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This paper presents a generic random sampling-high dimensional model representations (RS-HDMR)
approach for free vibration analysis of angle-ply composite plates. A metamodel is developed to express
stochastic natural frequencies of the system. A global sensitivity analysis is carried out to address the
influence of input random parameters on output natural frequencies. Three different types of input
variables (fiber-orientation angle, elastic modulus and mass density) are varied to validate the proposed
algorithm. The present approach is efficiently employed to reduce the sampling effort and computational
cost when large number of input parameters is involved. The stochastic finite element approach is
coupled with rotary inertia and transverse shear deformation based on Mindlin’s theory. Statistical
analysis is carried out to illustrate the features of the RS-HDMR and to compare its performance with
full-scale Monte Carlo simulation results. The stochastic mode shapes are also depicted for a typical
laminate configuration. Based on the numerical results, some new physical insights are drawn on the
dynamic behavior of the system.

� 2014 Elsevier Ltd. All rights reserved.
1. Introduction

Composite materials are extensively used for small components
as well as large structures such as airplanes, ships, wind turbine
blades and small bridges due to its weight sensitivity, cost-
effective, high specific stiffness and can handle different strength
at different directions. There has been an increasing demand for
composite materials especially in aircraft industries. Because of
its inherent complexity, laminated composite structures can be
difficult to manufacture accurately according to its exact design
specifications, resulting in undesirable uncertainties. The random
structural uncertainties involve material properties, fiber parame-
ters of the individual constituent laminae. Because of the random-
ness in geometry and material properties of laminated composite
structures, the mass and stiffness matrices become stochastic in
nature. The composite materials are generally made of fiber and
matrix through an appropriate fabrication process in manufactur-
ing with three basic steps namely tape, layup and curing. Since
the mechanical properties of constituent material vary statistically,
the source of uncertainties in composite material properties are
produced from randomness in material properties as well as from
uncertainties in the fabrication parameters. The uncertainties
incurred during the layup process are due to the misalignment of
ply-orientation. Typical uncertainties incurred from the curing pro-
cess are intralaminate voids, incomplete curing of resin, excess
resin between plies, excess matrix voids and porosity and variation
in ply thickness. These variables are statistical in nature; therefore,
the properties of composite materials should be quantified probabi-
listically. As a consequence, the behavior of composite structures
shows a scatter from its average value. Traditionally, an ad hoc fac-
tor of safety is used in the design to account for the difficulty in pre-
dicting the structural behavior. However, this approach of designer
may result in either an ultraconservative or an unsafe design.

In order to probabilistically assess the behavior of composite
structures, these uncertainties are considered due to random vari-
ation of material properties and ply parameters. These uncertain-
ties are referred to as the random variables which can be
processed computationally through composite mechanics and
probability method. Due to random input parameters, the uncer-
tainties in the specification of mass and stiffness matrices induce
the statistical variation in eigenvalues and eigenvectors, resulting
in subsequently fluctuation of natural frequencies. Therefore a
realistic analysis of composite laminated plates is required to
arrest the volatility of natural frequencies arising from the ran-
domness in the variation of parameters like ply-orientation angle,
elastic modulus and mass density. In general, uncertainties can be

http://crossmark.crossref.org/dialog/?doi=10.1016/j.compstruct.2014.09.057&domain=pdf
http://dx.doi.org/10.1016/j.compstruct.2014.09.057
mailto:infosudip@gmail.com
mailto:S.Dey@swansea.ac.uk
http://dx.doi.org/10.1016/j.compstruct.2014.09.057
http://www.sciencedirect.com/science/journal/02638223
http://www.elsevier.com/locate/compstruct


S. Dey et al. / Composite Structures 122 (2015) 526–536 527
categorized into three types, namely aleatoric, epistemic and prej-
udicial, respectively. The first type of uncertainty is aleatoric
uncertainty which is due to the inherent variability in the system
parameters, for example, different cars manufactured from a single
production line are not exactly the same. If enough samples are
present, it is possible to characterize the variability using well
established statistical methods and the probably density functions
of the parameters can be obtained. The second type of uncertainty
is epistemic uncertainty which is due to lack of knowledge regard-
ing a system. This type of uncertainty is generally arisen in the
modeling of complex systems, for example the problem of predict-
ing cabin noise in helicopters. Unlike aleatoric uncertainties, it is
recognized that probabilistic models are not quite suitable for epi-
stemic uncertainties. The third type of uncertainty is prejudicial
uncertainty which is similar to the first type except that the corre-
sponding variability characterization is not available, in which case
work can be directed to gain better knowledge. An example of this
type of uncertainty is the use of viscous damping model in spite of
knowing that the true damping model is not viscous. The total
uncertainty of a system is the combination of these three types
of uncertainties.

In general, Monte Carlo simulation technique is popularly uti-
lized to generate the randomized output frequency to deal with
large number of samples. Although the uncertainty in material
and geometric properties can be computed by the MCS method,
it is inefficient and expensive. To mitigate this lacuna, random
sampling – high-dimensional model representations (RS-HDMR)
is employed for quantitative model assessment and analysis tool
which maps high-dimensional input–output system relationship
very efficiently [1]. In this problem the actual finite element model
is replaced by a response surface metamodel, making the process
computationally efficient and cost effective. When input variables
are randomly sampled for constructing the metamodel, a random
sampling – HDMR can be constructed [2,3]. Over the years, HDMR
is successfully applied in many different fields [4–6]. The effect of
material uncertainty on vibration control of smart composite plate
is studied by Umesh and Ganguli [7] by using polynomial chaos
expansion. The dynamic stability of uncertain laminated beams
subjected to subtangential loads studied by Goyal and Kapania
[8] while Manan and Cooper [9] introduced probabilistic approach
for design of composite wings including uncertainties. On the other
hand, Fang and Springer [10] studied on the design of composite
laminates by a Monte Carlo method while Kapania and Goyal
[11] investigated on free vibration of unsymmetrically laminated
beams. The stochastic eigenvalue problem is studied with polyno-
mial chaos [12] and Karhunen–Loeve expansion of non-gaussian
random process [13]. Of late, Chowdhury and Adhikari [14] inves-
tigated on high dimensional model representation for stochastic
finite element analysis while Talha and Singh [15] investigated
on stochastic perturbation-based finite element for buckling statis-
tics of functionally graded plates with uncertain material proper-
ties in thermal environments.

