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The magnetic properties of carbon nanotubes and their mechanical behaviour in a

magnetic field have attracted considerable attention among the scientific and engineer-

ing communities. This paper reports an analytical approach to study the effect of a

longitudinal magnetic field on the transverse vibration of a magnetically sensitive

theory. Equivalent analytical nonlocal double-beam theory is utilised. Governing equa-

tions for nonlocal transverse vibration of the DWCNT under a longitudinal magnetic field

are derived considering the Lorentz magnetic force obtained from Maxwell’s relation.

Numerical results from the model show that the longitudinal magnetic field increases the

natural frequencies of the DWCNT. Both synchronous and asynchronous vibration phases

of the tubes are studied in detail. Synchronous vibration phases of DWCNT are more

affected by nonlocal effects than asynchronous vibration phases. The effects of a

longitudinal magnetic field on higher natural frequencies are also presented. Vibration

response of DWCNT with outer-wall stationary and single-walled carbon nanotube under

the effect of longitudinal magnetic field are also discussed in the paper.

& 2012 Elsevier Ltd. All rights reserved.
1. Introduction

The discovery of carbon nanotubes (CNTs) [1] has attracted enormous attention among the scientific community
especially in the field of nanotechnology. This is due to the CNTs possessing novel mechanical, electronic, chemical and
thermal conductivity properties. Because of these outstanding properties, CNTs have substantial promise as building
blocks for nanoelectronics, nano-electromechanical systems (NEMS), micro-electromechanical systems (MEMS), nanode-
vices, nanocomposites, solar cells, space elevators etc. Based on the number of walls CNTs are designated as single-walled,
double-walled or multi-walled. The study of the novel properties of single-walled and multi-walled CNTs is important for
future materials development, and one of the important aspects is its behaviour in the presence of a magnetic field.

Magnetic field effects in nanotubes and nanoplates (graphene) could be important for exciting potential applications in
nanotechnology such as in NEMS, MEMS, nanosensors, spintronics [2] and nanocomposites [3] etc. In recent years,
research interest has grown on studying the magnetic properties of nanotubes, and behaviour of nanotubes subjected to an
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external magnetic field. Tsai et al. [4] has illustrated the magnetic properties of carbon nanotubes where the magnetism
depends on the chiral angle and nanotube radius. The magnetic properties of nanotubes and their response in the presence
of an external magnetic field are reported by Lopez et al. [5,6]. Chang and Lue [7] considered multiwall carbon nanotubes
(MWCNTs) and investigated their magnetic properties by electron paramagnetic resonance and magnetization measure-
ments. Reddy et al. [8] considered metal-filled multi-walled nanotubes and studied their magnetic properties by using
vibrating sample magnetometry. Langer et al. [9] found that a magnetic field applied perpendicular to the tube axis
increases the conductance and produces aperiodic fluctuations. Heremans et al. [10] carried out measurements of the
magnetic moment and susceptibility of carbon nanotubes. They experimentally illustrated that magnetic moment and
susceptibility behaviour is a function of magnetic field strength and temperature.

Studies on the influence of external magnetic fields on carbon nanotubes have also been reported. Jang and Sakka [11]
illustrated the influence of the shape and size of carbon nanotubes (CNTs) on the alignment of multi-wall CNTs under a
strong magnetic field. Bellucci et al. [12] investigated the influence of a perpendicular magnetic field on the transport
properties of carbon nanotubes. Chen et al. [13] investigated the effects of an external magnetic field on the magnetic
properties of nanotubes and nanowires. Kibalchenk et al. [14] examined the magnetic response of single-walled CNT
under a magnetic field. Lee et al. [15] considered double-walled CNTs and illustrated discrete electronic states in a
magnetic field. They confirmed that the electronic properties of double-walled CNTs strongly depend on the magnitude
and direction of the magnetic field. Roche and Saito [16], Sebastiani and Kudin [17] and Zhang et al. [18] investigated the
electronic properties of carbon nanotubes in the presence of a magnetic field. Wei and Wang [19] studied the different
electromagnetic wave modes coupled in a longitudinal or transverse magnetic field. Mechanical studies, viz. vibration of
single-walled and multi-walled nanotubes under a magnetic field have also been reported in the literature. Li et al. [20]
investigated the effects of a magnetic field on the dynamic characteristics of multi-walled carbon nanotubes (MWNTs).
Coupled dynamic equations of MWNTs subjected to a transverse magnetic field were developed. Wang et al. [21]
investigated the effects of a longitudinal magnetic field on wave propagation in carbon nanotubes (CNTs) embedded in
an elastic matrix. Dynamic equations were derived by considering the Lorentz magnetic forces. Wang et al. [22]
presented an analytical method to investigate van der Waals interaction effects on vibration characteristics of multi-
walled carbon nanotubes embedded in a matrix under a transverse magnetic field. Recently Narendar et al. [23]
developed a nonlocal beam model to study wave propagation in single-walled CNT subjected to a longitudinal
magnetic field.

Two obvious choices for the study of nanomaterials would be experiments and molecular dynamics simulations.
However controlling every parameter in experiments at the nanoscale is difficult. In addition though molecular dynamics
is popular for analysing CNTs and graphene, it takes into account every atom in the simulation and thus frequently
requires a tremendous computational resource. These observations have led to the development of a number of theoretical
and computational approaches on discrete and continuous models.

