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a b s t r a c t

The paper introduces a multiscale modelling approach to simulate the nonlinear tensile behaviour of
nancomposites with single layer graphene (SLG) reinforcement. The graphene nanoinclusions are repre-
sented at the nanoscale through an atomistic Finite Element model and the matrix material is approxi-
mated by continuum 3D elements. Two different configurations of SLG composites have been studied
based on a continuous and short type of reinforcements. The effect of the orientation of graphene sheet
on the stiffness of the composite structure has also been evaluated. The multiscale model presented in
this work is able to predict features such as debonding, nonlinearity in polymer and strain based damage
criteria for the matrix. Stiffness and strength values computed with this model compare well with exper-
imental results available in open literature.

� 2012 Elsevier Ltd. All rights reserved.

1. Introduction

Graphene sheets are considered to be the thinnest, strongest
and stiffest materials produced by mankind [1–4]. Earliest work
on these carbon-based materials can be traced back to 1960s
[5,6]. However, only during the last decade few-layers of graphitic
planes nanostructures have been produced and characterised [7].
Single and few-layers graphene sheets offer enhanced mechanical
[8–17] and electrical [18–22,21,23,24] properties compared to
other types of reinforcement at nanoscale, such as carbon-based
nanotubes. Various manufacturing routes are available to extract
graphene sheets, including thermal exfoliation [25,26], epitaxial
heat treatment of silicon carbide (SiC) [27,28] and also by cutting
open carbon nano tubes (CNTs) [19]. In composite materials, car-
bon based nanostructures such as graphene and carbon nano tubes
(CNTs) can be either used as long fibre-type reinforcements, or
nanoinclusions. Graphene-based reinforcements pose various
advantages over conventional fibres such as carbon, glass, and ara-
mid fibres in terms of strength and stiffness, decreased weight and
enhanced electrical properties. The exceptional scale of electrical
conductivity [18] displayed by these thin carbon films embedded
in polymer matrix make them a suitable candidate in aerospace
applications for electromagnetic compatibility. As per the review
conducted by Hussain et al. [29], there is a growing market

demand for nanocomposites, although the authors have pointed
out various issues, such as the inability to attain strong bonding
between matrix and reinforcement, the difficulty in dispersing
the nanoparticles in the matrix, and reinforcement alignment is-
sues. It is therefore necessary to consider these aspects at the sim-
ulation stage, to provide the composite designer predicting tools
with sufficient fidelity. The computational modelling of the
mechanical properties related to graphene sheets at atomic scale
has been presented by many authors [8–10,14,17,49,50,57]. Atom-
istic Finite Element modelling applied to carbon nanosheets by
employing Morse and Amber force field constants has been pre-
sented by Scarpa et al. [8,9,15,16]. Similar modelling techniques
have also been used by Pour et al. [10,30]. The Authors have re-
cently developed a numerical model for graphene sheets, in which
equivalent homogenised properties of C–C bonds of the graphene
lattice are expressed in terms of thickness, equilibrium lengths
and force-field models [8]. The covalent bonds between a pair of
carbon atoms are modelled by deep shear Timoshenko beams with
stretching, bending, torsional and deep shear deformation. The
properties of these deep shear beams are derived based on the
equivalence between the harmonic potential. The force constants
of this harmonic potential can be either based on the Morse model
or the Amber model [31]. The geometric configurations and
mechanical properties are represented as truss assemblies (Finite
Elements), for which the total potential energy associated to the
loading is calculated. The final thickness and average equilibrium
lengths of the bonds correspond to the minimum potential energy
configuration of the nanostructure.
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Nanocomposites based on graphene reinforcement can be con-
sidered as two or multiphase materials, represented at their most
basic configuration by the presence of a nanoinclusion and a sur-
rounding matrix. At meso and nanoscale, the polymer matrix can
be considered as forming a continuous structure. The structural re-
sponse of the continuum matrix implies a mechanical modelling at
microscale. However, graphene sheets can be numerically repre-
sented by an array of hexagonally oriented beam elements. These
beams represent the sp2 covalent bonds, while nodes of the same
elements represent carbon atoms. Numerically, the polymer ma-
trix at microscale can be approximated by 3D solid hexahedral ele-
ments. In physical reality the polymer matrix is connected to
graphene sheets through weak van der Waals forces, when no
functional groups exist. These van der Waals forces can be repre-
sented by LJ (Lennard–Jones) potential forces. Numerically, the LJ
potential attractive and repulsive forces between the fibre and
the matrix can be transferred through spring elements.