In the present analysis, random samples are drawn uniformly
over the entire domain ensuring good prediction capability of the
constructed metamodel in the whole design space including the
tail regions. The present work aims to develop an algorithm for
uncertainty quantification of natural frequencies of cantilever
composite plate using RS-HDMR and its comparative efficacy com-
pared to direct Monte Carlo simulation (MCS) technique. The sen-
sitivity analysis is carried out to cross-validate the results for
constructing the metamodel and subsequently the number of sam-
ple runs required to fit the constructed metamodel is catastrophi-
cally reduced. An eight noded isoparametric plate bending element
with five degrees of freedom at each node is considered in finite
element formulation to study the randomized natural frequencies
(see Fig. 1).
2. Governing equations

The laminated composite cantilever plate is considered with
uniform thickness with the principal material axes of each layer
being arbitrarily oriented with respect to mid-plane. If the mid-
plane forms the x–y plane of the reference plane, then the displace-
ments can be computed as

uðx; y; zÞ ¼ u0ðx; yÞ � zhxðx; yÞ
vðx; y; zÞ ¼ v0ðx; yÞ � zhyðx; yÞ
wðx; y; zÞ ¼ w0ðx; yÞ ¼ wðx; yÞ;

ð1Þ

where u, v and w are the displacement components in x-, y- and
z-directions, respectively and u0, v0 and w0 are the mid-plane
displacements, and hx and hy are rotations of cross-sections along
the x- and y-axes. In general, the force and moment resultants of
a single lamina are obtained from stresses as

fFg ¼ fNx Ny Nxy Mx My Mxy Q x Q ygT

¼
Z t=2

�t=2
frx ry sxy rxz ryz sxyz sxz syzgT dz ð2Þ

In matrix form, the in-plane stress resultant {N}, the moment resul-
tant {M}, and the transverse shear resultants {Q} can be expressed
as

fNg ¼ ½A�fe0g þ ½B�fkg and fMg ¼ ½B�fe0g þ ½D�fkg ð3Þ
fQg ¼ ½A��fcg ð4Þ

where

A�ij
h i

¼
Z t=2

�t=2
Q ijdz where i; j ¼ 4;5

½Q ijðxÞ� ¼

m4 n4 2m2n2 4m2n2

n4 m4 2m2n2 4m2n2

m2n2 m2n2 ðm4 þ n4Þ �4m2n2

m2n2 m2n2 �2m2n2 ðm2 � n2Þ
m3n mn3 ðmn3 �m3nÞ 2ðmn3 �m3nÞ
mn3 m3n ðm3n�mn3Þ 2ðm3n�mn3Þ

2
666666664

3
777777775
½Q ij�

Here m ¼ SinhðxÞ and n ¼ CoshðxÞ, wherein hðxÞ is the random
fiber orientation angle. However, laminate consists of a number of
laminae wherein [Qij] and ½QijðxÞ� denotes the On-axis elastic con-
stant matrix and the off-axis elastic constant matrix, respectively.
The elasticity matrix of the laminated composite plate is given by,

½D0ðxÞ� ¼
AijðxÞ BijðxÞ 0
BijðxÞ DijðxÞ 0

0 0 SijðxÞ

2
64

3
75 ð5Þ

where

½AijðxÞ;BijðxÞ;DijðxÞ� ¼
Xn

k¼1

Z zk

zk�1

½Q ijðxÞ�½1; z; z2�dz i; j ¼ 1;2;6 ð6Þ

½SijðxÞ� ¼
Xn

k¼1

Z zk

zk�1

as½Q ijðxÞ�kdz i; j ¼ 4;5 ð7Þ

where as is the shear correction factor and is assumed as 5/6. The
mass per unit area is expressed as

PðxÞ ¼
Xn

k¼1

Z zk

zk�1

qðxÞdz ð8Þ

Mass matrix is expressed as

½MðxÞ� ¼
Z

Vol
½N�½PðxÞ�½N�dðvolÞ ð9Þ



Fig. 1. Laminated composite cantilever plate.
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The stiffness matrix is given by

½KðxÞ� ¼
Z 1

�1

Z 1

�1
½BðxÞ�T ½DðxÞ�½BðxÞ�dndg ð10Þ

The Hamilton’s principle is employed to study the dynamic nature
of the composite structure. The principle used for the Lagrangian
which is defined as

Lf ¼ T � U �W ð11Þ

Where T, U and W are total kinetic energy, total strain energy and
total potential of the applied load, respectively. The Hamilton’s
principle applicable to non-conservative system is expressed as,

dH ¼
Z pf

pi

½dT � dU � dW�dp ¼ 0 ð12Þ

Hamilton’s principle [16] applied to dynamic analysis of elastic
bodies states that among all admissible displacements which sat-
isfy the specific boundary conditions, the actual solution makes
the functional (