Experimental [24] and atomistic simulations [25] have evidenced a significant ‘size-effect’ in mechanical and physical
properties for very ‘small’ structure. Size effects are related to the atoms and molecules that constitute the materials. Over the
past decade, extensive literature has reported evidence of classical continuum models being able to predict the performance of
‘large’ nanostructures. For example, finite element based approaches have been proposed for dynamic analysis of double and
multilayer carbon nanotubes [26,27]. However classical continuum mechanics is a scale-free theory and cannot account for
effects arising from small size effects. The application of classical continuum models thus may be questionable in the analysis of
‘smaller’ nanostructures. Therefore, there have been research efforts to develop continuum models which incorporate small
scale size effects. One widely used size-dependent theory is the nonlocal elasticity theory pioneered by Eringen [28].

In nonlocal elasticity theory [28], the small-scale effects are captured by assuming that the stress at a point is a function
of the strains at all points in the domain. This is unlike classical elasticity theory, but is in accordance with atomic theory of
lattice dynamics and experiment results from phonon dispersion. Nonlocal theory considers long-range inter-atomic
interaction and yields results dependent on the size of a body. Some drawbacks of the classical continuum theory can be
efficiently avoided and size-dependent phenomena can be reasonably explained by the nonlocal elasticity theory. The use
of nonlocal elasticity in the mechanical analysis of nanostructures is extensively reported in the literature. A detail review
of these various works can be found in [29].

Literature has shown that the carbon nanotubes can be modelled by both structural beam theories (viz. Euler Bernoulli
beam theory, Timoshenko beam theory etc.) as well by shell theories. Wang and Zhang [30] proposed an elastic shell
model for characterizing single walled carbon nanotubes. Cinefra et al. [31] illustrated some refined shell models for the
vibration analysis of multi-walled carbon nanotubes. Liew and Wang [32] considered two developed elastic shell theories:
Love’s thin cylindrical shell theory and the Cooper Naghdi thick cylindrical shell theory for studying wave propagation in
carbon nanotubes. Silvestre et al. [33] studied the buckling behaviour of single-walled carbon nanotubes (CNTs) via
Donnell and Sanders shell models. Wang et al. [34] have shown cylindrical shell theories in predicting the critical buckling
strains of axially loaded single-walled carbon nanotubes.

Similar to using shell theories for studying vibration and buckling of nanotubes, structural beam theories have also
been used and proposed to predict the behaviour of nanotubes [35,36]. Like shell theories, structural beam theories when
applied for CNT investigations are also found to predict the vibration behaviour of CNT reasonably well.

From the above discussions it is understood that the study of the mechanical behaviour of nanotubes subjected to an
external magnetic field is important and requires attention. To the best of authors’ knowledge the effects of magnetic fields



Fig. 1. Molecular diagram of armchair double-walled carbon nanotube subjected to axial magnetic field.
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on the vibration characteristics of a double-walled carbon nanotubes (DWCNTs) using a nonlocal elasticity approach is
unavailable in literature.

In the present paper, using structural beam theory we study the effects of a longitudinal magnetic field on the
transverse vibration of a magnetically sensitive DWCNT (Fig. 1). Nonlocal elasticity is used to address the small scale
effects. Nonlocal effects in the longitudinal direction are considered and the nonlocal effects in the circumferential
direction of the CNTs are ignored. Equivalent nonlocal double-beam theory is utilised. Governing equations for nonlocal
bending-vibration of DWCNTs under a longitudinal magnetic field are derived considering the Lorentz magnetic force
obtained from Maxwell’s relation. An analytical frequency relation is obtained to evaluate the natural frequencies of the
DWCNTs as a function of a nonlocal parameter and magnetic field parameter. Both synchronous and asynchronous
vibration phases of the tubes of DWCNTs are highlighted. Effects of the longitudinal magnetic field on higher natural
frequencies are discussed. The validation of the present work is finally discussed.

2. Maxwell’s relations

In this section we present Maxwell’s relations. Denoting J as current density, h as distributing vector of the magnetic
field, and e as strength vectors of the electric field, the Maxwell relations according to [37] is given as

J¼r � h (1)

r � e¼�Z @h

@t
(2)

r � h¼ 0 (3)

e¼�Z @U

@t
�H

� �
(4)

h¼r � ðU�HÞ (5)

Considering longitudinal magnetic field as a vector H¼ ðHx,0,0Þ acting on the DWCNT we have

h¼r � ðU�HÞ ¼�Hx
@v

@y
þ
@w

@z

� �
iþHx

@v

@x
jþHx

@w

@x
k (6)

where U is the displacement vector as U¼ ðu,v,wÞ. Here Z is the magnetic field permeability, r is the Hamiltonian operator
and is expressed as r¼ @

@x iþ @
@y jþ @

@z k, and (i,j,k) are the unit vectors. Thus we have
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The Lorentz force induced by the longitudinal magnetic field is given as

f ¼ f xiþ f yjþ f zk¼ ZðJ�HÞ ¼ Z 0iþH2
x
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þ
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" #
: (8)



T. Murmu et al. / Journal of Sound and Vibration 331 (2012) 5069–50865072
Therefore the Lorentz forces along the x, y and z directions are

f x ¼ 0 (9)

f y ¼ ZH2
x

@2v

@x2
þ
@2v

@y2
þ
@2w

@y@z

 !
(10)

f z ¼ ZH2
x

@2w

@x2
þ
@2w

@y2
þ
@2v

@y@z

 !
: (11)

For the present vibrational analysis in DWCNTs, we assume that w¼w(x,t) only, so that the Lorentz force in the z

direction is written as [21], [23]

f z ¼ ZH2
x

@2w

@x2

 !
(12)

It should be noted that in the present study the effective Lorentz force is a function of magnetic permeability and
Hx also.

