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A B S T R A C T   

Nano and micromechanical mass sensing using cantilever oscillators of different length-scales has been an 
established approach. The main principle underpinning this technique is the shift in the resonance frequency 
caused by the additional mass in the dynamic system. While the mass of an object to be sensed is useful infor-
mation, some idea about the shape of the object would be an additional benefit. The shape information may be 
used to make a distinction between two different objects of the same mass. This paper establishes the conceptual 
framework for simultaneous sensing of the mass as well as the rotary inertia of an object attached to a vibrating 
cantilever beam. The rotary inertia of an object gives additional insight into its shape, which is a key motivation 
of this work. It is shown that by using two modes it is possible to formulate two coupled nonlinear equations, 
which in turn can be solved to obtain the mass and the rotary inertia simultaneously from the frequency shifts of 
first two vibration modes. Euler-Bernoulli beam theory and an energy approach are used to derive closed-form 
expressions for the identified mass and rotary inertia from the measured frequency shifts. Analytical expressions 
are validated using high fidelity finite element simulation results.   

1. Introduction 

Nano-mechanical sensing has established itself as a promising 
research direction and generated significant interest across the research 
community over the past decade. In particular vibrating nano- 
mechanical cantilevers have received wide attention due to the possi-
bility of obtaining resonance frequency very accurately. Consequently, 
sensing of an attached mass to a cantilever sensor by exploiting a 
frequency-shift has emerged as a powerful approach [1–10]. This paper 
is aimed at investigating the possibility of sensing mass as well as rotary 
inertia of an attached object. The magnitude of the mass gives the basic 
information of an attached object. But it gives no information about the 
shape and size of such objects. Rotary inertia can give some further in-
sights into its shape and size. This paper proposes a novel way by which 
both the mass and rotatory inertia of an object can be obtained simul-
taneously from frequency shifts. With the additional information of the 
rotatory inertia, it may be possible to infer more about the attached 
object to a cantilever nanosensor, which is a key motivation for this 
work. 

Nano-scale sensors [4,11–14] play crucial roles in environmental 
monitoring (e.g., detection of gas) [15], chemical process control [16] 

and biomedical applications [17–22]. Among various nano-devices, 
Carbon nanotubes (CNTs) have been used as electro-chemical sensing 
system [23–26], nanosensors [13,14,27–29] and nanoactuators [30]. 
The use of a CNT to make the lightest inertial balance is essentially to 
make a ultrasensitive nano-scale mass spectrometer [19,20], electro-
analytical nanotube devices [21,31] and electro-mechanical actuators 
for artificial muscles [32]. Nano-bio sensors [33] are being developed on 
the fact that biological fragments can be immobilized either in the 
hollow cavity or on the surface of carbon nanotubes [17,18]. Building 
and designing such nano-sensors that is able to make measurements of 
external deposited agents [32,34–36] with ultrahigh resolution [14,37] 
is one of the main goals in the field of nano mechanical sensing and is the 
topic of this paper. 

The main scientific challenge to identify rotatory inertia is the 
requirement of an extra equation in addition to what we know for mass 
identification. This is realised by using the second mode of vibration of 
the cantilever. It is shown that by using two modes it is possible to 
formulate two coupled nonlinear equations, which in turn can be solved 
to obtain mass and rotary inertia simultaneously from the frequency 
shifts of the first two vibration modes. Closed-form expressions based on 
the kinetic and potential energy of a cantilever is proposed. Analytical 
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results are validated using high fidelity molecular mechanics simulation. 
This theoretical study may motivate experimentalist attending the 
conference and can pave the way of further collaboration. 

Outline of the paper is as follows. In section 2, the equation of motion 
and relevant boundary conditions are discussed for the dynamic analysis 
of nano-cantilevers with attached mass. The energy approach to derive 
the resonance frequencies of the cantilevers taking the rotary-inertia 
effect are derived in section 3. In section 4, the closed-form expres-
sions to identify the mass and rotary-inertia of the attached object from 
the frequency-shifts are derived. In section 5 the proposed methodology 
is applied to a single-walled carbon nanotube (SWCNT) in cantilever 
configuration for illustration. Derived closed-form expressions are 
numerically validated with detailed finite element results. Finally, in 
section 6 some conclusions are drawn based on the results obtained in 
the paper. 