R
T þW)dp stationary, where T and W are the kinetic

energy and the work done by conservative and non-conservative
forces, respectively. For free vibration analysis (i.e., dW = 0), the
stationary value is actually a minimum. In case of a dynamic prob-
lem without damping the conservative forces are the elastic forces
developed within a deformed body and the non-conservative
forces are the external force functions. The energy functional for
Hamilton’s principle is the Lagrangian (Lf) which includes kinetic
energy (T) in addition to potential strain energy (U) of an elastic
body. The expression for kinetic energy of an element is expressed
as

T ¼ 1
2
f _deg

T ½MeðxÞ�f _deg ð13Þ

The potential strain energy for an element of a plate can be
expressed as,

U ¼ U1 þ U2 ¼
1
2
fdegT ½KeðxÞ�fdeg þ

1
2
fdegT ½KreðxÞ�fdeg ð14Þ

The Lagrange’s equation of motion is given by

d
dt

@Lf

@de

� �
� @Lf

@de

� �
fFeg ð15Þ

where {Fe} is the applied external element force vector of an element
and Lf is the Lagrangian function. Substituting Lf = T � U, and the cor-
responding expressions for T and U in Lagrange’s equation, the
dynamic equilibrium equation for each element expressed as [17]

½MðxÞ�f€deg þ ð½KeðxÞ� þ ½KreðxÞ�Þfdeg ¼ fFeg ð16Þ

After assembling all the element matrices and the force vectors
with respect to the common global coordinates, the resulting equi-
librium equation is formulated. Considering randomness of input
parameters like ply-orientation angle, elastic modulus and mass
density etc., the equation of motion of free vibration system with
n degrees of freedom can expressed as
½MðxÞ�½€d� þ ½KðxÞ�fdg ¼ fFLg ð17Þ

In the above equation, MðxÞ� Rn � n is the mass matrix, [KðxÞ] is the
stiffness matrix wherein ½KðxÞ� ¼ ½KeðxÞ� þ ½KreðxÞ� in which
KeðxÞ� Rn � n is the elastic stiffness matrix, KreðxÞ� Rn � n is the
geometric stiffness matrix (depends on initial stress distribution)
while {d}� Rn is the vector of generalized coordinates and {FL}� Rn

is the force vector. The governing equations are derived based on
Mindlin’s Theory incorporating rotary inertia, transverse shear
deformation. For free vibration, the random natural frequencies
½xnðxÞ� are determined from the standard eigenvalue problem
[18] which is represented below and is solved by the QR iteration
algorithm,

½AðxÞ�fdg ¼ kðxÞfdg ð18Þ

where

½AðxÞ� ¼ ð½KeðxÞ� þ ½KreðxÞ�Þ�1½MðxÞ�

kðxÞ ¼ 1

fxnðxÞg2 ð19Þ
3. Random sampling HDMR

Random sampling high dimensional model representation (RS-
HDMR) method is employed to provide a straight forward approach
in portraying the input–output mapping of a high dimensional
model without requiring a large number of samples [2,3]. The map-
ping between the input random variables x1,x2, . . . ,xn (say ply orien-
tation angle, elastic modulus, mass density) and the output
variables (say random natural frequencies) f(X) = f(x1,x2, . . . ,xn) in
the domain Rn is expressed as

f ðXÞ ¼ f o þ
Xn

i¼1

f iðxiÞ þ
X

16i6j6n

f ijðxi; xjÞ þ � � � þ f 12...nðx1; x2; . . . ; xnÞ

ð20Þ

Each term in the representation reflects the independent and coop-
erative contributions of the inputs upon the output. Here fo is a con-
stant (zeroth order) denoting the average contribution of all inputs
to the output. The function fi(xi) is a first order term giving the effect
of variable xi acting independently upon the output f(X). The func-
tion fij(xi,xj) is a second order term describing the cooperative effects
of the variables xi and xj upon the output f(X). The higher order
terms reflect the cooperative effects of increasing numbers of input
variables acting together to influence the output f(X).The last term
f12. . .n(x1,x2, . . . ,xn) contains any residual nth order correlated contri-
bution of all input variables. If there is no interaction between the
input variables, then only the zeroth order term and the first order
terms will appear in the RS-HDMR expansion. In most of the cases a
RS-HDMR expression up to second order provides satisfactory
results [2]. The component functions of RS-HDMR have the follow-
ing forms
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f o ¼
Z

Kn
f ðxÞdx

f iðxiÞ ¼
Z

Kn�1
f ðxÞdxi � f o

f ijðxi; xjÞ ¼
Z

Kn�2
f ðxÞdxij � f iðxiÞ � f jðxjÞ � f o

ð21Þ

Here dxi denotes the product dx1dx2 . . .dxn without dxi, whereas
dxij stands for the same product without dxi and dxj. The last term
f12. . .n(x1,x2, . . . , xn) is evaluated from the difference between f(X)
and all the other component functions. RS-HDMR expansion is
constructed when sample points are random in nature in a
domain Rn. All the input variables are rescaled in such a way that
0 6 xi 6 1 for all i. The output response function is thus defined
in the domain of an unit hypercube Kn = {(x1, . . . , xn), i = 1, . . . ,n}.
Generation of random sample points is constructed to form the
RS-HDMR surrogate model. The quality of sample points governs
the convergence rate of MCS which is used in formation of the
component functions of RS-HDMR [19]. Quasi-random sequences
(e.g., Halton sequence [20], Sobol’ sequence [21], Faure sequence
[22]) having low discrepancy are generally employed to generate
random sample points. This ensures better uniform distribution of
sample points in the input domain compared to pseudo-random
sample points resulting in faster convergence. In the present
study, Sobol’ sequence is utilized to generate the input sample
set as it exhibits better convergence than either Faure or Halton
sequences [23].