3. Review of nonlocal elasticity

According to nonlocal elasticity theory [28], the basic equations for an isotropic linear homogenous nonlocal elastic
body, neglecting the body force, are given as

sij,iþrðf j� €ujÞ ¼ 0,

sijðxÞ ¼
Z

V
fð x�x0
�� ��,aÞsc

ijðx
0ÞdVðx0Þ,

sc
ijðx
0Þ ¼ Cijkleklðx

0Þ,

eklðx
0Þ ¼

1

2

@uiðx
0Þ

@x0j
þ
@ujðx

0Þ

@x0i

 !
(13)

The terms sij sc
ij, ekl, Cijkl, are the nonlocal stress, classical stress, classical strain and fourth order elasticity tensors,

respectively. The volume integral is over the region V occupied by the body. The kernel function fð9x�x09,aÞ is known as
the nonlocal modulus. The nonlocal modulus acts as an attenuation function incorporating into the constitutive equations
the nonlocal effects at the reference point x produced by local strain at the source x0. The term 9x�x09 represents the
distance in the Euclidean form and a is a material constant that depends on the internal (e.g., lattice parameter, granular
size, distance between the C–C bonds) and external (e.g., crack length, wave length) characteristic lengths. One example of
a nonlocal modulus, as given by Eringen [28], is

fð9x9,aÞ ¼ ð2p‘2a2Þ
�1K0ð

ffiffiffiffiffiffiffiffi
xUx
p

=‘aÞ (14)

The material constant a is defined as a¼ e0a=‘: Here e0 is a constant for calibrating the model with experimental results
and other validated models. The parameter e0 is estimated such that the relations of the nonlocal elasticity model can
provide a satisfactory approximation to the atomic dispersion curves of the plane waves obtained from atomistic lattice
dynamics. According to Eringen [28], the value of e0 is reported as 0.39. Details on the various values of nonlocal parameter
e0, as reported by various researchers, are discussed in [38]. The terms a and ‘ are the internal (e.g., lattice parameter,
granular size, distance between C–C bonds) and external characteristics lengths (e.g., crack length, wave length) of the
nanostructure, respectively.

4. Nonlocal Euler–Bernoulli beam equation

Eq. (13) is generally difficult to solve. Therefore by using Eq. (14), a differential form is popularly used as

ð1�a2‘2r
2
ÞsijðxÞ ¼ sc

ijðxÞ ¼ CijkleklðxÞ (15)

Here r2 is the Laplacian. For one-dimensional nanostructures such as nanotubes, Eq. (15) is simplified as

1�ðe0aÞ2
d2

dx2

" #
sðxÞ ¼ sc

ijðxÞ (16)
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Using the nonlocal relation (Eq. 16), the governing equation for a nonlocal Euler–Bernoulli beam equation under the
influence of a longitudinal magnetic field can be written as

EI
@4wðx,tÞ

@x4
þkwðx,tÞ�ðe0aÞ2k

@2wðx,tÞ

@x2
�qðx,tÞþðe0aÞ2

@2qðx,tÞ

@x2
þm

@2wðx,tÞ

@t2
�ðe0aÞ2m

@4wðx,tÞ

@x2@t2
¼ 0 (17)

where w is the transverse deflection of the beam. The term q is considered as qðx,tÞ ¼
R

Af zdz¼ ZAH2
x
@2wðx,tÞ
@x2 and is the

magnetic force per unit length [23] acting on the beam. E, I and k are the Young’s modulus of beam (CNT), area moment
and spring modulus of the elastic medium, respectively. For the derivation of the beam equation based on nonlocal
elasticity, ignoring surface effects, one can see Ref. [36].
5. Governing equation for vibration of DWCNT

Consider a DWCNT of length L subjected to longitudinal magnetic field, with strength Hx (Fig. 2). The DWCNT is
modelled using nonlocal double Euler–Bernoulli beam theory [39,40] based on Eq. (17). The transverse deflection in the
inner and outer wall of the DWCNT is denoted as w1 and w2, respectively. The equations of motion can be written as

Inner tube:

p¼ EI1
@4w1

@x4
�ZA1H2

x

@2w1

@x2
þrA1

@2w1

@t2
�ðe0aÞ2 rA1

@4w1

@x2@t2
�ZA1H2

x

@4w1

@x4
�
@2p

@x2

 !
(18)

Outer tube:

