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a b s t r a c t

Nonlocal longitudinal vibration of single-walled-carbon-nanotubes (SWCNTs) with attached buckyballs
is considered. Attached buckyball at the tip of a SWCNT can significantly influence the resonance fre-
quency of the vibrating system. Closed-form nonlocal transcendental equation for vibrating system with
arbitrary mass ratio i.e. mass of buckyball to mass of SWCNT is derived. Nonlocal elasticity concept is
employed to develop the frequency equations. Explicit analytical expressions of axial frequencies are
proposed when mass of the attached buckyball is larger than the mass of SWCNT. Nonlocal longitudinal
frequencies are validated with existing molecular dynamic simulation result. For arbitrary mass ratios,
the frequency shifts in SWCNT due to (i) added buckyballs and (ii) nonlocal-effects are investigated. The
present communication may be useful when designing tuneable resonator in NEMS applications.

© 2010 Elsevier Ltd. All rights reserved.

1. Introduction

Experimental (Ruud et al., 1994; Wong et al., 1997; Kasuya
et al., 1997) and atomistic simulations (Chowdhury et al., 2010a)
have evidenced a significant ‘size-effect’ in the mechanical prop-
erties when the dimensions of the nanostructures become ‘small’.
Size-effects are related to atoms and molecules that constitute the
materials. Atomistic discrete methods, such as molecular mechan-
ics simulation (Chowdhury et al., 2010b) are justified in the analysis
of nanostructures. However the approach is computationally exor-
bitant for nanostructures with large numbers of atoms (Chowdhury
et al., 2010a,b). Thus, research analyses generally have been car-
ried out via classical continuum mechanics approach. Extensive
research (Ru, 2001; Yoon et al., 2003; Behfar and Naghdabadi, 2005;
Liew et al., 2006) over the past decade has shown that classical
continuum theories are able to predict the performance of ‘large’
nanostructures reasonably well. The classical continuum theories
include Euler–Bernoulli theory (Naguleswaran, 2006), Timoshenko
beam theory (Timoshenko, 1953), Kirchhoff’s plate theory (Reddy,
2007a), Mindlin plate theory (Mindlin, 1951) and classical shell
theories (Jaunky and Knight, 1999). However classical continuum
models are considered scale-free and it lacks the accountability of
the effects arising from the small-scale. Thus, application of clas-
sical continuum models may be questionable in the analysis of
nanostructures such as carbon nanotubes.
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Recently there have been research efforts (Kong et al., 2008;
Kahrobaiyan et al., 2010) to bring in the scale-effects and physics
within the formulation by amending the traditional classical
continuum mechanics. One widely promising size-dependant
continuum theory is the nonlocal elasticity theory pioneered by
Eringen (1983). In the nonlocal elasticity theory, the small-scale
effects are captured by assuming that the stress at a point is a
function of the strains at all points in the domain. Nonlocal theory
considers long-range inter-atomic interaction and yields results
dependent on the size of a body (Eringen, 1983). Some drawbacks
of the classical continuum theory could efficiently be avoided and
the size-dependent phenomena can be reasonably explained by
nonlocal elasticity (Sudak, 2003; Lu, 2007; Reddy, 2007b; Heireche
et al., 2008; Wang and Duan, 2008; Reddy and Pang, 2008; Li and
Wang, 2009; Aydogdu, 2009a,b; Murmu and Pradhan, 2009; Lim
and Yang, 2010).

Cylindrical fullerenes are known as carbon nanotubes, while
spherical fullerenes (Fig. 1a) are referred to as buckyballs (Rao
et al., 1995; Hermanson, 2008). As nanobuds (Zhao et al., 2010)
can be obtained by adjoining fullerene to carbon nanotubes span
(Fig. 1b), buckyballs can be added at the tip of carbon nanotubes
for probable nanosensors and nanoresonator applications (Fig. 1c).
Resonance based sensor offer significant potential of achieving the
high-fidelity requirement of many sensing applications. The res-
onant frequency is sensitive to the resonator mass. The change
in the attached mass on the resonator causes a shift to the reso-
nant frequency. Attached buckyballs or added atoms at the tip of a
SWCNT (Fig. 1c) can influence frequency change in vibrating sys-
tems (Park et al., 2005). Nanotubes have potential of being used as
nanomechanical resonators in atomic-scale mass sensor. Likewise
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Fig. 1. (a) Standard carbon buckyballs. (b) Atomic configuration of attached buckyball in a nanobud configuration. (c) Atomic configuration of a SWCNT (5, 5) with attached
buckyballs at the tip (i) C320 (ii) C500 (iii) mathematical idealization of a nanorod with a lumped mass.