The zeroth order term fo in the RS-HDMR expression is calcu-
lated by the average value of all f(X) in a set of samples. The
determination of the higher order component functions involve
high-dimensional integrals that may be approximately calcu-
lated by Monte Carlo integration. Because the direct determina-
tion of high-order RS-HDMR component functions by Monte
Carlo integration is expensive, analytical basis functions, such
as orthonormal polynomials, cubic B-spline functions, and poly-
nomials are employed to approximate RS-HDMR component
functions. With such approximations, only one set of random
samples is needed to determine all RS-HDMR component func-
tions making the sampling effort quite reasonable. Approxima-
tion using orthonormal polynomials provides the best accuracy
among the different analytical basis functions [2]. Thus the first
and second order component functions are expressed in the
following form

f iðxiÞ �
Xk

r¼1

ai
rurðxiÞ

f ijðxi; xjÞ �
Xl

p¼1

Xl0

q¼1

bij
pqupðxiÞuqðxjÞ

ð22Þ

where k, l, l0 represent the order of the polynomial expansion, ai
r

and bij
pq are the constant coefficients which are determined by a

minimization process and MC integration. For a sample set

XðsÞ ¼ xðsÞ1 ; xðsÞ2 ; . . . ; xðsÞn

� �
; s ¼ 1;2; . . . ;N these constant coefficients

are evaluated as

ai
r �

1
N

XN

S¼1

f ðXðsÞÞur xðsÞi

� �

bij
pq �

1
N

XN

S¼1

f ðXðsÞÞup xðsÞi

� �
uq xðsÞj

� � ð23Þ

ur(xi),up(xi) and uq(xj) are the orthonormal basis functions. An
orthonormal basis function uk (x) has the following properties in
a domain [a,b]
Z b

a
ukðxÞdx ¼ 0 k ¼ 1;2; . . . ði:e: zero meanÞZ b

a
u2

kðxÞdx ¼ 1 k ¼ 1;2; . . . ði:e: unit normÞZ b

a
ukðxÞulðxÞdx ¼ 0 k – l ði:e: mutually orthogonalÞ

ð24Þ

From above condition, the orthonormal polynomials are con-
structed in the domain [0,1] as

u1ðxÞ ¼
ffiffiffi
3
p
ð2x� 1Þ

u2ðxÞ ¼ 6
ffiffiffi
5
p

x2 � xþ 1
6

� �

u3ðxÞ ¼ 20
ffiffiffi
7
p

x3 � 3
2

x2 þ 3
5

x� 1
20

� �
..
.

ð25Þ

The final equation of RS-HDMR up to second order component func-
tions are expressed as

f ðXÞ ¼ f o þ
Xn

i¼1

Xk

r¼1

ai
rurðxiÞ þ

X
16i6j6n

Xl

p¼1

Xl0

q¼1

bij
pqupðxiÞuqðxjÞ ð26Þ

The accuracy of RS-HDMR expansion is controlled by the error
of Monte Carlo integration for calculating the expansion coeffi-
cients a and b. Variance reduction method is utilized to improve
the accuracy of Monte Carlo integration without increasing the
sample size. Correlation method [24] and ratio control variate
method [25] are successfully applied for this purpose. In both cases
the determination of the expansion coefficients is an iterative
process and requires an analytical reference function which has
to be similar to f(X). A truncated RS-HDMR expansion is used as
a reference function by calculating its expansion coefficients using
direct Monte Carlo integration. As the HDMR component functions
are independent, the order of the polynomial approximation is
chosen separately for each component function to improve the
accuracy of the final surrogate model. For highly nonlinear
input–output relationship, higher-order polynomials may be used.
But unnecessary use of higher order polynomials may lead to poor
approximation, especially if a small sample size (N) is used to form
the metamodel. The reason is attributed to the fact that the higher
order polynomials have more number of terms than lower-order
polynomials, and each term has its own Monte Carlo integration
error. If the input–output relationship of a component function is
linear, then it is found sufficient to use first-order polynomial
function. If the contribution of any RS-HDMR component function
to the overall function value is close to zero, then it is excluded
from the RS-HDMR expansion function completely. A computa-
tionally efficient optimization technique based on least square
method is developed to choose the best polynomial order for each
of the component functions [26]. The idea behind this optimization
technique is to calculate the sum of the square errors using the
results of the full model runs of sample size (N) and the approxi-
mation of the component functions by either first, second or
third-order polynomials or excluding the component function.
The best approximation order for the corresponding component
function is indicated by the smallest sum of square error. Further,
a threshold criterion is introduced [27] to exclude ineffective terms
from the RS-HDMR expansion for the systems having high number
of input parameters.

4. Stochastic approach using RS-HDMR

The stochasticity in material properties of laminated composite
plates, such as elastic modulus, mass density, Poisson’s ratio and
geometric properties such as ply-orientation angle, thickness,



Fig. 2. Flowchart of stochastic free vibration analysis using RS-HDMR.
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section inertia as input parameters is considered depending on
boundary condition for free vibration analysis of composite plates.
In the present study, frequency domain feature (first three natural
frequencies) is considered as output. It is assumed that ±10% vari-
ation in randomness of symmetrically distributed input parame-
ters for angle-ply composite cantilever plate is considered.
Therefore normal distribution is considered as

f ðxÞ ¼ 1
r
ffiffiffiffiffiffiffi
2p
p exp �1

2
x� l

r

� �2
� �

ð27Þ

where r2 is the variance of the random variable; l is the mean of
the random variable. For example, the random variables considered
in fiber orientation angle as independent in each layer of laminate
and are denoted as

hðxÞ¼fh1 h2 h3 .. .hi . . .hng ðfor only variation in ply-orientation angleÞ ð28Þ
E1ðxÞ¼fE1a E1b E1c . . .E1i . . .E1ng ðfor only variation in elastic modulusÞ
qðxÞ¼fq1q2q3 .. .qi . . .qng ðfor only variation in mass densityÞ
gfhðxÞ;E1ðxÞ;qðxÞg¼fU1ðh1h2 . . .hi . ..hnÞ;U2ðE1aE1b . . .E1i . ..E1nÞ;

