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This paper reports an analytical study on the buckling of double-nanoplate-system (DNPS) subjected to
biaxial compression using nonlocal elasticity theory. The two nanoplates of DNPS are bonded by an elas-
tic medium. Nonlocal plate theory is utilized for deriving the governing equations. An analytical method
is used for determining the buckling load of DNPS under biaxial compression. Difference between non-
local uniaxial and biaxial buckling in DNPS is shown. Both synchronous and asynchronous buckling phe-
nomenon of biaxially compressed DNPS is highlighted. Study shows that the small-scale effects in
biaxially compressed DNPS increases with increasing values of nonlocal parameter for the case of syn-
chronous modes of buckling than in the asynchronous modes of buckling. The buckling load decrease
with increase of value of nonlocal parameter or scale coefficient. In biaxial compression higher buckling
modes are subjected to higher nonlocal effects in DNPS. Further the study shows that the increase of stiff-
ness parameter brings uniaxial and biaxial buckling phenomenon closer while increase of aspect ratio
widen uniaxial and biaxial buckling phenomenon.

� 2012 Elsevier Ltd. All rights reserved.
1. Introduction

Nanoplates are two-dimensional structure of nano-scale size.
Researches on the nanoplates are increasing every day. Popular
nanoplates which are experimentally and computationally studied
include monolayer graphene [1] and multi-layer graphene sheets
(GS). Other nanoplates capturing attention among scientific com-
munity are gold nanoplates [2–4], silver nanoplates [5,6], ZnO
nanoplates [7] and boron-nitride sheets [8,9]. These nanoplates
possess superior properties over traditional engineering materials.
Nanoplates such as GS are being found in potential application
areas such as in nano-electronic mechanical-systems (NEMS)
[10], nanosensors [11], nanoactuators [12], transistor [13,14], solar
cells [15–17], biomedical [18], space elevator lifts in the form of
nanoribbons and in nanocomposites.

One important technological advancement to the concept of the
single or mono nanoplates [19] is that of the complex-nanoplate-
systems. The complex nanoplates can be considered as composite
nanostructure. The composite nanostructure can be developed
according to specific structural and physical requirements. Struc-
tural requirements may include developing advanced nanocom-
posites where nanoplates are coupled by bonding resins. One
simple example of complex-nanoplate-system is the double-nano-
plate-system (DNPS) [20]. DNPS are two nanoplates bonded by
elastic medium such as polymer resin. The elastic medium is
ll rights reserved.
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generally modelled as Winkler springs. It should be noted that
the present DNPS are different from double-layered system, such
as double-walled graphene systems [21]. These double-walled
nanoentities are generally bonded by a constant van der Waal force
which is unlike the double-nanobeam-system or double-
nanoplate-system. DNPS would have different bonding agent of
varying stiffness modulus.

zDNPS bonded by an elastic medium can be observed in nano-
composites. Vibration and buckling study of DNPS would thus be
important in-line with the similar studies on single-layer nano-
plates. The DNPS can also be developed as a sandwich structure
where the connecting elastic substance could be soft and light
weight, and considered to be the core. The composite sandwich
would have potential to be used in microelectromechanical sys-
tems (MEMS) and nanoelectromechanical systems (NEMS). Buck-
ling would therefore be one of the important behaviour of
nanosandwich plate subjected to in-plane compressive forces.
The mechanical in-stability study of sandwich DNPS as double-
layer graphene optical modulator [22] would also be important.
The analysis on long DNPS could also be useful for design and
development of nano-optomechanical systems (NOMS) [23]. Re-
cently Murmu and Adhikari [20,24] and Pouresmaeeli et al. [25]
has carried out buckling and vibration analysis of DNPS.

Literature shows that research on size-dependent structural
theories [26–29] are becoming increasing common for more accu-
rate design and analysis of micro and nanostructures. Though
molecular dynamic (MD) simulation is justified for the analysis
of nanostructure the approach is computationally exorbitant for
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nanostructures with large numbers of atoms. This asks for the use
of conventional continuum mechanics in analysis of nanostruc-
tures. Classical continuum modelling approach is considered
scale-free. It lacks the accountability of the effects arising from
the small-scale where size-effects are prominent. Nanoscale
experiments demonstrate that the mechanical properties of nano-
dimensional materials are much influenced by the size-effects or
scale-effects. Size-effects are related to atoms and molecules that
constitute the materials. The application of classical continuum
approaches may be thus questionable in the analysis of nanostruc-
tures such as nanorods, nanobeams and nanoplates.

One widely promising size-dependant continuum theory is the
nonlocal elasticity theory pioneered by Eringen [30] which brings
in the size-effects or scale-effects and underlying physics within
the formulation. Nonlocal elasticity theory contains information re-
lated to the forces between atoms, and the internal length scale in
structural, thermal and mechanical analysis. In the nonlocal elastic-
ity theory, the small-scale effects are captured by assuming that the
stress at a point is a function of the strains at all points in the do-
main. Literature would show that numerous motivating works of
nanostructures based on nonlocal elasticity has been reported
[21,31–61]. Nonlocal theory considers long-range inter-atomic
interaction and yields results dependent on the size of a body.

