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Abstract A novel efficient hybrid method based on ran-
dom sampling-high dimensional model representations
(RS-HDMR) and genetic algorithm coupled with a local
unconstrained multivariable minimization function is
proposed in this study for optimization of FRP compos-
ite web core bridge deck panels. The optimization is
performed for lightweight design of FRP composite
bridge deck panels based on deflection limit, stresses,
buckling and failure criteria and subsequently the repre-
sentative design curves are developed considering nor-
mal as well as skew configurations of FRP bridge
decks. Sensitivity analysis is also performed to study the ef-
fect of variation in geometry of the bridge deck to its deflec-
tion, stress and buckling behaviours. High level of computa-
tional efficiency can be achieved without compromising the
accuracy of results for optimization of high dimensional sys-
tems following the proposed approach.

Keywords FRP bridge deck . lightweight design .

RS-HDMR . Genetic algorithm . Sensitivity analysis .

Optimization

Nomenclature
F Applied stress
fa Permissible stress

N Applied buckling load
Ncr Permissible load
δ Observed deflection
δa Permissible deflection
L Deck length
D Depth of web core
W Width of the deck
tb Thickness of bottom face plate
tt Thickness of top face plate
tw Thickness of web webs
n Number of webs in the core

1 Introduction

Fiber reinforced polymer (FRP) composite laminates are
extensively used in various civil engineering applica-
tions especially in bridge deck. Composite structures
have high specific strength, specific stiffness, corrosion
resistance, enhanced fatigue life, non-magnetic proper-
ties, controllable thermal properties, lower life-cycle
costs, faster field installation in addition to application
specific tailorable mechanical properties. Such useful
features of FRP composites over conventional materials
motivate their use in structures for new construction as
well as for rehabilitation purpose. A review of the
existing literature pertaining to the use of FRP compos-
ites reveals that FRP has a wide range of application
such as various structural forms like reinforcement bars,
jacketing of girders and piers, FRP layer sandwiched
between concrete slabs, cables for cable stayed bridges,
cellular decks adhesively bonded to steel girders, bridge
columns made of concrete-filled FRP tubes, structural
stay-in-place form, slabs for bridges and many more
(Bakis et al. (2002),Keller (2002)). Over the last few
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decades, many theoretical and experimental (both
laboratory and in-situ) investigations have been per-
formed to study the behaviour of FRP laminated web
core/sandwich decks/panels for new construction as well
as retrofitting of old bridge decks. (Plunkett (1997),
Qiao et al. (2000), Davalos et al. (2001) Salim et al.
(2006) Keller et al. (2007), Aref et al. (2001), Aref and
Alampalli (2001)). These studies are mainly focused on
analysing different type of FRP bridge deck configura-
tions and their static as well as dynamic behaviour un-
der various constituent material properties and ply ori-
entations. In last few decades short span pedestrian
bridges constructed using FRP only are becoming in-
creasingly popular. These constructions, consisting of a
lightweight core and stiff laminated FRP face sheets
provides high mechanical performance with minimum
weight, which have enhanced the potential of FRP as
an alternative to the conventional reinforced concrete
bridges. Reducing the weight of decks/panels presents
the opportunity of rapid replacement and reduction in
dead load which also raises the live load rating of the
structure. Thus the main challenge remains in develop-
ing lightweight cost-effective FRP deck systems that can
take advantage of the unique material characteristics of
FRP composites necessitating study on optimization of
FRP bridge decks. The optimization of structural
components and material properties of FRP bridge
decks is a long and complicated process, which
involves a large number of design variables and
constraints. Though several literatures pertaining to the
optimization of structures for other applications are
available but resources available related to optimization
of FRP bridge decks are still very limited. Important
contributions pertaining to optimization of FRP bridge
decks are briefly discussed next. Cohn and Dinovitzer
(1994) have presented the purpose of structural optimi-
zation in real application and the theories behind it in
their paper by conducting studies on the structural opti-
mization in practical applications and surveyed the ex-
tent of practical use of optimization in structural engi-
neering. The authors have suggested that optimization
could become more attractive to practising designers if
more concrete examples of its application were avail-
able, especially for realistic structures, loading condi-
tions and limit states after examining the possible
causes for its rather limited and slow adoption. Optimi-
zation studies related to traditional concrete bridges are
found in Zordan et al. (2010); Briseghella et al. (2013),
Aydın and Ayvaz (2010), Nieto et al. (2009), Ohkubo
et al. (2008) and Barros et al. (2012) . Optimization of
FRP bridge deck with cellular and stiffened box geom-
etries have been presented by Burnside et al. (1993).

Salem (2000) has developed an optimum design algo-
rithm for precast FRP bridges by minimizing the cost
with the help of Excel Solver based on a nonlinear
optimization technique. Kovacs et al. (2004) have
analysed fibre-reinforced composite Structures using
experimental and numerical data and carried out
optimization for minimizing the cost of the sandwich
structure. Kim et al. (2003) have devised an optimiza-
tion procedure based on modified genetic algorithm
(GA) which was used in conjunction with a commercial
FE analysis engine to obtain optimum design for GFRP
bridge deck. A three dimensional numerical model has
been developed by Park et al. (2005) to optimize the
geometry of bridge decks and properties of FRP
materials. The proposed optimization technique is
capable of handling more complex objective functions
and constraints. Uddin and Abro (2008) have demon-
st ra ted a unique approach for the des ign and
manufacturing of structurally efficient low cost
thermoplastic composite bridge superstructures. Qiao
et al. (2008) have conducted a combined homogeniza-
tion and multi-objective technique to study and optimize
the properties of thin-walled sinusoidal honeycomb
cores implementing a sequential quadratic programming
code with the help of tools available in MATLAB.