U3ðq1q2 . ..qi .. .qnÞg ðfor combined variation in ply orientation angle;
elastic modulus and mass densityÞ

where hi, E1i and qi are the ply orientation angle, elastic modulus
and mass density, respectively and n denotes the number of layer
in the laminate.



Table 1
Convergence study for coefficient of determination R2 (second order) of the RS-HDMR
expansions with different sample sizes for variation of only ply-orientation angle of
graphite–epoxy angle-ply (45�/�45�/45�) composite cantilever plate, considering
E1 = 138 GPa, E2 = 8.9 GPa, G12 = G13 = 7.1 GPa, G23 = 2.84 GPa, t = 0.004 m, m = 0.3.

Frequency Sample size

32 64 128 256 512

FF 65.68 93.48 99.60 99.95 99.96
SF 69.67 93.74 99.47 96.38 97.81
TF 66.44 97.85 99.40 98.86 99.61

FF – fundamental natural frequency, SF – second natural frequency, TF – third
natural frequency

Table 2
Non-dimensional fundamental natural frequencies (deterministic mean value)
[x = xn L2 p (q/E1t2)] of three layered [h, �h, h] graphite- epoxy twisted plates,
L/b = 1, b/t = 20, w = 30�.

Fiber orientation
angle, h

Present FEM
(6 � 6)

Present FEM
(8 � 8)

Qatu and Leissa
[29]

15� 0.8618 0.8591 0.8759
30� 0.6790 0.6752 0.6923
45� 0.4732 0.4698 0.4831
60� 0.3234 0.3194 0.3283
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The insignificant input features are screened out and those are
not considered in the model formation. For parameter screening
purpose global sensitivity analysis based on RS-HDMR is employed
in this study. The orthogonal relationship between the component
functions of RS-HDMR expression implies that the component
functions are independent and contribute their effects indepen-
dently to the overall output response suggesting that each individ-
ual component function has a direct statistical correlation with the
output. So the sensitivity of each component function is deter-
mined by calculating the total and partial variances [4].The total
variance (D) is expressed as

D ¼
Z

Kn
f 2ðXÞdX � f 2

o �
1
N

XN

S¼1

f 2ðXðsÞÞ � f 2
o ð29Þ

(Using MC integration for a set of N samples XðsÞ ¼ xðsÞ1 ; x
ðsÞ
2 ; . . . ; xðsÞn

� �
;

s ¼ 1;2; . . . ;N)
The partial variances obtained using the properties of orthonor-

mal polynomials are expressed as follows, (see Fig. 2)

Di¼
Z 1

0
f 2

i ðxiÞdxi�
Z 1

0

Xk

r¼1

ai
rurðxiÞ

" #2

dxi¼
Xk

r¼1

ðai
rÞ

2

Dij¼
Z 1

0

Z 1

0
f 2

ijðxi;xjÞdxidxj¼
Z 1

0

Z 1

0

Xl

p¼1

Xl0

q¼1

bij
pqupðxiÞuqðxjÞ

" #
dxidxj

¼
Xl

p¼1

Xl0

q¼1

bij
pq

� �2

ð30Þ

The sensitivity indices are expressed as

Si1 ;...is ¼
Di1 ;...is

D
;1 6 i1 6 i2 . . . 6 is 6 n

So that;
Xn

i¼1

Si þ
Xn

16i<j6n

Sij þ � � � þ S1;2;...n ¼ 1
ð31Þ

In present study, the metamodels are formed to obtain the
responses in terms of input parameters using RS-HDMR. The pres-
ent RS-HDMR models are constructed using numerical data for first
three natural frequencies. FORTRAN and MATLAB are utilized for
the present study. The constructed metamodel is checked for the
coefficient of determination (R2) value which is found close to
one as expected. The coefficient of determination (R2) is expressed
as,

R2 ¼ SSR

SST
¼ 1� SSE

SST
ð0 6 R2

6 1Þ ð32Þ

where, SST = SSE + SSR is the total sum of square,SSR and SSE are the
regression sum of squares and the residual sum of squares, respec-
tively. The quality of the surrogate model obtained using RS-HDMR
can also be determined by Relative Error (RE), computed as

REð%Þ ¼
F � F 0
		 		

F
� 100 ð33Þ

where F is the actual response and F0 is the approximated response
using RS-HDMR approach.