2. Dynamics of nano-cantilevers with attached mass 

2.1. Equation of motion and boundary conditions 

Euler-Bernoulli beam bending theory [38] is used to model the dy-
namics of the nano-cantilevers. In Fig. 1 an example of a carbon 
nano-tube resonator with attached mass (DeOxy Thymidine) is shown. 

Mathematical idealisation by a uniform cantilever beam with a tip 
mass is also shown in the figure. The equation of motion of free- 
vibration can be expressed as 

EI
∂4yðx; tÞ

∂x4 þ ρA
∂2yðx; tÞ

∂t2 ¼ 0 (1)  

where x is the coordinate along the length of the cantilever oscillator, t is 
the time, y(x, t) is the transverse displacement of the cantilever oscil-
lator, E is the Young’s modulus, I is the second-moment of the cross- 
sectional area A and ρ is the density of the material. Suppose the 
length of the cantilever oscillator is L. The effect of distributed rotary 
inertia and shear deformation has been neglected in equation (1). These 
assumption is likely to be valid for long and thin cantilever resonators. 

For the cantilevered oscillator without any attached mass, the reso-
nance frequencies can be obtained [39] from 

f0j ¼
c0

2πλ2
j (2)  

where c0 is a parameter depending on the material and geometric 
properties of the cantilever as 

c0 ¼

ffiffiffiffiffiffiffiffiffiffi
EI

ρAL4

s

(3)  

For a carbon nanotube with diameter D and thickness t (note that t < <

D) the cross-sectional area A and area moment of inertia I can be ob-
tained as A � πDt and I � π

8D
3t. Using these we can obtain 

c0 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E π

8D3t
ρπDtL4

s

¼
1
2

D
L

ffiffiffiffiffiffiffiffiffiffi
E

2ρL2

s

(4)  

The constants λj should be obtained by Ref. [40] solving the following 
transcendental equation 

cos λcosh λþ 1 ¼ 0 (5) 

Fig. 1. A cantilevered carbon nanotube resonator with attached mass. The inertia effect arises from ‘height’ of the attached object (DeOxy Thymidine used as an 
example). (a) Original configuration with a point mass at the tip; (b) Mathematical idealisation with a point mass at the tip. 
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The vibration mode shape can be expressed as 

YjðξÞ ¼
�
cosh λjξ � cos λjξ

�
�

�
sinh λj � sin λj

cosh λj þ cos λj

�
�
sinh λjξ � sin λjξ

�
(6)  

where 

ξ ¼
x
L

(7)  

is the normalised coordinate along the length of the cantilever oscillator. 
The values of λ arising from the solution of equation (5) are be given by 
λ1 ¼ 1.8751, λ2 ¼ 4.6941, λ3 ¼ 7.8547, λ4 ¼ 10.9954 and λ5 ¼ 14.1371. 
For j > 5, in general [40] λj ¼ (2j � 1)π/2. For sensing applications, we 
are interested in the first few modes of vibration only. In this paper the 
first two modes of vibration will be used. The analysis based on the 
Euler-Bernoulli beam bending theory is well known and further details 
are available in established texts such as [39]. Conventionally an added 
mass is not considered in the classical Euler-Bernoulli theory. However, 
such effects can be incorporated in various ways, see for example [41]. 
We employ the analytical techniques exposed in the existing literature to 
consider the effect of mass and rotary inertia simultaneously within the 
scope of classical Euler-Bernoulli beam bending framework. 

The equation of motion of the cantilever resonator with the attached 
mass including the rotary inertia effect can be expressed by the same 
equation as (1). However, the boundary conditions must be changed to 
include the additional effects. Consider that the attached object as 
depicted in Fig. 1(b) has mass M and rotary inertia J. The four boundary 
conditions associated with equation (1) can be expressed as.  