carbon nanotubes with added buckyballs can be effectively used as
tuneable nanoresonators in NEMS application.

On view of the above discussions, in this research commu-
nication, we examine the nonlocal-effects in the longitudinal
dynamic properties of single-walled-carbon-nanotubes (SWCNTs)
with attached buckyballs. For the abovementioned problems we
derive the governing equations for longitudinal vibration based on
nonlocal elasticity theory (Eringen, 1983). Nonlocal axial frequen-
cies are validated with existing molecular dynamic simulations
studies. Analytical expressions of nonlocal frequencies are derived
when the mass of the attached buckyball is larger than the
mass of SWCNT. Closed-form nonlocal transcendental equation
for vibrating system with arbitrary mass ratio i.e. mass of buck-
yballs to mass of SWCNT is derived. The frequency shifts due
to (i) added buckyballs and (ii) nonlocal-effects are considered
for arbitrary mass ratios. The following results and discussion of
this study can be utilized for the design of a tuneable nanores-
onator.

2. Nonlocal elasticity

According to the nonlocal elasticity, the basic partial-integral
stress relation for an isotropic, linear and homogenous nonlocal
elastic body neglecting the body force is expressed as (Eringen,
1983)

�ij(x) =
∫

V

�(|x − x′|, ˛)tijdV(x′), ∀x ∈ V (1)

The terms �ij and tij are the nonlocal stress and classical stress
tensors, respectively. The volume integral is over the region V occu-
pied by the body. The kernel function �(|x − x′|,˛) is the nonlocal
modulus. The nonlocal modulus acts as an attenuation function
incorporating into constitutive equations the nonlocal effects at
the reference point x produced by local strain at the source x′. The
term |x − x′| represents the distance in the Euclidean form and ˛
is a material constant that depends on the internal, a, (e.g. lat-
tice parameter, granular size, distance between the C–C bonds) and
external characteristics lengths, �, (e.g. crack length, wave length).
Material constant ˛ is defined as ˛ = e0a/�. Here e0 is a constant
for calibrating the model with experimental results and other vali-
dated models. The parameter e0 is estimated such that the relations
of the nonlocal elasticity model could provide satisfactory approx-
imation to the atomic dispersion curves of the plane waves with
those obtained from the atomistic lattice dynamics (Eringen, 1983).
Term e0 is closely related to complex internal microstructures of
materials and thus no specific values have been determined till now
(Li and Wang, 2009).

The nonlocal partial-integral equation couples the stress due
to nonlocal elasticity and the stress due to classical elasticity. The

partial-integral equation is generally difficult to solve analytically.
Thus a differential form of nonlocal elasticity equation is often used.
According to Eringen (1983), the following expression of nonlocal
modulus can be used as

�(|x|, ˛) = (2��2˛2)
−1

K0

(√
x · x
�˛

)
(2)

where K0 is the modified Bessel function. Assuming the kernel
function � as the Green’s function, Eringen (1983) proposed a dif-
ferential form of the nonlocal constitutive relation as

(1 − ˛2�2∇2)�ij = tij (3)

where �2 is the Laplacian. The nonlocal differential equation (Eq.
(3)) couples the stress due to nonlocal elasticity and the stress
due to classical elasticity. When ˛ = 0 both classical and nonlocal
stresses are same.

3. Equation of motion

3.1. Nonlocal rod theory

The nonlocal constitutive relation (Eq. (3)) in one-dimensional
form reduces to (Reddy, 2007b)

�(x) − (e0a)2� ′′(x) = Eε(x) (4)

where E and ε denote the Young’s modulus and the strain in SWCNT,
respectively. Term x denotes the longitudinal coordinate. Term
(e0a) is the dimensional nonlocal parameter.

