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We demonstrate that the mechanical behaviour of bilayer graphene can be predicted using a first or-
der deformation approach typical of sandwich structures. The mechanical transverse deformation of
bilayer graphene under central loading is simulated using a mixed atomistic continuum – Finite Element
technique, and the results post-processed using a First Order Sandwich Structures (FOSS) deformation
approach. The proposed technique provides good agreement with experimental and theoretical data avail-
able in open literature.

© 2010 Elsevier B.V. All rights reserved.

1. Introduction

Bilayer graphene has been proposed as the only semiconduc-
tor to produce insulating state and switch-off electrical conduction
[1,2]. Another unusual property of this nanomaterial is the pres-
ence of two structural domains at 180◦ when grown on SiC sub-
strate, showing a “shifted stacking” of the layers due to lattice
mismatch induced by the roughness of the silicon carbide [3].
Low-frequency electrical resistance fluctuations in bilayer and mul-
tilayer graphene has been studied in [4,5]. Electron diffraction has
also allowed to identify significant roughness in suspended bi-
layer graphene membranes, although with a lower degree than
single layer graphene sheets [6]. AFM techniques have been also
applied to suspended multilayer graphene sheets, showing a mea-
sured Young’s modulus of 0.5 TPa [7], half of the classical value
accepted in literature from simulations and experimental results
on single layer graphene structures [8–11]. The peculiar structure
of the bilayer graphene could explain the above discrepancy.

Bilayer graphene is composed by two single layers of graphene,
interacting each other with Van der Walls forces, which can be
expressed in terms of Lennard-Jones (LJ) potentials. From a ge-
ometric perspective, there is a significant similarity between bi-
layer graphene and sandwich panels or beams. Structural sandwich
structures are made by two face skins embedding a core mate-
rial. According to the first-order shear deformation theory [12],
the face skins bear the flexural stiffness of the system, while the
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shear stiffness of the core provides the added transverse deforma-
tion of the panel, when subjected to concentrated or distributed
loads. As an initial approximation, one can presume that the sin-
gle sheets of bilayer graphene could be assimilated to the plates of
the face skins, while the interlayer Lennard-Jones potential can be
thought as the “core” of the nanostructure. Several authors have
considered a structural modelling of multilayer graphene, both in
terms of analytical and molecular simulations [13–16], and equiv-
alent continuum modelling of the plates as structural shells, while
the LJ potentials have been represented as equivalent connecting
springs [17]. The use of an equivalent first-order sandwich struc-
ture (FOSS) theory to model the mechanical behaviour of bilayer
graphene would have some appealing features. According to the
FOSS approach [12,18], it is possible to decouple the elasticity
of the upper and lower plates of the sandwich from the one of
the core, therefore determining the contributions from the single
components of the nanostructure to the overall mechanics of the
bilayer. Secondly, the FOSS approach would also provide a frame-
work for an experimental technique to measure the mechanical
properties of bilayer graphene, using the formulations used in me-
chanical testing of sandwich components [18].

This Letter aims at exploring the feasibility of using the FOSS
theory on bilayer graphene, using the simulations related to a 3-
point loading on bilayer graphene nanostructures as “experimental
data”. The graphene nanostructures are represented by an equiva-
lent atomistic-continuum Finite Element (FE) representation of the
C–C bonds [19] and LJ potentials. The method developed by some
of the present authors and applied to single layer graphene sheets
[20], is based on a representation of the covalent carbon bonds
for the graphene with deep shear beams with bending and ax-
ial deformation, and equivalent mechanical properties determined
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by the minimisation of the total potential energy under specific
loading and boundary conditions. In other terms, the mechani-
cal characteristics (thickness, distribution of the bond lengths) are
functions of the loading and constraints applied to the nanostruc-
ture. This approach is consistent with the large spread of thickness
values observed for CNTs and graphene (the “Yakobson’s para-
dox” [21]), as well as the different C–C bond equilibrium lengths
observed in graphene sheets under different loading conditions
[22,23]. To account for the effects of the LJ potential between the
single graphene layers, we have developed an equivalent nonlinear
spring Finite Element, reproducing the axial deformations and cut-
off properties of the potential as idealised by Girifalco et al. [24].
The atomistic-continuum FE models of the bilayer graphene have
been subjected to 3-point bending loading conditions – i.e., simply
supported at the two ends, with a central concentrated loading.
The results of the numerical simulations have been post processed
with the FOSS theory, and the equivalent bending and shear stiff-
ness of the graphene layers and LJ potential respectively compared
with existing data from open literature. We will show that the
FOSS approach can reproduce the bending stiffness provided by
the single graphene sheets, while the transverse shear can be ap-
proximated only for deflections up to 18%–20% of length from the
supports. However, the flexural modulus identified with this tech-
nique yields values close to the 0.5 TPa measured experimentally
in suspended multilayer graphene, as well as membrane stiffnesses
in good agreement with the ones calculated with ab initio and MD
techniques in graphene sheets.

