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a b s t r a c t

We develop the mathematical framework for using single layer graphene sheet as nanoscale label-free

mass sensors. Graphene resonators are assumed to be in the cantilevered configuration. Four types of

mass loadings are considered and closed-form equations are derived for the frequency shift due to the

added mass. Using the potential and kinetic energy of the mass loaded graphene sheets, generalised

non-dimensional calibration constants are proposed for an explicit relationship between the added

mass and the frequency shift. These equations in turn are used for sensing the added mass. Numerical

results illustrate that the sensitivity of graphene sensors is in the order of gigahertz/zeptogram. We

show that the performance of the sensor depends on the spatial distribution of the attached mass on

the graphene sheet.

& 2012 Elsevier B.V. All rights reserved.

1. Introduction

In today’s world there exist various kinds of threats originating
from different household as well as industrial applications. Many
of these threats are in the form of gases, chemicals and bio-
fragments. In this context, effective detection systems or sensors
are required. Sensing of biological objects is also useful for drug-
delivery. The best sensors would be the ones which are able to
detect small number of molecules/atoms of the gas and chemicals
which needs to be detected [1,2] with least amount of change in
some measured quantity. Among the various types of sensors,
solid state sensors have received significant attention. These
sensors include solid electrolyte sensors [3], catalytic sensors
[4], bio sensor [5] and semiconducting oxide gas sensors [6–9].

New class of sensors were developed following the discovery
of fullerene and carbon nanotube (CNT). Electronic sensors made
of fullerene were very sensitive to any adsorbed molecule.
Electron transport through CNT is influenced by the functionali-
sation of side walls and therefore, by controlling the defect sites
one can enhance the sensitivity of the sensor. However, the recent
discovery of graphene [10,11] has opened completely new area
that promises ultra-sensitive and ultra-fast electronic sensor due
to low electrical noise material. Graphene is made up of a single
layer of carbon atoms packed into a two-dimensional honeycomb
lattice. It has attracted tremendous attention in both its 2D and
1D forms, the latter being obtained by patterning the layer into
strip or ribbon. Scanning probe microscopy of graphene ribbons

[12] revealed bright stripes along its edges, suggesting a large
density of states at the edge near Fermi level. The electronic
properties of graphene [13] defined by their quasi-one-dimen-
sional electronic confinement and the shape of the ribbon ends
[14], indicates remarkable applications in graphene-based devices
[15]. Graphene has similarities with many properties of CNT [10].
However, due to their planner structure, some of the properties
seem to be easier to manipulate than CNTs. Being one atom thick,
graphene comes in direct contact with substrate, thus interface
state should play important role in sensing. Building and design-
ing such nano-sensors that is able to make measurements of
external deposited agents with ultrahigh resolution [16,17] is one
of the main goals in the field of nanomechanics and is the topic of
this paper.

Resonance based sensors [18–21] offer significant potential of
achieving the high-fidelity requirement of many sensing applica-
tions. The principle of mass detection using resonators is based on
the fact that the resonant frequency is sensitive to the resonator
mass. The resonator mass includes the self-mass of the resonator
and the attached mass. The change of the attached mass on the
resonator causes a shift to the resonant frequency. The key issue
of mass detection is in quantifying the change in the resonant
frequency due to the added mass. In this article, we derive the
calibration constants necessary for using single layer graphene
sheet (SLGS) as a nanomechanical resonators in nanosized mass
sensors. Natural vibration of SLGS with bio-fragment is discussed
in Section 2. Four types of mass loadings are considered and
closed-form equations have been derived for the frequency shift
due to the added mass. Sensor equations and sensitivity calcula-
tions are discussed in Section 3. A molecular mechanics approach
based on the universal force field (UFF) model [22,23] is used
in Section 4 to validate the new results derived in the paper.
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The results obtained using the analytical approach are discussed
for three cases of mass distributions.