We use the relation for stress resultant as

N =
∫

A

�(x)dA (5)

where A is the cross-section of the uniform SWCNT.
Using Eqs. (4) and (5) we get the constitutive relation as

N(x) − (e0a)2N′′(x) = EAu′(x, t) (6)

where ′ denotes the (∂/∂x) and ′′ denotes the (∂2/∂x2).
We use the Euler–Lagrange equation in the domain 0 < x < L as

N′(x) + f (x, t) = mü(x, t) (7)

where ·· denotes the (∂2/∂t2). Here m and u(x,t) are the mass per
unit length and axial displacements of the SWCNT; and f(x,t) is the
axially distributed force.

Using Euler–Lagrange expression, the nonlocal governing equa-
tion can be expressed as (Reddy, 2007a; Aydogdu, 2009a,b; Filiz
and Aydogdu, 2010)

−EAu′′(x, t)−f (x, t)−(e0a)2f ′′(x, t) + mü(x, t) − (e0a)2mü′′(x, t) = 0

(8)
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3.2. Longitudinally vibrating nanotube-buckyball systems

Consider a single-walled carbon nanotube (SWCNT) with
attached buckyball (Fig. 1c). The SWCNT is assumed to be of length
L. The mathematical idealization of the vibrating system is shown
in Fig. 1c(iii). The SWCNT is assumed as a nonlocal rod. The SWCNT
is considered to be slender and modelled by nonlocal rod theory.

Consider the solution of Eq. (8) as

u(x, t) = U(x)eiωt (9)

where ω is the natural frequency and i = √−1. Considering normal-
izing coordinate, X = x/L and using Eq. (9) Euler–Lagrange equation
(neglecting f(x,t)) can be transformed to space variables form as

U ′′(X) + 	2U(x) = 0, (10)

where

	2 = ˝2

[1 − (e0a/L)2˝2]
(11)

and

˝2 = mω2L2

EA
(12)

Term U(X) can be expressed as

U(X) = A cos 	X + B sin 	X (13)

where A and B are determined from boundary conditions.
Suppose there is an attached buckyballs at the tip of SWCNT

(Fig. 1c). The boundary conditions for single-walled carbon nan-
otubes with attached buckyballs can be expressed as

(u)X=0 = 0 (14)

and(
EA

L

)(
∂u

∂X

)
X=1

+ (e0a)2
(m

L

)(
∂3u

∂X∂t2

)
X=1

= −MBUCKYBALL

(
∂2u

∂t2

)
X=1

(15)

Here the term MBUCKYBALL denotes the mass of the carbon buck-
yball. It should be noted that boundary condition represented by
Eq. (15) is the nonlocal boundary condition and not the classical
one.

Applying the boundary conditions (Eqs. (14) and (15)), we get
the governing nonlocal transcendental frequency equation as

1

M

= 	 tan 	 (16)

where the term 	 is defined as Eq. (11) and 
M is the ratio of mass
of the buckyballs to the mass of SWCNT as


M = MBUCKYBALLS

MCNT
(17)

When the SWCNT is solo and there are no buckyballs we have

M = 0. Thus Eigen value equation (cos 	 = 
M 	 sin 	) reduces to
conventional frequency equation: cos 	 = 0 (Aydogdu, 2009a,b; Filiz
and Aydogdu, 2010).

3.3. Frequency relation for nanotube-buckyball system when
MCNT < MBUCKYBALLS

When the mass of SWCNT is small compared to the mass of
buckyballs, then 1/
M → 0 and 	 → 0. This implies that tan 	 → 	;
and we can assume that tan 	 = 	. Thus we obtain a simple relation
for nonlocal resonant frequency and mass ratio as

	2 =
(

1

M

)
(18)

where 	, which is a function of nonlocal parameter, is defined in
Eq. (11).

