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The temperature-dependent transverse mechanical properties of single-walled nanotubes are studied
using a molecular mechanics approach. The stretching and bond angle force constants describing the
mechanical behavior of the sp2 bonds are resolved in the temperature range between 0 and 1600 K,
allowing to identify a temperature dependence of the nanotubes wall thickness. We observe a
decrease of the stiffness properties �axial and shear Young’s modulus� with increasing temperatures,
and an augmentation of the transverse Poisson’s ratio, with magnitudes depending on the chirality
of the nanotube. Our closed-form predictions compare well with existing molecular dynamics
simulations. © 2010 American Institute of Physics. �doi:10.1063/1.3499748�

The behavior of carbon nanotubes �CNTs� and its
composites1,2 has generated a wealth of activities to identify
their thermal conductivity,3–7 Young’s modulus and tensile
strength �simulated with molecular dynamics �MD� and
atomistic-FE�,8–13 and stiffness at different temperatures. The
use of simulations to predict the thermal dependence of the
nanotubes mechanical properties is a necessity, because of
the difficulties to obtain direct experimental measurements in
different thermal environments. However, all the predictive
tools so far available to simulate and design the stiffness of
CNT-based composites are not based on analytical formulas
that would facilitate the work of the material scientist and
engineer. The existing atomistic-continuum models for the
elastic properties of CNTs in closed form14,15 have their
bonds force constants formulated only for room temperature.
In this work we propose the results from a compact formu-
lation that express the relation between the sp2 C–C bond
force constants and the surrounding temperature of the nano-
tube, providing a functional description of the coupled ther-
mal and mechanical linear elastic properties of SWCNTs.

Our model is based on the universal force field �UFF�
formulation, where the harmonic potential energies associ-
ated to stretching, bending and out-of-plane torsion are
linked to correspondent force constants kIJ

T ,kIJK
T ,KIJKL,

respectively.16 Details of the development of the model are
illustrated in the Supplementary Material. The stretching,
bending and torsional force constants are a function of the
equilibrium lengths between bonds IJ and JK. While the tor-
sional constant shows an extremely low sensitivity with tem-
perature, the other force constants are linked to the thermal
environment through the relation rIJ=rJK=rIJ

0 �1+��T�,13

where rIJ
0 =0.142 nm and � is the coefficient of thermal ex-

pansion �CTE�. In this work, we consider as CTE for the
bond the one identified in suspended graphene sheets using a
nonuniform Green’s function approach by Jiang et al.17 The
equivalent mechanical behavior of the C–C bond is repre-
sented at this stage by equating the harmonic potentials with
the correspondent strain energies deformations under axial,
bending and torsion of a structural beam element with deep
shear deformation and circular cross section.18 The mechani-

cal behavior of the beams is provided by the equivalent ma-
terials and geometry properties of the bond �Young’s modu-
lus E, Poisson’s ratio �, and thickness d�. The equivalence of
the harmonic potentials and the strain energies, together with
the assumption of isotropic equivalent material properties of
the bonds, leads to a system of nonlinear equations that
yields a unique value of the thickness d for a given tempera-
ture T.

At room temperature, the thickness identified using this
approach yields a value of 0.084 nm, equal to the one found
for single wall and nanotube bundles in Ref. 19. We observe
a low sensitivity of the thickness corresponding to the iso-
tropic condition versus the temperature, with a minimum
value of 0.0835 nm at 1600 K, and a maximum value of
0.0841 nm for T=470 K. It is interesting to notice that the
C–C bond behaves mechanically as if made of a quasizero
Poisson’s ratio behavior, like in natural-occurring cork.20 The
0.084 nm value at room temperature is also consistent with
the 0.084 nm found by Kudin et al., and 0.074 nm identified
by Tu and Ou-Yang.21 Batra and Sears have found equivalent
thickness values ranging between 0.04322 and 0.1 nm.21

Zhang and Shen identify thickness of 0.088 nm and 0.087
nm for �17,0� and �21,0� nanotubes, respectively, while for
�10,10� and �12,12� the thickness calculated is 0.067 nm.10

The thickness values calculated with our method do compare
well with the 0.080 nm of Chen and Cao, although they are
higher than the 0.066 nm of Yakobson et al., and 0.60 nm of
Vodenitcharova and Zhang.21

Classical mechanistic theories for the elastic properties
of single-wall carbon nanotubes consider the strain energy
associated to the deformation of sp2 bonds in terms of global
stretching and bond angle constants �C� and C�,
respectively14,15�. For the bond angle constant �moment�, we
consider that for linear elasticity the lattice is dominated by
hinging deformation,23 and determine the hinging constant
accordingly �Fig. 1�. For room temperature we obtain a value
of 1.44 nN nm rad−2, well in line with the 1.42 nN nm rad−2