2. Natural vibration of SLGS with bio-fragment

The vibration of single and multiple layer graphene sheets has
been investigated by several authors, using either continuum
mechanics approaches [24], equivalent lattice structures made by
atomistic-continuum models representing the C–C bonds [25],
and molecular dynamics approaches combined with continuum
mechanics for thickness identification [26]. The out-of-plane
deformation of SLGS has been considered using the continuum
mechanics models [24,27], together with continuum and truss-
like structural assemblies [28–32].

Among the number of previous works, we consider the thin
elastic plate model [24] for vibration analysis of single layer
graphene sheets due to its simplicity. The equation of motion of
the transverse free vibration of a thin elastic plate [33,34] of
dimension a� b can be expressed as
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Here u� uðx,y,tÞ is the transverse deflection, x and y are coordi-
nates, t is the time, r is the mass density per area and the bending
rigidity is defined by

D¼
Eh3

12ð1�n2Þ
ð2Þ

E is the Young’s modulus, h is the thickness and n is the Poisson’s
ratio. We consider rectangular graphene sheets with cantilevered
(clamped at one edge) boundary condition.

2.1. Vibration of SLGS without attached mass

We first calculate the natural frequency of vibration of SLGS
without any attached masses in order to obtain the frequency
shift. Cantilever boundary condition is considered in this study.
We are primarily interested in the first vibration mode of the
system. Following Blevins [35], the first natural frequency (in rad/s)
of a rectangular plate of dimension a� b can be expressed as

o2
0 ¼

p4D

a4r

� �
0:0313

0:2268
ð3Þ

The above result, and in the subsequent analysis, it is assumed that
the graphene sheets are in perfect planar configuration. However,
spontaneous ripples and wrinkling have been identified by Meyer
et al. [36] on free-standing graphene sheets through vacuum
between metal struts. Edge stress induced warping and instability
has been investigated using analytical [37], first principles study
[38] and numerical methods [39]. Since the SLGS considered here is
clamped at one edge, the substrate at the clamping edge may
contain atomistic-scale defects resulting wrinkles along that edge.
Inaccuracies arising due to the wrinkling of SLGS have been
neglected in this paper. The vibration mode-shape for the first mode
of vibration of the planar SLGS is given by

wðx,yÞ ¼ 1�cosðpx=2aÞ ð4Þ

The natural frequency of the system can be alternatively obtained
using the energy principle. Assuming the harmonic motion, the
kinetic energy of the vibrating plate can be expressed by

T ¼o2

Z
A

w2ðx,yÞr dA ð5Þ

Here o denotes the frequency of oscillation and A denotes the area
of the plate. Using the expression of wðx,yÞ in Eq. (4) we have
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The potential energy can be obtained as
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Using the expression of wðx,yÞ in Eq. (4) we have
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Considering the energy balance, that is Tmax ¼Umax, from
Eqs. (6) and (8) the resonance frequency can be obtained as

o2
0 ¼

p4D

a4r

� �
1=32

ð3p�8Þ=2p ð9Þ

This matches well with the numerical value reported in Eq. (3). Next,
we calculate the kinetic energy due to additional attached mass and
use the energy principle to obtain the modified resonance
frequency.

2.2. Vibration of SLGS with attached mass

Several predominantly one-dimensional systems such as car-
bon nanotubes [40,41], and boron nitride nanotubes [42] have
been used as nanomechanical resonator for mass sensing. Due to
the two-dimensional nature of the graphene sheet, the SLGS
resonator offers more flexibility in terms of attaching different
types of molecules at different spatial locations. By exploiting the
spatial spread of a graphene sheet, SLGS sensors can be designed
such that it can effectively replace an array of cantilever sensors
based on nanotubes only. A two-dimensional surface offers huge
opportunities for attaching molecules to the graphene sheet.

We consider four possible arrangements by which bio-mole-
cules can be attached with the graphene sheet. The four cases
considered here are

� Case (a): masses at the cantilever tip in a line.
� Case (b): masses in a line along the width.
� Case (c): masses in a line along the length.
� Case (d): masses in a line with an arbitrary angle.

