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Energy Harvesting Dynamic
Vibration Absorbers
Energy harvesting is a promise to harvest unwanted vibrations from a host structure.
Similarly, a dynamic vibration absorber is proved to be a very simple and effective
vibration suppression device, with many practical implementations in civil and mechanical engineering. This paper analyzes the prospect of using a vibration absorber for possible energy harvesting. To achieve this goal, a vibration absorber is supplemented with
a piezoelectric stack for both vibration confinement and energy harvesting. It is assumed
that the original structure is sensitive to vibrations and that the absorber is the element
where the vibration energy is confined, which in turn is harvested by means of a piezoelectric stack. The primary goal is to control the vibration of the host structure and the
secondary goal is to harvest energy out of the dynamic vibration absorber at the same
time. Approximate fixed-point theory is used to find a closed form expression for optimal
frequency ratio of the vibration absorber. The changes in the optimal parameters of the
vibration absorber due to the addition of the energy harvesting electrical circuit are
derived. It is shown that with a proper choice of harvester parameters a broadband
energy harvesting can be obtained combined with vibration reduction in the primary
structure. [DOI: 10.1115/1.4007967]

Introduction

The last decade has witnessed many developments in the area
of smart structures. Sensors and actuators coupled with a controller that are able to measure and control the dynamic response of
structures are designed and deployed for structural health monitoring purposes [1]. The design of control systems has been switched
from passive to active, and then to semiactive and hybrid semiactive systems to design efficient and less power demanding
systems. One problem that engineers still face is to deploy, maintain, and to power up the sensor and actuator nodes especially in
locations that are far reaching and inaccessible. Self-powered or
energy autonomous sensors that scavenge energy from the vibration of the host structure seem to be a better alternative to the
battery powered sensor nodes.
Many studies are reported in the literature about self-powered
or energy autonomous devices, also known as energy harvesting
devices, for sensor nodes [2–6]. Most energy harvesting techniques investigated and implemented for structural health monitoring are based on solar energy, thermal gradients, and/or vibration
energy. Various concepts of vibration energy harvesting have
been proposed [2–5,7–10]. The two main vibration based energy
harvesting technologies are electromagnetic and piezoelectric.
The electromagnetic harvester generates power from the motion
of a coil due to host vibration in a magnetic field [11–13]. Piezoelectric energy harvesters generate power from the strain in piezoelectric materials in response to external mechanical vibrations
[14–16]. The advantages of piezoelectric devices include small
size, fewer moving parts, and a simpler design. A significant number of studies developed accurate models and discussed in great
detail the fundamentals of piezoelectric materials and their usage
to harvest energy. These studies include the works of Sodano
et al. [17], Shahruz [3], Stephen [18], Ng and Liao [19], Cornwell
et al. [20], Lefeuvre et al. [8], Beeby et al. [21], Williams and
Yates [11], and Anton and Sodano [5].
Studies reported above focus on the power scavenging efficiency of harvesters. From the application point of view, the main
focus has been at structural health monitoring or sensor design of
these devices. Research on energy harvesting devices that can be
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augmented with vibration control are less reported [22–25]. Most
notably because when we reduce the vibration of the structure we
reduce the power that can be scavenged from it. One needs to find
a tradeoff between the vibration reduction and the power harvested. A suitable choice would be a dynamic vibration absorber
(DVA), also known as tuned mass dampers (TMDs). This device
is used to shift vibrations from the primary structure to the secondary structure (a DVA). The secondary structure then vibrates
and releases the energy input to the primary structure. For further
details about dynamic vibration absorbers, see for example the
book by Den Hartog [26].
Since the vibration energy is effectively localized to a DVA,
energy can be scavenged from the DVA instead of the primary
structure. This way the “energy harvesting DVA” can be used to
simultaneously control and harvest vibration energy of a host
structure. Currently DVA is used for passive vibration control in
engineering structures such as tall buildings and large flexible
bridges due to earthquake or wind excitations. An energy harvesting DVA will give the added benefit of harvesting that energy.
Energy scavenged in this way can be used to power wireless sensors or other low-power devices. For example, in the event of a
power failure during an earthquake, wireless sensors can be powered by harvested vibration energy. Following these discussions,
the current study is concerned with the confinement and harvesting of vibrations in structures by adding a vibration absorber and
a piezoelectric element. The proposed design aims at transferring
the vibration energy from the structure to the absorbers and confining it into stack piezoelectric elements.