Since DNPS would be important as structural nanocomponents,
the study and understanding of its mechanical vibration and buck-
ling phenomenon are necessary. Compared to study on uniaxial
buckling, the biaxial buckling phenomenon of DNPS has received
very little attention. Recently Murmu and Pradhan [62] and Prad-
han and Murmu [63] carried out study of biaxial buckling of sin-
gle-layered nanoplates. According to the author’s knowledge, till
date, the study on biaxial buckling phenomenon of DNPS is absent
in literature. This paper addresses the biaxial buckling behavioural
phenomenon of double-nanoplate-systems [20] under the umbrel-
la of nonlocal elasticity. In the present problem, the nanoplates are
considered as single-layer graphene sheets. The present study can
be used beyond graphene sheets as nanoplates. The two single-lay-
ered graphene sheets are elastically connected by enclosing elastic
medium such as polymer resin modelled as springs. Expressions
for biaxial buckling load of system are derived using nonlocal elas-
ticity theory [30]. Explicit closed-form expressions for buckling
load are derived for the case when all four ends are simply-sup-
ported. Further, this paper presents a unique yet simple method
of obtaining the exact solution for the buckling load of biaxially
compressed double-graphene-sheet-system. Attention is put on
the nonlocal scale effects in synchronous and asynchronous modes
of buckling for various coupling springs, aspect ratio, higher buck-
ling loads and compression ratios. Hopefully present study is ex-
pected to bring about understanding into the inside of buckling
behaviour of biaxially compressed double-nanoplates-systems.

2. Nonlocal elasticity theory

In this section we provide concise fundamentals of nonlocal
elasticity. In nonlocal elasticity theory [30], the basic equations
for an isotropic linear homogenous nonlocal elastic body neglect-
ing the body force are given as

rij;i ¼ 0

rijðxÞ ¼
Z

V
/ðjx� x0j;aÞtijdVðx0Þ; 8x 2 V

tij ¼ Hijklekl

eij ¼
1
2
ðui;j þ uj;iÞ

ð1Þ

The terms rij, tij, ekl, Hijkl represents nonlocal stress, classical stress,
classical strain and fourth order elasticity tensors respectively. The
volume integral is over the region V occupied by the body. The ker-
nel function /(|x � x0|, a) denotes the nonlocal modulus. The non-
local modulus acts as an attenuation function incorporating into
constitutive equations the nonlocal effects at the reference point x
produced by local strain at the source x0. The term |x – x0| represents
the distance in the Euclidean form and a is a material constant that
depends on the internal characteristics length, a (e.g. lattice param-
eter, granular size, distance between the C–C bonds) and external
characteristics length, ‘ (e.g. crack length, wave length). Material
constant a is defined as a = e0a/‘ where e0 is a constant for calibrat-
ing the model with experimental results or other validated models
(molecular dynamics). According to Eringen [30], the value of e0 is
reported as 0.39. The parameter e0 is estimated such that the rela-
tions of the nonlocal elasticity model could provide satisfactory
approximation to the atomic dispersion curves of the plane waves
with those obtained from the atomistic lattice dynamics.

3. Governing equations of biaxially compressed DNPS

Nonlocal integral equation (Eq. (1)) is in partial–integral form
and generally difficult to solve analytically [30]. Thus a differential
form of nonlocal elasticity equation is often used. The nonlocal
constitutive stress–strain relation can be simplified as

ð1� a2‘2r2Þrij ¼ tij ð2Þ

where r2 is the Laplacian.
Utilising the differential equation form of nonlocal elasticity

(Eq. (2)) we develop the equations for buckling phenomenon of
biaxial compressed DNPS [20]. We refer the two typical nanoplates
in DNPS as nanoplate-1 and nanoplate-2 as shown in Fig. 1. The
two nanoplates of DNPS are bonded by an elastic medium such
as polymer resin. The elastic medium between two nanoplates is
represented by vertically distributed identical springs. The springs
are oriented perpendicular to the nanoplates. The springs are as-
sumed to have a stiffness k. Different value of k for different poly-
mer matrix (elastic medium) can be used for the study. The
nanoplates are considered to be of length L and width W. Generally,
the two nanoplates are different where the length, width, and
bending rigidity of the ith plate are Li, Wi, and Di (i = 1, 2) respec-
tively. These parameters are assumed to be constant along each
nanoplate.

We assume that the two nanoplates of DNPS are biaxially com-
pressed. Nx1 and Ny1 denote the two biaxial compressive forces in x
and y directions respectively acting on nanoplate-1 (Fig. 1). While
Nx2 and Ny2 denote the two biaxial forces in x and y directions
respectively acting on nanoplate-2. The bending displacements
over the two nanoplates for the buckling analysis are denoted by
w1(x, y) and w2(x, y). The individual governing equations of the
nanoplates (nanoplate-1 and nanoplate-2) under biaxial compres-
sion based on nonlocal plate theory [40,55,64–66] can be written
as

Nanoplate-1:

D1
@4w1ðx; yÞ

@x4 þ 2
@4w1ðx; yÞ
@x2@y2 þ @

4w1ðx; yÞ
@y4

 !
þ k½w1ðx; yÞ �w2ðx; yÞ�

� kðe0aÞ2 @2

@x2 þ
@2

@y2

 !
½w1ðx; yÞ �w2ðx; yÞ� � Nx1

@2w1ðx; yÞ
@x2

þ Nx1ðe0aÞ2 @2

@x2 þ
@2

@y2

 !
@2w1ðx; yÞ

@x2 � Ny1
@2w1ðx; yÞ

@y2

þ Ny1ðe0aÞ2 @2

@x2 þ
@2

@y2

 !
@2w1ðx; yÞ

@y2 ¼ 0 ð3Þ

where the bending rigidity of nanoplate-1 is expressed as
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Fig. 1. Schematic diagram of double-nanoplate-systems (DNPS) subjected to biaxial compression.
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D1 ¼ E1h3
1=12ð1� #2

1Þ ð4Þ

Here the terms E, h, # in Eq. (4) denote the Young’s modulus,
thickness and the Poisson’s ratio of the nanoplates.