5. Results and discussion

In the present study, random natural frequencies for three lay-
ered graphite–epoxy angle-ply laminated composite cantilever
plate having square plan form (L/b = 1) and length to thickness ratio
L/t = 250 are obtained corresponding to different types of laminates.
Material properties of graphite–epoxy composite [28] considered
with mean value as E1 = 138.0 GPa, E2 = 8.96 GPa, m = 0.3, G12 =
G13 = 7.1 GPa, G23 = 2.84 GPa. For full scale MCS, number of original
FE analysis is same as the sampling size. A typical discretization of
(6 � 6) mesh on plan area with 36 elements 133 nodes with natural
coordinates of an isoparametric quadratic plate bending element
are considered for the present FEM. In general for complex compos-
ite structures, the performance function is not available as an expli-
cit function of the random design variables. The performance or
response in terms of natural frequencies of the composite structure
can only be evaluated numerically at the end of a structural analysis
procedure such as the finite element method which is often time-
consuming. The present RS-HDMR methodology is employed to
find a predictive and representative metamodel equation relating
each natural frequency to a number of input variables. These meta-
model equations are used to determine the first three natural fre-
quencies corresponding to given values of input variables, instead
of having to repeatedly run the time-consuming deterministic finite
element analysis. The response surface thus represents the result
(or output) of the structural analysis encompassing (in theory)
every reasonable combination of all input variables. From this,
thousands of combinations of all design variables can be created
(via simulation) and performed a pseudo analysis for each variable
set, by simply adopting the corresponding surface values. The prob-
ability density function (PDF) and cumulative distribution function
(CDF) are plotted as the benchmark of bottom line results. Due to
paucity of space, only a few important representative results are
furnished.

5.1. Validation

In the present analysis, convergence study is carried out to
determine the coefficient of determination R2 (second order) of
the RS-HDMR expansions for different sample sizes as furnished
in Table 1. The comparative study depicts an excellent agreement
with the previously published results and hence it demonstrates
the capability of the computer codes developed and insures the
accuracy of analyses. Table 2 presents the non-dimensional funda-
mental frequencies of graphite–epoxy composite twisted plates
with different ply-orientation angle [29]. Convergence studies are
performed using uniform mesh division of (6 � 6) and (8 � 8)
and the results are found to be nearly equal, with the difference
being around 1% and the results also corroborate monotonic



Table 3
Comparative study between MCS (10,000 samples) and RS-HDMR (128 samples) for maximum values, minimum values and percentage of difference for first three natural
frequencies obtained due to individual stochasticity in ply-orientation angle, elastic modulus and mass density for three layered graphite–epoxy angle-ply (45�/�45�/45�)
composite cantilever plate considering E1 = 138 GPa, E2 = 8.9 GPa, G12 = G13 = 7.1 GPa, G23 = 2.84 GPa, q = 3202 kg/m3, t = 0.004 m, m = 0.3.

Parameter Fundamental frequency Second natural frequency Third natural frequency

hðxÞ E1ðxÞ qðxÞ hðxÞ E1ðxÞ qðxÞ hðxÞ E1ðxÞ qðxÞ

Max. (original MCS) 4.4286 3.9607 2.7999 11.8991 12.0184 12.5486 27.0737 24.6465 26.1869
Max. (RS-HDMR) 4.4214 3.9525 2.7911 11.8725 11.8496 12.3447 27.4348 24.6123 25.7615
Difference (%) 0.16% 0.21% 0.32% 0.22% 1.40% 1.63% �1.33% 0.14% 1.62%

Min. (original MCS) 3.2100 3.6759 2.7000 10.7492 10.8664 10.5673 20.1827 23.0173 22.0367
Min. (RS-HDMR) 3.1971 3.6818 2.7095 10.7473 11.0184 10.5247 20.0920 23.1700 21.9631
Difference (%) 0.14% �0.16% �0.35% 0.02% �1.40% 0.40% 0.45% �0.66% 0.33%

Fig. 3. Probability distribution function (PDF) with respect to model response of first three natural frequencies for variation of ply-orientation angle of graphite–epoxy angle-
ply (45�/�45�/45�) composite cantilever plate, considering E1 = 138 GPa, E2 = 8.9 GPa, G 12 = G13 = 7.1 GPa, G23 = 2.84 GPa, q = 3202 kg/m3, t = 0.004 m, m = 0.3.
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downward convergence. The differences between the results by
Qatu and Leissa [29] and the present FEM approach can be attrib-
uted to consideration of transverse shear deformation and rotary
inertia in the present FEM approach and also to the fact that Ritz
method overestimates the structural stiffness of the composite
plates. Moreover, increasing the size of matrix because of higher
mesh size increases the ill-conditioning of the numerical eigen-
value problem. Hence, the lower mesh size (6 � 6) is employed
in the present analysis due to computational efficiency. In present
RS-HDMR metamodel analysis, a representative sample size of 128
is considered using the Sobol’ sequence for individual random var-
iation of ply-orientation angle, longitudinal elastic modulus and
mass density, respectively. As the number of input parameter is
increased for combined random variation of ply-orientation angle,
longitudinal elastic modulus and mass density, the subsequent
enhanced sample size of 256 is adopted to meet the convergence
criteria. While evaluating the statistics of responses through full
scale Monte Carlo simulation (MCS), computational time is exorbi-
tantly high because it involves number of repeated FE analysis.
However, in the present method, MCS is conducted in conjunction
with RS-HDMR-based metamodel. Here, although the same sam-
pling size as in direct MCS is considered, the number of FE analysis
is much less compared to original MCS and is equal to number rep-
resentative sample required to construct the RS-HDMR metamod-
el. A representative RS-HDMR equation is formed on which the full
sample size of direct MCS is conducted. Hence, the computational
time and effort expressed in terms of finite element calculation is
reduced compared to full scale direct MCS. Hence, in order to save