2

Energy Harvesting Dynamic Vibration Absorber

A schematic diagram of the proposed energy harvesting
dynamic vibration harvester (EHDVA) is shown in Fig. 1. This is
a coupled two degree of freedom electromechanical system with
in general nonproportional damping [27,28]. The primary mass
(m0) whose vibrations has to be reduced is augmented with the
DVA (mass mh). The DVA consists of a spring, a damping, and a
piezoelectric element to harvest energy. The piezoelectric element
is attached to the electric circuit as shown in Fig. 1.
2.1 Dynamic Vibration Absorber and the Fixed-Point
Theory. A dynamic vibration absorber is a widely used passive
vibration control device. When a primary system is subjected to a

C 2013 by ASME
Copyright V

JULY 2013, Vol. 80 / 041004-1

Downloaded From: http://appliedmechanics.asmedigitalcollection.asme.org/ on 06/02/2013 Terms of Use: http://asme.org/terms

Fig. 1 Schematic diagram of the energy harvesting dynamic
vibration absorber attached to a single degree of freedom
vibrating system

harmonic excitation at a constant frequency, its steady-state
response can be suppressed by attaching a secondary mass-spring
system or DVA. However, a DVA consisting of only a mass and a
spring has a narrow operation region and its performance deteriorates significantly when the exciting frequency varies. The performance robustness can be improved by using a damped DVA.
The key design parameters of a damped DVA are its tuning parameter (also known as the frequency ratio) and the damping
ratio.
The first mathematical theory on the damped DVA was presented by Ormondroyd and Den Hartog [29]. Den Hartog [26] first
found the optimum solution of a damped DVA that is attached to
a damping-free primary system. His study utilized the novel idea
of “fixed-point” frequencies, that is, the frequencies at which the
response amplitudes of the primary mass are independent of the
absorber damping. The theory states the existence of two fixed
points P and Q in the frequency response curves of the displacement of the primary structure. The points P and Q are independent
of the damping in the absorber as shown in Fig. 2(a). This reduces
the optimization parameters only to the frequency ratio. Based on
the fixed-point theory, Den Hartog found the optimum tuning parameter and defined the optimality for the optimum absorber
damping.
As shown in Fig. 2(b), when a primary system is damped, the
usefulness of the fixed-points feature is no longer strictly valid.
Thus, obtaining an exact closed-form solution for the optimum
tuning parameter or optimum damping ratio becomes very difficult. A number of studies have focused on the approximate and
numerical solutions. These include numerical optimization
schemes proposed by Randall et al. [30,31], nonlinear programming techniques by Liu and Coppola [32], frequency locus
method by Thompson [33], and min-max Chebyshev’s criterion
by Pennestri [34] to name a few. Numerical studies based on minimax optimization are reported in [24,35]. In spite of being exact,
these analyses are usually problem specific and may not give
physical insights to the phenomenon for the general case.
Ghosh and Basu [36] identified that for small damping in the
primary system, although there exist no points like P and Q in a
strict sense, the fixed-point theory can be applied. Ghosh and
Basu [36] derived an approximate analytical solution for the optimum tuning parameter based on the assumption that the fixedpoints theory also approximately holds when a damped DVA is
attached to a lightly or moderately damped primary system (see
Fig. 2(b)). Motivated by this, we develop a fixed-point theory for
the coupled electromechanical system. We aim to provide an ana041004-2 / Vol. 80, JULY 2013

Fig. 2 Frequency response of the primary mass in a classical
dynamic vibration absorber
for mass ratio l 5 0.1 at optimal
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
frequency ratio b ¼ 1=ð1 þ lÞ. (a) Without any damping in
primary structure and (b) with primary structure damping. fh in
the figures represents the damping ratio in the absorber.

