evaluation can be reduced
then the overall computational cost to solve the uncertainty propagation problem will be reduced no matter
what optimisation algorithm is used. De Munck et al. [33] used a Kriging based approach. Here we propose
a High Dimensional Model Representation (HDMR) approach to efficiently generate the surrogate model.
The aim is to ‘build’ the surrogate model with the minimum number of evaluations of the original function.
Once the surrogate model is obtained, Monte Carlo simulation is used to obtain the minimum and maximum
of the function.

3 High Dimensional Model Representation (HDMR)

The High Dimensional Model Representation (HDMR) of an arbitrary M-dimensional function f (x), x ∈
RM can be derived by partitioning the identity operator I, called IM in the M-dimensional case and also
in the 1D case hereafter, with respect to the projectors P1,P2, . . . ,PM . This can be expressed as follows
[43–56]:

IM =
M∏

m=1

(Pm + (I1 − Pm))

=

M∏
m=1

Pm︸ ︷︷ ︸
1 term

+

M∑
m=1

(I1 −Pm)
∏
s ̸=m

Ps︸ ︷︷ ︸ M
1

terms

+

M∑
m=1

M∑
s=m+1

(I1 − Pm)(I1 −Ps)
∏

p̸=m,s

Pp︸ ︷︷ ︸ M
2

terms

+ · · ·+
M∑

m=1

Pm

∏
s ̸=m

(I1 − Ps)︸ ︷︷ ︸ M
M − 1

terms

+

M∏
m=1

(I1 −Pm)︸ ︷︷ ︸
1 term

(9)

composed of 2M mutually orthogonal terms. The orthogonal representation of Eq. (9) is a manifestation of
the HDMR and can be rewritten as [46, 57, 58],

f (x) = f0 +

M∑
i=1

fi (xi) +
∑

1≤i<j≤M

fij (xi, xj) + . . .+ f123...M (xi, x2, . . . , xM ) =

M∑
l=0

ηl (x) (10)

where f0 is a constant term representing the zeroth-order component function or the mean response of any
response function f (x). fi is the first-order term expressing the effect of variable xi acting alone upon the
output f (x), and this function is generally nonlinear. The function fij (xi, xj) a second-order term which
describes the cooperative effects of the variables xi and xj upon the response. The higher order terms gives
the cooperative effects of increasing numbers of input variables acting together to influence the output. The
last term f123...M (xi, x2, . . . , xM ) contains any residual dependence of all the input variables locked together
in a cooperative way to influence the output. Once all the relevant component functions in Eq. (10) are
determined and suitably represented, then the component functions constitute the HDMR, thereby replacing



the original computationally expensive method of calculating the response by the computationally efficient
meta model. Usually the higher order terms in Eq. (10) are negligible [45, 52] such that an HDMR with only
a few low order correlations amongst the input variables is adequate to describe the output behavior. This in
turn results in rapid convergence of the HDMR expansion [49, 50], which has a finite number of terms and
is always exact [45, 53] in least-square sense. Other popular expansions (e.g., polynomial chaos) have been
suggested [1], but they commonly have an infinite number of terms with some specified functions, such as
Hermite polynomials [43, 44, 53].

To generate the HDMR approximation of any function, more precisely the cut-center based HDMR, first a
reference point x̄ = (x̄1, x̄2, . . . , x̄M ) has to be defined in the variable space. In the convergence limit, where
all correlated functions in Eq. (10) are considered, the cut-HDMR is invariant to the choice of reference point
x̄. However in practice the choice of reference point x̄ is important for the cut-HDMR, especially if only
the first few terms, say up to first- and second-order, in Eq. (10) are considered. Sobol [49] showed that the
reference point x̄ at the middle of the input domain appears to be the optimal choice. The expansion functions
are determined by evaluating the input-output responses of the system relative to the defined reference point
along the associated lines, surfaces or sub-volumes in the input variable space. This process reduces to the
following relationship for the component functions in Eq. (10):

f0 =

∫
dxf (x)

fi (xi) =

∫
dxif (x)− f0

fij (xi, xj) =

∫
dxijf (x)− fi (xi)− fj (xj)− f0

(11)

where,
∫
dxi means to integrate over all M variables except xi and

∫
dxij means to integrate over all M

variables except xi and xj , etc. These integrals are generally evaluated using numerical integration tech-
niques. Substituting the component functions defined in Eq. (11) into Eq. (10), the general expression of the
HDMR can be expressed as

f (x) =
∑

1≤i1<...<iβ≤M

f
(
xi1 , . . . , xiβ ;x

i1,...,iβ
)
−(M − β)