2. Methodology

2.1. C–C bonds modelling

We follow the approach from [19,20] to model the covalent
carbon–carbon bond in single layer graphene. The carbon–carbon
sp2 bonds can be considered as equivalent beams having axial,
out-of-plane and in-plane rotational deformation mechanisms. The
harmonic potential associated to the C–C bond can be expressed
as:

kr

2
(δr)2 = E A

2L
(δr)2

kτ

2
(δϕ)2 = G J

2L
(δϕ)2

kθ

2
(δθ)2 = E I

2L

4 + Φ

1 + Φ
(δθ)2 (1)

The first row of (1) corresponds to the equivalence between
stretching and axial deformation mechanism (with E being the
equivalent Young’s modulus), while the second one equates the
torsional deformation of the C–C bond with the pure shear de-
flection of the structural beam associated to an equivalent shear
modulus G . The term equating the in-plane rotation of the C–C
bond (third row of (1)) is equated to a bending strain energy re-
lated to a deep shear beam model, to take into account the shear
deformation of the cross section. The shear correction term be-
comes necessary when considering beams with aspect ratio lower
than 10 [25]. For circular cross sections, the shear deformation
constant can be expressed as [20]:

Φ = 12E I

G As L2
(2)

In (2), As = A/Fs is the reduced cross section of the beam by the
shear correction term Fs [26]:

Fs = 6 + 12ν + 6ν2

7 + 12ν + 4ν2
(3)

The insertion of (2) and (3) in (1) leads to an nonlinear relation
between the thickness d and the Poisson’s ratio ν of the equivalent
beam [20]:

kθ = krd2

16

4A + B

A + B
(4)

Where:

A = 112L2kτ + 192L2kτ ν + 64L2kτ ν
2 (5)

B = 9krd2 + 18krd4ν + 9krd4ν2 (6)

The values for the force constants for the AMBER model are
kr = 6.52 × 10−7 N mm−1, kθ = 8.76 × 10−10 N nm rad−2, and
kτ = 2.78 × 10−10 N nm−1 rad−2 [27]. For the linearised version
of the Morse potential, we adopt kr = 8.74 × 10−7 N mm−1, kθ =
9.00×10−10 N nm rad−2 and kτ = 2.78×10−10 N nm−1 rad−2 [20].
The equivalent mechanical properties of the C–C bond can be de-
termined performing a nonlinear optimisation of (1) using a Mar-
quardt algorithm.

2.2. Lennard-Jones potential

The equivalent axial force related to the LJ potential between
pair of atoms (i, j) belonging to different graphite layers can be
expressed as:

Fij = ∂V ij

∂r
(7)

Where r is the deformation along the distance ij between the
atoms pair. Using the formulation from Girifalco et al. [24], the
force exerted between the two atoms can be expressed as:

Fij = −12ε

[(
rmin

y

)13

−
(

rmin

y

)7]
(8)

Where y = rmin + δr, δr being the deformation along ij. The

minimum (cut-off) distance rmin (in Å) is equal to 2
1
6 σ , where

σ = (A/B)1/6. The attractive and repulsive constants B and A
for the interlayer graphitic potential are 24.3 × 103 eV × Å12 and
15.4 eV × Å6 respectively. The term ε is equal to B2/(4A).