� Deflection at x ¼ 0: 

yð0; tÞ ¼ 0 (8)    

� Slope at x ¼ 0: 

∂yðx; tÞ
∂x

¼ 0 (9)    

� Bending moment at x ¼ L: 

EI
∂2yðx; tÞ

∂x2 þ J
∂€yðx; tÞ

∂x
¼ 0
�
�
�
�

x¼L
(10)    

� Shear force at x ¼ L: 

EI
∂3yðx; tÞ

∂x3 � M€yðx; tÞ ¼ 0
�
�
�
�
x¼L

(11)  

Here _ð�Þ denotes derivative with respective to t. Assuming harmonic 
solution we have 

yðx; tÞ ¼ YðξÞexp½iωt� (12)  

where i is the unit imaginary number i ¼
ffiffiffiffiffiffiffi
� 1
p

and ω is the fre-
quency. Substituting this in the equation of motion and the boundary 
conditions and after some simplification we have 

∂4YðξÞ
∂ξ4 � Ω2YðξÞ¼ 0 (13)  

Yð0Þ ¼ 0; Y 0 ð0Þ ¼ 0; Y 0 0ð1Þ � βΩ2Y 0 ð1Þ ¼ 0
and Y

0 00 ð1Þ þ αΩ2Yð1Þ ¼ 0
(14)  

Here (�)0 denotes derivative with respective to ξ and 

Ω2 ¼ ω2�c2
0 ðnondimensionalfrequencyparameterÞ (15)  

α ¼ M
ρAL

ðmassratioÞ (16)  

and β ¼
J

ρAL3 ðinertiaratioÞ (17)  

The mass ratio α is an independent parameter which only depends on 
the mass (volume � density) of the attached object. However, the 
inertia ratio β is in general will not be an independent quantity as it is 
likely to depend on the mass of the object. For standard geometric 
shapes, tables for volume, area and moment of inertia are available 
[42]. In general we can express the rotary inertia as J ¼ Mr2 where r 
is an equivalent length parameter. Examples include, a rectangle 
with height h, r2 ¼ h2/3; a hollow cylinder with inner and outer 
radius R1 and R2, r2 ¼ ðR2

1 þ R2
2Þ=2; a solid sphere with radius R, r2 ¼

2R2/5; a thinwalled hollow sphere with radius R, r2 ¼ 2R2/3. Using 
the definitions of α and β, we can easily derive that 

β ¼ α
�r

L

�2
(18)  

As r in the above equation is different for different shapes, identi-
fying α and then β can give an indication of the shape of the object to 
be sensed. Although α and β are not completely independent, for 
mathematical convenience we consider them independent and aim 
to determine both of them simultaneously from frequency-shifts. To 
achieve this, we first need to obtain the natural frequencies of the 
system, which is discussed in the next subsection. 

2.2. Frequency equation 

Natural frequencies of the system can be obtained from the free vi-
bration problem. We refer to Ref. [39] for further discussions to free 
vibration analysis of distributed parameter systems. Assuming a solution 
of the exponential form 

YðξÞ ¼ expfηξg (19)  

and substituting in the equation of motion (1) results 

η4 � Ω2 ¼ 0 (20)  

Using the definition of λ consistent with Eq. (1) we have 

λ2 ¼ Ω (21)  

Using the this relationship, the four solutions of η in Eq. (1) can be ex-
presses as 

η4 � λ4 ¼ 0 or η ¼ �iλ; �λ (22)  

In view of the solutions in Eq. (1), the displacement field with the beam 
can be expressed by linear combination of the basic functions e� iλξ, eiλξ, 
eλξ and e� λξ so that the vector of the basic functions is given by sðξÞ ¼
�
e� iλξ; eiλξ; eλξ; e� λξ�T . We can also express s(ξ) in terms of trigonometric 

functions. Considering e�iλξ ¼ cos(λξ) � i sin(λξ) and e�λξ ¼ cosh(λx) � i 
sinh(λξ), the vector s(ξ) can be alternatively represented as 

sðξÞ ¼

8
>><

>>:

sinðλξÞ
cosðλξÞ
sinhðλξÞ
coshðλξÞ

9
>>=

>>;

(23)  

The displacement field Y(ξ) therefore can be expressed as a linear 
combination 

YðξÞ ¼ a1sin λξþ a2cos λξþ a3sinh λξþ a4cosh λξ
or YðξÞ ¼ sTðξÞa (24)  

where the vector 
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a ¼ fa1; a2; a3; a4g (25) 

Applying the boundary conditions in equation (5) on the expression 
of Y(ξ) in (24) we have 