∑
1≤i1<...<iβ−1≤M

f
(
xi1 , . . . , xiβ−1

;xi1,...,iβ−1
)

+
(M − β + 1)!

2! (M − β − 1)!

∑
1≤i1<...<iβ−2≤M

f
(
xi1 , . . . , xiβ−2

;xi1,...,iβ−2
)
−

. . .∓ (M − 2)!

(β − 1)! (M − β − 1)!

∑
1≤i≤M

f
(
xi;x

i
)
± (M − 1)!

β! (M − β − 1)!

∑
1≤i≤M

f (x̄) (12)

where β is the order of the HDMR approximation, 1 ≤ β ≤ (M − 1) and the + or − sign of the last term
in Eq. (12) corresponds to β being even or odd, respectively. Considering the weak role of the higher-order
correlation effects, the approximation is likely to converge at a lower HDMR order, say, β ≪ M . The
particular form of Eq. (12) for β = 1, 2, or 3 corresponds to first-, second- or third-order HDMR can be
explicitly given as

f̂ (x) =
∑

1≤i≤M

f
(
xi;x

i
)
− (M − 1) f (x̄) , β = 1 (13)

f̂ (x) =
∑

1≤i<j≤M

f
(
xi, xj ;x

i,j
)
− (M − 2)

∑
1≤i≤M

f
(
xi;x

i
)
+

(M − 1)!

2! (M − 3)!

∑
1≤i≤M

f (x̄), β = 2 (14)

f̂ (x) =
∑

1≤i<j<k≤M

f
(
xi, xj , xk;x

i,j,k
)
− (M − 3)

∑
1≤i<j≤M

f
(
xi, xj ;x

i,j
)

+
(M − 2)!

2! (M − 4)!

∑
1≤i≤M

f
(
xi;x

i
)
+

(M − 1)!

3! (M − 4)!

∑
1≤i≤M

f (x̄), β = 3
(15)



The notion of first-, second-order, etc. used in the HDMR does not imply the terminology commonly used
either in the Taylor series or in the conventional polynomial based approximation formulae. In HDMR-
based approximation, these terminologies are used to define the constant term, or for example, terms with one
variable or two variables only. It is recognized that the lower order (e.g., first-order or second-order) function
expansions in the HDMR, do not generally translate to linear or quadratic functions [50]. Each of the lower-
order terms in the HDMR is sub-dimensional, but they are not necessarily low degree polynomials. The
computational savings afforded by the HDMR are easily estimated. If the HDMR converges at β order with
acceptable accuracy and considering n sample points for each variable, then the total number of numerical

analyses needed to determine the HDMR is
β∑

k=0

[M !/k! (M − k)!](s− 1)k.

4 Proposed Methodology

Based on the discussion in the previous section, the proposed methodology is easily implemented using the
following steps:

1. Identify the range of input variables.

2. Select the reference point x̄, generally as the center of the input variable range.

3. Determine f0, which is a constant term, representing the response at reference point x̄.

4. Generate regularly spaced sample points, as x1i = x̄i − (s− 1) ki/2, x2i = x̄i − (s− 3) ki/2, . . .,
x
(s+1)/2
i = x̄i, . . ., xs−1

i = x̄i + (s− 3) ki/2, xsi = x̄i + (s− 1) ki/2, along the variable axis xi with
reference x̄i and uniform distance ki. s denotes the number of HDMR sample points, and must be odd.