Gradient based method (GBM) of optimization has
been studied for FRP web core bridge deck system by
Dey et al. (2013). This method is found to be iterative
in nature, thus time consuming and computationally in-
tensive. Optimization of FRP web core bridge deck
using GBM needs to run computationally expensive fi-
nite element simulations several times and the post pro-
cessing work followed by finite element simulations is
also tedious. To overcome this lacuna a novel hybrid
technique based on random sampling-high dimensional
model representations (RS-HDMR) and genetic algo-
rithm coupled with a local unconstrained multivariable
minimization function is proposed in this paper for op-
timization of FRP web core bridge deck. In this ap-
proach, the actual finite element model is replaced by
a surrogate model based on RS-HDMR, making the
overall process computationally much more efficient
and cost effective as the number of actual finite element
simulations required in this case becomes minimal.
High-dimensional model representations (HDMR) is a
quantitative model assessment and analysis tool for
meta-model formation, which maps high-dimensional in-
put–output system relationship very efficiently (Rabitz
and Alıs (1999)). When data are randomly sampled for
constructing the meta-model, a RS (random sampling)-
HDMR can be constructed (Li et al. (2002a); Li et al.
(2006); Ziehn and Tomlin (2009)). Over the years,
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HDMR has been successfully applied in many different
fields (Li et al. (2002b); Ziehn and Tomlin (2008a);
Ziehn and Tomlin (2008b); Miller et al. (2012)), but
literature related to its application in the area of struc-
tural mechanics is still very scarce. Cut-HDMR has
been recently applied in the field of uncertainty quanti-
fication and stochastic analysis of structural systems
(Chowdhury and Rao (2009); Chowdhury et al.
(2009a); Chowdhury et al. (2009b); Balu and Rao
(2011); Balu and Rao (2012)). Application of RS-
HDMR in the area of structural mechanics is found only
in sensitivity analysis of unreinforced masonry structure
(Mukherjee et al. (2011)) and stochastic free vibration
analysis of angle-ply composite plates (Dey et al.
(2015a)). RS-HDMR has not been applied in the realm
of optimization yet. Literature related to the application
of RS-HDMR in the field of FRP composite structures
is very scanty, in spite of the fact that it has a great
potential to be used as surrogate of expensive finite
element simulation/experimentations of repetitive nature,
particularly for composite structures for its capability of
efficiently handling large number of input parameters,
which is commonly encountered in case of composite
materials. Moreover RS-HDMR possesses some of the
critically desirable features for optimization such as
good prediction capability of the meta-model in the
whole design space including the tail regions. Prime
novelty of the present work lies in application of RS-
HDMR approach in the area of FRP bridge deck opti-
mization to achieve high level of computational efficien-
cy. Furthermore Application of genetic algorithm
coupled with RS-HDMR for optimization of a system
is also the first attempt of its kind to the best of au-
thors’ knowledge. The present paper is organized as,
Section 1: Introduction, Section 2: Description of the
FRP web core bridge deck optimization problem, Sec-
tion 3: Detailed description of the proposed RS-HDMR
based hybrid optimization algorithm, Section 4: Descrip-
tion of the considered FRP web core bridge deck, Sec-
tion 5: Finite element modelling and validation, Sec-
tion 6: Result and discussion and section 7: Conclusion.

2 Description of the FRP bridge deck optimization
problem

Optimization can be carried out at structural, geometri-
cal and material levels for FRP bridge decks. In this
section, design objective function and the design con-
straints for the present optimization problem are
discussed.

2.1 Design objective function

In the present research, a typical optimization has been
carried out for structural components. Objective function
has been chosen to minimize the volume of the FRP
bridge decks to thrive for the recent trend of lightweight
structures as discussed in the previous section. The fol-
lowing objective functions provide the volume of the
FRP material to be used:

For normal bridge deck configurations

V ¼ L� tb þ L� tt þ n� tw � D−tb−ttð Þ½ � �W ð1Þ

For skew bridge deck configurations

V ¼ L� tb � cosθþ L� tt � cosθþ n� tw � D−tb−ttð Þ½ �
�W

ð2Þ
where L, D, W, θ, tb, tt, tw, and n are the deck length, depth,
width, skew angle, thickness of bottom plate, thickness of top
plate, thickness of web and the number of webs respectively
(Fig. 1).

2.2 Design constraints

The design constraints are varied depending upon the
applicability of the structural components. The con-
straints considered in this present study for design
requirements and serviceability are normal and shear
stresses in longitudinal and transverse direction,
buckl ing s trength , def lect ion due to l ive load
obtained following the design provisions specified by
Kim et al. (2003) Table 1), in addition to different
failure criteria such as Tsai-Hill, Tsai-Wu, Azzi-Tsai-
Hi l l and Maximum st ress theory (Tsa i (1987) ,
Tsai(1965), Tsai and Wu(1971), Azzi and Tsai
(1965), Hinton et al. (2004)).