lytical derivation of the power harvested by an energy harvesting
DVA. The optimal DVA parameters which reduce the primary
structure vibrations as well as harvest maximum power will be
given.
2.2 Dynamic
Vibration
Absorber
With
Energy
Harvesting. The primary structure is assumed to be a single
degree of freedom system as shown in Fig. 1. The mass, stiffness,
and the damping of the primary structure are represented by m0,
k0, and c0, respectively, whereas the energy harvesting DVA has
an equivalent mass, equivalent stiffness, and damping as mh, kh,
and ch, respectively. The electrical capacitance and resistance are
denoted by Cp and Rl, respectively. The variable h is the coupling
between the electrical and mechanical parts of the harvester. The
dynamics of the primary mass (m0), the absorber mass (mh), and
voltage flow can be expressed by three coupled ordinary differential equations as
m0 x€0 þ c0 x_ 0 þ k0 x0  kh ðxh  x0 Þ  ch ðx_ h  x_0 Þ ¼ F0 eixt
mh x€h þ ch ðx_ h  x_ 0 Þ þ kh ðxh  x0 Þ  hv ¼ 0
Cp v_ þ

v
þ hx_h ¼ 0
Rl

(1)
(2)
(3)
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where x0 and xh are the displacement of the primary mass and
absorber mass, respectively. The voltage across the load resistor is
denoted by v. The electromechanical coupling and the mechanical
force are modeled as proportional to the voltage across the piezoceramic in Eq. (2). Equation (3) is obtained from the electrical circuit, where the voltage across the load resistance arises from the
mechanical strain through the electromechanical coupling, and the
capacitance of the piezoceramic Cp. The primary structure is
assumed to be driven by a harmonic excitation with amplitude F0.
The steady state solution of Eqs. (1)–(3) can be written as
ixt

x 0 ¼ X0 e ;

ixt

xh ¼ X h e ;

and v ¼ Ve

ixt

decoupled absorber frequency to the natural frequency of the
primary structure, known as frequency ratio, X ¼ x=x0 is
the nondimensional frequency of excitation, and a ¼ xn Cp Rl is
the dimensionless time constant. The coefficient of damping
in the primary structure is given by f0 ¼ c0 =ð2m0 x0 Þ,
whereas fh ¼ ch =ð2mh xh Þ is the damping coefficient of the
absorber.
Solving Eqs. (5)–(7) for the displacement amplitudes X0 and
Xh, and for the voltage amplitude V, we get
h
i2 h
i2


a00 þ a02 ðiXÞ2 þ a01 ðiXÞ þ a03 ðiXÞ3
 X0 


F =k  ¼
jDj2
0 0
h
i2


ah0 þ ah2 ðiXÞ2 þ½ah1 ðiXÞ2
 Xh 


F =k  ¼ 
0 0
jD j2
h
i2


av0 þ av2 ðiXÞ2 þ½av1 ðiXÞ2
 V 


F =k  ¼
jDj2
0 0

(4)

Substituting Eq. (4) into Eqs. (1)–(3) and then normalizing with
respectpﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
to the resonance frequency of the primary mass
x0 ¼ k0 =m0 , we get
 2

X þ 2ðf0 þ fh lbÞiX þ ð1 þ lb2 Þ X0  lð2fh biX þ b2 ÞXh
¼ F0 =k0
(5)


h
 ð2fh biX þ b2 ÞX0 þ X2 þ 2fh biX þ b2 Xh  b2 V ¼ 0
kh
(6)
ha
iXXh þ ðb þ aiXÞV ¼ 0
Cp

(9)

(10)

Note that Eqs. (8)–(10) are normalized with respect to the static
displacement of the primary structure (F0/k0) to make the expressions on the right-hand side independent of the excitation amplitude. The denominator is given as

(7)

Here l ¼ mh =m0 is the ratio of the absorber mass to the
primary mass, known as mass ratio, b ¼ xh =x0 is the ratio of the