Using Eq. (11), explicit nonlocal frequency as a function of mass
ratio 
M and nonlocal parameter is evaluated as

˝R =
√(

1

M

/

[
1 +

(
e0a

L

)2 (
1


M

)])
(19)

A better assumption of Eq. (19) can be found by considering the
second term of tan 	 in Taylor series, i.e.

tan 	 = 	 + 	3

3
(20)

Using Eq. (18), we can have explicit relation for nonlocal fre-
quency as

˝R =
√(

1

M

/

[
1 + 1

3

(
1


M

)
+

(
e0a

L

)2 (
1


M

)])
(21)

When the nonlocal parameter, e0a = 0, the frequency of
vibrating system reduces to the longitudinal classical frequency
(Timoshenko, 1937). This coincides with the well-known relation
by Rayleigh method (Rayleigh, 1954). This new expression (Eq.
(21)) can be viewed as Rayleigh-nonlocal frequency relation for lon-
gitudinal vibration.

Similarly considering the first three terms of tan 	 in Taylor
series, i.e. tan 	 = 	 + 	3/3 + 2	5/15, we have the nonlocal frequency
relation as

˝R =

√(
1


M
/

[
1 + 1

3

(
1


M

)
+ 2

15

(
1


M

)2

+
( e0a

L

)2
(

1

M

)])
(22)

The behaviour of these frequency relations with different mass
ratios is discussed in the next section.

4. Results and discussion

4.1. Nonlocal longitudinal frequencies vs. molecular dynamics
simulation

To validate the frequencies based on present continuum non-
local rod theory, an armchair SWCNT (5, 5) without attached
buckyball is considered. Nonlocal fundamental axial frequencies
(f = ω/2�) are computed and compared with molecular dynam-
ics (MD) simulation result (Cao et al., 2006). The geometric and
material properties of SWCNT are length, L = 24.4 nm, density
� = 9.517 × 103 kg/m3, thickness, t = 0.08 nm. The frequencies by
local elasticity, nonlocal elasticity and MD simulation are listed
in Table 1. Good agreement between the analytical results and
MD simulation is observed. However the frequencies obtained by
local elasticity are slightly over-predicted compared to the fre-
quencies by MD. This can be accounted as: the small scale-effects
are included in MD simulation (Chowdhury et al., 2010a, b) while
classical model (Timoshenko, 1937) is independent of the small
scale-effects. The gap between the frequencies by local elasticity
and MD simulation are diminished by applying nonlocal effects
(e0a /= 0).

The frequencies of vibrating systems are however sensitive to
the choice of nonlocal parameters. Proper choice of nonlocal param-
eter for a particular system is thus important. From Table 1, we
observe that e0a = 1 nm gives the best agreement with the MD sim-
ulation. This value of nonlocal parameter can be considered as the
“best value” of nonlocal parameter for the present vibrating sys-
tem; and can be used for future applications of the model. However
it should be noted that the choice of nonlocal parameters need to
be optimized for each problem geometry and boundary conditions.
Nonlocal based analysis can be used for nanostructures provided
the dependence of the small-scale effect on dimensional scaling is
properly accounted for.
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Table 1
Comparison of longitudinal natural resonance frequencies (f = ω/2�)of armchair single-walled carbon nanotubes (5, 5) with existing molecular dynamics simulation result.

Nonlocal parameter (e0a) Classical model (local) Scale dependent nonlocal model Molecular dynamics
simulation (Cao et al., 2006)

(e0a = 0.5 nm) (e0a = 1.0 nm) (e0a = 1.5 nm) (e0a = 2.0 nm)

Natural frequencies (f) in Hz 5.50 × 1011 5.49 × 1011 5.45 × 1011 5.40 × 1011 5.32 × 1011 5.44 × 1011

4.2. Nonlocal effects in longitudinal frequencies when
MCNT < MBUCKYBALL

Next, we examine the variation of nonlocal frequency against
the mass ratio of the vibrating system. We assume that the mass
of SWCNT is less than the mass of buckyballs (Fig. 2a). Small range
values i.e. 0 < (1/
M) < 0.5 is considered for the present study. The
plot of first mode frequency parameter ˝ with (1/
M) is shown in
Fig. 2b. As the values of (1/
M) increases, the frequency parameter
˝ increase. The increase of ˝ is due to the increasing axial rigidity
of the vibrating system (Timoshenko, 1937). Applying increasing
value of the nonlocal parameter, (e0a/L) the frequency parameter
˝ decrease for the entire mass ratio (1/
M) considered. This
reduction in frequency parameter is due to the incorporation of
small-scale effects (Reddy, 2007b; Aydogdu, 2009a,b; Filiz and
Aydogdu, 2010).