Nanoplate-2:

D2
@4w2ðx; yÞ

@x4 þ 2
@4w2ðx; yÞ
@x2@y2 þ @

4w2ðx; yÞ
@y4

 !
� k½w1ðx; yÞ

�w2ðx; yÞ� þ kðe0aÞ2 @2

@x2 þ
@2

@y2

 !
½w1ðx; yÞ �w2ðx; yÞ� � Nx2

� @2w2ðx; yÞ
@x2 þ Nx2ðe0aÞ2 @2

@x2 þ
@2

@y2

 !
@2w2ðx; yÞ

@x2 � Ny2

� @2w2ðx; yÞ
@y2 þ Ny2ðe0aÞ2 @2

@x2 þ
@2

@y2

 !
@2w2ðx; yÞ

@y2

¼ 0 ð5Þ

where the bending rigidity of nanoplate-2 is expressed as

D2 ¼ E2h3
2=12ð1� #2

2Þ ð6Þ

It should be noticed that when the nonlocal parameter (which
considers the scale effects) is neglected (e0a = 0), Eqs. (3) and (5)
reverts back to classical plate equations. For derivation of nonlocal
plate theory one can refer [67].

Let us define the relation between biaxial compression ratios of
two nanoplates as

d1 ¼
Ny1

Nx1
ð7Þ

d2 ¼
Ny2

Nx2
ð8Þ

Substituting Eqs. (7) and (8), the individual equation of nanoplates
(Eqs. (3) and (5)) reduces to
Nanoplate-1:

D1
@4w1ðx; yÞ

@x4 þ 2
@4w1ðx; yÞ
@x2@y2 þ @

4w1ðx; yÞ
@y4

 !
þ k½w1ðx; yÞ

�w2ðx; yÞ� � kðe0aÞ2 @2

@x2 þ
@2

@y2

 !
½w1ðx; yÞ �w2ðx; yÞ�

� Nx1
@2w1ðx; yÞ

@x2 þ d1
@2w1ðx; yÞ

@y2

 !

þ ðe0aÞ2Nx1
@4w1ðx; yÞ

@x4 þ ðd1 þ 1Þ @
4w1ðx; yÞ
@x2@y2 þ d

@4w1ðx; yÞ
@y4

" #
¼ 0 ð9Þ

Nanoplate-2:

D2
@4w2ðx; yÞ

@x4 þ 2
@4w2ðx; yÞ
@x2@y2 þ @

4w2ðx; yÞ
@y4

 !
� k½w1ðx; yÞ

�w2ðx; yÞ� þ kðe0aÞ2 @2

@x2 þ
@2

@y2

 !
½w1ðx; yÞ �w2ðx; yÞ�

� Nx2
@2w2ðx; yÞ

@x2 þ d2
@2w2ðx; yÞ

@y2

 !

þ ðe0aÞ2Nx2
@4w2ðx; yÞ

@x4 þ ðd2 þ 1Þ @
4w2ðx; yÞ
@x2@y2 þ d

@4w2ðx; yÞ
@y4

" #
¼ 0

ð10Þ

In this paper we consider the properties of the two nanoplates as
identical:

D1 ¼ D2 ¼ D � constant ð11Þ

And the loading conditions and the compression ratios in the nano-
plates are considered as
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Nx1 ¼ Nx2 ¼ Nx ð12Þ

d1 ¼ d2 ¼ d ð13Þ

The incorporation of the above assumptions simplifies the solution
of the problem.

Substituting the assumptions (Eqs. (11)–(13)) in Eqs. (9) and
(10) we get

Nanoplate-1:

D
@4w1ðx; yÞ

@x4 þ 2
@4w1ðx; yÞ
@x2@y2 þ @

4w1ðx; yÞ
@y4

 !
þ k½w1ðx; yÞ

�w2ðx; yÞ� � kðe0aÞ2 @2

@x2 þ
@2

@y2

 !
½w1ðx; yÞ �w2ðx; yÞ�

� Nx
@2w1ðx; yÞ

@x2 þ d
@2w1ðx; yÞ

@y2

 !

þ ðe0aÞ2Nx
@4w1ðx; yÞ

@x4 þ ðdþ 1Þ @
4w1ðx; yÞ
@x2@y2 þ d

@4w1ðx; yÞ
@y4

" #
¼ 0 ð14Þ

Nanoplate-2:

D
@4w2ðx; yÞ

@x4 þ 2
@4w2ðx; yÞ
@x2@y2 þ @

4w2ðx; yÞ
@y4

 !
� k½w1ðx; yÞ

�w2ðx; yÞ� þ kðe0aÞ2 @2

@x2 þ
@2

@y2

 !
½w1ðx; yÞ �w2ðx; yÞ�

� Nx
@2w2ðx; yÞ

@x2 þ d1
@2w2ðx; yÞ

@y2

 !