The deflection limit considered for the present work
is L/800 based upon AASTHO (1998) specification. In
Table 1, δ, f, N represents the maximum deflection,
stresses, and buckling load respectively. Subscripts ‘a’
and ‘cr’ denote the allowable and critical values of the-
se parameters.

3 Optimization methodology

Optimization is about finding out the maximum or min-
imum of an objective function having either linear or
nonlinear nature. Various optimization techniques are
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available for single objective function with linear as well as
nonlinear design constraint. In this section, RS-HDMR, genetic
algorithm and details of the proposed hybrid optimization algo-
rithm for FRP composite bridge deck have been described.

3.1 Surrogate modelling based on RS-HDMR

There are many sampling techniques as well as surro-
gate model formation methods available as furnished

Fig. 1 a Plan and b Cross-
sectional view of typical FRP
bridge deck system having
normal configuration c Plan of a
typical FRP bridge deck system
having skew configuration (SS
denotes simply supported)

Table 1 Constraints for design requirements and serviceability

Descriptions Conditions

Maximum stress f/fa−1<0
Local bucking load N/Ncr−1<0
Deflection due to live load δ/ δa−1<0
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in Table 2 (Montgomery (1991), Santner et al. (2003),
Dey et al. (2015b, 2015c), Koehler and Owen (1996),
Forrester et al. (2008)). Sampling technique and sur-
rogate modelling method for a particular problem
should be chosen depending on the complexity of
the model, presence of noise in sampling data, nature
and dimension (number) of input parameters, desired
level of accuracy and computational efficiency. Many
comparative studies have been performed over the
years to guide the selection of surrogate model types
(Jin et al. (2001), Kim et al. (2009), Li et al. (2010),
Mukhopadhyay et al. (2015)). RS-HDMR is a new
approach for surrogate model formation and it has
shown very promising characteristics in the applica-
tion of mainly Chemical and Environmental sciences
as mentioned in Section 1. The application of RS-
HDMR for surrogate model formation in the area of
structural engineering and mechanics (specifically in
FRP composite structures) is very scarce. There are
few literatures available dealing with application of
RS-HDMR only in the fields of uncertainty quantifi-
cation and sensitivity analysis (Mukherjee et al.
(2011), Dey et al. (2015a)). However, successful ap-
plications of RS-HDMR in these fields motivated the
authors to explore its performance in the problem of
optimization. In the present study, RS-HDMR method
has been chosen after rigorous checking of its predic-
tion capability following different criteria as discussed
later in this section.

RS-HDMR method can provide a straight forward
approach to develop the input–output mapping of a high
dimensional model without requiring a large number of
samples (Li et al. (2002a); Li et al. (2006)). The map-
ping between the input variables x1,x2,…,xn and the
output variables f(X)= f(x1,x2,…,xn) in the domain Rn

can expressed in the following form:

f Xð Þ ¼ f o þ
Xn

i¼1

f i xið Þ þ
X

1≤ i≤ j≤n
f i j xi; x j

� �þ…

þ f 12…n x1; x2;…; xnð Þ ð3Þ

Each term in the representation reflects the indepen-
dent and cooperative contributions of the inputs upon
the output. Here fo is a constant (zeroth order) denoting
the mean of all outputs. The function fi(xi) is a first
order term giving the effect of variable xi acting inde-
pendently upon the output f(X). The function fij(xi,xj) is
a second order term describing the cooperative effects
of the variables xi and xj upon the output f(X). The
higher order terms reflect the cooperative effects of in-
creasing numbers of input variables acting together to
influence the output f(X). The last term f12…n(x1,x2,…,
xn) contains any residual nth order correlated contribu-
tion of all input variables. If there is no interaction
between the input variables, then only the zeroth order
term and the first order terms will appear in the RS-

Table 2 Sampling techniques
and surrogate modelling methods Sampling techniques Surrogate modelling methods

- Classical methods (Design of experiments)

• Factorial designs

• Central composite design

• Optimal designs

• Taguchi’s orthogonal array design

• Plackett-Burman design

• Koshal design

• Box-Behnken design

- Space filling methods

• Latin hypercube sampling

• Sobol sequence

• Uniform designs

• Simple Grids

• Hammersley sequence

- Hybrid methods

- Random or human selection

- Importance sampling

- Sequential or adaptive methods

- Polynomial regression method

- Moving least squares method

- Kriging model

- Artificial neural networks

- Radial basis function

- Polynomial chaos expansion

- Multivariate adaptive regression splines

- Support vector regression

- High dimensional model representation

- Hybrid models
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HDMR expansion. In most of the cases a RS-HDMR
expression up to second order provides satisfactory re-
sults (Li et al. (2002a)). The component functions of
RS-HDMR have the following forms:

f o ¼
Z

Kn

f xð Þdx

f i xið Þ ¼
Z

Kn−1

f xð Þdxi− f o

f i j xi; x j
� � ¼

Z

Kn−2

f xð Þdxi j− f i xið Þ− f j x j
� �

− f o

ð4Þ

where dxi stands for the product dx1dx2…dxn without
dxi and dxij stands for the same product without dxi
and dxj. The last term f12…n(x1, x2,…, xn) is evaluated
from the difference between f(X) and all the other com-
ponent functions.