Pictorial representations of these four cases are shown in Fig. 1.
It is certainly possible to have different mass distributions other
than the four considered here. The method developed in this
paper is general and can be applied to more general cases if the
geometry is known. The reason behind the selection of the four
cases in Fig. 1 is to develop an understanding on the behaviour of
the proposed sensor for typical mass distributions.

From the practical point of view, for label-free sensors it is
generally not possible to a priori know exactly the spatial location
of the attached molecules [40]. High resolution imaging techni-
ques can be used to capture the spatial location of the attached
molecules. Alternatively, many nanomechanical biosensors use
specific coatings on the resonators to make them sensitive to
particular biomolecules. In this approach, the sensor will not be
label-free but the spatial location of the attachment region will be
a priori known. The attachment region can even be optimally
designed taking the shape and size of the molecules to be
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detected in to account. The analysis presented below is valid for
both of these approaches. The analytical results to be derived
precisely quantify the effect of spatial location of the attached
molecules (not just their mass) on the performance of the sensor.

We first consider the case when the attached masses are at the
cantilever tip in a line as shown in Fig. 1(a). Assuming the total
attached mass is M, the combined kinetic energy of the SLGS and
the attached mass can be obtained as

Ta ¼
1

2
o2

Z
A

w2ðx,yÞr dAþMw2
ðx,yÞ
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where

Mg ¼ rab ð11Þ

is the mass of the graphene sheet. Considering the energy balance,
that is Tmax ¼Umax, from Eqs. (8) and (10) the resonance fre-
quency can be obtained as
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This equation shows how the added mass M reduces the reso-
nance frequency.

Next we consider the case when the attached masses are
arranged in a line along the width as shown in Fig. 1(b). It is
assumed that the masses are at a distance of ga, gr1, from the
fixed edge of the graphene sheet. The kinetic energy of the system
can be obtained as
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where the factor

ab ¼ ð1�cosðpg=2ÞÞ2 ð14Þ

For the case shown in Fig. 1(c), we assume that the length of the
attached mass is Za and its density along the length is uniform.
We also consider that the mass is placed at a distance of ga from
the fixed edge. Since the mass always remains within the
graphene sheet, both gr1, Zr1 and additionally gþZr1. The
kinetic energy of the system can be obtained as
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where by calculating the above integral one has

ac ¼
3pZþ½sinððgþZÞpÞ�sinðgpÞ��8½sinððgþZÞp=2Þ�sinðgp=2Þ�

2pZ
ð16Þ

In the above expression we use M=Za as the mass per unit length
of the attached object. The most general case of the attached
object is shown in Fig. 1(d). Depending on the value of y, it
reduces to the two previous cases. The values of g and Z should be
such that the mass remains within the graphene sheet. This
implies that gþZ cosðyÞr1 and Zarb cscðyÞ. Considering the
mass per unit length along the x-axis as M=Za cosðyÞ, the kinetic
energy of the system can be obtained as
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where

ad ¼
3pZ cosðyÞþ½sinððgþZ cosðyÞÞpÞ�sinðgpÞ��8½sinððgþZ cosðyÞÞp=2Þ�sinðgp=2Þ�

2pZ cosðyÞ
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Taking the limit y-p=2 and y-0, Eq. (17) reduces to Eqs. (13)
and (15), respectively.

The resonance frequency corresponding to cases (b)–(d) can be
obtained using the energy principle used for case (a). Considering
the energy balance, the resonance frequency can be expressed in a

Fig. 1. Configurations of attached masses in a cantilevered SLGS resonator. (a) Masses at the cantilever tip in a line; (b) masses in a line along the width; (c) masses in a line

along the length; and (d) masses in a line with an arbitrary angle.
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general form as

o2
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Here the ratio of the added mass

m¼ M

Mg
ð20Þ

and ab,c,d are factors which depend on the mass distribution as
defined before.