Ra ¼ 0 (26)  

where the matrix   

The constant vector in equation (26) cannot be zero. Therefore, the 
equation governing the natural frequencies is given by 

detfRg ¼ 0 (28)  

which upon simplifying results into 

ðð1 � cosðλÞcoshðλÞ Þλ3β � sinðλÞcoshðλÞ þ cosðλÞsinhðλÞ
�
λα

� ðcosðλÞsinhðλÞ þ sinðλÞcoshðλÞ Þλ3β
þ½cosðλÞcoshðλÞ þ 1� ¼ 0

(29)  

In the special case when the mass and the inertia of the attached particle 
is ignored, substituting α ¼ β ¼ 0, equation (29) reduces to the classical 
equation (5). If the inertia of the attached particle is ignored substituting 
β ¼ 0, equation (29) reduces to the equation of a cantilever with an 
attached tip mass (see for example [8]) as 

ð � sinðλÞcoshðλÞ þ cosðλÞsinhðλÞ Þλαþ ½cosðλÞcoshðλÞþ 1� ¼ 0 (30)  

The natural frequencies can be obtained by solving the transcendental 
equation (1) for λ and substituting those in equation (29). Due to the 
nonlinearity of this transcendental equation, it needs to be solved 
numerically. 

3. Energy approach for vibrational frequencies 

The frequency equation (29) in the previous section is obtained by 
considering the differential equation and the boundary conditions in an 
exact manner. This equation is complex enough so that a simple rela-
tionship between the change in the mass and rotary inertia and the shift 
in the frequency is not available. As we have two unknowns α and β, two 
frequency shifts are necessary to identify them. In this section, we 
develop a new energy-based approach to obtain these quantities. 

An arbitrary j-th natural frequency of a cantilever oscillator can be 
expressed as 

fj ¼
1

2π

ffiffiffiffiffiffiffiffi
keqj

meqj

s

; j ¼ 1; 2; 3⋯ (31)  

Here keqj and meqj are respectively equivalent stiffness and mass of the 
cantilever oscillator in the j-th mode of vibration. The equivalent mass 
meqj changes depending on the mass and inertia of the attached object. 
Suppose Yj is the assumed displacement function for the j-th mode of 
vibration. We consider this to be the vibration mode of the cantilever 
without the attached object as given by equation (6). This is an 
approximation and this will be investigated numerically later. 

The kinetic energy of the system contributes to meqj while the po-
tential energy contributes to keqj . The total kinetic energy comes from 
three components, namely, the kinetic energy of the cantilever, kinetic 

energy of the attached mass due to linear velocity and kinetic energy of 
the attached mass due to rotational velocity. Assuming harmonic mo-
tion, the overall equivalent mass meqj can be expressed as 

meqj ¼ ρAL
Z 1

0
Y2

j ðξÞdξþMY2
j ð1Þ þ J

�
∂Yj

∂x

�2
�
�
�
�
�
ξ¼1

(32)  

¼ ρAL
Z 1

0
Y2

j ðξÞdξþMY2
j ð1Þ þ

J
L2Y 02j ð1Þ (33)  

¼ ρAL

"Z 1

0
Y2

j ðξÞdξ

⏟
I1

þ αY2
j ð1Þ þ βY 02j ð1Þ

#

(34)  

From the potential energy, the equivalent stiffness keqj can be obtained 
as 

keqj ¼
EI
L3

Z 1

0
Y 002j ðξÞdξ

⏟
I2

(35)  

From these expressions we have 

keqj

meqj

¼

�
EI

ρAL4

�
I2

I1 þ αY2
j ð1Þ þ βY 02j ð1Þ

(36)  

Using the expression of the natural frequency we have 

fj ¼
1

2π

ffiffiffiffiffiffiffiffi
keqj

meqj

s

¼
c0

2π
γ1j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ γ2j

αþ γjβ
q ; j ¼ 1; 2; 3;⋯ (37)  

The mode dependent constants can be evaluated exactly as 

γ1j
¼

ffiffiffiffi
I2

I1

r

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiZ 1

0
Y 002j ðξÞdξ

Z 1

0
Y2

j ðξÞdξ

v
u
u
u
u
u
t

¼ λ2
j

γ2j
¼

Y2
j ð1Þ
I1
¼

Y2
j ð1Þ

Z 1

0
Y2

j ðξÞdξ
¼ 4ðfor all jÞ

and γj ¼
Y 02j ð1Þ

I1
¼

Y 02j ð1Þ
Z 1

0
Y2

j ðξÞdξ

(38)  