RS-HDMR expansion can be constructed when sam-
ple points are random in nature in a domain Rn. All the
input variables are rescaled such a way that 0≤xi≤1 for
all i. The output response function is thus defined in
the domain of an unit hypercube Kn={(x1,…,xn), i=1,.,
n}. Generation of random sample points is a very im-
portant aspect for forming the RS–HDMR surrogate
model. The quality of sample points governs the con-
vergence rate of Monte Carlo simulation, which is used
in formation of the component functions of RS–HDMR
(Ziehn and Tomlin 2008a). Quasi-random sequences
(Niederreiter (1992)) (e.g., Halton sequence (Halton
(1960)), Sobol’ sequence (Sobol’ (1967)), Faure se-
quence (Faure (1992))) having low discrepancy are
generally used to generate random sample points. This
ensures a more uniform distribution of sample points in
the input domain compared to pseudo-random sample
points resulting faster convergence. This property of
RS-HDMR, which corroborates good prediction and
identification capability of the surrogate model
throughout the entire domain including the tail regions,
could be potentially quite useful in optimization prob-
lems. In the present work, Sobol’ sequence has been
used for generating the input sample set as it exhibits
better convergence than either Faure or Halton se-
quences (Galanti and Jung (1997)).

The zeroth order term fo in the RS-HDMR expres-
sion can be calculated by the average value of all f(X)
in a set of samples. The determination of the higher
order component functions involve high-dimensional
integrals that may be approximately calculated by
Monte Carlo (MC) integration. Because the direct de-
termination of high-order RS-HDMR component func-
tions by Monte Carlo integration is prohibitively

expensive, analytical basis functions, such as orthonor-
mal polynomials, cubic B spline functions, and polyno-
mials can be employed to approximate RS-HDMR
component functions. With such approximations, only
one set of random samples is needed to determine all
RS-HDMR component functions making the sampling
effort quite reasonable. Approximation using orthonor-
mal polynomials provides the best accuracy among the
different analytical basis functions (Li et al. (2002a)).
Thus the first and second order component functions
are expressed in the following form:

f i xið Þ≈
Xk

r¼1

αi
rφr xið Þ f i j xi; x j

� �
≈
Xl

p¼1

Xl0

q¼1

βi j
pqφp xið Þφq x j

� �

ð5Þ
where k,l,l’ represent the order of the polynomial ex-
pansion, αr

i and βpq
ij are the constant coefficients which

are determined by a minimization process and MC

Fig. 2 Flowchart for proposed optimization of FRP composite bridge
deck algorithm
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integration. For a sample set X(s)=(x1
(s), x2

(s),…,xn
(s)), s=1,

2,....,N these constant coefficients are evaluated as:

αi
r≈

1

N

XN
S¼1

f X sð Þ
� �

φr xi
sð Þ

� �
;βi j

pq≈
1

N

XN
S¼1

f X sð Þ
� �

φp xi
sð Þ

� �
φq x j

sð Þ
� �

ð6Þ
φr(xi),φp(xi) and φq(xj) are the orthonormal basis func-
tions. An orthonormal basis function φk(x) has the follow-
ing properties in a domain [a,b]

Zb

a

φk xð Þdx ¼ 0 k ¼ 1; 2;… i:e: zero meanð Þ

Zb

a

φ2
k xð Þdx ¼ 1 k ¼ 1; 2;… i:e: unit normð Þ

Zb

a

φk xð Þφl xð Þdx ¼ 0 k≠l i:e: mutually orthogonalð Þ

ð7Þ

From the above conditions, the orthonormal polynomials
can be readily constructed in the domain [0, 1] as:

φ1 xð Þ ¼
ffiffiffi
3

p
2x−1ð Þ

φ2 xð Þ ¼ 6
ffiffiffi
5

p
ðx2−xþ 1

6
Þ

φ3 xð Þ ¼ 20
ffiffiffi
7

p
ðx3− 3

2
x2 þ 3

5
x−

1

20
Þ

⋮

ð8Þ

Thus the final equation of RS-HDMR up to second order
component functions takes the following form:

f Xð Þ ¼ f o þ
Xn

i¼1

Xk

r¼1

αi
rφr xið Þ

þ
X

1≤ i≤ j≤n

Xl

p¼1

Xl0

q¼1

βi j
pqφp xið Þφq x j

� � ð9Þ

The error of the MC integration for calculating the expan-
sion coefficients α and β controls the accuracy of the RS-
HDMR expansion. Variance reduction methods can be ap-
plied to improve the accuracy of the MC integration without
increasing the sample size. Correlation method (Li et al.
(2003)) and ratio control variate method (Li and Rabitz
(2006)) have been successfully applied for this purpose. In both
cases the determination of the expansion coefficients is an iter-
ative process and requires an analytical reference function h(X)
which has to be similar to f(X). A truncated RS-HDMR expan-
sion can be used as a reference function by calculating its ex-
pansion coefficients using direct MC integration.