The upper and lower graphene sheets are modelled using the
deep shear (Timoshenko) Finite Element beams [28,29], where the
nodes represent the atoms. Each atom of the bond laying in one
layer is connected to the nearest and near neighbour in the oppo-
site plane using a nonlinear spring element with stiffness matrix
updated through a Newton–Raphson scheme at selected points of
the force displacement curve (8). The bilayer graphene (Fig. 1) is
simply supported (SS) at the ends (displacements, and out-of-plane
rotations constrained), while a central loading is applied along
the nodes (atoms) on the middle plane of the upper single layer
graphene. The SS boundary conditions have been applied to con-
form to the determination of the flexural stiffness and equivalent
core shear modulus in classical FOSS measurements [12]. We ob-
serve, however, that the mechanical properties obtained using ho-
mogenisation techniques are affected, especially at nanoscale (and
for graphene), by the specific boundary conditions used and scale
effects given by the relative length between lattice dimensions
and overall nanostructure [30]. All the simulations were carried
out considering room temperature conditions (T = 300 K), and
no in-plane pre-tension applied. In this way, only the membrane
and flexural properties on the bilayer alone were considered, with
no induced stiffening effect given by other membrane states. The
equivalent mechanical properties of the C–C bonds (from Eqs. (1),
(4)) are computed after the minimisation of the total potential en-
ergy associated to the specific loading and boundary conditions.
Following [20], a two-step nonlinear optimisation is performed,
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Fig. 1. Bilayer graphene (length 7.99 nm, width 1.35 nm, interlayer distance 0.34 nm)
under 3-point bending loading.

using first a zero-order optimisation routine, and then a steepest-
descent first-order technique to identify the global minima of the
potential energy. The simulation technique has been applied to 3
bilayer graphene, with overall length a of 7.99 nm and different
aspect ratios (8.64, 5.91, 3.05). The interlayer distance h was con-
sidered equal to 0.34 nm [24,1]. Both AMBER and linearised Morse
potential force models were considered for each bilayer graphene
model.

3. Results and discussions

3.1. Thickness and equilibrium lengths

Table 1 shows the distribution of the thickness and equilibrium
lengths belonging to the upper and lower graphene sheets after
the minimisation of the potential energy. One significant aspect
to notice is the different thickness amongst the upper and lower
graphene sheets, with the highest thickness values corresponding
to the single graphene layer directly loaded. The average values
at equilibrium oscillate between 0.138 nm and 0.142 nm. Reddy
et al. [22] have observed C–C bond lengths distributions between
0.139 nm (in the middle of the graphene), to 0.147 nm at the
edges, for the case of pure uni-axial in-plane tensile loading. Al-
though larger bond lengths ranges are possible when Stone–Walls
defects are considered [31], the majority of the values we iden-
tify are within 0.141 nm and 0.142 nm, well close to the standard
equilibrium length for the C–C bonds in carbon nanotubes and
graphene [32]. While the distribution of the bond lengths seems
not affected by the force model used, the values of the thickness
vary whether the AMBER or Morse models are used. For the AM-
BER case, the thickness vary between 0.111 nm and 0.116 nm, with
lower values (0.103 nm and 0.109 nm) for the linearised Morse po-
tential. These values are consistent with the 0.120 nm identified by
Sun et al. in CNTs [33], and the 0.137 nm from Hemmasizadeh et
al. [8] for the bending of a single layer graphene. Batra and Gupta
[34] identify thickness of the order of 0.1 nm for single wall carbon
nanotubes undergoing resonant behaviour. Lower thickness values
are also identified in open literature (0.057 nm [35], 0.074 nm [36],
0.084 nm [37,20]), but they are all related to single layer graphene
sheets under uni-axial in-plane loading only.

3.2. Stiffness of the bilayer graphene

The transverse displacement δ at location x of a sandwich beam
under concentrated transverse central loading F can be expressed
as [12,18]:

δ = δb + δs = F x3

48D
+ F x

4U
(9)

Where δb and δs are the transverse displacements due to bending
of the single graphene layers and the shear of the Lennard-Jones
potentials. In (9), the equivalent shear stiffness G of the core is
provided through the load bearing cross section U . For uneven face
skin thickness du and dl , the flexural stiffness D per unit width is
expressed as [12]:

D = E f

[(
h2 dudl

du + dl

)
+ 1

12

(
d3

u + d3
l

)]
(10)

Table 1
Thickness and equilibrium lengths of the bilayer graphene after minimisation of the
total potential energy. The subscripts l and u refer to the lower and upper sheets of
the bilayer graphene.

a [nm] b [nm] dl [nm] du [nm] Ll [nm] Lu [nm] Force model

7.99 0.92 0.111 0.116 0.142 0.141 AMBER
7.99 1.35 0.112 0.112 0.138 0.141 AMBER
7.99 2.63 0.111 0.116 0.143 0.142 AMBER
7.99 0.92 0.106 0.107 0.142 0.142 Morse
7.99 1.35 0.103 0.109 0.142 0.141 Morse
7.99 2.63 0.108 0.108 0.142 0.142 Morse

Fig. 2. Total displacements of the bilayer from Eq. (12) with linear LS fitting.