Fig. 4. Scatter plot for RS-HDMR metamodel with respect to original model of
fundamental natural frequencies for variation of ply-orientation angle of graphite–
epoxy angle-ply (45�/�45�/45�) composite cantilever plate, considering
E1 = 138 GPa, E2 = 8.9 GPa, G12 = G13 = 7.1 GPa, G23 = 2.84 GPa, q = 3202 kg/m3,
t = 0.004 m, m = 0.3.
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computational time, the present constructed RS-HDMR metamodel
methodology is employed instead of traditional Monte Carlo simu-
lation. The computational time required in the present RS-HDMR
approach is observed to be around (1/80) times (for individual var-
iation of inputs) and (1/40) times (for combined variation of
inputs) of direct Monte Carlo simulation. This provides an efficient
affordable way for computationally simulating the uncertainties in
natural frequency. The sensitivity of material or geometric prop-
erty to each random variable is also qualified in the present meta-
model context. All the cumulative distribution function of the
respective stochastic input parameters at ply and laminate levels
Table 4
Comparative study between MCS (10,000 samples) and RS-HDMR (256 samples) for max
frequencies obtained due to combined stochasticity in ply-orientation angle, elastic mo
composite cantilever plate considering E1 = 138 GPa, E2 = 8.9 GPa, G12 = G13 = 7.1 GPa, G23 =

Parameter Fundamental frequency Second natu

MCS RS-HDMR Difference (%) MCS

Max. value 4.8190 4.6896 2.69 12.9625
Min. value 2.9811 2.9248 1.89 9.9008
Mean value 3.8232 3.8270 �0.10 11.3762
Standard deviation 0.2839 0.2828 0.39 0.4525

Table 5
Maximum values, Minimum values, Means and standard deviations of first three natural fr
orientation angle [hðxÞ], elastic modulus [E1ðxÞ] and mass density [qðxÞ] for three lay
E2 = 8.9 GPa, G12 = G13 = 7.1 GPa, G23 = 2.84 GPa, q = 3202 kg/m3, t = 0.004 m, m = 0.3.

Laminate configuration Parameter Fundamental frequency

hðxÞ E1ðxÞ qðxÞ

30�/�30�/30� Max. (RS-HDMR) 5.9885 5.6770 5.8476
Min. (RS-HDMR) 4.8170 5.0907 4.9677
Mean 5.4291 5.4155 5.4224
Standard deviation 0.2374 0.1047 0.1526

60�/�60�/60� Max (RS-HDMR) 3.2987 2.7911 2.9802
Min (RS-HDMR) 2.3865 2.7095 2.5284
Mean 2.7741 2.7662 2.7673
Standard deviation 0.1856 0.0141 0.0782
are compared with the results predicted by a Monte Carlo simula-
tion with 10,000 samples wherein a good agreement is observed in
all cases.

5.2. Statistical analysis

The random input values of ply orientation angle, hðxÞ, elastic
modulus in longitudinal direction, E1ðxÞ and mass density, qðxÞ
for each layer of the composite laminate are scaled randomly in
the range of 0 to 1, having the lower and the upper limit as ±10%
variation with respective mean values. The RS-HDMR metamodels
are formed to generate first three natural frequencies. The lower
and upper bounds of the input random data set is considered as 0
and 1, respectively. Metamodels are developed using first and sec-
ond order component functions with orthonormal polynomials up
to third order. Table 3 presents the comparative study between
MCS and RS-HDMR for maximum values, minimum values and per-
centage of difference for first three natural frequencies obtained
due to individual stochasticity in ply-orientation angle, elastic
modulus and mass density for three layered graphite–epoxy
angle-ply (45�/�45�/45�) composite cantilever plate. Fig. 4 depicts
a sample scatter plot describing the relationship between the origi-
nal FE model and the constructed RS-HDMR metamodel for natural
frequencies. The coefficient of determination (R2) values and rela-
tive error in percentage (1%, 5% and 10%) values corresponding to
each metamodel are found to be around 100%, indicating high accu-
racy of the fitted models. Fig. 3 shows a sample comparison of the
probability density functions (PDF) for both original model and
RS-HDMR metamodel. The low scatterness of the points around
the diagonal line in Fig. 4 and the low deviation between the pdf
estimations of original and RS-HDMR responses in Fig. 3 corrobo-
rates that RS-HDMR metamodels are formed with accuracy. These
two plots are checked and are found in good agreement ensuring
the efficiency and accuracy of the constructed metamodel.

A comparative study between MCS and RS-HDMR for maximum
values, minimum values, mean and standard deviation for first
three natural frequencies obtained due to combined stochasticity
imum values, minimum values, mean and standard deviation for first three natural
dulus and mass density for three layered graphite–epoxy angle-ply (45�/�45�/45�)

2.84 GPa, q = 3202 kg/m3, t = 0.004 m, m = 0.3.

ral frequency Third natural frequency

RS-HDMR % Deviation MCS RS-HDMR Difference (%)

12.7989 1.26% 29.1570 28.5391 2.12
9.9831 �0.83% 18.0941 18.5681 �2.62

11.3669 0.08% 2.3966 2.3847 0.50
0.4257 5.92% 1.6959 1.6405 3.27

equencies obtained by RS-HDMR (128 samples) due to individual stochasticity in ply-
ered graphite–epoxy angle-ply composite cantilever plate considering E1 = 138 GPa,

Second natural frequency Third natural frequency

hðxÞ E1ðxÞ qðxÞ hðxÞ E1ðxÞ qðxÞ

12.1026 12.5724 12.9808 26.7072 26.8684 28.3043
11.2000 11.3373 11.0273 25.3481 25.3242 24.0445
11.5638 12.0255 12.0369 26.0758 26.2469 26.2461

0.3593 0.2174 0.3388 0.2421 0.2743 0.7389

11.0742 10.2016 10.6604 20.9504 17.4650 18.7011
8.3658 9.4612 9.0450 14.8491 17.0566 15.8671
9.7640 9.8859 9.8994 17.4308 17.3604 17.3661
0.4622 0.1300 0.2799 1.2425 0.0724 0.4910