As the HDMR component functions are independent, the
order of the polynomial approximation can be chosen sepa-
rately for each component function to improve the accuracy of
the final meta-model. For highly nonlinear input–output rela-
tionship, higher-order polynomials may be used. But unnec-
essary use of higher order polynomials may lead to poor ap-

Table 3 Design bridge deck
configurations Case Length (m) Width (m) Depth (mm) Skew angle (Degree) Number

of webs
Number of
configurations

1 2.5 1 150 0 5, 7, 11 12
175 0 5, 7, 11

200 0 5, 7, 11

225 0 5, 7, 11

2 2 1 150 0 5, 7, 11 36
30 5, 7, 11

45 5, 7, 11

175 0 5, 7, 11

30 5, 7, 11

45 5, 7, 11

200 0 5, 7, 11

30 5, 7, 11

45 5, 7, 11

225 0 5, 7, 11

30 5, 7, 11

45 5, 7, 11

3 1.5 1 150 0 5, 7, 11 12
175 0 5, 7, 11

200 0 5, 7, 11

225 0 5, 7, 11
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proximation, especially if a small sample size N is used to
form the meta-model. The reason behind this is, higher order
polynomials have more number of terms than lower-order
polynomials, and each term has its own MC integration error.
If the input–output relationship of a component function is
only linear, then it is sufficient to use first-order polynomial
only. Sometimes if the contribution of a certain RS-HDMR
component function to the overall function value is close to
zero, then it can be excluded from the RS-HDMR expansion
function completely. A computationally efficient optimization
technique based on least square method has been developed to
choose the best polynomial order for each of the component
functions (Ziehn and Tomlin (2008b)). The idea behind this
optimization technique is to calculate the sum of the square
errors using the results of the full model runs of sample size N
and the approximation of the component functions by either
first, second or third-order polynomials or excluding the com-
ponent function. The best approximation order for the corre-
sponding component function is indicated by the smallest sum
of square error. Further, a threshold has also been introduced
(Ziehn and Tomlin (2008a)) to exclude unimportant terms
from the RS-HDMR expansion for the systems having high
number of input parameters.

The RS-HDMR model constructed should be checked for
the R2 (coefficient of determination) value, which should be
close to 1.

R2 ¼ SSR
SST

¼ 1−
SSE
SST

0 ≤R2≤ 1
� � ð10Þ

Where, SST= SSE+ SSR is the total sum of square, SSR and
SSE are regression sum of squares and residual sum of squares
respectively. The quality of the surrogate model obtained
using RS–HDMR can also be determined by Relative Error
(RE), computed as follows

RE %ð Þ ¼ F−F 0j j
F

� 100 ð11Þ

where F is the actual response and F’ is the approximated
response using HDMR. It is stated by how many of the tested
samples (in percentage) are within a range of 1, 5 and 10 % of
the relative error. Further, two graphical plots can also be
obtained, a scatter plot showing the relationship between the

original model and the HDMR meta-model and a comparison
of the empirical probability distribution functions (pdf) for
both, the original model and the HDMR meta-model. These
plots are very useful in judging the quality of the constructed
meta-model.

3.2 Genetic algorithm coupled with an unconstrained
multivariable minimization function

Charles Darwin first stated the process of natural selection and
evaluation. This philosophy of survival of the fittest facilitates
to solve numerical optimization problems, where natural eval-
uation and adaptation to environmental variation is simulated
mathematically by using genetic algorithm (GA). This robust
algorithm works based on an iterative procedure consisting of
a constant-sized population of individuals, usually encoded as
binary strings (chromosomes), representing candidate solu-
tions in a given search space comprising of all the possible
solutions to the optimization problem (Goldberg (1989); Deb
(2001)). The initial population of individuals is generated ran-
domly. It is then encouraged to evolve over generations to
produce new better or fitter generations using genetic opera-
tors until the problem is satisfactorily solved. An elitist selec-
tion scheme is used to obtain the new generation taking or-
ganisms from the current population and from the children
population just created. This process is repeated until the con-
vergence criterion is met. The three fundamental genetic op-
erators are selection (this is according to the fitness of individ-
ual solutions so that the number of times an individual is
selected is dependent on its relative performance in the

Table 4 Elastic
properties (compressive)
(Aref and Alampalli
(2001))

Composite laminate elastic properties of
FRP glass/vinlyester (QM6408)

EL 23 GPa

ET 18 GPa

GLT 9 GPa

νLT 0.25

Density 1826 kg/m3

Table 5 Ultimate
strength properties
(compressive) (Aref and
Alampalli (2001))

Composite laminate elastic properties of
FRP glass/vinlyester (QM6408)

σLU 483 MPa

σ’LU 427 MPa

σTU 331 MPa

σ’TU 324 MPa

σLTU 179 MPa

Fig. 3 Convergence study for mesh divisions
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population.) crossover (this is performed to form new individ-
uals by exchanging chromosome between two selected indi-
viduals segments) and mutation (this prevents premature con-
vergence by randomly changing part of one selected individ-
ual’s chromosome). Some of the applications related to GA in
the area of structural engineering can be found in Roy and
Chakraborty (2009), António (2009) and Woon et al. (2001).

An unconstrained multivariable minimization function has
been coupled with genetic algorithm in this study in order to
improve the value of the fitness function. Genetic algorithm
searches the results globally first and after the GA terminates a
local search is employed with the end results of GA as its initial
point to search for the local minimum using the unconstrained
multivariable minimization function fminunc in Matlab Version
8.2.0.701 (R2013b) (2013) (Fletcher (1980); Wu et al. (2014)).