This work describes a multiscale approach to simulate the ten-
sile properties of graphene-reinforced nanocomposites. At macro-
scale level, the polymer matrix is represented by 3D continuum
elements with three translational and three rotational degrees of
freedom to the polymer structure. The weak bonding between
the matrix and the fibre is modelled with the aid of LJ potential
theory, where bonds are represented by nonlinear springs. The
graphene sheet is represented at atomic (i.e. nano) scale and using
an atomistic-FE model based on beams with stretching, bending,
deep shear and torsional capabilities, also in the nonlinear geomet-
ric displacement regime. The finite element model of the graphene
sheet reinforced polymer (GSRP) is depicted in Fig. 1. The impact of
different geometrical configurations (armchair and zigzag orienta-
tions), boundary conditions and aspect ratio on the GSRP are

investigated in the present study. We propose also an analytical
plate model to simulate in a compact form the mechanical behav-
iour of GSRP, providing a further benchmark to the multiscale fi-
nite element (FE) model of the GSRP. The FE code ABAQUS™ 6.10
[38] has been used for its capability to incorporate damage laws
in composites and its use of Python language scripts and subrou-
tines to simulate the debonding at the interface.

The model used in this work describes the graphene system
with an FE atomistic model represented by higher order Timo-
shenko beam elements, contrary to the majority of FE-based atom-
istic representations of sp2 C–C bonds made with Euler–Bernoulli
beams [10,13,14,30,50]. Euler–Bernoulli and Timoshenko beams
provide correct deformation mechanisms when the same force
model used [53]. However different sets of thickness for the beams
must be adopted, the Timoshenko ones provide values closer to the
ones identified by Molecular Dynamics or DFT simulations [16,35].
The originality of the present model lies in its closeness to experi-
mental results with realistic weight fraction values (0.05–1.5%)
[42,43,45,47,48], with the present work focusing on 0.05 wt.%. An-
other original feature of the model presented in this work is its
ability to capture the overall nonlinear behaviour of the composite
and the failure mechanism of the polymer matrix. Recently, Pra-
shar et al. [49] have studied buckling behavior of the epoxy resin
reinforced with graphene and reported enhancement of buckling
strength by 26% due to the reinforcement. Montazeri et al. [50]
have computed the linear elastic modulus of graphene reinforced
polymers by considering thermally produced ripples and sliding
motion in the graphene sheet. Tserpes et al. [51] produced an
RVE (representative volume element) of CNT reinforced polymer,
using a two step approach. The first step consisted of a CNT mod-
elled using a modified Morse potential, to establish the fracture

Fig. 1. Multiscale model of GSRP: carbon atoms are represented by nodes, covalent bonds are modelled as Timoshenko beams, LJ potential is modelled by spring elements and
the polymer matrix is formed by 3D solid elements. (a) Continuous fibre and (b) short fibre. The two can be taken as representative volume elements (RVEs). The boundary
conditions are also shown: the left hand side of the nanocomposite is constrained and the right hand side is loaded. (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)
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behaviour of the carbon nanotube. In the second step, a continuous
beam with the fracture behaviour of the atomistic CNT was in-
serted in the composite RVE for the multiscale analysis. Wernik
et al. [52] developed a non-linear RVE of CNT reinforced polymers
and concluded a considerable enhancement in the stiffness of the
polymer. Equivalent numerical approaches have also been used
by Li et al. and Shokrieh et al. to describe the mechanical response
of epoxy/SWCNT (single wall carbon nanotube) composites
[32,33]. However, none of these previous works considered realis-
tic weight fractions of nanostructures and damage mechanisms
present in the polymer.

2. Multiscale model of the composite structure

Similar to earlier computational work on graphene sheets [8,9],
the sp2 covalent bonds are represented by deep shear Timoshenko
beams with three translation and three rotational degrees of free-
dom with shear correction. The element type B31 from the ABA-
QUS™ version 6.10 element library [38] has been employed to
simulate covalent bonds. The length of each beam is 0.142 nm
(the equilibrium length of C–C sp2) and the diameter is 0.089 nm
[8]. The properties of the beams accounting for the C–C bonds,
are calculated based upon the force constants of the covalent
bonds given below [8]:

kr

2
drð Þ2 ¼ EA

2L
drð Þ2 ð1Þ

ks

2
duð Þ2 ¼ GJ

2L
duð Þ2 ð2Þ

kh

2
dhð Þ2 ¼ EI

2L
4þU
1þU

dhð Þ2 ð3Þ

In the above three equations, kr represents the stretching force con-
stant, ks the out-of-plane torsional constant. The term kh represents
combined in-plane rotation (bending and torsion), consistent with
the harmonic potential approach [8]. The term U is the shear cor-
rection factor, which becomes significant if the aspect ratio of the
beams is lower than 10 [34]. The numerical values of the constants
mentioned in the above equations can either be obtained by Morse
or Amber models [8]. According to the Morse model, the values of
force constants are kr = 8.74 � 10�7 N mm�1, kh = 9.00 � 10�10