3. Sensor equations and sensitivity analysis

For notational convenience, we express the natural frequency
of the mass loaded graphene sheet as

o2
n ¼

p4D

a4r

� �
1=32

ð3p�8Þ=2pþman
ð21Þ

where an stands for different values of a, which in turn depend on
the distribution of the attached mass.

Taking the ratio with the resonance frequency of the graphene
sheet without any mass in Eq. (9), we have

on

o0
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1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þcnm

p ð22Þ

Here the calibration constant cn is given by

cn ¼
2pan

3p�8
ð23Þ

The calibration constants for the four different cases considered
here is summarised in Table 1. Considering o¼ 2pf , the fre-
quency shift in Hz due to the added mass can be obtained as

Df ¼ f 0�f n ¼ 2pðo0�onÞ ð24Þ

The relative frequency shift [18,20] can be obtained from
Eq. (24) as

Df

f 0
¼ 1�
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p ð25Þ

Using this expression, the relative added mass of the bio-frag-
ment can be obtained from the frequency shift as

m¼ 1

cn 1�
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The normalised sensitivity of the graphene based sensor can be
obtained by the differentiation of Eq. (25) as

@
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The dimensional sensitivity (in Hz/g) can be obtained from Eq.
(27) as
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The absolute maximum sensitivity of a grapheme based sensor
therefore given by

@ðDf Þ
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¼
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This implies that for a given graphene sheet, the higher value of cn

will result in a sensor with higher sensitivity. The four calibration
constants given in Table 1 are plotted for different values of the
normalised length Z in Fig. 2. It can be seen that, among the four
cases considered here, case (a), that is, when the masses are at the
cantilever tip is the most sensitive case since the value of the
calibration constant is the highest for this case. Therefore, for
graphene based sensors in the cantilever configuration, it is
desirable to place the mass at the free edge.

4. Analysis of numerical results

In this section we validate the sensor equations derived in
Section 3 based on the frequency shift. We use armchair single
layer graphene sheet of length 4.12 nm and width 2.21 nm. The
mass of the SLGS is 7.57 zg ð1 zg¼ 10�21 gÞ and in the cantilever
configuration its first natural frequency is 23.96 GHz. The added
bio-fragment is considered to be adenosine, which is a nucleoside
composed of a molecule of adenine attached to a ribose sugar
molecule. Adenosine plays an important role in biochemical

Table 1
The calibration constants for SLGS based bio-nanosensor due to four possible configurations of attached mass.

Mass arrangement Calibration constant cn

Case (a): masses are at the cantilever tip in a line 2p=ð3p�8Þ

Case (b): masses are in a line along the width 2pð1�cosðpg=2ÞÞ2=ð3p�8Þ

Case (c): masses are in a line along the length ð3pZþ½sinððgþZÞpÞ�sinðgpÞ��8½sinððgþZÞp=2Þ�sinðgp=2Þ�Þ=Zð3p�8Þ

Case (d): masses are in a line with an arbitrary angle y ð3pZ cosðyÞþ½sinððgþZ cosðyÞÞpÞ�sinðgpÞ��8½sinððgþZ cosðyÞÞp=2Þ�sinðgp=2Þ�Þ=Z cosðyÞð3p�8Þ
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Fig. 2. Calibration constants corresponding to four cases. Case (a) is independent

of g and Z. For case (b), the value of g¼ 0:75 is considered. For case (c), the value of

g¼ 0:25 and the normalised length Z is varied between 0 and 0.75. For case (d), the

value of angle y¼ p=4 and rest of the values are kept same as case (c).
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processes, such as energy transfer as adenosine triphosphate
(ATP) and adenosine diphosphate (ADP) as well as in signal
transduction as cyclic adenosine monophosphate. It is also an
inhibitory neurotransmitter, believed to play a role in promoting
sleep and suppressing arousal, with levels increasing with each
hour an organism is awake. Here we investigate the possibility of
detecting Adenosine using a cantilevered single layer graphene
sheet. The mass of each adenosine molecule is 0.44 zg, which is
about 6% of the graphene mass.