þ ðe0aÞ2Nx
@4w2ðx; yÞ

@x4 þ ðdþ 1Þ @
4w2ðx; yÞ
@x2@y2 þ d

@4w2ðx; yÞ
@y4

" #
¼ 0 ð15Þ

For the solution of Eqs. (14) and (15), we apply a change of vari-
ables by considering w as the relative displacement of the nano-
plate-1 with respect to the nanoplate-2 such as [20]

wðx; yÞ ¼ w1ðx; yÞ �w2ðx; yÞ ð16Þ

such that for nanoplate-1, the displacement is expressed as

w1ðx; yÞ ¼ wðx; yÞ þw2ðx; yÞ ð17Þ

Subtracting Eq. (14) from (15) would lead to
D
@4½w1ðx;yÞ�w2ðx;yÞ�

@x4 þ2
@4½w1ðx;yÞ�w2ðx;yÞ�

@x2@y2 þ@
4½w1ðx;yÞ�w2ðx;yÞ�

@y4

 !

þ2k½w1ðx;yÞ�w2ðx;yÞ��2kðe0aÞ2 @2

@x2þ
@2

@y2

 !
½w1ðx;yÞ�w2ðx;yÞ�

�Nx
@2½w1ðx;yÞ�w2ðx;yÞ�

@x2 þd
@2½w1ðx;yÞ�w2ðx;yÞ�

@y2

 !

þðe0aÞ2Nx
@4½w1ðx;yÞ�w2ðx;yÞ�

@x4 þðdþ1Þ@
4½w1ðx;yÞ�w2ðx;yÞ�

@x2@y2

"

þd
@4½w1ðx;yÞ�w2ðx;yÞ�

@y4

#
¼0 ð18Þ

Utilising Eq. (16) in Eqs. (14) and (15) we get
D
@4wðx; yÞ
@x4 þ 2

@4wðx; yÞ
@x2@y2 þ

@4wðx; yÞ
@y4

 !
þ 2kwðx; yÞ

� 2kðe0aÞ2 @2wðx; yÞ
@x2 þ @

2wðx; yÞ
@y2

 !

� Nx
@2wðx; yÞ
@x2 þ d

@2wðx; yÞ
@y2

 !

þ ðe0aÞ2Nx
@4wðx; yÞ
@x4 þ ðdþ 1Þ @

4wðx; yÞ
@x2@y2 þ d

@4wðx; yÞ
@y4

" #
¼ 0 ð19Þ

and

D
@4w2ðx; yÞ

@x4 þ 2
@4w2ðx; yÞ
@x2@y2 þ @

4w2ðx; yÞ
@y4

 !

� Nx
@2w2ðx; yÞ

@x2 þ d
@2w2ðx; yÞ

@y2

 !

þ ðe0aÞ2Nx
@4w2ðx; yÞ

@x4 þ ðdþ 1Þ @
4w2ðx; yÞ
@x2@y2 þ d

@4w2ðx; yÞ
@y4

" #

¼ kwðx; yÞ � kðe0aÞ2 @2wðx; yÞ
@x2 þ @

2wðx; yÞ
@y2

 !
ð20Þ

For the present analysis of coupled DNPS, we see the simplicity
in using Eqs. (19) and (20). It should be noted that when the non-
local effects are ignored (e0a = 0) and a single nanoplate is consid-
ered, the above equations revert to the equations of double-plate-
system based on classical Kirchhoff’s plate theory.

Now we present the mathematical expressions of the boundary
conditions of the DNPS. It is assumed that all the edges in the nano-
plate system simply-supported. The use of boundary conditions is
described here. At each ends of the nanoplates in DNPS the dis-
placement and the nonlocal moments are considered to be zero.
They can be mathematically expressed as

Nanoplate-1:
Displacement condition:

w1ð0; yÞ ¼ 0; w1ðL; yÞ ¼ 0; w1ðx;0Þ ¼ 0; w1ðx;WÞ ¼ 0; ð21Þ

Nonlocal moment condition:

M1ð0; yÞ ¼ 0; M1ðL; yÞ ¼ 0; M1ðx;0Þ ¼ 0; M1ðx;WÞ ¼ 0; ð22Þ

Nanoplate-2:Displacement condition:

w2ð0; yÞ ¼ 0; w2ðL; yÞ ¼ 0; w2ðx;0Þ ¼ 0; w2ðx;WÞ ¼ 0; ð23Þ

Nonlocal moment condition:

M2ð0; yÞ ¼ 0; M2ðL; yÞ ¼ 0; M2ðx;0Þ ¼ 0; M2ðx;WÞ ¼ 0; ð24Þ

Now we use Eq. (16) in the displacement boundary Conditions (21)
and (23),

wð0; yÞ ¼ w1ð0; yÞ �w2ð0; yÞ ¼ 0 ð25aÞ
wðL; yÞ ¼ w1ðL; yÞ �w2ðL; yÞ ¼ 0 ð25bÞ
wðx;0Þ ¼ w1ðx;0Þ �w2ðx;0Þ ¼ 0 ð25cÞ
wðx;WÞ ¼ w1ðx;WÞ �w2ðx;WÞ ¼ 0 ð25dÞ