N nm rad�2 and ks = 2.78 � 10�10 N nm�1 rad�2. For comprehensive
understanding of this methodology, readers are referred to
[8,15,35]. Table 1 shows the the equivalent material and element
property information. In the present work the nonlinearity in cova-
lent bonds has been ignored. The equivalent stress–strain curve for
sp2 C–C covalent bonds and graphene/carbon nanotubes can be
found in various works [53–57]. The single C–C bond shows a linear
regime under tensile loading up to �10% [53]. Armchair and zigzag
graphene sheets in graphitic state show a substantial linearity of
the tensile response up to 10% in Molecular Dynamics models using
AIREBO potential [58]. Furthermore, in a nanocomposite with low

loading (0.05 wt.% fraction), one can expect larger strain levels
occurring in the polymer but not in the graphene sheet. Since the
maximum tensile deformation in the present simulations corre-
sponds to 10% of strain, the assumption of linear elastic regime with
nonlinear geometric deformation for the graphene can be consid-
ered justified.

Similar to the attractive and repulsive forces between layers of
graphene sheets in the case of multi layer graphene sheets [9], the
graphene sheets are linked to the polymer matrix by van der Waals
forces. These van der Waals forces can be mathematically repre-
sented by:

Fij ¼
@Vij

@r
ð4Þ

where r is the atomic displacement along ij (fibre–matrix length). As
per Girifalco et al. [36], the force between the atoms (ij) can also be
represented by

Fij ¼ �12 �
rmin

y

� �13

� rmin

y

� �7
" #

ð5Þ

where y = rmin + dr, dr is the atomic displacement along the length ij.
The rmin (in) is given by 2

1
6r, where r = (A/B)1/6. The B and A are

attractive and repulsive constants, the values of these constants de-
pend the boundary conditions. In this work we adopt the values for
carbon–carbon interaction given in [33,36,37], being equal to
3.4 � 10�4 eV � Å12 and 5 � 10�7 eV � Å6 respectively. The term �
is B2/(4A). In the multiscale models we use nonlinear spring ele-
ments to simulate the interaction between reinforcement, with a
equivalent force deflection curve calculated using the Eq. (5).

The polymer matrix has been discretized by 3D continuum ele-
ments with six degrees of freedom. The type of element used in the
ABAQUS™ version 6.10 solver is C3D8I [38]. Isotropic material
properties have been assumed to represent the material behaviour
of a epoxy matrix. The values of Young’s modulus and Poisson’s ra-
tio are 2.0 GPa and 0.3 respectively [39]. The nonlinearity in the
mechanical behaviour of the polymer matrix has been considered
using a Ramberg Osgood approximation [39]. Points of the epoxy
stress–strain curve are shown in Table 2.

The FE model with the largest length (8.5 nm) consisted of 1318
beam elements (representing CC bonds), 21,612 spring elements
(representing van der Waals interactions) and 64,160 solid ele-
ments (representing resin). The nonlinear force–deflection curves
both in tension and compression are derived from Eq. (5). The
stress and strain data has been collected by constraining one end
of the nanocomposite structure, by applying a load to the other
end, and by increasing the magnitude of that load until the com-
posite is subjected to tensile strain beyond 9%. Specific models
have been developed with the graphene sheet oriented in the
space, and for the case of long and short inclusion. While the short
inclusion model represents effectively the dispersion of a nanoin-
clusion in a matrix, the long-type of inclusion (filling the whole
length of the RVE) tends to simulate a theoretical nanocomposite
with long fibre reinforcement and periodic boundary conditions.
A nonlinear Newton–Raphson solver with switch on large defor-
mation effects has been used to simulate the tensile loading [38].Table 1

Material and element properties for the beam elements used to represent
CC bonds. In the table, d is diameter, l is length, A is cross sectional area, E is
Young’s modulus, m is Poisson’s ratio and U is the shear correction factor.

Property Value used in the simulation

d 0.089 nm
l 0.142 nm
A 0.0062 nm2

E 19.5 GPa
m 0.23
U 0.37

Table 2
Points of the stress–strain curve for epoxy matrix based
on Ramberg Osgood approximation [39].