�p¼ EI2
@4w2

@x4
�ZA2H2

x

@2w2

@x2
þrA2

@2w2

@t2
�ðe0aÞ2 rA2

@4w2

@x2@t2
�ZA2H2

x

@4w2

@x4
þ
@2p

@x2

 !
(19)

where p is given as

p¼ cðw2�w1Þ (20)

Subscripts 1 and 2 denote the inner and outer tube, respectively. The term c is the van der Waals constant and is written
as [41]

c¼
320ð2R1Þerg=cm2

0:16g2
, ðg ¼ 0:142 nmÞ (21)

where R1 is the inner tube radius in cm.
The boundary condition of the DWCNT is assumed to be simply supported and considered as

w1ð0,tÞ ¼
@2w1ð0,tÞ

@x2
¼w1ðL,tÞ ¼

@2w1ðL,tÞ

@x2
¼ 0 (22)

w2ð0,tÞ ¼
@2w2ð0,tÞ

@x2
¼w2ðL,tÞ ¼

@2w2ðL,tÞ

@x2
¼ 0 (23)

The local and nonlocal boundary conditions are considered same for simply-supported case [42].
Fig. 2. Longitudinal magnetic field affected double-walled carbon nanotube (DWCNT) modelled as Euler–Bernoulli nonlocal beam.
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6. Solution

6.1. Both walls of nanotube vibrating

The homogeneous governing partial differential Eqs. (18) and (19) of a DWCNT with boundary conditions Eqs. (22) and
(23) can be solved by the Bernoulli––Fourier method assuming the solutions in the form

w1ðx,tÞ ¼
X1
n ¼ 1

sinðknxÞU1nðtÞ (24)

w2ðx,tÞ ¼
X1
n ¼ 1

sinðknxÞU2nðtÞ (25)

kn ¼
np
L

where U1n(t) and U2n(t) are the unknown time functions, and sinðknxÞ is the known mode shape function for a simply
supported single beam.

Substitution of Eqs. (24) and (25) into Eqs. (18) and (19) yields

X1
n ¼ 1

rA1ð1þðe0aÞ2k2
nÞ
@2U1n

@t2
þðEI1k4

nþZA1H2
x k2

nþðe0aÞ2ZA1H2
x k4

nþcþcðe0aÞ2k2
nÞU1n�cð1þðe0aÞ2k2

nÞU1n

" #
sinðknxÞ ¼ 0 (26)

X1
n ¼ 1

rA2ð1þðe0aÞ2k2
nÞ
@2U2n

@t2
þðEI2k4

nþZA2H2
x k2

nþðe0aÞ2ZA2H2
x k4

nþcþcðe0aÞ2k2
nÞU2n�cð1þðe0aÞ2k2

nÞU1n

" #
sinðknxÞ ¼ 0 (27)

We can write the above equations as

@2U1n

@t2
þ

R1

1þðe0aÞ2k2
n

þS1þT1

 !
U1n�T1U2n ¼ 0, (28)

@2U2n

@t2
þ

R2

1þðe0aÞ2k2
n

þS2þT2

 !
U2n�T2U1n ¼ 0 (29)

where we have considered

R1 ¼
EI1k4

n

rA1
,R2 ¼

EI2k4
n

rA2

S1 ¼ S2 ¼ Smf ¼
ZH2

x k2
n

r

T1 ¼
c

rA1
,T2 ¼

c

rA2
(30)

Assuming solutions of Eqs. (28) and (29) as

U1n ¼W1neiont , (31)

U2n ¼W2neiont (32)

where on denotes the natural frequency of the DWCNT, and W1n and W2n represent the amplitude coefficients of the inner
and outer tubes, respectively. Substituting them we get

R1

1þ e0að Þ
2k2

n

þS1þT1�o2
n �T1

�T2
R2

1þ e0að Þ
2k2

n

þS2þT2�o2
n

2
64

3
75 W1n

W2n

( )
¼

0

0

� �
(33)

Nontrivial solutions for the constants W1n and W2n can be obtained only when the determinant of the coefficients in Eq.
(33) vanishes. In this manner we have the characteristic equation as

o4
n�

R1þR2

1þðe0aÞ2k2
n

þ2SmfþT1þT2

 !
o2

nþ
R1R2

ð1þðe0aÞ2k2
nÞ

2
þ

R1ðT2þSmf ÞþR2ðT1þSmf Þ

1þðe0aÞ2k2
n

þðT1þT2ÞSmfþSmf
2
¼ 0 (34)
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The characteristic equation has the following two different real positive roots which are the frequencies of the DWCNT

o2
nI ¼

1

2

R1þR2

1þðe0aÞ2k2
n

þ2SmfþT1þT2�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R1þR2

1þðe0aÞ2k2
n

þ2SmfþT1þT2

� �2

�4 R1R2

1þðe0aÞ2k2
n

� 	2 þ
R1ðT2þSmf ÞþR2ðT1þ Smf Þ

1þðe0aÞ2k2
n

þðT1þT2ÞSmfþSmf
2

" #
vuuuuuuut

2
666664

3
777775 (35)

o2
nII ¼

1

2

R1þR2

1þðe0aÞ2k2
n

þ2SmfþT1þT2þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R1þR2

1þðe0aÞ2k2
n

þ2SmfþT1þT2

� �2

�4 R1R2

1þðe0aÞ2k2
n

� 	2 þ
R1ðT2þ SÞþR2ðT1þSmf Þ

1þðe0aÞ2k2
n

þðT1þT2ÞSmfþSmf
2

" #
vuuuuuuut

2
666664

3
777775 (36)