Similarly using Eq. (16) in the nonlocal moment boundary Condi-
tions (22) and (24),

Mð0; yÞ ¼ M1ð0; yÞ �M2ð0; yÞ ¼ 0 ð26aÞ
MðL; yÞ ¼ M1ðL; yÞ �M2ðL; yÞ ¼ 0 ð26bÞ
Mðx;0Þ ¼ M1ðx;0Þ �M2ðx;0Þ ¼ 0 ð26cÞ
Mðx;WÞ ¼ M1ðx;WÞ �M2ðx;WÞ ¼ 0 ð26dÞ



Fig. 3. Synchronous-type bi-axial buckling.
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4. Buckling loads of biaxially compressed DNPS

In this section different explicit cases of nonlocal biaxial buck-
ling will be considered. The nanoplate system is subjected to both
uniaxial as well as biaxial compressive forces. The cases studied
will be nanoplates buckling with out-of-phase (asynchronous);
in-phase (synchronous); and when one of the nanoplates is consid-
ered to be fixed.

The double-nanoplate-system is assumed to be bi-axially buck-
led. Fig. 2 shows the three dimensional configuration of double-
nanoplate-system with the asynchronous (out-of-phase) sequence
of buckling (w1 � w2 – 0). It should be noted that the figure repre-
sents first out-of-phase buckling phenomenon not the first buckled
mode. In out-of-phase, sequence of buckling the nanoplates is
buckled in opposite directions.

We evaluate the buckling load for the out-of-phase (asynchro-
nous) type buckling. We use Eq. (19) for the biaxial buckling solu-
tion of double-nanoplate-system.

We assume that the buckling mode of the double-nanoplate-
system as

wðx; yÞ ¼Wmn sin
mpx

L
sin

npy
W

ð27Þ

where m and n are the half wave number.
Substituting Eq. (27) into Eq. (19) and simplifying we get

D
mp

L

� �4
þ 2

mp
L

� �2 np
W

� �2
þ np

W

� �4
� �

wþ 2kw

þ 2kðe0aÞ2 mp
L

� �2
þ np

W

� �2
� �

wþ Nx
mp

L

� �2
þ d

np
W

� �2
� �

w

þ ðe0aÞ2Nx
mp

L

� �4
þ ðdþ 1Þ mp

L

� �2 np
W

� �2
þ d

np
W

� �4
� �

w

¼ 0 ð28Þ

For the sake of simplicity, we utilise the following parameters

K ¼ kL4

D
; bN ¼ �NxL2

D
; l ¼ e0a

L
; R ¼ L

W
ð29Þ

Substituting Eq. (29) into Eq. (28) yields the biaxial buckling load
expression for asynchronous modes:

bNAsyn ¼
½ðmpÞ4 þ 2R2ðmpÞ2ðnpÞ2 þ R4ðnpÞ4� þ 2K þ 2Kl2½ðmpÞ2 þ R2ðnpÞ2�
ððmpÞ2 þ dR2ðnpÞ2 þ l2½ðmpÞ4 þ R2ðdþ 1ÞðmpÞ2ðnpÞ2 þ dR4ðnpÞ4�Þ

ð30Þ

In-phase (synchronous) sequence type of buckling of the DNPS
under bi-axial compression is also being considered here. The sche-
matic illustration buckling is shown in Fig. 3, which is the first
mode synchronous type buckling. In synchronous buckling both
the nanoplates buckle in the same direction. For the present nano-
plate system, the relative displacements between the two nano-
plates are absent i.e. (w1 � w2 = 0). In synchronous buckling state,
Fig. 2. Asynchronous-type bi-axial buckling.
the double-nanoplate-system can be considered to be as one of
the nanoplate (viz. nanoplate-2). Here we solve Eq. (20) for the
synchronous sequence of buckling. We apply the same procedure
as earlier for solving Eq. (19). The buckling load of the nonlocal
double-nanoplate-system can be evaluated as

bNSyn ¼
½ðmpÞ4 þ 2R2ðmpÞ2ðnpÞ2 þ R4ðnpÞ4�

ððmpÞ2 þ dR2ðnpÞ2 þ l2½ðmpÞ4 þ R2ðdþ 1ÞðmpÞ2ðnpÞ2 þ dR4ðnpÞ4�Þ
ð31Þ

Here we see for this case, the buckling phenomenon in the double-
nanoplate-system is independent of the stiffness of the coupling
springs and therefore the DNPS undergoing biaxial compression
can be effectively treated as a single nanoplate.