Stress (MPa) Strain (%)

15 1.0
40 2.0
60 3.0
62 4.0
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3. Results and discussions

The stress strain curves for two different orientations and for
the long and short reinforcement composites are presented in
Figs. 2 and 3. For each plot, the stress strain curve has been ob-
tained for three different lengths of the graphene fibre (i.e.
2.7 nm, 5.8 nm and 8.5 nm), corresponding to 0.05 wt.%. The stress
has been calculated by straining the material up to 9%. During the
simulation it is essential to deactivate the interface bonds if the
deflection developed is higher than the cut-off distance 0.85 nm
[33]. It is also necessary to generate new bonds if a displaced car-
bon atom comes in contact with another atom of the matrix. With-
in the FE code ABAQUS™ version 6.10, this operation is performed
by using the commands �Restart and �Modelchange [38]. The nodal
displacements in the spring elements (interface bonds) are re-
corded at each incremental step of the nonlinear loading. If the no-
dal displacement is found to be beyond the cutoff distance, the
analysis is stopped and restarted with an updated position of the
nodes belonging to the spring elements. Another �Restart com-
mand is then issued to restart the run from the same increment.
Activation and de-activation of the sping element sets are
performed using the commands �Modelchange, Remove and
�Modelchange, Add. For the type of epoxy material used in this
work, one can observe that damage in the polymer has been initi-
ated at 5% plastic strain. At a given strain, the stress developed in
the continuous fibre composite is found to be 10 times higher than
that of the short fibre composite on average, since the applied load
is equally taken by both the reinforcement and the matrix. These
plots also contain stresses calculated employing the classical rule
of mixture. The analytical values of stresses in the plots, have been
calculated using the Young’s modulus obtained from the rule of
mixtures given in the equations below:

Ec ¼ Vf Ef þ VmEm ð6Þ

For the short inclusion composite the relation used to calculate the
elastic modulus is [40]:

Es ¼ Vf Ef þ 1� tanhðnsÞ
ns

� �
þ ð1� Vf ÞEf ð7Þ

In the above relations, Ec is the elastic modulus of the continuous
fibre composite, Es is the elastic modulus of the short fibre compos-
ite, Ef is the elastic modulus of the fibre, Em is the elastic modulus of
the matrix, Vf is the volume fraction of the fibre, Vm is the volume

fraction of the matrix, s is L/D, L being the length of the fibre and
D being the thickness of the fibre and n is given by:

n ¼ 2Em

Ef ð1þ VmÞlnð1=Vf Þ

� �1=2

ð8Þ

From Figs. 2 and 3 it can be observed that the length of the
short-type graphene reinforcement does contribute to the overall
tensile behaviour of the composite, with the highest global stiff-
ness associated to the nanocomposite with the longest reinforce-
ment. At a given strain, the composite with the long graphene
sheet shows stress levels 2% greater than the ones belonging to
the short graphene inclusion system. Nonlinearity of the tensile
behaviour is however observed also for all the short inclusions
lengths around 2% of strain, while the matrix tensile behaviour de-
parts from linearity only from 1% (see Table 2). For the case of con-
tinuous graphene reinforcement, the nanocomposite stiffness
changes once the stress reaches nonlinearity for strains around
7.5%, independently of the length of the reinforcement in the
RVE used. For the long-type graphene reinforcement, higher resis-
tance is carried by the graphene, and a more linear elastic regime is
observed because the SLG offers an elastic response to the applied
tensile strain up to 25% [41]. At lower strains (below 2%), good
agreement is reached between the results from the multiscale
model and the rule of mixture predictions.

For the case of continuous graphene reinforcement, the tensile
response is found to be stiffer at an orientation angle of 45� be-
cause of the arrangement and alignment of C–C covalent bonds
in the graphene at graphitic state. The modulus of the composite
with the sheet at 0� is 12.8 GPa, while the nanocomposite with a
reinforcement at 45� is equal to 17.7 GPa, with a resulting 38% in-
crease in stiffness. The stress strain response is found to be inde-
pendent of the orientation in the case of short-type
reinforcement. At lower strains and under linear elastic regime,
the stiffness obtained from the multiscale models are displaying
closer correlation with the rule of mixture. For the case of short
graphene oriented parallel to the loading direction the stress
reaches a maximum value of 77 MPa, but then it decreases with
further strain. The maximum stress value for the case of 45� short
graphene inclusion orientation is 75 MPa, which represents a 10%
strength enhancement compared to the baseline epoxy [39]. This
enhancement in strength is found to be comparable with the work
of other authors (refer Table 3), in particular with experimental

Fig. 2. Variation of stress against strain in the graphene based composite material. Numerically computed stress values are compared against those of computed by analytical
rule of mixture theory. The orientation of fibre considered is parallel to the axis of load application. The curve drops at 77 MPa indicating an ultimate tensile strength for short
fibre GSRP. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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findings from functionalised graphene sheets (FGSs) dispersed in
epoxy matrix by Rafiee et. al. [42,43].