The expression of the natural frequency given by equation (37) is valid 
for any mode number. In view of the above expressions we have 

fj ¼
1

2π

ffiffiffiffiffiffiffiffi
keqj

meqj

s

¼
c0

2π
λ2

j
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4αþ γjβ

p ; j ¼ 1; 2; 3;⋯ (39)  

Since we have two parameters to identify, only the first two modes are 
necessary. Using the expression of Yj in equation (6) and considering 
that λ1 ¼ 1.8751 and λ2 ¼ 4.6941, we have γ1 ¼ 7.579069394 and γ2 ¼

91.42336885. This completely defines the first two natural frequency of 

R ¼

2

6
6
4

0 1 0 1
λ 0 λ 0

� sinðλÞλ2 � λ5β cosðλÞ � cosðλÞλ2 þ λ5βsinðλÞ sinhðλÞλ2 � λ5βcoshðλÞ coshðλÞλ2 � λ5βsinhðλÞ
� cosðλÞλ3 þ λ4α sinðλÞ sinðλÞλ3 þ λ4αcosðλÞ coshðλÞλ3 þ λ4αsinhðλÞ sinhðλÞλ3 þ λ4αcoshðλÞ

3

7
7
5 (27)   
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the system. 

4. Sensor equations for simultaneous mass and rotary inertia 
identification 

The aim of this section is to derive explicit equations to identify α and 
β from the first two frequency shifts. Combining equations (1) and (29) 
the relationship between the resonance frequencies with and without 
the attached mass can be obtained as 

fj ¼
f0j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4αþ γjβ

p (40)  

The frequency-shift can be expressed using equation (1) as 

Δfj ¼ f0j � fj ¼ f0j �
f0j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4αþ γjβ

p (41)  

From this we can obtain the relative frequency shift as 

Fig. 2. Illustrative diagram of a zigzag (7, 0) single-walled carbon nanotube (SWCNT) with clamped-free boundary condition.  

Fig. 3. Error in the first two natural frequencies arising due to neglecting the rotary inertia effect of the attached mass in cantilever nanomechanical sensor. Four 
values of the h/L ratio are considered. 
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δj ¼

 
Δfj

f0j

!

¼ 1 �
1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4αþ γjβ

p (42)  

Rearranging gives the expression 

1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4αþ γjβ

p ¼
�
1 � δj

�
or

�
1þ 4αþ γjβ

�
¼

1
�
1 � δj

�2;

j ¼ 1; 2
(43)  

These two equations arising for two values of j completely relate the 
change in mass and rotary inertia with the two relative frequency-shifts. 
Solving these equations and after some simplifications we have 

β ¼
ð2 � δ1 � δ2Þðδ2 � δ1Þ

ð1 � δ1Þ
2
ð1 � δ2Þ

2
ðγ2 � γ1Þ

(44)  

and α ¼ 1
4

"
1

ð1 � δ1Þ
2 � 1 � γ1β

#

(45)  

These are the general equations which completely relate the added mass 
and rotary inertia and the frequency shifts. Note from equation (45) that 
the value of the identified mass is affected by rotary inertia. In the 
special case, when the rotary inertia is neglected, substituting β ¼ 0, 
from equation (45) we have 

α ¼ 1
4

"
1

ð1 � δ1Þ
2 � 1

#

(46)  

This matches exactly with the previous derivations [6,8]. Considering 

the relative frequency-shift is small and expanding the right-hand side of 
the preceding equation in a Taylor series and keeping only the linear 
term, we have 

α � δ1

2
or

M
ρAL
�

1
2

�
Δf1

f01

�

(47)  

This is the widely-used classical relationship between the added tip mass 
and the frequency-shift. From tis derivation it is clear that this rela-
tionship only holds if the rotary inertia of the mass is negligible and the 
frequency-shift is small compared to the frequency of the bare cantilever 
oscillator. 

5. Numerical results and discussions 

5.1. Numerical simulation of the nanomechanical sensor 

We consider a single walled carbon nanotube in cantilever configu-
ration as shown in Fig. 1 to investigate the possibility of applying the 
sensor theory developed in this paper. The added mass is assumed to be 
DeOxy Thymidine, a nucleotide that is found in DNA. A zigzag (7, 0) 
SWCNT with Young’s modulus E ¼ 1.0 TPa, L ¼ 20 nm, density ρ ¼
9.517 � 103 kg/m3 and thickness t ¼ 0.08 nm is taken from Refs. [43]. 
An illustrative diagram of the system considered is shown in Fig. 2. 