By simplifying the discriminant we have
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So, we have the expression for the natural frequencies as
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Using Eqs. (39) and (40) the amplitude ratio of DWCNT under longitudinal magnetic field can be analytically obtained as

gn ¼
W1n

W2n
¼

T1½1þðe0aÞ2k2
n�

R1þ½SmfþT1�o2
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n�
¼
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n�

T2½1þðe0aÞ2k2
n�

(41)

So we have the amplitude ratios expressed as

gnI ¼
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2T2

R2�R1
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gnII ¼
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Eqs. (31) and (32) can be written as

U1nðtÞ ¼ C1neionItþC2ne�ionItþC3neionII tþC4ne�ionII t (44)

U2nðtÞ ¼D1neionI tþD2ne�ionItþD3neionII tþD4ne�ionII t (45)

The above two equations by trigonometric functions yields

U1nðtÞ ¼
XII

k ¼ I

AnksinðonktÞþBnkcosðonktÞ (46)

U2nðtÞ ¼
XII

k ¼ I

gnkðAnksinðonktÞþBnkcosðonktÞÞ (47)
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where Ank and Bnk (k¼ I, II) are constants. The transverse vibrations of the DWCNT under a longitudinal magnetic field can
be described by

w1ðx,tÞ ¼
X1
n ¼ 1

sinðknxÞ
XII

k ¼ I

AnksinðonktÞþBnkcosðonktÞ (48)

w2ðx,tÞ ¼
X1
n ¼ 1

sinðknxÞ
XII

k ¼ I

gnkðAnksinðonktÞþBnkcosðonktÞÞ (49)

Assuming the initial conditions as w1(x,0)¼w10(x); w2ðx,0Þ ¼w20ðxÞ; _w1ðx,0Þ ¼ d10ðxÞ; _w2ðx,0Þ ¼ d20ðxÞ, the constants can
be determined as:

AnI ¼
1

0:5LðgnII�gnIÞonI

Z L

0
ðgnIId10�d20ÞsinðknxÞdx (50)

AnII ¼
1

0:5LðgnI�gnIIÞonII

Z L

0
ðgnId10�d20ÞsinðknxÞdx (51)

BnI ¼
1

0:5LðgnII�gnIÞ

Z L

0
ðgnIIw10�w20ÞsinðknxÞdx (52)

BnII ¼
1

0:5LðgnI�gnIIÞ

Z L

0
ðgnIw10�w20ÞsinðknxÞdx (53)

6.2. Outer wall of nanotube fixed (w2¼0)

Consider the mathematical case of DWCNT when the outer wall of the nanotube is fixed as shown in Fig. 3.
The constrained DWCNT is subjected to longitudinal magnetic field.

The governing equation, using the nonlocal double beam theory of the constrained DWCNT, is given as

�cw1 ¼ EI1
@4w1

@x4
�ZA1H2

x

@2w1

@x2
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�ðe0aÞ2 rA1

@4w1

@x2@t2
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x
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@x4
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@2w1

@x2

 !
(54)

Using the same procedure, the frequency of the inner nanotube for the given case is obtained as

oNI ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R1

1þðe0aÞ2k2
n

þSmfþT1

" #vuut (55)

6.3. Single-walled carbon nanotube in longitudinal magnetic field

Similarly we also consider the case of a single-walled carbon nanotube subjected to longitudinal field (Fig. 4). Here the
effect of van der Waal’s force is absent (c¼0).

For a single-walled carbon nanotube the governing equation is given as

EI
@4w

@x4
�ZAH2

x

@2w

@x2
þrA

@2w

@t2
�ðe0aÞ2 rA

@4w

@x2@t2
�ZAH2

x

@4w

@x4

 !
¼ 0 (56)
Fig. 3. Outer tube of the DWCNT is considered to be fixed.



Fig. 4. Single-walled carbon nanotube subjected to longitudinal magnetic field.
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The equation is similar to that obtained by Narendar et al. [23] for wave propagation in a CNT. The frequency of the
single nanotube with the same diameter as the inner tube of the DWCNT is obtained as

oNI ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R1

1þðe0aÞ2k2
n

þSmf

" #vuut (57)

Similarly the frequency of the single nanotube with diameter as outer tube (DWCNT) is obtained as

oNI ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2

1þðe0aÞ2k2
n

þSmf

" #vuut (58)