5. Estimate the responses at all these sample points.

6. Construct HDMR approximation using following steps:

• Interpolate each of the low dimensional (e.g., first-order) HDMR expansion terms f
(
xi;x

i
)

as

f
(
xi;x

i
)
=

s∑
j=1

φj (xi) f
(
xji ;x

i
)

. The response values are calculated in previous step and

φj (xi) and φj1j2 (xi1 , xi2) represents interpolation/shape functions. Presently we used moving
least squares interpolation functions, details of which can be found in [59].

• Sum the interpolated values of HDMR expansion terms. This leads to the first-order HDMR
approximation of the function f (x) as follows:

f̂ (x) =
∑

1≤i≤M

s∑
j=1

φj (xi) f
(
xji ;x

i
)
− (M − 1) f (x̄) α = 1 (16)

7. Perform Monte Carlo simulation on the approximated response function f̂ (x) using uniform variables.
Estimate the minimum-maximum range of the response for the particular α-cut.

8. Repeat the procedure for different α-cuts.



5 Application examples

The implementation of the HDMR approach in fuzzy analysis is illustrated with the help of two examples
in this section. When comparing computational efforts in evaluating the response intervals, the number
of actual FE analyses is chosen as the primary comparison tool because this indirectly indicates the CPU
time usage. For full scale MCS, the number of original FE analyses is same as the sample size. When
the responses are evaluated through full scale MCS, the CPU time is higher since a number of repeated FE
analysis are required. However, in the proposed method MCS is conducted within the HDMR framework.
Although the same sample size as for direct MCS is considered, the number of FE analyses is much lower.
Hence, the computational effort expressed in terms of FE calculation alone should be carefully interpreted.
Since the HDMR approximation leads to an explicit representation of the system responses, the MCS can
be conducted for any sample size. Using a first-order HDMR approximation, the total cost of the original
FE analysis entails a maximum of (s − 1)) × M + 1 analyses for different α-cuts, where s is the number of
sample points of the HDMR and M represents the number of fuzzy variables.

5.1 Example 1: Cubic function with two variables

Consider a cubic function [60] of the following form:

f (x) = 2.2257− 0.025
√
2

27
(x1 + x2 − 20)3 +

33

140
(x1 − x2) (17)

with two fuzzy variables. The upper and lower limit of the variables are 16 and 4, respectively. To evaluate
the response uncertainty associated with the fuzzy variables, the HDMR approximation is constructed by
deploying five equally spaced sample points (s = 5) along each of the variable-axes. The reference point
x̄ is chosen as 10. The bounds of the input variables are presented in Table 1 along with reference point.
Table 2 compares the results obtained by the present method using HDMR approximation with direct MCS
using uniform variables with specified limits. A sampling size N = 105 is considered in direct MCS to
compute the response bounds. A similar analysis is performed for different α-cuts and presented in Table 2.
The total number of function calls for each α-cut is 9 (= (s− 1)×M+1 = (5− 1)× 2+1). Table 2 shows
that the maximum error in predicting the response bounds is 1.66%, compared to MCS.

Table 1: Bounds of the input fuzzy variables of Example 1.
α-cut xmin xmax x̄

0.0 4.0 16.0 10.0
0.2 5.2 14.8 10.0
0.4 6.4 13.6 10.0
0.6 7.6 12.4 10.0
0.8 8.8 11.2 10.0

5.2 Example 2: Modal analysis of a simplified aircraft wing with fuzzy variables

This example involves the estimation of bounds of the natural frequencies of a vibrating aircraft wing with
length Ly = 1 m and width Lz =0.5 m, as shown in figure 2. The mass of the engine is attached to the plate,
which represents the wing, through a spring at 1/3rd distance from the root of the wing. Poisson’s ratio for
the plate is taken as 0.33. The mass of the engine is taken as 0.80 times the mass of the wing. The stiffness of
the spring is calculated from second natural frequency of the wing. The thickness, mass density and elastic
modulus of the wing are taken as fuzzy variables. The bounds of the variables are tabulated in Table 3 and
the first five mode shapes of the structure are shown in figure 3. The response quantities, which are the



Table 2: Comparison of response bounds obtained from HDMR approximation and MCS in Example 1.
α-cut Methods fmin fmax