Where E f is the flexural modulus of single layer graphene sheets,
while h̄ = h + (du + dl)/2, h being the atomic interlayer distance
(0.34 nm). The shear stiffness U of the core (LJ potential) is for-
mulated as [12]:

U = G L J h (11)

Where G L J is the equivalent transverse shear provided by the
Lennard-Jones potential. Eq. (9) can be conveniently recast to ex-
press linear fits to identify the effective flexural stiffness and trans-
verse shear of the bilayer graphene in the following way:

δb

F x3
= 1

48D
+ b

4U

1

x2
(12)

δb

F x
= b

4U
+ x2

48D
(13)

The linear polynomial fit for Eq. (12) and AMBER force model,
with a R2 = 0.99 and confidence interval of 95% provides the fol-
lowing approximation: δb/F/x3 = 4.711 + 38.8(1/x2). For the lin-
earised Morse potential, the linear fit becomes δb/F/x3 = 3.627 +
34.8(1/x2), always with a R2 of 0.99 (Fig. 2). For the shear-induced
displacement in Eq. (13), the assumption for the transverse simple
shear deformation seems no more valid. On the contrary, the curve
assumes an exponential fit of the type: δb/F/x = c1 exp(c2x2) +
c3 exp(c4x2) (Fig. 3). For the linearised Morse potential, the values
of the coefficients are c1 = 61.35, c2 = −0.0175, c3 = −27.74 and
c4 = −0.378. For the AMBER force model, the values of the coef-
ficients are the following: c1 = 71.09, c2 = −0.016, c3 = −33.84
and c4 = −0.367. All the fitted curves showed a R2 of 0.98. The
bilayer graphene seems to feature the equivalent sandwich struc-
ture behaviour (i.e., linearity of the normalised displacement ver-
sus x2) up to 20% of the width a of the bilayer from the sup-
ports (Fig. 3). For that case, the linear behaviour of Eq. (13) is
expressed by an approximation of the type δb/F/x ≈ b1 + b2x2,
where b1 = 38.95 and b2 = 7.33 for the AMBER force model. The
linearised Morse potential case fits in Least Squares the approxi-
mation with b1 = 34.89 and b2 = 5.67. It is worth noticing that
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Fig. 3. Total displacement δb/F/x versus x2 with exponential LS fits for AMBER and
linearised Morse potential results.

Table 2
Flexural modulus and equivalent shear of the bilayer graphene sheets using
Eqs. (10) and (11) – unsymmetric thickness of the single graphene layers.

Dimensions [nm × nm] E f [TPa] G L J [TPa] Force model

7.99 × 0.92 0.371 0.0142 AMBER
7.99 × 1.35 0.379 0.0143 AMBER
7.99 × 2.63 0.371 0.0143 AMBER
7.99 × 0.92 0.531 0.0161 Morse
7.99 × 1.35 0.535 0.0161 Morse
7.99 × 2.63 0.520 0.0160 Morse

the terms b1 have values similar to the zero order terms of the
linear fit of Eq. (12).

Table 2 shows the values of the identified flexural modulus E f
and shear modulus G L J for the different bilayer graphenes simu-
lated. All the mechanical stiffness values are increased when the
Morse potential is adopted, rather than the AMBER one. This char-
acteristic can be explained by the higher stretching constant kr

in the linearised Morse model. The flexural modulus E f ranges
between 0.371 TPa for the AMBER model, to 0.531 TPa for the lin-
earised Morse potential. These values are very close to the 0.5 TPa
measured by Frank et al. in suspended multilayer graphene with
AFM techniques [7]. The equivalent transverse shear offered by
the LJ potential during the bending deformation is very low, rang-
ing between 14.2 GPa for the AMBER model to the 16.1 GPa for
the Morse potential. It appears that the bilayer graphene deforms
similarly to a sandwich structure with a relatively stiff core. For
a sandwich beam, the condition parameter for a weak core is
(E f /EL J )/(th̄3/h2), which must be higher than 16.7 to completely
neglect the bending contribution from the core [12]. We do not
have information about a possible equivalent Poisson’s ratio of
the core, so to obtain the isotropic relation E L J = 2G L J (1 + ν).
We note that for positive Poisson’s ratios 0 < ν < 0.5, the weak
core parameter would be always lower than 7.25 for the AMBER
case and 9.10 for the linearised Morse potential. For ν = −0.5,
the shear and Young’s modulus would be equal, and the weak
core parameter would range between 15.5 and 18.8 – denoting
a marginally weak core sandwich. However, from Fig. 3 (and the
lack of linear dependence over x2 above x/a = 0.2) it is pos-
sible to argue that the core does not contribute to the trans-
verse deformation under pure shear conditions, and the LJ po-
tential provides a complex shear response to the out-of-plane
load.