Plots with three different assumptions of Taylor series are also
shown in this study. The three assumptions of nonlocal frequency
are based on Eqs. (19), (21) and (22), respectively. Curves for local
elasticity theory with all the three assumptions are acceptable till
(1/
M) = 0.1. Beyond (1/
M) = 0.1 the assumptions would deliver
different values of frequency parameter. However, interesting to
note, with increasing (e0a/L), all three assumptions hold good for
frequency solutions till (1/
M) = 0.5.

For all assumptions considered employing local or non-
local elasticity, the Rayleigh-nonlocal frequency relation ˝R =√

(1/
M)/[1 + 1/3(1/
M) + (e0a/L)2(1/
M)] yields the more
accurate nonlocal axial frequencies for range of 0 < (1/
M) < 0.5.
This is because when using the approximation Eq. (18) with more
numbers of terms in Taylor series, it induces error in the frequency
values. Thus Eq. (21) would be the better expression of nonlocal
frequency.

4.3. Nonlocal effects in longitudinal frequencies with arbitrary
mass ratios

4.3.1. Frequency shift in SWCNT due to added buckyballs
Next, arbitrary mass ratios of the vibrating system are consid-

ered. For any mass ratio (1/
M), the transcendental equation (Eq.

(16)) is computed numerically (Forsythe et al., 1976). We introduce
a term ‘frequency shift percent’ (FSP) for the present study.

Resonance frequency shift percent is defined as

FSP = 100 × ˝NO BUCKYBALL − ˝WITH BUCKYBALL

˝NO BUCKYBALL
(23)

The term FSP reflects the deviation of frequency values of the
vibrating system from the SWCNT with no added buckyballs. The
resonant frequency is sensitive to the resonator mass. The change
in the attached mass (buckyballs) on the resonator causes a shift
to the resonant frequency (Adhikari and Chowdury, 2010). Further,
Chiu et al. (2008) utilized this detection of shifts in the resonance
frequency of the nanotubes to quantify the nanotubes resonator
vibration characteristics.

Frequency shift percent (FSP) is plotted for various mass ratios
1/
M and is shown in Fig. 3a. When 1/
M → 0, (MBUCKYBALL → ∞)
FSP is 100%. Frequency shift of the vibrating system increases with
increasing the attached nano-mass with respect to the mass of
SWCNT. Thus attaching different buckyballs at the tip, the res-
onance frequency can be tuned accordingly and can be used as
tuneable nanoresonator.

As the mass of SWCNT increase, the FSP decreases. This decreas-
ing trend (Fig. 3a) is much influenced (reduced) by increasing
dimensionless nonlocal parameter (e0a/L). This trend can be justi-
fied by experimental studies (Ruud et al., 1994; Wong et al., 1997;
Kasuya et al., 1997; Juhasz et al., 2004).

FSP will quantify the change in the resonant frequency due to the
added buckyballs or biomolecules. The parameter FSP will thus help
in design of vibrating carbon nanotubes based sensor or resonators
in NEMS application.

4.3.2. Frequency shift in vibrating system due to nonlocal-effects
Based on nonlocal elasticity theory, we have derived the closed

form transcendental frequency equation to analyze the effects of
nonlocal parameter. To see the nonlocal effect on vibrating SWCNT-
attached-buckyballs, nonlocal frequency shift percent (NFSP) is
computed for SWCNT attached with various standard buckyballs
(Fig. 3b). NFSP represents the shift in frequency in vibrating nanos-
tructures when the nonlocal effects are ignored.