7. Molecular dynamics vs. nonlocal elasticity theory for CNTs

In various works reported in the literature, nonlocal elasticity theory applied to CNTs has been compared with molecular
dynamics (MD) simulations, and good agreement is observed. However this theory strongly depends on the optimised value
of the nonlocal parameter. Details on the various values of nonlocal parameter as reported by various researchers is
discussed in [38]. Ansari and coworkers [43,44] used various nonlocal beams and shell theories for studying free vibration
response of single-walled and double-walled carbon nanotubes (SWCNTs, DWCNTs) and compared with molecular dynamic
simulation. The two approaches match at some nonlocal parameter values. According to Hu et al. [45], MD simulations
indicate that the wave dispersion predicted by the nonlocal elastic cylindrical shell theory shows good agreement with that
of the MD simulations in a wide frequency range up to the terahertz region. Khademolhosseini et al. [46] illustrated the
superiority and accuracy of the nonlocal elasticity model over classical theories in predicting the size-dependent dynamic
torsional response of SWCNTs by comparing their results with MD simulations. Recently Murmu and Adhikari [47] compared
the frequency results of a cantilever SWCNT and found that the results from nonlocal beam theory match very well with the
frequency from MD simulation for e0a¼1.0 nm. Further, Murmu and Adhikari [48] also reported that the frequency from
nonlocal elasticity theory matches very well with MD simulations for CNT-based nanoscale biosensors for some optimised
values of nonlocal parameter. Therefore nonlocal elasticity theory can be a reliable approach to predict the mechanical
behaviour of nanotubes when an appropriate nonlocal parameter or scale coefficient is used.

8. Parameters used in the analysis

The inner and the outer tubes of DWCNT have diameters d1¼0.7 nm and d2¼1.4 nm [49]. The present model can be applied
to the various nanotubes with different chirality, as the diameter of nanotubes is a function of tube chirality, which is expressed as

di ¼
r

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cni

2þcnicmiþcmi
2

p
, i¼ 1,2 (59)

where (cn,cm) is the chirality of the nanotube and r¼0.246 nm.
The properties of carbon nanotubes are considered as Young’s modulus, E¼1.0 TPa; density, r¼2300 kg/m3, thickness,

h¼0.35 nm, Poisson’s ratio as 0.3. It should be noted that the equivalent properties considered for the continuum approach
(Young modulus, Poisson ratios, wall thickness and mass density) are idealization and not univocal for carbon nanotubes.
This is because Young’s modulus and Poisson’s ratios, etc. are traditionally associated with the macroscopic-length scale
[50]. Obtaining the accurate generalised coherent values of these properties of nanostructure material is thus a tedious
task. Some applied physical value of CNT such as Young’s modulus, shear modulus, density is reported in Mir et al. [51].
Using finite elements, Rouainia, and Djeghaba [52] carried out evaluation of longitudinal Young’s modulus of single walled
carbon nanotube (SWNT) reinforced concrete composite. Wang and Zhang [53] discussed the fundamental issues of the
elastic properties and effective wall thickness of single-walled carbon nanotubes (SWCNTs). There is no agreement about
the exact values of E, h, r of a carbon nanotube. To address the issues Vodenitcharova and Zhang [54] developed a
continuum mechanics model to predict the effective thickness of a single-walled carbon nanotube and its corresponding
Young’s modulus. The ambiguity of different values of E, h of a carbon nanotube as reported by other researchers is also
discussed in the paper [54].

The transverse areas and the bending rigidities of the nanotubes are determined as

Ai ¼ pdih, EI¼ Epdi
3h=8 (60)
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Using expression Eq. (21) the van der Waals constant is evaluated as c¼0.0694 TPa [41]. The magnetic permeability is
assumed as x¼ 4p� 10�7: A Strong magnetic field is assumed for the study.

To examine the influence of the small length scale on vibrations of double-walled nanotubes in magnetic field, let us
compare the local and nonlocal results. It follows that the ratios of the nonlocal results to the corresponding local results
are, respectively,

ðFRÞI ¼
FreqNL

FreqL

� �
I

, ðFRÞII ¼
FreqNL

FreqL

� �
II

(61)

9. Numerical results and discussion

9.1. Small-scale effects

Fig. 5 shows the effect of small scale (scale coefficient, e0a) on the frequency ratios of DWCNT, i.e., (FR)I and (FR)II.
The frequency ratios, (FR)I and (FR)II represent vibration phenomenon in the same phase (SP) and anti-phase (AP) modes,
respectively. The SP and AP vibration behaviour depicts the vibration of inner and outer tubes of the DWCNT. SP frequency
is the lower frequency while AP frequency is the higher frequency. These frequencies represent first natural frequencies.
Curves have also been plotted in the figure considering with and without the effect of longitudinal magnetic field (LMF).
A strong magnetic field has been used for the analysis, i.e., Hx¼1�108 A/m. The scale coefficient is assumed in the range
0 nmre0ar2 nm [55,56]. The shear deformation effect is neglected in the present study. The short DWCNT length of
10 nm is considered so as to highlight the small scale effects. At bigger lengths the small scale effects are lost since small
scale effects are considered dependent in axial directions only.

From Fig. 5 it is observed that the numerical value of frequency ratios (FR¼FreqNL/FreqL) for all the curves decreases as
the value of scale coefficient (nonlocal parameter), e0a increases. This implies that the natural frequencies of a DWCNT
incorporating the small scale effects are less than the natural frequencies of the same DWCNT without small scale effects
(classical elasticity). This decrease in frequency of the simply-supported DWCNT can be attributed to the transverse force due
to: (1) the curvature change in the nanotubes, and (2) the surface stress due to the nonlocal atom–atom interaction.