3.3 Detailed optimization algorithm for FRP bridge deck

Optimization of a practical FRP bridge deck problem includes
many continuous discrete variables, discontinuous and non-
convex design spaces. Optimization can be performed for ge-
ometry as well as material property. The proposed method can
be applied to all types of optimization. Different structural
components of FRP bridge deck like thicknesses of top plate
(tt), bottom plate (tb), web core (tw), length (L) and depth (d) of
bridge deck, number of webs have been considered for opti-
mization in the present study subjected to the constraints as
discussed in section 2.2. A flowchart of the proposed optimi-
zation algorithm is provided in Fig. 2. The steps that have
been followed for the optimization process are summarized
below:

Step 1: Design variables, objective function and optimiza-
tion constraints are identified first. In the present
study thicknesses of top plate, bottom plate and
web core have been optimized for different combi-
nations of length, depth and number of webs to ob-
tain the minimum volume of FRP bridge deck.

Step 2: Finite element model of FRP bridge and ultimately
Python script has been developed using graphical
user interface (GUI) of ABAQUS CAE 6.8 (2008)
in the next step. Then Python script has been param-
eterized to obtain the responses (optimization

constraints) of a FRP bridge deck corresponding to
different set of top plate thickness, bottom plate
thickness, and web core thickness, length of bridge
deck and overall depth of bridge deck. Thus the
modified Python script is capable of performing
multiple runs taking different set of input values (de-
sign points) of the abovementioned structural design
parameters.

Step 3: In this step the governing constraining criteria are
identified for the optimization problem and then
RS-HDMR model is formed for the chosen criteria
(response) of the FRP composite bridge deck in
terms of top plate thickness, bottom plate thickness
and web core thickness by using the modified Py-
thon script obtained in the previous step.

Step 4: Once the RS-HDMRmodels corresponding to a par-
ticular structural combination (length, depth of
bridge deck and number of webs) for the chosen
constraining criteria are constructed, the final step
is to perform the constrained optimization. Thus
overall optimization problem for each set of length,
depth and number of webs combination, considered
in this study can be described as follows:

min
tt ;tb;tw

V tt; tb; twð Þ; such that

δ tt; tb; twð Þ≤δa
f tt; tb; twð Þ≤ f a
N tt; tb; twð Þ≤Ncr

FOS tt; tb; twð Þ≥1
lb≤ tt; tb; tw≤ub

ð12Þ

Here δ, f, N represents the maximum deflection, stresses,
and buckling load respectively. Subscripts ‘a’ and ‘cr’ denote
the allowable and critical values of these parameters. FOS
represents the factor of safety value considering different fail-
ure criteria (Tsai-Hill, Tsai-Wu, Azzi-Tsai-Hill and Maximum
stress Theory). lb and ub represent respective lower
bound and upper bound of top plate, bottom plate and
web core thickness.

For solving the optimization problem described in
(12), GA coupled with an unconstrained multivariable
minimization function has been employed in this study.
Here fitness function is the expression of volume in
terms of top plate thickness, bottom plate thickness

Table 6 Validation of model with Aref et al. (2001)

Dimensions (mxm) Skew angle Deflection(mm)

Central Maximum

Present model Aref et al. (2001) Present model Aref et al. (2001)

7.807×10.072 0 8.9253 8.504 9.7796 9.447

30 5.8762 5.637 7.800 7.228
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and web core thickness. Initial values of different design
variables to commence the optimization process are de-
cided based on deflection criterion considering equal
thickness for top plate, bottom plate and webs. The
population size has been decided based on a conver-
gence study of the value of the fitness function. A sto-
chastic uniform selection criterion has been adopted for
choosing parents to create the next generations. Two
fittest individuals have been guaranteed to survive for
the next generation after each iteration following the

Table 9 Convergence study for coefficient of determination (R2) and
the relative error (RE) of a typical 2.5 m normal bridge deck having 7
number of webs and 200 mm depth

Sample size R2 RE (1 %) RE (5 %) RE (10 %)

32 70.23 % 71.21 % 79.32 % 86.54 %

64 99.27 % 94.06 % 100 % 100 %

128 99.34 % 95.20 % 100 % 100 %

Table 8 Optimized configuration of FRP bridge deck having dimensions 2 m x 1 m (skew configuration)

Numbers of webs Depth (mm) Skew angle (degree) Optimized Configuration (mm) Volume (m3)