The added mass and the corresponding frequency-shift are
calculated from the molecular mechanics approach. The molecu-
lar mechanics approach used here [43] is more accurate com-
pared to the atomistic finite element method [31,32]. We used the
Gaussian software [44] in conjunction with the UFF model
developed by Rappe et al. [22]. The calculation of frequency and
their validation for CNTs were given in Ref. [45]. A detailed study
on transverse vibration of single layer graphene sheets using the
methodology adopted is illustrated in Ref. [43]. The general
expression of total energy is a sum of energies due to valence or
bonded interactions and non-bonded interactions [22]

E¼
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þ
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0
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e � x ð30Þ

In the above equation NB, NA, NT, NI and Nnb are the numbers of the
bond-, angle-, torsion-, inversion- and the non-bonded-terms,
respectively. The constants kIJ and kIJK are the force constants of
the bond- and angle-terms, respectively. r and rIJ are the bond
distance and natural bond distance of the two atoms I and J,
respectively. y and y0 are the angle and natural angle for three
atoms I�J�K , respectively. f and f0 are the torsion angle and
torsion natural angle for three atoms I�J�K�L, respectively. Vf, n,
Vo, and o are the height of the torsion barrier, periodicity of the
torsion potential, height of the inversion barrier and inversion- or
out-of-plane-angle at atom I, respectively. CI

0, CI
1 and CI

2 are the
Fourier coefficients of the inversions terms. x and xIJ are the

distance and natural distance of two non-bonded atoms I and
J. RIJ is the depth of the Lennard–Jones potential. qI and e are the
partial charge of atoms I and dielectric constant. For the general
non-linear case, the bend function should have a minimum y¼ y0,
with the second derivative at y0 equal to the force constant (kIJK).
The Fourier coefficients of the general angle terms C0, C1 and C2

are evaluated as a function of the natural angle y0 as C2 ¼ 1=4
sin2 y0, C1 ¼�4C2 cos y0 and C0 ¼ C2ð2 cos2 y0þ1Þ. The bond
stretching force constants (kIJ) are atom based and are obtained
from generalisation of Badger’s rules. The assumption is that
the bonding is dominated by attractive ionic terms plus short-
range Pauli repulsions [22]. The force constant (in units of
ðkcal=molÞ=A2) then becomes

kIJ ¼ 644:12
Zn

I Zn

J

r3
IJ

ð31Þ

The Zn

I is the effective atomic charges, in electron units. Similarly,
the angle bend force constants (kIJK) are generated using the
angular generalisation of Badger’s rule. The force constant
(in units of kcal=mol rad2) then becomes [44]

kIJK ¼ 644:12
Zn

I Zn

J

r5
IJ

½3rIJrJK ð1�cos2 y0Þ�r2
IK cos y0� ð32Þ

The torsional constant (kcal/mol) is defined as

Vf ¼ 5
ffiffiffiffiffiffiffiffiffiffi
UIUJ

q
½1þ4:18 lnðBOJK Þ� ð33Þ

where, BOJK is the bond order for Atom-J and Atom-K. UI and UJ

are the atomic constants defined with UFF sp2. Regarding the
inversion term, the coefficients are CI

0 ¼ 1, CI
1 ¼�1 and CI

2 ¼ 0 for
sp2 atom type. The frequencies are calculated using the Hessian of
the total energy E in Eq. (30) as implemented in Gaussian [44].

Here we calculate the natural frequency of the bare graphene
sheet and graphene sheet with attached bio fragments. From
these two sets of frequencies, the frequency shifts are calculated.
These frequency shifts in turn are considered as experimental
observations and used in the sensor Eq. (26). The value of the
mass predicted by this equation are then compared with the
known values used in the molecular mechanics simulations. The
analytical approach is verified with the exact approach in Fig. 3
for case (a) when the added molecules are at the cantilever tip in
a line. It can be seen that the results from the energy based
analytical approach match the exact results obtained from the
molecular mechanics reasonably well. The maximum sensitivity
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Fig. 3. Identified attached masses from the frequency-shift of a cantilevered SLGS resonator for case (a). The SLGS mass is 7.57 zg and the mass of each adenosine molecule

is 0.44 zg. The proposed approach is validated using data from the molecular mechanics simulations. Up to 12 adenosine molecules are attached to the graphene sheet.