D ¼ b0 þ b1 ðiXÞ þ b2 ðiXÞ2 þb3 ðiXÞ3 þb4 ðiXÞ4 þb5 ðiXÞ5

and
b0 ¼ b3



b1 ¼ b4 aj2 l þ 2b3 f0 þ a þ 2fh þ aj2 b2




b2 ¼ 2aj2 fh l þ 1 þ l b3 þ 2aj2 f0 þ 2af0 þ 4fh f0 b2
þ ð2fh a þ 1Þb


b3 ¼ a þ aj2 þ al þ 2fh l þ 2fh b2 þ ð2f0 þ 4afh f0 Þb þ a
b4 ¼ ½ð2fh l þ 2fh Þa þ 1b þ 2af0
b5 ¼ a
where j2 ¼ h2 =ðkh Cp Þ is the nondimensional time constant for the
electrical part.
The objective is to reduce the vibration of the primary mass
(minimize X0 / (F0 / k0)) and simultaneously scavenge as much
energy as possible (maximize V / (F0 / k0)) from it using the
piezoelectric harvester. Straightforward optimization of a cost
function containing both terms will result in solving a tenth
order polynomial in X. A brute-force numerical optimization
approach is certainly possible, but may not give desirable physical insights. An alternative route would be to follow a slightly
different approach as pioneered by Den Hartog [26,29], Ghosh
and Basu [36], and Liu and Coppola [32]. The additional complexity in the analysis reported in this paper compared to the
results from the above references is due to the addition of
Eq. (3) to the DVA system.

(11)

The coefficients appearing in Eqs. (8)–(11) are given by

a00 ¼ b3 ; a01 ¼ ða þ 2fh þ aj2 Þb2 ;
ah0 ¼ b3 ;
ah1 ¼ ða þ 2fh Þb2 ;
ha
av1 ¼  b2 ;
av0 ¼ 0;
Cp
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(8)

3

a02 ¼ ð2fh a þ 1Þb;
ah2 ¼ ð2fh abÞ;
2f ha
av2 ¼  h b
Cp

a03 ¼ a;

Development of the Fixed-Point Theory

For the development of the fixed-point theory we assume that the
primary system parameters like m0, k0, and c0 are known. We need to
find the optimal mechanical parameters for the secondary system that
are kh and fh and the electrical parameters like a and j when the mass
ratio l is given. Theoretically, even when we put f0 ¼ 0 in Eq. (8),
the fixed-point theory does not hold due to the coupling with Eq. (3).
But for all practical purposes and for small values of j, although there
exist no points like P and Q, the fixed-point theory can be applied
approximately as has been shown by Ghosh and Basu [36].
The frequency response curves of the primary structure displacement with EHDVA for various combinations of l, j2, and a are
shown in Figs. 3(a)–3(d). The range of nondimensional coefficient
j2 is taken up to 0.4. Note that this value is quite high for energy
harvesting systems as the optimal value usually lies between 0.1
and 0.2 [15,16]. The nature of curves for different j2 values and a
values are shown in Fig. 3. It can be observed from these figures
that for low mass ratio, for different values of nondimensional coupling coefficient and nondimensional time constants, the frequency
curves roughly pass through two fixed points similar to the classical case considered by Den Hartog [26,29]. We therefore use the
fixed-point theory to simplify further analysis. We also assume that
the damping in the primary mass is negligible as most structures
have very little inherent damping. Substituting f0 ¼ 0, from Eq. (8)
one obtains the response of the primary mass as


 X0  a0f þ a1f fh þ a2f f2h


(12)
F =k  ¼ b þ b f þ b f2
0 0
0f
1f h
2f h
JULY 2013, Vol. 80 / 041004-3
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Fig. 3 Frequency response of the displacement of the primary mass with the energy harvesting
vibration absorber for different mass ratio and electrical coefficients and with optimal frequency
ratio (Eq. (24)), absorber damping fh 5 0.01, and undamped primary structure

where





a0f ¼ a2 X6 þ 2b2 a2 þ b2  2b2 a2 j2 X4 þ 2b4 þ b4 a2 þ 2b4 a2 j2 þ b4 a2 j4 X2 þ b6