Web thickness Top plate thickness Bottom plate thickness

5 150 0 15 11.88 13.29 0.206

30 13.56 10.28 9.89 0.161

45 9.9 8.3 6.98 0.103

175 0 11.89 11 11 0.178

30 13.20 10.10 9.81 0.126

45 10.54 6.25 5.89 0.094

200 0 11.41 8.14 8.52 0.150

30 11 7.60 7.61 0.116

45 8.23 5.88 5.12 0.083

225 0 9.82 7.65 7.22 0.138

30 10.76 6 6.12 0.116

45 7.53 5.09 4.33 0.076

7 150 0 15 13.52 14.23 0.205

30 15.2 11.8 11.71 0.161

45 12.1 8.2 8.23 0.102

175 0 13.38 11.85 11 0.179

30 13.16 10.11 9.82 0.145

45 10.6 7.1 6.8 0.092

200 0 10.82 11.19 9 0.160

30 11.4 9.23 8.23 0.132

45 9.15 6.3 6.2 0.087

225 0 11 8.75 7 0.140

30 11.37 9.20 8.27 0.118

45 8.25 6.1 5.31 0.077

11 150 0 14.25 11 12.20 0.203

30 13.32 10.11 9.7 0.160

45 9.21 7.31 6.6 0.101

175 0 11.19 10 10 0.179

30 11.5 8.4 7.9 0.146

45 9.24 5.6 5.15 0.092

200 0 10.21 8.95 9.11 0.170

30 9.12 7.87 7.64 0.136

45 7.15 5.34 5.20 0.087

225 0 8.47 7.33 7.42 0.146

30 8.44 6.12 6.33 0.122

45 6.79 4.11 4.41 0.080
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elitist selection scheme. An adaptive mutation strategy
has been employed that can randomly generate direc-
tions which are adaptive with respect to the last suc-
cessful or unsuccessful generation. The direction and
step length are chosen to satisfy the bounds and con-
straints of the optimization problem in this algorithm.
The crossover operation is applied by generating a ran-
dom number to define the crossover point with an aim
to create new better organisms (children) in the repro-
duction process by combining genetic information taken
from a pair of organisms (parents) selected from the
current population (Almeida and Awruch (2009)) in this
study. Global solution is obtained using GA following
the above specifications. A local search function is then
employed with the end results of GA as its initial point
to search for the local minimum in order to improve the
solution further.

4 Design problem of FRP web core bridge deck

The web core bridge decks considered in this study are made
up of FRP composite layers. The bridge deck panel systems
consist of unidirectional web core between two face sheets.
Normal as well as skew bridge deck configurations have been
considered in this study. In case of normal configuration, three
sets of deck panels have been considered for the present in-
vestigation having span of length 2.5, 2 and 1.5 m while the
width is taken as 1 m for all three panels. In case of skew
configuration, the length and width of the bridge deck

considered are 2 and 1 m respectively having three different
skew angles (0, 30 and 45 degree). Such composite decks can
be used for constituting deck panels of a long span bridge as
well as for short span bridges/culverts itself. The depth of web
core has been varied as per the practical application. Different
depths considered in this study are 150, 175, 200 and 225 mm
for each set of deck panels. The numbers of webs taken into
consideration are 5, 7 and 11 respectively (Table 3). The face
plates contain three layers (0/90/0) and the webs contain two
layers (45 / −45°) of laminated composite sheets with various
overall thicknesses to be optimised.

A symmetric laminate configuration with respect to mid-
plane of the bridge deck section has been considered in this
study to avoid the bending-extension coupling (He and Aref
(2003). Since the web core in the FRP sandwich deck is pro-
vided for transferring shear stresses and to resist local buck-
ling, it is quite reasonable to assume the webs to have only 45°
fiber orientation angle. The thickness of each layer has been
considered to be same for the two face plates (consisting of
three layers each) and the webs (consisting of two layers each)
following standard manufacturing practice. The material
properties and geometric properties such as ply orientation
angle and number of layers for the present bridge deck
problem have been considered based on the work by He and
Aref (2003) and Aref et al. (2005), who carried out parametric
studies using iterative schemes to arrive at the optimum num-
ber of layers and their orientations for FRP bridge deck panels.
Therefore, the results obtained in the aforementioned two ar-
ticles have been assumed regarding number of layers and ply
orientations for the present problem to study the effect of other
remaining parameters for reducing the computational efforts.

Fig. 4 a Typical scatter plot representing the original model vs. RS-
HDMR model responses showing its capability of predicting outputs
(deflection) b Typical probability distribution function plot for the

responses (deflection) of original model and meta-model in case of the
2.5 m normal bridge deck having 7 webs
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The main emphasis in this article has been laid to establish the
proposed optimum design methodology based on RS-HDMR

algorithm, which is capable of handling any number of design
variables quite efficiently. However, it should be noted that the

Fig. 5 Design curve for web plate thickness and top/bottom plate thickness with varying depth, skew angle and number of webs for a typical 2 m long
skew bridge deck
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computational effort will be proportionately higher with the
increase in number of design variables. The material proper-
ties of FRP Composites (Aref et al. (2001), Aref and
Alampalli (2001)) used in the present problem are shown in
Tables 4 and 5. In the present study, two opposite edges are
considered as simply supported and other two edges are free
(Fig. 1). The bridge deck is accommodated with a patch load
of IRC 70R track vehicle loading as per IRC: 6 (2000) with
impact effect of 25 % in addition to the self-weight. The struc-
tural system is subjected to a patch load of 0.11 N/mm2.

5 Detailed finite element modelling and validation

A parametric model has been developed by Python scripting
language using Graphical User Interface (GUI) of ABAQUS.
The structural components of bridge deck system are top face
sheet, bottom face sheet, web core and patch area. The parts of
the bridge deck have been modeled using conventional shell
elements (i.e., S4R: Conventional Stress/Displacement 3D
Shell, 4-node, Reduced Integration) having three displace-
ments and three rotational degrees of freedom at each node.