Consider the case of DNPS when one of the two nanoplates (viz.
nanoplate-2) is stationary (w2 = 0). The schematic configuration of
the NDNPS is shown in Fig. 4. Here the buckling phenomenon hap-
pens in nanoplate-1 only. We utilise the equations from nonlocal
elasticity, and the governing equation for the DNPS in this case re-
duces to:
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Here it is worth noting that in this case, the DNPS behaves as if
nanoplate embedded or supported on an elastic medium or other
forces in nanoscale (Fig. 4). The elastic medium can be modelled
as Winkler elastic foundation or Pasternak foundation. The stiff-
ness of the elastic medium is denoted by k. By following the same
procedure as solution of Eq. (19), the explicit nonlocal buckling
load of biaxially compressed DNPS can be easily obtained. The
buckling load is evaluated as

bN ¼ ½ðmpÞ4 þ 2R2ðmpÞ2ðnpÞ2 þ R4ðnpÞ4� þ K þ Kd2½ðmpÞ2 þ R2ðnpÞ2�
ððmpÞ2 þ dR2ðnpÞ2 þ l2½ðmpÞ4 þ R2ðdþ 1ÞðmpÞ2ðnpÞ2 þ dR4ðnpÞ4�Þ

ð33Þ

When the nonlocal effects are ignored (l = 0 the above Eq. (33)
reverts to that of local buckling phenomenon. In fact when one of
the nanoplate (viz. nanoplate-2) in DNPS is fixed (w2 = 0), the DNPS
behaves as nanoplate on an elastic medium.



Fig. 4. Bi-axial buckling with one nanoplate fixed.

Fig. 5. Effect of nonlocal parameter or scale coefficient on buckling of square
NDNPS.
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5. Result and discussions

5.1. Molecular dynamics vs. nonlocal plate theory

In literature, nonlocal plate theory has been compared with the
molecular dynamics simulation. However the reliability of the the-
ory depends on the value of nonlocal parameter. Details on the var-
ious values of nonlocal parameter as reported by various
researchers is discussed in [68]. Molecular dynamics (MD) simula-
tions for the free vibration of various graphene sheets using non-
local plate theory with different values of side length and
chirality can be found equivalent to the nonlocal plate model
[64]. Using some optimised nonlocal parameter, the nonlocal plate
model can predict the resonant frequencies with great accuracy.
Further it is also shown that the nonlocal plate models as com-
pared with molecular dynamics simulation can provide a remark-
ably accurate prediction of the graphene sheet behaviour under
nonlinear vibration in thermal environments [69]. Thus nonlocal
plate theory can be a reliable theory to predict the mechanical
behaviour of nanoplates considering that optimised nonlocal
parameter or scale coefficient is used.

5.2. Biaxial compressed coupled-graphene-sheet-system

For illustration, the properties of the nanoplates in DNPS are
considered that of a single-walled graphene sheets. In the present
work, lattice structure of graphene at small scale is addressed by
the nonlocal elasticity theory. The two graphene sheets (GS) are
coupled by the polymer matrix. Here it should be noted that the
double-graphene-sheet-system is different from the double-
walled-graphene-sheet. The bonded double-graphene-sheet-
system is biaxially compressed by external forces. The effective
properties of GS are considered. The Young’s modulus of the GS
is assumed as E = 1.06 TPa, density q = 2300 kg/m3, the Poisson‘s
ratio # = 0. 25. The thickness of the GS is taken as h = 0.34 nm.
The nonlocal double-plate theory for biaxially compressed DNPS
illustrated here is a generalised theory and can be applied for the
buckling analysis of coupled graphene sheets (multiple-walled),
gold nanoplates, silver nanoplates, boron nitride sheets, etc. For
generality, the buckling solutions of the DNPS are presented in
terms of the buckling load parameter. The buckling load parameter
is normalised buckling load and is considered as

Buckling load parameter ¼ Buckling load� L2

D
ð34Þ

The nonlocal parameter and the stiffness of the springs are com-
puted as given in Eq. (29). Different values of spring parameters, K,
are considered. Spring stiffness represents the stiffness of the
enclosing elastic medium. Both high and large stiffness of springs
are assumed. Values of K range from 5 to 50. Both the graphene
sheets (GS-1 and GS-2) are assumed to have the same geometrical
and material properties. In the present study we take the scale
coefficient or nonlocal parameter in the range as l = 0–1, as spe-
cific value of nonlocal parameter of double graphene system is
matter of open research.
5.3. Effect of small-scale parameter on biaxially compressed DNPS

To see the influence of small-scale on the natural buckling load
of the coupled-graphene sheet-systems subjected to bi-axial load-
ing, curves have been plotted for buckling load parameter and scale
coefficient (nonlocal parameter). The variation of the buckling load
parameter with the change in scale coefficient is shown in Fig. 5.
Square nanoplates of edge 5 nm are considered for the DNPS. The
stiffness parameter of the coupling springs between the nanoplates
is assumed to be constant (K = 20). Both phenomenon of structural
buckling is concerned, i.e. (i) uniaxial buckling and (ii) biaxial
buckling. The results of both uniaxial and biaxial buckling cases
are compared and depicted in the figure. From the figure (Fig. 5)
it can be observed that as the scale coefficient l increases the
buckling load parameter decreases. This is in line with other
previous works [21,39,55,62,63]. This decreasing nature of load
parameter is due to the assimilation of small-scale effects in the
DNPS. The small-scale effect reduces the stiffness of the material
and hence the comparative lower buckling load. Therefore by the
nonlocal elastic model, the size effects are reflected in the DNPS.
Further, it is observed that DNPS are easily buckled during biaxial
compression than in uniaxial compression. The buckling load
parameter during biaxial compression is lesser than that of
uniaxial compression at most of the scale coefficient considered.
However it is worth noting that the effect of small scale is higher
in buckling phenomenon of uniaxial compression than in biaxial
compression.