a1f ¼ 4b4 aj2 X2 ; a2f ¼ 4 X2 a2 þ b2 b2 X2

2

10



2 2

2 2

2

2 2 2

2



8

b0f ¼ a X þ 2b a  2b a l  2a  2b a j þ b X þ

2b4 l þ 4b4 a2 j2 l þ 2b4 a2 j2  2b4  2b2 þa2 þ4b2 a2 j2

þb4 a2 þ b4 a2 j4 þ b4 a2 l2 þ4b2 a2 þ 2b2 a2 lþ2b4 a2 l
0
1
4b4 a2 j2 l  2b4 a2 j4 þ b6 þ4b4 þb2  2b2 a2 j2  2b6 a2 j2 l2
B
C
6 2
6
2 2
4 2
4 2
4
4 2 2 C 4
þB
@ þb l þ 2b l  2b a  2b a  2b a lþ2b l  4b a j AX

!
X6

2b6 a2 j4 l  2b6 a2 j2 l
þ

b4 a2 þ b8 a2 j4 l2  2b4 þ2b4 a2 j2
þ2b6 a2 j2 l þ 2b6 a2 j4 l  2b6  2b6 lþb4 a2 j4

!
X2 þ b6

b1f ¼ 4b4 X2 aj2  8b4 aj2 X4 þ 4b4 aj2 X6




b2f ¼ 4b2 a2 þ 8b2 a2 l þ 4b2 a2 l2 X8 þ 8b4 a2 j2 l  8b4 a2 j2 l2  8b2 a2 þ4b4  8b2 a2 l þ 4b4 l2 þ 8b4 l X6


 8b4  8b4 l þ 4b2 a2 þ 4b6 a2 j4 l2 þ 8b4 a2 j2 l X4 þ 4b4 X2

In classical DVA the fixed points P and Q are independent of
DVA damping. Therefore any damping values can be considered
for analysis. Let us substitute fh ¼ 0 and fh ¼ 1 in Eq. (12). We
have
041004-4 / Vol. 80, JULY 2013



 X0  a0f
¼
lim 
fh !0 F0 =k0 
b0f

(13)
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and


 X0  a2f
¼

lim
fh !1F0 =k0 
b2f

(14)

Since the fixed points are independent of damping, equating Eqs.
(13) and (14) and then rewriting them in terms of j, we get
a0j þ a2j j2 þ a4j j4 ¼ 0

(15)

The coefficients appearing in this polynomial are given as


a0b ¼ 2a2 a2 þ 1 ðl þ 1Þ







a2b ¼ 2 1  j2 l3 þ 3 1  j2 l2 þ 3  2j2 l þ 1 a4





 2  j2 l3 þ 2 2  j2 l2 þ 2l a2 þ ð1 þ lÞð2 þ lÞ
(
)
1
2 2 4
2 2 3
2 ð2  j Þ l þ 2ð2  j Þ l
a4b ¼ 
þ2ð3  j2 Þð2  j2 Þl2 þ 4ð2  j2 Þl þ 2
a2  ð1 þ lÞ3 ð2 þ lÞ

where

(22)


ð2þ lÞX4  2ð1þ lÞb2 þ 1 X2 þ 2b2
a0j ¼ X b2 þ a2 X
One can solve Eq. (21) for various parametric values and can find
8
9
optimal frequency ratio b. The general solution is given as


< ð2l þ 3ÞX4  ð2þ 3lÞb2 þ3 X2 =


a2j ¼ 2b2 a2 X2 b2 þ a2 X
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
:
;
a2b 6 a22b  4a4b a0b
þ2b2
(23)
b2 ¼
8
9