(a) SLGS with adenosine molecules at the cantilever tip in a line and (b) identified mass from the frequency shift.
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obtained from Eq. (29) is calculated as 6.9761 GHz/zg. When the
added mass is very high (when mass ratio is more than 0.3), the
proposed analytical approach becomes less accurate. This is
expected as for such high value of the added mass, the assumed
deformation shape in Eq. (4) is not strictly applicable as it was
derived for SLGS without any added mass. As a consequence the
energy expressions and consequence the frequency estimate
becomes inaccurate. This analysis showed that the proposed
expressions are accurate up to added mass weighing 35% of the
SLGS mass. Beyond this the proposed approach starts to lose
accuracy. This is however is not a severe limitation as 35% of the
SLGS mass can be adequate for practical applications. If higher mass
needs to be identified, one can simply use a larger SLGS within the
sensor device. We therefore conclude that the mass of SLGS should
be approximately more than 3 times the mass to be detected in
order to reliably use the proposed analytical expressions.

Fig. 4 shows the identified masses from the frequency-shift for
case (b), that is, when the added adenosine molecules are
arranged in a line along the width. For the analytical calculation
we use g¼ 0:85. The maximum sensitivity obtained from Eq. (29)
is calculated as 4.0992 GHz/zg. It can be seen that, except few
cases, the results from the energy based analytical approach

match the exact results obtained from the molecular mechanics
reasonably well. Compared to the previous case it can also be seen
that for a given value of added mass, the relative frequency shift is
less for this case. This implies that the SLGS based sensor for this
mass distribution is less sensitive compared to the case when the
mass was placed at the edge.

Identified masses corresponding to case (d) is shown in Fig. 5.
This is the most general case when the added masses are arranged
in a line with an arbitrary angle. Case (c) is not shown as it is a
special case of case (d). For the results shown in Fig. 5, we
consider g¼ 0:25, Z¼ 0:7 and y¼ p=6. The maximum sensitivity
obtained from Eq. (29) is calculated as 1.7401 GHz/zg. The
proposed approach generally captures the trend of the added
mass but the accuracy is lower compared to the last two cases.
This can be explained from the fact the sensitivity is the lowest
for this case.

5. Conclusions

In this theoretical study, we investigated the possibility of
using single layer graphene sheet (SLGS) as a nanoscale label-free
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mass sensor. The shift in the resonance frequencies due to the
additional mass is exploited in the proposed sensor. We observe
that the performance of the sensor depends on the spatial
distribution of the attached mass on the graphene sheet. The
SLGS resonator is assumed to be in cantilevered configuration.
Four physically realistic mass distributions are considered. These
include masses at the cantilever tip in a line, masses in a line
along the width, masses in a line along the length and masses in a
line with an arbitrary angle. Explicit closed-form analytical
expressions have been derived to detect the added mass from
the frequency shift. Sensitivities of the proposed sensor for
different mass distributions are compared. A molecular
mechanics based approach is used to validate the analytical
sensor equations. We used the UFF force field model, wherein
the force field parameters are estimated using the general rules
based on the element, its hybridisation and its connectivity.
Acceptable agreements between the proposed approach and the
molecular mechanics simulations have been observed. Numerical
results indicate that the new equations derived in the paper are
acceptable when the added mass is up to 1/3 of the mass of the
SLGS cantilever. Our analysis show that by placing the bio-
molecules at the edge of the graphene sheet results in the most
sensitive sensor. Further research will include the dynamics of the
subgrade which is essential for immobilising the bio-molecules
on to the graphene sheets. Significant work is also necessary to
physically realise a graphene based mass sensing resonator where
the analytical expressions developed in this paper would be
utilised.
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