Comparison of FreqNL/FreqL for same phase (SP) and anti-phase (AP) movement shows that SP vibration is more
influenced by the small scale effects than the AP vibration. Frequencies of AP vibration are higher than the SP vibration.
The small scale effects in the AP vibration are dampened by the active presence of van der Waal forces. However in SP
vibration, van der Waal forces have little effect on frequencies as both the tubes of DWCNT vibrates as a single entity.

9.2. Presence of longitudinal magnetic field

Fig. 5 also shows the vibration of the DWCNT with and without the effect of a longitudinal magnetic field (LMF). From
the figure it is observed that the frequencies of both the SP and AP vibration have higher frequencies in the presence of
longitudinal magnetic field than without the magnetic field. The difference between frequencies of the SP vibrations with
and without LMF is substantial. On the other hand, the difference between frequencies of the AP vibrations with and
without LMF is negligible. This observation is mainly because of the effect of van der Waal forces. The difference between
Fig. 5. Variation of first frequency ratios for DWCNT considering same- and anti-phase vibration with and without the longitudinal magnetic field.
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frequencies of the AP vibrations with and without LMF is very small as can be seen from the zoomed in image in Fig. 6. As
stated earlier the frequencies are relatively higher for AP vibration of DWCNT in the presence of LMF than without it. To
show the difference we had considered length of short DWCNT as 5 nm. It should be noted the figure in Figs. 5 and 6 are
not same. Here the shear effect has been neglected.

9.3. Higher natural frequencies

To see the vibration response of a DWCNT at higher natural frequencies, curves have been plotted for higher
frequencies, i.e., n¼2,3, and 4. The parameter used for the plots are the same as discussed in Sections 7 and 8.1
(i.e., DWCNT length is 10 nm). Figs. 7–9 show the vibration response of DWCNT for n¼2,3, and 4, respectively. From the
figure it is observed that the frequency ratios FreqNL/FreqL decrease as the modes of natural frequencies increase. This
implies that the frequencies of higher modes are more affected by small scale effects than the frequencies of lower modes.

The effect of a LMF is also shown in the figures. As the mode number increases the difference between FreqNL/FreqL with
and without the presence of LMF increases marginally. This is more prominent in the case of AP vibration phenomenon.
The individual curves of AP vibration phenomenon with and without the presence of LMF are clearly distinguishable. Thus at
higher modes, the effect of a LMF on AP vibration of DWCNT are significant and cannot be ignored. It is noted also that the
Fig. 6. Variation of first frequency ratios for DWCNT for anti-phases vibration with and without the longitudinal magnetic field.

Fig. 7. Variation of frequency ratios (n¼2) for DWCNT considering same- and anti phase vibration with and without the longitudinal magnetic field.



Fig. 8. Variation of frequency ratios (n¼3) for DWCNT considering same- and anti-phase vibration with and without the longitudinal magnetic field.
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frequencies for SP and AP vibration phenomenon are closer as mode numbers of frequencies increase. From Fig. 9 it is seen
that the SP and AP vibration phenomenon with and without the presence of LMF overlap at higher scale coefficient e0.

9.4. Effect of aspect ratio (L/d)

The effect of aspect ratio L/d on the vibration response of DWCNT with and without the presence of a LMF is examined.
Fig. 10a–c show the vibration response of a DWCNT with and without the presence of a LMF for L/d¼20, 30 and 50 The cross-
sectional distortion behaviour of the DWCNT is ignored. The considered aspect ratios depict long slender DWCNTs and the
tubular beam model is considered valid for the study and therefore the use of a shell model is not used in such a case.

SP and AP plots are also shown in the figures. From the figures it is observed that the effects of a LMF on both the SP and
AP modes decrease as the aspect ratios L/d increases. Hence, for DWCNTs with higher L/d, the magnetic effects can be
ignored at lower scale coefficient e0a i.e., (at less scale effects).

9.5. Special cases of CNTs

In this section, some special cases of carbon nanotubes in the presence of a LMF are considered and compared with the
general DWCNT model to see the relative effect. The special cases considered in the study include
(i)
 DWCNT with outer tube stationary

(ii)
 SWCNT with diameter equal to inner tube diameter of the DWCNT
(iii)
 SWCNT with diameter equal to outer tube diameter of the DWCNT
Here SWCNT denotes a single-walled carbon nanotube. The material properties of the SWCNT are same as that
considered for the DWCNT.

Fig. 11 shows the effect of scale coefficient, e0a on the frequency ratios of the DWCNT (for both SP and AP vibration
modes) and on the special cases of carbon nanotubes subjected to a LMF. Fig. 11 includes sub figures Fig. 11a–f which
depict the vibration responses of the carbon nanotubes at n¼1, 2, 3, 4, 5 and 6. From the figure it is observed that the SP
vibration is more influenced by small scale effects than the AP vibration. The frequencies of AP vibration are also higher
than the SP vibration. The influence of small scale effects on the various cases is in the following order.

CASE 14CASE 24CASE 34CASE 44CASE 5.
The above Cases are defined in Table 1. The different cases of vibration of CNTs for different scale coefficients are more

distinguishable at higher modes of vibration. Moreover for n¼6 it is observed that the frequency for a DWCNT vibrating in same
phase and SWCNT with diameter equal to inner tube diameter of DWCNT is identical at a certain value of scale coefficient.