The secant modulus of the continuous graphene reinforced
composite (Fig. 4) is close to 17.7 GPa in the linear regime (i.e.,
equal to the Young’s modulus), being 8.85 times higher than the
one of the matrix alone. At higher strains (beyond 2%), the secant
modulus decreases with strain, indicating a global softening effect.
Due to the damage of the LJ bonds, the modulus suddenly de-
creases and then displays a small increase due to the progressive
attachment of bonds with carbon atoms. During the final stage of

the tensile loading, the modulus drops continuously as the stress
strain response of the polymer becomes more nonlinear. The mod-
ulus of the short graphene composite is close to 2.25 GPa at lower
strains, with a resulting increase of stiffness by 12.5% over the
baseline matrix due to the inclusion of the graphene filler. Similar
increase in stiffness has been reported by other authors [42–44]
(see Table 3). At higher strains, the modulus decreases continu-
ously due to large geometric deformation and nonlinearity effects
in the polymer, as well as de-bonding between reinforcement and
matrix due to the failure of the van der Waals interactions.

Fig. 3. Variation of stress–strain curves in SLG-based composites. The FE-derived stress values are compared against those from the rule of mixture. The orientation of
reinforcement is 45� with respect to the axis of load application. Failure strength for the short fibre GSRP is observed at 75 MPa at 8.5% of strain. (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of this article.)

Table 3
Experimental stiffness and strength enhancements in graphene-based polymers (epoxy matrix) from open literature. TRG stands for thermally reduced graphene sheets, GO is
graphene oxide, MLGS is multi layer graphene sheets, GNP is graphite nanoplatelets and SLGS is single layer graphene sheet.

Authors Graphene type Concentration of graphene (wt.%) Stiffness enhancement Strength enhancement

Rafiee et al. [42,43] FGS 0.05% 10.7% 10.3%
Liu et al. [45] GO 0.05% 2% (Flexural) 9% (Flexural)
Li et al. [46] MLGS N/A 33.33% 36.5%
Cho et al. [47] GNP 1% 16% N/A
Ramanathan et al. [48] FGS 1% 1.8% 1.3%
Present work SLGS 0.05% 12.5% 10.1%

Fig. 4. Variation of secant modulus with strain. The orientation of the fibre is parallel to the axis of the load application.
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4. Conclusion

A numerical multiscale approach has been proposed to simulate
the nonlinear tensile behaviour of single layer graphene-based
composites. The multiscale model includes the representation of in-
ter-atomic covalent C–C sp2 bonds for the graphene in graphitic
(planar) state, and inter matrix-inclusion weak van der Waals
forces through LJ potential. Debonding between the matrix and
graphene has been represented through activation/deactivation of
the nonlinear springs simulating the van der Waals interaction after
a cut-off distance (0.85 nm). The model also features the automatic
generation of LJ interactions when carbon atoms belonging to
strained covalent bonds come into contact with nodes belonging
to solid elements of the matrix. In addition, nonlinear geometric
large displacements and strain-based failure criteria for the matrix
have been applied. The model has been benchmarked for a nano-
composite configuration with 0.05 wt.% against rule of mixture
and experimental results available in open literature.

For a constant wt.%, the stress–strain curves obtained do not
show a considerable dependence of the results on the length of
the graphene reinforcement. This is a clear sign that no evident lo-
cal scale effects do happen in the numerical representative elemen-
tary volume (RVE) used. The results in terms of stiffness and
strength for short graphene-type inclusions compare very well with
experimental data existing in the open literature. The case for a
long-type graphene reinforcement has also been discussed, show-
ing a significant increase both in terms of Young’s modulus and lin-
earity of the tensile response compared to the short graphene
inclusion case. The orientation of the graphene inclusion is also a
factor contributing to the overall mechanical response of the nano-
composite, in particular for the long-type reinforcement where a
change in fibre orientation from 0� to 45� with respect to the load-
ing direction provides an increase in the stiffness by 38%. The mul-
tiscale model can be used as an effective predicting tool to evaluate
graphene nanosystems with different types of matrix and loading
conditions. The method presented in this paper can be used for
the analysis and design of future generation of graphene compos-
ites in a rigours and computationally efficient manner.
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