For a carbon nanotube with chirality (ni, mi), the diameter can be 
given by 

di ¼
r
π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

n2
i þ m2

i þ nimi

q

(48)  

Fig. 4. First two natural frequencies obtained using exact analytical formulation and proposed approximate equation. Four values of the h/L ratio are considered.  
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where r ¼ 0.246 nm. The diameter of the SWCNT is 0.55 nm. Using 
these, the cross-sectional area A and area moment of inertia I can be 
obtained as 

A � πdit and I �
π
8

d3
i t (49)  

To consider realistic values of the rotary inertia, we assume that the 
attached mass is a straight vertical linear object of height h. The mass 

moment of inertia of such an object is given by 

J ¼ Mh2�3 (50)  

Therefore 

β ¼
J

ρAL3 ¼
Mh2

�
3

ρAL3 ¼
M

ρAL
1
3

�
h
L

�2

¼
α
3

�
h
L

�2

(51) 

Fig. 5. First two natural frequencies obtained using the finite element analysis. The contours of the normalised frequency values are shown as functions of nor-
malised added mass α and height to length (h/L) ratio. Note that first two normalised frequencies without the added mass (that is, when α ¼ h/L ¼ 0) are 3.5160 and 
22.0345 respectively. 

Fig. 6. Comparison between the exact attached mass and identified attached mass obtained using the proposed equation for four different height to length (h/ 
L) ratios. 
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This implies that for physically realistic objects, α and β are not inde-
pendent quantities. If the mass is assumed to be a ‘point mass’, then h ¼
0 and consequently β ¼ 0. This is an assumption commonly employed in 
the derivation of analytical equation governing nano-mechanical sen-
sors. In Fig. 3 the effect of neglecting the rotary inertia on the accuracy 
of calculating the first two natural frequencies is shown. 

Four values of the h/L ratio, namely 0.2, 0.3, 0.4 and 0.5 are selected. 
Frequencies for β6¼0 are obtained by numerically solving equation (28), 
while those for β ¼ 0 are obtained by numerically solving equation (28). 
For larger values of the h/L ratio, significant error in the natural fre-
quencies is observed. For example, for h/L ¼ 0.4, up to 4% and 50% 
error in the first and second natural frequencies can be observed. This 
implies that the rotary inertia effect cannot be ignored for such cases. 

Sensor equations proposed here is crucially based on the approxi-
mate frequency equation (39). It is important to understand any error is 
arising due to the use of equation (39) compared to the exact results 
provided by numerical solution of equation (28). The first two natural 
frequencies obtained using exact analytical formulation and proposed 
approximate equation (39) is shown in Fig. 4. 

The first natural frequency is approximated very well by the 
analytical expressions for all values of the mass ratio and h/L ratio. 
However, discrepancies can be observed in the second natural frequency 
for higher values of the mass ratio and lower values of h/L ratio. 

5.2. Validation of the sensor equations 

Equations (44) and (45) give closed-form expression to detect added 
mass and rotary inertia from the first two frequency shifts. Consider that 
the frequency shifts corresponding to the two modes, namely 

δ1 ¼

�
Δf1

f01

�

¼

�
f01 � f1

f01

�

and δ2 ¼

�
Δf2

f02

�

¼

�
f02 � f2

f02

�

(52)  

are available from experiment. These quantities can then be used as an 
‘input’ to equations (44) and (45) to identify the added mass and rotary 
inertia. In the absence of experimental results, in this work we validate 
the approximate sensor equation against numerical results obtained 
from an independent and detailed finite element model. 