used in Refs. 14 and 15. The stretching constant is calculated
as C�=k�kIJ

T , where k�=1.128 is used to converge to the
0.36 T Pa nm−1 of the in-plane graphitic surface modulus
�chiral index n→��.23 At room temperature, we identify a
stretching constant equal to 735 nN nm−1, which comparesa�Electronic mail: f.scarpa@bristol.ac.uk.
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well with the 742 nN nm−1 used by Shen and Li.15 Cadelano
et al.25 identify the surface modulus of graphene-type sys-
tems equal to 0.312 T Pa nm−1 at zero temperature damped
dynamics, 6% lower than our result �0.332 T Pa nm−1�. For
both bending and stretching constants, we observe a very
low dependence versus temperature between 370 K�T
�570 K. The stretching constant then decreases with in-
creasing temperatures with an approximate rate of
0.015 nN nm−1 K−1, a behavior similar to the one of the C�

constant, having the latter a decrease rate of
4.910−5 nN nm rad−2 K−1 between 600 and 1600 K. At low
temperatures, both the force and bending constants decrease
from values equal to 99.2% of the maximum C� and C� at 1
K to a minimum at 70 K corresponding to the 98.6% of the
maximum of the constants at 450 K. Similarly to the C–C
bond thickness, the force stretching and bending constants
can be expressed in polynomial terms �see Ref. 26�.

To simulate the coupled thermomechanics of SWCNTs
�axial and shear stiffness, and Poisson’s ratio�, we use the
constants C� and C� within the formulation proposed by
Shen and Li.15 We compare the surface Young’s modulus Y11

s

calculated in analytical form against the results obtained
through MD simulations using a REBO potential by Zhang
and Shen10 �Fig. 2�.

In terms of longitudinal modulus Y11
l �defined as Y11

s /d�,
our simulations tend to overestimate the MD results from,10

with our axial moduli for �17,0� nanotubes being 9% higher
than the molecular dynamics simulations at T=300 K, while
a at a temperature of 1000 K our overestimate is around
11%. Our predictions are also well in line with the
0.352 T Pa nm−1 of Tu and Ou-Yang and Pantano et al.21

although 3.5% higher than Li and Chou and Wang and
co-authors.27 The effective Young’s modulus Y11
=Y11

s / �R /2� �where R is the diameter of the nanotube� has
been also derived by Hsieh et al.11 �Fig. 3�, showing a gen-
eral agreement between trends related to the nanotube radius
at T=1100 K, and within the temperature range 50–1100 K.

We observe also an overestimate for the shear modulus
G12,

10 with discrepancies around 29% and 28% at 1000 K
and 1200 K, respectively. However, our predictions show a

decrease in the longitudinal shear modulus versus the tem-
perature, opposite from the results derived in Ref. 10.

The transverse Poisson’s ratio �21 increases with the
temperature �Fig. 4�, although the augmentation is limited on
average to a 3% increase between T=300 K and 1200 for
the different chirality and tube diameters. The low sensitivity
of the Poisson’s ratio over the temperature is due to the weak
dependency versus the temperature itself of the term
C�rIJ

2 /C�, which is contained both in the numerator and de-
nominator of the Poisson’s ratio expression.15 Chen et al.13

observe also an increase in �21 with temperature �31% of
increase for zigzag tubes of 1.2 nm diameter between room
temperature and T=1200 K�, due mainly to the use in their
model of a CTE positive for T	298 K, while in our ap-
proach we have CTE	0 for 650 K.17 Zhang and Shen pre-
dict a transverse Poisson’s ratio for a �17,0� nanotube at T
=300 K equal to 0.17, in good agreement with our value of
0.16.10 For graphene-type systems, our model predicts at
zero temperature a Poisson’s ratio of 0.12, significantly
lower than the 0.31 identified in Ref. 25. However, our range

FIG. 1. �Color online� The variation in
the stretching constant C� and hinging
constant C� over the temperature. The
hinging constant is calculated from the
change in angular deformation �−��
=��=�0

q M
EIdq=Mq /EI. Under hinging,

only the initial portion q�rIJ /5 of the
bond length deforms by rotation, while
the rest deforms as a rigid body
�Ref. 24�. The hinging constant is
then defined as C�=M /��=EI /q
=kIJ

T d2rIJ /16.
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FIG. 2. �Color online� SWCNT surface Young’s modulus against MD simu-
lations from Ref. 10.
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of Poisson’s ratios at room temperature for zigzag tubes �Fig.
4� is in line with the 0.12–0.19 values predicted by Sanchez-
Portal et al., the 0.15 of Kudin and co-authors, 0.21 of Sears
and Batra, and 0.24 from Zhou et al.21

In summary, our model allows to predict in a compact
form the overall elastic transverse properties of single wall
nanotubes over a large temperature range. The bending and
stretching constants identified with our approach capture the
intrinsic hinging/stretching behavior of sp2 C–C bonds in
nanotubes, and relate the stiffness and Poisson’s ratio to the
ambient temperature of the nanotube, with 2% average de-
crease in the Young’s modulus between the ambient tempera-
ture and 1200 K for a given tube chirality.
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FIG. 3. �Color online� Comparison of the effective Young’s modulus for
�n ,0� SWCNTs against values from Ref. 11 �circular dots�.
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FIG. 4. �Color online� Map of the transverse Poisson’s ratio �21 for �n ,0�
tubes vs the chiral index n and temperature.
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