It is interesting, at this point, to consider the membrane stiff-
ness of the single layer sheets connected by the Van der Walls
force. Assuming an overall isotropic behaviour and a hinging-
stretching deformation mechanism for the covalent bonds, the ho-
mogenised Young’s modulus for the single layer graphene can be

Table 3
Tensile membrane stiffness and rigidities for the graphene layers with the identified
thickness (Table 1).

Force model Thickness [nm] E gs [TPa] Y gs [TPa nm]

AMBER 0.111 3.467 0.385
AMBER 0.112 3.380 0.377
AMBER 0.116 3.058 0.355
Morse 0.103 4.375 0.451
Morse 0.106 4.029 0.427
Morse 0.107 3.992 0.420
Morse 0.108 3.819 0.412
Morse 0.109 3.719 0.405

represented by [20]:

E gs = 4
√

3kr Kh

3d(kr + 3Kh)
(14)

Where the hinging constant is Kh = 8kτ /d2 [20]. The tensile rigid-
ity Y gs is given by the product between the Young’s modulus E gs

and the thickness d. The in-plane Young’s modulus (14) and ten-
sile rigidities have been computed for the different force models
and thickness identified during the energy minimisation process,
with the results shown in Table 3. The Young’s modulus E gs vary
between 3.058 TPa and 4.375 TPa, in good agreement with values
found by Huang et al. using first and second generation Tersoff–
Brenner potentials (4.27 TPa [35]). A common comparison metrics
is the use of the tensile rigidities, because of the inclusion of
the thickness in the mechanical term. Our models tend to pre-
dict a slightly stiff membrane rigidities (between 0.355 and 0.451
TPa nm). However, those values are in line with the ones from Cho
et al. (0.386 TPa nm [15]), Chang and Gao (0.360 TPa nm [32]),
Sakhaee-Pour (0.354 TPa nm [38]) and Kudin et al. (0.345 TPa nm
[37]). The tensile rigidity on circular single layer graphene sheets
subjected to pretension and loaded with a point force has been
measured equal to 0.335 TPa nm [11].

4. Conclusions

We have shown that the transverse mechanical deformation of
bilayer graphene can be approximated by a first order shear de-
formation theory mutated from the analysis of structural sandwich
beams and panels. Using this approach, it is possible to identify
the separate contributions given by the single graphene layers and
the LJ interlayer potential to the flexural modulus and transverse
shear of the nanostructure. Through the minimisation of the to-
tal potential energy, we identify different thicknesses of the single
graphene sheets composing the bilayer, the thicker graphene cor-
responding to the mechanically loaded sheet. In that sense, the bi-
layer graphene behaves mechanically as a nonsymmetric sandwich
structure. The present first order theory seems to identify with a
good accuracy the flexural modulus of the graphene sheets. The bi-
layer models represented with the atomistic-continuum technique
provide an overall transverse pure shear behaviour in sections of
the bilayer close to the supports, while the LJ potential seems
to generate a more complex shear behaviour close to the mid-
span of the bilayer graphene, suggesting that higher order shear
and bending deformation sandwich theories could be developed,
with specific emphasis on bilayer and multilayer graphene systems.
Nevertheless, the FOSS approach could provide the basis for a post-
processing of experimental results carried out on bilayer graphene,
instead of using continuum mechanics force displacement models
based on single layer systems.

Another novelty of this work is the establishment of a atomis-
tic-continuum FE technique for the C–C bonds of the graphene and
the equivalent mechanical nonlinear springs simulating the LJ po-
tential. This simulation approach allows to reproduce a full scale
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mechanical testing of the bilayer nanostructure with different load-
ing and boundary conditions.
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