Fig. 5. (a) Sensitivity index and (b) 3D plot for second order component function f12 (x1,x2) of the response f1 with x1 (ply-orientation angle) and x2 (elastic modulus) with
respect to first three natural frequencies indicating for combined variation (10,000 samples) of ply-orientation angle, elastic modulus and mass density for graphite–epoxy
angle-ply (45�/�45�/45�) composite cantilever plate, considering E1 = 138 GPa, E2 = 8.9 GPa, G12 = G13 = 7.1 GPa, G23 = 2.84 GPa, q = 3202 kg/m3, t = 0.004 m, m = 0.3.
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Fig. 6. (a–c) Cumulative distribution function obtained by RS-HDMR (10,000 samples) with respect to first three natural frequencies indicating for combined variation of ply-
orientation angle, elastic modulus and mass density for graphite–epoxy angle-ply (45�/�45�/45�) composite cantilever plate, considering E1 = 138 GPa, E2 = 8.9 GPa,
G12 = G13 = 7.1 GPa, G23 = 2.84 GPa, q = 3202 kg/m3, t = 0.004 m, m = 0.3.
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in ply-orientation angle, elastic modulus and mass density for
three layered graphite–epoxy angle-ply (45�/�45�/45�) composite
cantilever plate is furnished in Table 4. The parametric study
carried out for maximum values, minimum values, means and
standard deviations of first three natural frequencies obtained by
RS-HDMR due to individual stochasticity in ply-orientation angle
[hðxÞ], elastic modulus [E1ðxÞ] and mass density [qðxÞ] for three
layered graphite–epoxy angle-ply composite cantilever plate as
depicted in Table 5. Global sensitivity analysis using RS-HDMR is
performed for significant input parameter screening. The sensitiv-
ity indices for each input parameter (including the interaction
effects) corresponding to different output responses are shown in
Fig. 3. For combined variation of inputs, the sensitivity indices for
each input parameter is presented in Fig. 5(a), while a typical inter-
action effect between ply-orientation angle and longitudinal elastic
modulus corresponding to second order component function of the
fundamental frequency is furnished in Fig. 5(b). In combined sto-
chastic approach, the ply-orientation [hðxÞ], longitudinal elastic



Mode 1 Mode 2 Mode 3

Fig. 7. Effect on modeshapes of first three modes due to combined stochasticity in ply-orientation angle, elastic modulus and mass density for three layered graphite–epoxy
angle-ply (45�/�45�/45�) composite cantilever plate considering E1 = 138 GPa, E2 = 8.9 GPa, G12 = G13 = 7.1 GPa, G23 = 2.84 GPa, q = 3202 kg/m3, t = 0.004 m, m = 0.3.
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modulus [E1ðxÞ] and mass density [qðxÞ] are considered as the
significant input parameters while the output parameter is taken
as first three natural frequencies. From Fig. 5(a) it is observed that
ply-orientation angles of two outer surface layers has predominant
effect on sensitivity of tested natural frequencies while null sensi-
tivity effect is identified due to random variation for elastic modu-
lus of the middle layer of the laminate. The sensitivity index
obtained of material and geometric properties to each random var-
iable at the constituent and ply levels is used as a guide to increase
the structural reliability or to reduce the cost. Furthermore, the
probabilistic structural analysis and risk assessment is performed
once the uncertain laminate properties are computationally simu-
lated. The sensitivity of different random variables for the laminate
frequencies of different modes may be different. A comparative
study between original MCS method and present RS-HDMR
method using 10,000 sample run is carried out to develop the
cumulative distribution function plot as furnished in Fig. 6(a–c).
The predicted cumulative distribution functions is presented as
the upper and lower bounds of natural frequencies. The represen-
tative stochastic mode shapes for first three natural frequencies are
furnished in Fig. 7 wherein the first spanwise bending mode is
observed corresponding to its fundamental frequency while the
dominance of torsion mode is found for second and third natural
frequencies, respectively.

6. Conclusions

In the present study, a bottom up approach is considered for the
propagation of uncertainty in the natural frequencies of angle-ply
composite cantilever plates. The feasibility of applying metamodel
based approach using RS-HDMR is portrayed in the realm of sto-
chastic analysis. Although the same sampling size as in direct
MCS (sample size of 10,000) is considered, the number of FE anal-
ysis is much less compared to original MCS and is equal to number
representative sample (sample size of 128) required to construct
the RS-HDMR metamodel. It is observed that RS-HDMR method
can handle the large number of input parameters. The metamodel
formed from a small set of samples is found to establish the accu-
racy and computational efficacy. As the number of sample is
increased for formation of RS-HDMR metamodel, the accuracy of
results is found to improve irrespective of input parameter. The
results obtained as probability density function and cumulative
distribution function employing RS-HDMR metamodels are com-
pared with the results from direct Monte Carlo Simulation. The
key findings of this study include:
1. The maximum effect on sensitivity is observed for ply-orientation
angle while the least sensitivity effect is identified for elastic
modulus corresponding to first three natural frequencies.

2. From global sensitivity analysis of the combined input variation
case, the ply-orientation angles of the two outer surface layers
are found to predominantly effect on all the tested natural
frequencies.

3. Interestingly, null sensitivity effect is identified for elastic
modulus of the middle layer for combined input variation case.

4. Mass density is found to hold the maximum sensitivity for the
second natural frequency among the three stochastic input
parameters.

5. The first spanwise bending mode is observed corresponding to
its fundamental frequency while the dominance of torsion mode
is found for second and third natural frequencies, respectively.

The future investigation will be carried out to interrogate
whether the above conclusions hold true for more complex system.
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