Three different cases of biaxially compressed DNPS are consid-
ered. Case 1, case 2 and case 3 depicts the conditions (i) when both
the nanoplates buckles in the out-of-phase (asynchronous)
sequence (w1 � w2 – 0), (ii) when one of the nanoplates in DNPS
is stationary (w2 = 0) and (iii) when both the nanoplates buckles
with in-phase (synchronous) sequence (w1 � w2 = 0), respectively.
Comparing the three cases of DNPS, we observe that the buckling
load parameter for case 3 (in-phase buckling behaviour) is smaller
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Fig. 6. Effect of scale coefficient on buckling of square DNPS for stiffness parameter
K = 5.
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K = 10.
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than the buckling load parameter for case 1 (out of phase buckling
behaviour) and case 2 (one-nanoplate fixed). In other words, the
scale coefficient significantly reduces the in-phase buckling load
compared to other cases considered. The low buckling load in
case-3 is due to the absence of coupling effect of the spring and
the two nanoplates. In addition it can be seen that the values of
the buckling load parameter for case-2 (one-nanoplate fixed) is
smaller than the values of the buckling load parameter for case-1
(out-of-phase buckling behaviour). For case-2 the DNPS becomes
similar to the buckling behaviour characteristic of the single nano-
plate with the effect of elastic medium. In case-3 (in-phase buck-
ling behaviour) the load parameter is relatively less because the
DNPS becomes independent of the effect of the spring stiffness.
For case-3 the DNPS becomes similar to the buckling response of
the single nanoplate without the effect of elastic medium.

In other words out-of-phase buckling is less affected by the
small-scale or nonlocal effects. This out-of-phase buckling can be
attributed to the fact that the coupling springs in the vibrating sys-
tem dampens the nonlocal effects. In-phase buckling of coupled-
system is unchangeable with increasing stiffness of springs. This
is due to the in-phase buckling mode of behaviour. For in-phase
type of buckling the coupled system behaves as if a single nano-
plate without the effect of internal elastic medium. In other words
the whole coupled system can be treated as a single nanoelement
and the coupling internal structure is effect less. In summary, it
should be noted that the in-phase buckling of coupled-system
are more affected by small-scale effects compared to out-of-phase
buckling. Also it should be noted that the above effects as dis-
cussed is less pronounced in biaxial compression than in the uniax-
ial compression of DNPS.

5.4. Effect of stiffness of coupling springs of DNPS

The two nanoplates are bonded by an elastic medium. The elas-
tic medium is modelled by elastic springs. To illustrate the influ-
ence of stiffness of the springs on the buckling phenomenon of
the biaxially compressed DNPS, curves have been plotted for the
buckling load parameter against the scale coefficient. Spring stiff-
ness represents the stiffness of the enclosing elastic medium (poly-
mer resin). Similar DNPS as discussed in the earlier subsection is
adopted. Different values of stiffness parameter of the coupling
springs are considered. Figs. 6–9 depict the effects of stiffness of
the springs on the buckling load parameter of the coupled systems.
The stiffness parameter of the coupling springs are taken as K = 5,
10, 25 and 50, respectively. Aspect ratio (L/W) is taken as unity.
Out-of-phase buckling, in-phase buckling and buckling with one
nanoplate fixed is considered. Both uniaxial as well biaxial com-
pressions of DNPS are also presented.

From the figures, it is noticed that as the stiffness parameter of
the coupling springs increases the buckling load parameter in-
creases. Considering all values of the stiffness parameter; and com-
paring the three cases of DNPS, it is noticed that the buckling load
parameter for in-phase buckling is smaller than the buckling load
parameter for out of phase buckling and one-nanoplate fixed.
These different changing trends of buckling load parameter with
the increasing scale coefficient for the three different cases are
more amplified as the stiffness parameter of the spring’s increases.
Further it is also noticed from the figure that as the stiffness of the
spring’s increases, the curves of buckling load parameter for
uniaxial compression and the biaxial compression come closer.
This phenomenon is more pronounced at higher nonlocal parame-
ter values (Fig. 9). In other words, if the bonding between two
nanoplates of DNPS is stiffer and the nonlocal effect is much
intense (i.e. higher nonlocal parameter), then the buckling
phenomenon happens at closer values of buckling loads in uniaxial
than in biaxial compression.
5.5. Effect of aspect ratio of biaxially compressed DNPS

We illustrate here the influence of aspect ratios (L/W) of the
nanoplates of DNPS on the buckling loads. Here we consider the
stiffness of the bonding agent between the nanoplates (nano-
plate-1 and nanoplate-2) as K = 20. Out-of-phase buckling,
in-phase buckling and buckling with one nanoplate fixed is consid-
ered. Both uniaxial as well biaxial buckling phenomenons of DNPS
are also depicted in the figure. Curves have been plotted for the
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Fig. 10. Effect of scale coefficient on buckling of NDNPS for aspect ratio, R = 0.5.