The Finite element method (FEM) is a powerful numerical technique 
for solving partial differential equations with general boundary condi-
tions [44]. There are broadly two approaches to model carbon nano-
tubes using the FEM, namely the continuum approach (see for example 
[45]) and the discrete approach (see for example [46]). We refer to a 
recent state-of-the-art review paper for comprehensive discussions on 
FEM for nanomechanical systems [47]. Here we use the continuum 
approach to model carbon nanotubes with attached mass and rotational 
inertia. Finite element model of a single-walled carbon nanotube with 
attached DeOxy Thymidine is implemented using the Timoshenko beam 
element. A convergence study on mesh size shows that element size is 
small enough to predict the converging results on natural frequencies 
and modes shapes of the model. The beam model has a circular 
cross-sectional area shown in Fig. 2. The geometric and material prop-
erties are taken from Ref. [43]. The attached DeOxy Thymidine is 
modelled using a Lumped mass element. The mass and moment of 
inertia have been defined as inertial properties of this element. In Fig. 5 
we show the normalised first and second natural frequencies obtained 
from the finite element simulation. The frequency values are normalised 
as: 2πfj/c0, j ¼ 1, 2 and the constant co is defined in equation (4). Note 
that the rotary inertia parameter β is not independent of the mass 

Fig. 7. Comparison between the exact rotary inertia of the attached mass and identified rotary inertia obtained using the proposed equation for four different height 
to length (h/L) ratios. 
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parameter α for this study. They are related through Eq. (1) with the 
height to length (h/L) ratio of the attached mass. For this reason, con-
tours of the normalised frequency values are shown as functions of α and 
(h/L) in Fig. 5. The nominal values of the first two normalised fre-
quencies without the added mass (that is when α ¼ h/L ¼ 0) are 3.5160 
and 22.0345 respectively. We can observe from Fig. 5 that both fre-
quency values reduce with increasing values of α and (h/L). However, 
observe that the pattern of the change is significantly different between 
Fig. 5(a) and (b). It is this difference that is being exploited in the sensing 
approach proposed in this paper. 

Fig. 6 compares the identified normalised mass using equation (45) 
against the original mass used in the simulation. 

On the other hand, Fig. 7 compares the identified normalised rotary 
inertia using Equation (44) against the original rotary inertia used in the 
simulation. 

The value of the attached mass used is up to 0.35 times the mass of 
the beam. Again, four values of the h/L ratio, namely 0.2, 0.3, 0.4 and 
0.5 are selected. The value of the identified mass is generally accurate 
for all values of h/L ratio except for higher values of the mass ratio. The 
value of the identified rotary inertia is more inaccurate compared to that 
of the identified mass. More inaccuracies are observed for higher values 
of the mass ratio and lower values of the h/L ratio. This is probably due 
to the fact that, the rotary inertia is very small for the smaller values of 
the h/L ratio and consequently the frequency-shift is not very sensitive 
to the rotary inertia for this case. 

6. Conclusions 

The sensing of mass and rotary inertia of an attached object in the 
context of cantilever nano-mechanical sensors has been considered. 
Using Euler-Bernoulli cantilever beam theory, the exact equation gov-
erning the natural frequencies of the sensor with the attached mass and 
its rotary inertia effect has been derived. The transcendental nature of 
this equation does not allow the closed-form solution of the system 
natural frequencies. Therefore, using an energy approach, simple closed- 
form expressions for the identified mass and rotary inertia from the first 
two frequency shifts have been derived. The novel concept introduced in 
this paper is the use of shifts in two resonance frequencies together, 
compared to the classical approach of using only one frequency shift. It 
was proved that the classical equation to obtain the attached mass from 
the first frequency shift is a special case of the general equations derived 
in this paper. The accuracy of the approximate sensor equations is 
verified using the results obtained from the solution of the exact tran-
scendental frequency equation. Some of the highlights of this paper are:  

� The prediction of the second natural frequency can be inaccurate if 
the rotary inertial effect is completely ignored. Therefore, it should 
be taken into account following the proposed approach.  
� The proposed approximate closed-form expressions for both the 

natural frequencies give acceptable numerical accuracy when 
compared to the exact analytical solutions.  
� The pattern of change of fist two natural frequencies of the cantilever 

sensor is very different due to changes in the mass and rotary inertia 
of the attached object. 
� The new sensor equations expressed in terms of the first two fre-

quency shifts gives an excellent estimate for the attached mass and 
comparatively less accurate estimate for the rotary inertia. 

Although the proposed formulation does not predict the rotary 
inertia as accurately as the attached mass, it is still an improvement from 
the existing formulations which do not give any prediction of the rotary 
inertia at all. Future research should consider using the sensor equations 
derived here with experimentally measured frequency shifts. 
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