Fig. 2. (a) Mathematical idealization when mass of attached nano-object (viz. buckyballs, biomolecules and added atoms) is large compared to SWCNT. (b) Variation of
frequency parameter with mass ratio for different dimensionless nonlocal parameter for smaller (1/
M) range: 0–0.5.
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Fig. 3. (a) Effect of mass ratio on frequency shift percent (FSP) of the vibrating system for various dimensionless non-local parameters. (b) Effect of nonlocal parameter on
nonlocal frequency shift percent (NFSP) parameter for vibrating system with different standard carbon buckyballs.

Table 2
Ratio (
M)of SWCNT (5, 5) and buckyballs (spherical fullerenes).

Buckyballs C50 C60 C80 C100 C180 C260 C320 C500 C720


M 0.0504 0.0605 0.0806 0.1008 0.1814 0.2620 0.3225 0.5039 0.7256

Nonlocal frequency shift percent is defined as

NFSP = 100 × ˝Local − ˝Nonlocal

˝Local
(24)

Vibrating systems are assumed by attaching different bucky-
balls at the tip of SWCNT. A SWCNT (5, 5) for length L = 24.4 nm
is considered. The radius of SWCNT is determined as R =
0.246/2�

√
n2 + nm + m2. The mass of SWCNT considered as

MCNT = �AL = 1.9789 × 10−23 kg. Different standard carbon bucky-
balls considered are C50, C60, C80, C100, C260, C320, C500 and C720.
The practical mass ratios 
M of the vibrating system with different
standard buckyballs are listed in Table 2.

Nonlocal frequency shift percent (NFSP) is plotted against
dimensional nonlocal parameter for SWCNT attached with vari-
ous standard buckyballs (Fig. 3b). Dimensional nonlocal parameter,
e0a = 0–2.0 nm (Wang and Duan, 2008; Aydogdu, 2009a,b) is
employed. One can see that increasing the dimensional nonlocal
parameter increases the nonlocal frequency shift. Based on the non-
local elasticity theory, long-range interactions are taken account in
the analysis that makes the vibrating system stiffer. This trend is
obvious when the attached buckyballs is small compared with that
of the SWCNT. The figure shows that with lighter buckyballs (viz.
C50, C60, C80) the nonlocal effects on NFSP are more pronounced
compared to SWCNT with heavier buckyballs (viz. C320, C500, C720).

Carbon nanotube based nanostructures has the potential of
being used as nanomechanical resonators. Single-walled or mul-
tiwall carbon nanotubes with added buckyballs can be effectively
used as tuneable nanoresonators in NEMS applications. As shown
in this paper, using different buckyballs the frequency of the com-
bined resonator can be changed according to the requirements.
For the proper design of such nanocomponents in NEMS one need
to consider nonlocal effects and atomic forces to obtain solutions
with acceptable accuracy. Neglecting these effects in some cases
may result in inaccurate solutions and hence incorrect designs. The
present analysis includes nonlocal effects with acceptable accuracy
in the solution and thus may be useful when designing tuneable
resonator in NEMS applications.

5. Conclusions

This research communication focuses on a phenomenolog-
ical approach to highlight the nonlocal-effects in longitudinal
dynamic properties of SWCNT with added buckyballs. The SWCNT
is assumed to be nonlocal rod while the buckyballs are assumed
to be as nonlocal point mass. Explicit expressions relating nonlo-
cal frequencies and mass ratio are developed when the mass of
the attached buckyball is larger than the mass of SWCNT. A closed-
form nonlocal transcendental equation is derived for arbitrary mass
ratio. Axial resonant frequency of the vibrating system is sensitive
to the attached mass. With increase of the mass of buckyballs in
vibrating system, the shift in the frequencies increases. Also the
shift in the nonlocal frequencies increases with the increasing non-
local parameter; and is more pronounced for lighter buckyballs. The
terms frequency shift percentage (FSP) and nonlocal frequency shift
percentage (NFSP) could be important for nanoresonators. These
terms will quantify the change in the resonant frequency due to
the added buckyballs and correct incorporation of nonlocal effects.
The parameter FSP and NFSP will thus help in design of vibrating
carbon nanotubes based tuneable resonators in NEMS application.
In summary, this nonlocal study may be employed for the design of
a tuneable resonator with proper selection of nonlocal parameter.
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