HDMR -0.5930 5.0438
0.0 MCS -0.5909 5.0456

% error -0.35 0.04
HDMR -0.0280 4.4807

0.2 MCS -0.0276 4.4816
% error -1.66 0.02
HDMR 0.5352 3.9173

0.4 MCS 0.5357 3.9176
% error 0.09 0.01
HDMR 1.0988 3.3536

0.6 MCS 1.0991 3.3537
% error 0.02 0.00
HDMR 1.6623 2.7897

0.8 MCS 1.6624 2.7897
% error 0.00 0.00

Figure 2: The finite element model of a simplified aircraft wing with the engine modeled as a lumped mass
attached to the wing via a spring at 1/3 span. The structure is modeled in ADINA [61] FE software. The
10×5 FE model of the plate consists of 50 2-noded solid elements and 303 nodes. A fixed boundary condition
is applied at the left.

natural frequencies of the wing structure, are represented by an HDMR expansion. The proposed approach
with HDMR approximation and full scale MCS using the commercial FE code ADINA [61] are employed to
evaluate the fuzzy characteristics of the natural frequencies of the structure. In all methods, the calculation
of the matrix characteristic equation for a given input is equivalent to performing an FE analysis. Therefore,
computational efficiency, even for this simplified model, is a major practical requirement in solving the
dynamic system. For the HDMR based approaches, a value of s = 5 is selected. Using samples generated



Table 3: Bounds of the input fuzzy variables of Example 2 at α-cut= 0.
Variable xmin xmax x̄

Young’s modulus (GPa) 29 109 69
Thickness (m) 0.1 0.5 0.3
Density (kg/m3) 2000 4000 3000

(a) Mode 1 (b) Mode 2

(c) Mode 3 (d) Mode 4

(e) Mode 5

Figure 3: The first five mode shapes of the simplified wing, when all of the fuzzy variables are at their
reference values.

for the HDMR, approximation errors (compared with full scale MCS) in the response bounds are presented
in figure 4. The errors in the response bounds at α-cuts of 0 and 0.2 are quite high (≈ 4-9%), however,
these errors can be reduced by taking more HDMR sample points (increase s), which demands more FE



analyses. Thus the number of sample points (s) for the HDMR approximation will vary depending on the
user’s accuracy requirement. The full scale MCS results are obtained from 10000 FE analyses. In contrast,
only 13 (= (s − 1) × M + 1 = (5 − 1) × 3 + 1) FE analyses are required by HDMR for each α-cut.
In this problem, for each α-cut, the total CPU usage for full scale MCS is 10001s, whereas for HDMR
approximation it is only 4s.
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(a) Errors in the lower bounds
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(b) Errors in the upper bounds

Figure 4: Errors in the response bounds of the natural frequencies using the HDMR method compared to
MCS.

6 Conclusions

In the uncertainty assessment of real life problems with fuzzy variables, the response functions are most
often specified implicitly using a finite element code. This paper proposes a new computational method
to predict the uncertainty bounds of dynamical systems with fuzziness in loads, material properties and
geometric parameters in an efficient manner. It utilized the excellent properties of the HDMR for multivariate
function approximation and moving least-squares as an interpolation scheme. The HDMR method is applied
to different α-cuts to obtain the fuzzy description of the output variables.

Two numerical examples show the performance of the proposed method. Comparisons are made with the full
scale simulation to evaluate the accuracy and computational efficiency of the proposed method. These nu-
merical examples show that the proposed method not only yields accurate estimates of the response bounds
compared to the direct simulation approach for highly nonlinear problems, but also reduces the computa-
tional effort significantly. Due to a small number of original function evaluations, the proposed HDMR
approximations are very effective, particularly when a response evaluation entails costly finite element anal-
ysis, or other computationally expensive numerical methods. The proposed approach provides the desired
accuracy to the predicted response with the least number of function evaluations. In order to reduce the ap-
proximation error further, a second-order HDMR approximation could be used, but the number of function
evaluations would be increased quadratically. An optimum number of sample points, s, must be chosen in
the function approximation by the HDMR, depending on the desired accuracy and computational resources.
A very small number of sample points should be avoided as the HDMR approximation may not capture the
nonlinearity within the domain of sample points and this could affect the estimated response significantly.
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