9.6. Different strength of LMF

The effect of varying the strength of the LMF on the vibration response of a DWCNT is examined here. Fig. 12 shows the
effects on both the SP and AP vibration modes. The strength of the LMF is considered varying from Hx¼1 A/m to 1010 A/m,



Fig. 9. Variation of frequency ratios (n¼4) for DWCNT considering same- and anti-phase vibration with and without the longitudinal magnetic field.

Fig. 10. Variation of frequency ratios for DWCNT considering same- and anti-phase vibration with and without the longitudinal magnetic field for

different aspect ratios; (a) L/d2¼20, (b) L/d2¼30, (c) L/d2¼50.
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and log-scale is used on the horizontal axis. From the figure it is observed that the FreqNL/FreqL for the SP vibration mode
increases as the magnitude of Hx increases. It is noted that the FreqNL/FreqL increases with increase of logHx prominently
after Hx ¼ 107A=m. It is also noted that the FreqNL/FreqL of the AP mode is not affected by the increase of strength of LMF.

Figs. 13–15 show the effect of LMF strength on the vibration response of a DWCNT for higher natural frequencies, i.e.,
¼2, n¼3 and n¼4, respectively. From the figures it is observed that the FreqNL/FreqL for SP vibration mode increases as the



Fig. 11. Variation of frequency ratios for DWCNT considering same- and anti-phase vibration with and without the longitudinal magnetic field for

different cases of CNTs; (a) n¼1; (b) n¼2; (c) n¼3; (d) n¼4; (e) n¼5; (f) n¼6.

Table 1
Different cases of Vibration of CNTs.

Cases Conditions

CASE 1 SWCNT with diameter equal to outer tube diameter of DWCNT

CASE 2 DWCNT vibrating in same phase

CASE 3 SWCNT with diameter equal to inner tube diameter of DWCNT

CASE 4 DWCNT vibrating in anti-phase

CASE 5 DWCNT with outer tube stationary
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magnitude of Hx increases for certain ranges of Hx. At higher frequencies, the nonlocal frequencies are below the local
frequencies for all LMF strengths considered. It is also noted that at n¼2, n¼3 and n¼4, the FreqNL/FreqL increases with
the increase of strength of LMF for AP vibration modes at higher span of strength of LMF.



Fig. 12. Variation of frequency ratios field (n¼1) against strength of longitudinal magnetic field for DWCNT considering same- and anti phase vibration.

Fig. 13. Variation of frequency ratios field (n¼2) against strength of longitudinal magnetic field for DWCNT considering same- and anti-phase vibration.
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9.7. Discussion on validation of the work

Nonlocal elasticity theory is used to study the frequency analysis of DWCNTs under a magnetic field. Experimental or
molecular dynamics results for the present study of vibration of a DWCNT subjected to longitudinal magnetic field are yet
unavailable in the literature. Thus an exact comparison of the present results with existing experimental and MD results is
difficult and represents scope for future study. However it is reported in the present study that the longitudinal magnetic
field increases the natural frequency of the DWCNT. This may be attributed to the coupling effect of vibrating nanotubes
and the longitudinal magnetic field. Further from energy standpoint, the DWCNT in a longitudinal magnetic field may
possess lower magnetic energy. And it will hardly leave its equilibrium position if there is any slight disturbance, and no
constrain of elastic deformation. The DWCNT will always tend to retreat to its position. Thus the rigidity of the DWCNT in a
transverse field will increase. As a result the increasing of its natural frequency is reasonable. This is in-line with some
studies in the literature with macroscopic beam and plate. For a macroscopic beam and plate under the effect of an in-
plane magnetic field (non-transverse magnetic field) it is reported that the natural frequency increases as the strength of
the in-plane magnetic field increases ([57], [58], [59] and [60]).

The present work can be extended to study the vibration of DWCNT under the effect of transverse and inclined
magnetic field.



Fig. 14. Variation of frequency ratios field (n¼3) against strength of longitudinal magnetic field for DWCNT considering same- and anti phase vibration.

Fig. 15. Variation of frequency ratios field (n¼4) against strength of longitudinal magnetic field for DWCNT considering same- and anti-phase vibration.
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10. Conclusion

This paper presents an analytical model for studying the effects of a longitudinal magnetic field on the vibration of a
magnetically sensitive double-walled carbon nanotube system (DWCNT). The dynamic equations of the DWCNT are derived
utilising nonlocal elasticity theory. The two tubes of the nanotubes are defined as an equivalent nonlocal Euler–Bernoulli beam.
Governing equations for nonlocal bending-vibration of the DWCNT under a longitudinal magnetic field are developed
considering the Lorentz magnetic force obtained from Maxwell’s relation. Analytical solutions are presented for the natural
frequencies of the DWCNTS under a magnetic field. Results reveal that the nonlocal effects in the vibration response of the
DWCNT are dampened by the presence of a longitudinal magnetic field. The presence of a longitudinal magnetic field increases
the natural frequencies of the DWCNT. This is true for both same-phase and anti-phase modes of vibration. Further
synchronous phase vibration of DWCNT is more influenced by the small scale effects than the anti-phase vibration.

The present study will hopefully be useful for further nonlocal elastic theoretical study and design of nanotubes in a
magnetic field.
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