2a4b
< 3ð1þ lÞa2 X6 þ ½ð1þ lÞ  ð1 þ3lÞa2 b2  3a2 X4 =
a4j ¼ 2b4 a2


:
;
þ ð1 lÞb4 þ ða2  1Þb2 X2 þ b4
Analysis of coefficients a0b , a2b , and a4b in Eq. (22) will reveal
2
(16) that a0b  0 and a4b  0 for all values of 0  j < 2, and for all
positive values of a and l. Therefore for a real, positive optimal
Equation (15) with coefficients given by Eqs. (16) represents a value of b we have
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
third-order polynomial in X2. A simple analytical solution for X is
a2b  a22b  4a4b a0b
hard to obtain. We can approximate the above function by assum(24)
b2 ¼
ing j2 to be small. Neglecting the fourth and higher order terms in
2a4b
j, Eq. (15) reduces to


(17) Substituting a ¼ 0 in Eq. (21) we get
ð2 þ lÞX4  2 ð1 þ lÞb2 þ 1 X2 þ 2b2 ¼ 0

2

 
2 2

Equation (17) is obtained for the undamped primary system with
only an absorber and no harvester circuit attached to it. Solution
of Eq. (17) gives same values for XP and XQ as Den Hartog’s solution in [26] and the same expression in X is reported in [36].

4

Optimal Mechanical Parameters

4.1 Optimal Tuning Parameter. Once the fixed-points frequencies are determined, the nest task is to optimize b. The optimum tuning ratio b is the one for which the values of
½X0 =F0 =k0 X¼XP equals ½X0 =F0 =k0 X¼XQ for all possible choices of
fh [26,36]. Substituting X ¼ XP and X ¼ XQ separately in Eq. (12)
and then equating the resulting expressions, we get
"

a0f þ a1f fh þ a2f f2h
b0f þ b1f fh þ b2f f2h

#

"
¼

a0f þ a1f fh þ a2f f2h
b0f þ b1f fh þ b2f f2h

X¼XP

 ð1 þ lÞ2 b4 þ b2 ¼ 0

(25)

Equation (25) gives the Den Hartog [26] solution of either b ¼ 1/
(1 þ l) or b ¼ 0. b ¼ 1/(1 þ l) provides an optimal solution for a
simple DVA mounted on an undamped structure, whereas the second solution b ¼ 0 represents the trivial case for a static system.
Equation (24) can be viewed as the generalization of the solutions
for classical DVA to energy harvesting DVA and one of the key
findings in this paper. Solution to Eq. (24) is shown in Fig. 4 for
different values of j2 and a. Den Hartog’s solution can be
retrieved when a ¼ 0 and j2 ¼ 0. Once the natural frequency of
the primary system is known, this curve can provide the details

#
(18)
X¼XQ

When fh ! 1 in Eq. (18) we obtain
a2f
b2f

¼
X¼XP

a2f
b2f

(19)
X¼XQ

Substituting Eq. (20) derived from Eqs. (17) to (19),
2ð1 þ lÞb2 þ 2
2þl
2
2b
X2P X2Q ¼
2þl

X2P þ X2Q ¼

(20)

we get a polynomial in b as
a0b þ a2b b2 þ a4b b4 ¼ 0
Journal of Applied Mechanics

(21)

Fig. 4 Optimal values of ratio of decoupled natural frequencies (b) for various values of a and j2. Optimal values of the frequency ratio seems to be a linear function of the square of the
nondimensional coupling coefficient. This is from the approximation that neglects higher order in j2.
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to the frequency axis between the fixed points and therefore will
have the same amplitude between these points. The idea is to
equate the amplitudes at either point P or Q with the amplitude at
a frequency which represents a rigid connection
between the
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
DVA and the primary structure, i.e., x1 ¼ k0 =ðm0 þ mh Þ.
We follow the later method. Figure 5 shows the optimal damping fh as against the nondimensional time constant a and the nondimensional coupling coefficient j2. An increase in the values of
a and j2 decreases the values of optimal fh, i.e., with the addition
of the harvesting circuit the overall damping in the DVA is
increased. This decreases the high damping requirement for optimal performance. The optimal fh values sharply decrease to zero.
We have pointed out that the fixed-point theory is applicable for
small values of a and j2. For higher values of a and j2, the analysis may not provide a real solution to the optimal fh value.

Fig. 5 Optimal damping of the EHDVA (fh) for various values of
a and j2

for the natural frequency of the DVA for different values of the
nondimensional harvester parameters (a and j2).