Fig. 11. Effect of scale coefficient on buckling of NDNPS for aspect ratio, R = 1.5.
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buckling load parameter against the scale coefficient for different
aspect ratios. Figs. 10–12 depict the effect of aspect ratio on the
buckling load parameter of coupled systems. The aspect ratios
are taken as L/W = 0.5, 1.5, and 2.0. It is observed that as the aspect
ratio (L/W) of the DNPS increases, the differences among the out-
of-phase buckling, in-phase buckling and buckling with one nano-
plate fixed minimises. See Figs. 10 and 12. While comparing uniax-
ial compression and biaxial compression for DNPS of different
aspect ratios, it is found that a difference between them (i.e. uniax-
ial and biaxial compression phenomenon) enlarges with increasing
aspect ratio (L/W). This behaviour of DNPS is unlike that of increase
of stiffness parameter in uniaxial and biaxial compression DNPS.
Increase of stiffness parameter brings uniaxial and biaxial buckling
phenomenon closer while increase of aspect ratio widen uniaxial
and biaxial buckling phenomenon.

5.6. Effect of higher modes of buckling

Here we illustrate the effect of nonlocal parameter on the high-
er modes buckling load parameter of biaxially compressed DNPS.
Higher modes of buckling in the biaxially compressed DNPS, i.e.
m = 1, n = 1; m = 1, n = 2; m = 2, n = 2; and m = 3, n = 3 are depicted
in Fig. 13. It should be noted that the sequential numbering of the
modes i.e. m = 1, n = 1; m = 1, n = 2; m = 2, n = 2; and m = 3, n = 3
are based at l = 0. From Fig. 13 it is observed that small-scale ef-
fects are higher for higher modes of buckling, i.e.

m ¼ 1; n ¼ 1 < m ¼ 1; n ¼ 2 < m ¼ 2; n ¼ 2 < m ¼ 3;
n ¼ 3



Fig. 12. Effect of scale coefficient on buckling of NDNPS for aspect ratio, R = 2.
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This is similar to effect in uniaxial buckling phenomenon
[55,66]. Further it is important to note that with increasing modes
of buckling, the difference among the (i) out-of-phase (asyn-
chronous) sequence (w1 � w2 – 0), (ii) in-phase (synchronous)
sequence(w1 � w2 = 0) of buckling and (iii) one nanoplate
stationary reduces. For modes m = 3, n = 3, it could be see that this
difference is negligible.
5.7. Effect of compression ratio on bi-axially compressed DNPS

The effect of different biaxial compression ratio (d) on DNPS is
also studied. Different biaxial compression ratio would impart dif-
ferent buckling phenomenon. The biaxial compression ratios (d)
used are d = 0, 0.5, 1.0, 1.5, and 2.0. The compression ratio d = 0
represents uniaxial compression, whereas d = 1 represents uniform
biaxial compression. Fig. 14 depicts the variation of load parameter
with the change of nonlocal parameter for different compression
ratios. For higher compression ratios (d) it is observed that differ-
ence among the (i) out-of-phase (asynchronous) sequence
(w1 � w2 – 0), (ii) in-phase (synchronous) sequence (w1 � w2 = 0)
of buckling and (iii) one nanoplate stationary reduces. Compare
curves for d = 0.5 and d = 5.0. Further it is important to note that
the values of buckling load parameter drops drastically with in-
crease of scale coefficient for uniaxial compression than in biaxial
compression.

The present work depicts a quantitative analysis. It should be
noted that we have assumed that the interlayer distance would
have no influence on the buckling even with the same value of
the stiffness parameter K. This is because we have focused on the
same-phase and anti-phase behaviour of the two one atomic layer
thickness nanoplates (graphene).

The present study could be used for the fast prediction of stabil-
ity behaviour of square and rectangular nanoplates such as of
graphene sheets. This present double-nanoplate-theory can be ex-
tended to plates of small scale for various shapes, such as circular
nanoplates and skew nanoplates. The specific value of nonlocal
parameter of DNPS is yet unknown. In the present work we have
considered a range of nonlocal parameter. Further the molecular
dynamics simulation of the present work to determine the opti-
mised nonlocal parameter is still unavailable in literature and rep-
resents a scope of future works.
6. Conclusion

In this article we illustrate small scale effect on the buckling
analysis of biaxial compressed DNPS within the framework of Erin-
gen’s nonlocal elasticity. Nonlocal plate model is utilised. Out-of-
phase (asynchronous), in-phase (synchronous) buckling, and buck-
ling phenomenon one nanoplate stationary are considered for the
DNPS. An analytical method is introduced for determining buckling
load of biaxially compressed DNPS. Explicit closed-form expres-
sions for buckling load are derived for the case when all four ends
are simply-supported. Effects of (i) small (nano) scale, (ii) stiffness
of coupling springs, (iii) aspect ratios, (iv) higher modes number,
and (v) different compression ratios on buckling loads of DNPS
are presented. Both uniaxial compression and biaxial compression
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aspects are illustrated. The study highlights that that small scale
effects contribute significantly to the buckling behaviour of biaxi-
ally compressed and cannot be neglected. The small-scale effects
in biaxially compressed are higher with increasing values of non-
local parameter for the case of synchronous modes of buckling
than in the asynchronous modes of buckling. The nonlocal buckling
solutions are always smaller than the local counterpart for both
uniaxial and biaxial compression. Further buckling load decrease
with increase of nonlocal parameter value. Increase of stiffness
parameter brings uniaxial and biaxial buckling phenomenon closer
while increase of aspect ratio widen uniaxial and biaxial buckling
phenomenon. Higher buckling modes are subjected to higher non-
local effects. This work may provide an analytical scale-based non-
local approach which could serve as the starting point for further
investigation of more complex n-nanoplates systems undergoing
instability.
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