5

Optimal Electrical Parameter and Harvested Power

In this section we consider the response of the primary system
and energy harvested from the secondary system. The power harvested from the energy harvesting DVA is given by [15,37]
P¼

4.2 Optimal Damping Factor. There are two ways to find
the optimal damping for the absorber. Den Hartog [26] reported
that the optimal fh is the one for which the amplitude curve passes
horizontally through the points P and Q. The idea is to take the derivative of the expression in Eq. (12) with respect to X. Then substitute the value of XP from Eq. (17) into the resulting expression
and equate it to zero. This analysis provides two different optimal
values for DVA damping. One can take an average of the two to
get the optimal damping.
Another technique is based on the assumption that at optimal
damping the frequency response curve of X0 =X0;s will be parallel

jVj2 jVj2
¼
C p xh
Rl
a

(26)

The harvester resistance is assumed to be fixed in Eq. (26) and
therefore the power depends only on the square of the voltage.
Figure 6 shows the frequency response curves of the primary
mass displacement (Figs. 6(a) and 6(b)) against a and j2. The
qualitative nature of the curves are similar. At low values of a
there exists two peaks but these two peaks dissolve into one as the
value of a increases. This implies that with the increase in the values of the electrical parameters, the system effectively behaves as
a single-degree-of-freedom system and the relative motion
between the masses decreases. A close observation of Figs. 6(a)

Fig. 6 Frequency response curves of the primary structure (a) and (b) normalized displacement and (c) and (d) normalized power for various values of nondimensional time constant a
and nondimensional coupling coefficient j2 for mass ratio l 5 0.1, optimal frequency ratio b and
harvester damping as fh 5 0.1. The responses are normalized with respect to static displacement of the primary structure F0 / k0 5 X0,s.

041004-6 / Vol. 80, JULY 2013
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Fig. 7 (a) Peak normalized primary structure displacement for different values of nondimensional time constant (a) and nondimensional coupling coefficient with mass ratio l 5 0.1, damping fh 5 0.1, and optimal frequency ratio. (b) Numerically obtained from (a) and polynomial fit of
nondimensional electrical parameters (a and j2).

and 6(b) shows that there exist values for a and j2 for which the
curve attains a minimum.
Frequency response curves of the harvested power against a
and j2 are shown in Figs. 6(c) and 6(d), respectively. Equation
(26) is used to plot the power harvested, where Eq. (10) is used to
calculate |V|2. The power plots are normalized with respect to the
square of the static displacement of the primary structure
(X0,s ¼ F0 / k0). As discussed before the power curves are bimodal
at low a and j2 values. At higher values the power curves are
unimodal. This gives us a chance to decide the optimal values of
the electrical parameters from the frequency response curves.
Since at lower values of the electrical parameters, the energy harvesting DVA has a bimodal frequency response, this could be
used for broadband energy harvesting.
Figure 7 shows the maximum of the normalized displacement
response of the primary structure for various values of a and j2. It
is evident from the figure that there exist different values for a and
j2 for which the peak displacement amplitude of the primary
structure is minimum over the region. The maximum response initially decreases with the increase in the values of electrical parameters and then again increases with them. The reason is for small
values of the electrical parameters, the primary system has two
peaks and then after certain values of the nondimensional parameters the system becomes unimodal and the peak response
increases.
The optimal electrical parameters are found based on the minimum displacement of the primary mass. The values of a and j2
corresponding to the minimum value of the primary structure

response provide a relationship between the two nondimensional
parameters for the energy harvesting DVA. This gives the designer a wide range of values to select from. Note that values of
nondimensional electrical parameters beyond these values will
result in a single mode of vibration of the structure. Figure 7(b)
shows the pairwise values of electrical parameters for which primary structure displacement attains the minimum. A fourth order
polynomial curve (the dark line) is obtained numerically. It is to
be noted that the position of this curve changes with the change in
mass ratio l.
The relation in Fig. 7(b) is used to generate several pairs of
nondimensional optimal electrical coefficients for which the primary structure has minimum displacement. These values therefore
correspond to the most effective vibration control of the primary
structure. These pairs of electrical coefficients are then used to
generate curves for the frequency responses of the primary structure displacements (Fig. 8(a)) and for the power curves (Fig.
8(b)). For Figs. 8(a) and 8(b), the secondary structure damping is
considered fh ¼ 0.1. Note that in case of classical DVA the optimal value of damping fh is 0.23 for mass ratio l ¼ 0.1. As discussed before the single mode response curves is for the
nondimensional time constant a ¼ 0.50, which is outside the curve
in Fig. 7(b). The value of the nondimensional time constant for
which the peak primary structure response is a minimum is 0.65.
Figures 8(a) and 8(b) provide a tradeoff to choose the optimal
nondimensional electrical parameters. Clearly a ¼ 0.65 shows a
minimum value for the bimodal frequency response (as shown in
Fig. 8), the best choice of nondimensional time constant a would

Fig. 8 Frequency response curves of (a) normalized primary structure displacement and (b)
normalized power (in mW/m2) for mass ratio l 5 0.1, damping fh 5 0.1, and optimal frequency
ratio. The nondimensional coupling coefficient j2 are chosen based on curve in Fig. 7(b) for
nondimensional time constants given in the figures.
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This relation changes with change in the mass ratio of the
DVA.
4. The power scavenged by the harvester has a double peak frequency curve, which can used for broadband energy harvesting with a proper choice of parameters.
5. The addition of energy harvesting capacity of the DVA
reduces the high damping requirement of the absorber for
optimal performance.
Future work will include experimental demonstration of the
proposed idea. Furthermore, the analytical work can be extended
to active DVA (active tuned mass dampers) where the power
required for the active control can be supplied by the harvested
power.
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Fig. 9 Frequency responses of primary structure displacement for classical DVA (i.e., with nondimensional time constant
a 5 0 and nondimensional coupling coefficient j2 5 0) and
energy harvesting DVA

be 0.55. For a nondimensional time constant a ¼ 0.55 the amplitude of the frequency response of the primary structure displacement is almost the same as for a ¼ 0.65 but a ¼ 0.55 provides
better power scavenging (see Fig. 8(b)). The curves in Fig. 8 are
for normalized values and therefore true tradeoff is expected with
actual variables and designer choice. In such a case the curve in
Fig. 7(b) will become useful as it limits the choice of possible
nondimensional electrical parameters.
A comparison of the classical DVA and the energy harvesting
DVA is shown in Fig. 9. The frequency response curves for the
primary structure displacement with nondimensional coupling
coefficient j2 ¼ 0. It is clear that for the same damping in the secondary structure fh ¼ 0.1, energy harvesting DVA provides better
control to that of classical DVA without energy harvesting capability. Classical DVA with optimal damping fh ¼ 0.23 is also
shown in Fig. 9. The frequency response curves for DVA with
optimal damping and energy harvesting DVA with lesser damping
have the same amplitude. This shows that the optimal damping
requirement is reduced for a DVA if energy harvesting capability
is added.
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Conclusions

This article proposed the idea of a dynamic vibration absorber
as an energy harvesting system. The aim is to reduce the vibration
of a primary structure and simultaneously harvest energy from the
vibration of an attached vibration absorber. A frequency domain
method is proposed for the analysis and design of the coupled
electromechanical system. A closed form expression for the optimal nondimensional frequency ratio of the decoupled system is
derived. A detailed analysis of the damping of the EHDVA, nondimensional coupling coefficient, and nondimensional time constant are carried out. The main points arising from the present
analysis are the following.
1. Unlike the classical DVA, energy harvesting DVA does not
have any fixed points but it is shown that the fixed-point
theory is approximately applicable for small values of electrical parameters.
2. A closed form explicit expression for the frequency ratio (b)
is obtained as a function of the mass ratio l, nondimensional
time constant a, and nondimensional coupling coefficient j2.
The expression can be further reduced to a function of l and
a with the help of some numerical analysis.
3. There exist a relation between the nondimensional electrical
parameters that minimizes the primary structure vibrations.
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