The shape of the shell elements are considered to be quad-
rilateral having linear element geometry. In mesh module, the
top and bottom face plates are meshed by 70 by 70 divisions
and the rib core is meshed with a global seed size of 70 mm.
The mesh sizes have been finalized using convergent studies

of mesh division as shown in Fig. 3. In the convergence study,
the mesh divisions are varied unless the response gets saturat-
ed. The interaction between the common nodes of the individ-
ual components is defined by using tie elements and the anal-
ysis is done by general static loading option. The reason be-
hind the usage of conventional tie members is to avoid the slip
between two adjacent surfaces. The loading of 70R tracked
vehicle as per IRC: 6 (2000) has been considered with the
effect of impact along with the self weight. The created model
has been further validated with different bridge cases having
same properties as specified by Aref et al. (2001). The valida-
tions of the results are shown in the Table 6 for normal and 30°
skew bridge. The python script generated in GUI environment
of ABAQUS has been modified to make the parametric
model.

6 Results and discussion

6.1 Optimization

The different structural components considered for optimiza-
tion are top plate thickness, bottom plate thickness and web
plate thickness for several configurations of the FRP bridge
deck having various length, depth and number of webs.

Optimization results for different normal configurations of
bridge deck obtained using the present method has been

Fig. 6 Variation of optimized volume with depth for different configurations of FRP bridge deck having 2 m length

Table 10 Structural analysis
results for 2 m bridge deck Description Design limits Results of analysis Factor of safety

Stress in fiber direction (MPa) 427 12.15 35.13

Stress in transverse direction (MPa) 324 10.62 30.51

In-plane shear stress (MPa) 179 10.25 17.47

Tsai-Hill failure criteria <1.0 0.08 12.92

Tsai-Wu failure criteria <1.0 0.09 11.56

Azzi-Tsai-hill failure <1.0 0.08 12.92

Maximum stress theory failure <1.0 0.06 13.34

Buckling strength (N/sq. mm) 4.71 0.11 42.82

Maximum deflection of depth (L/800, mm) 2.5 2.49 1
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compared with the results using GBM, which was followed in
Dey et al. (2013).Optimization results obtained using the pres-
ent methodology are found to be in good agreement with the
results of GBM (Table 7). For skew configurations of the
bridge deck new results have been presented using the pro-
posed method (Table 8). It is worthwhile to mention here that
the number of numerical simulations needed for a typical
GBM based optimization of FRP bridge can be expressed as
N=nk, Where N is the total number of trials, k is the number of
optimization variables and n is the total numbers of terms
considered for optimization from the mean value. In most of
the cases, optimization in primary level was carried out con-
sidering k=3 and n=5, whereas further optimization in second
level was performed considering k=3 and n=7 in Dey et al.
(2013). Though the value for n may vary for second level
optimization process depending on the gradient pattern of

the primary optimization plot, the number of FE simulations
needed in case of GBM for a typical case stated above is 468,
whereas the number of FE simulations needed according to
the present optimization methodology in this study is only 64
(i.e., the number of samples needed for constructing the RS-
HDMR model). The prediction capability of the constructed
RS-HDMR models have been checked following different
criteria as mentioned in section 3.1 and they have been found
out to be satisfactory. A convergence study is presented show-
ing the coefficient of determination (R2) and the relative error
(RE) values for different sample sizes in Table 9. A typical
scatter plot and a pdf plot for the 2.5 m normal bridge deck
having 7 number of webs and 200mmdepth have been shown
in Fig. 4. The low scatterness of the points around the diagonal
line in Fig. 4a and the low deviation between the pdf estima-
tions of original and RS-HDMR responses in Fig. 4b corrob-
orates that RS-HDMR metamodels are formed with desired
level of accuracy.

The results of the present method have been considered for
drawing design curves of various structural components for
different configurations. For the skew bridge deck configura-
tions having length of 2 m, web plate thickness and top/
bottom plate thickness to be provided for various depths and
skew angles having different number of webs are shown in
Fig. 5. Due to the identical configuration of top and bottom
plates having symmetrical ply orientation, the effect of the
thickness of either of these components is interchangeable.
Therefore, the design curves in Fig. 5 have been drawn con-
sidering equal and average thickness of the top and bottom
plates. Typical variation of optimized volume for different
configurations of FRP bridge deck having 2 m length with
overall depth has been presented in Fig. 6. From design curves
(Figs. 5 and 6), a general tendency is evident that, as the
overall depth increases, web as well as face plate thickness
decreases resulting decrease in the total volume of the FRP

Fig. 8 Typical sensitivity analysis plot of web thickness, top/bottom
plate thickness and overall depth for maximum deflection of a 2.5 m
long FRP bridge deck having 5 numbers of web

(a)

(c) (d)

(b)

Fig. 7 Typical deflection, stress, buckling mode shape and failure contours for a 2 m long bridge deck
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bridge deck. From Fig. 6, critical values of overall depth can
be identified for all three skew angles, below which 11 web
configurations produce least volume and above which five
web configurations produce least volume. Such design curves
presented in Figs. 5 and 6 will provide a clear guideline to the
designer in deciding the geometrical dimensions of different
components of FRP bridge deck having different length for
lightweight design.

After optimization of various design parameters, several
analyses have been performed considering the optimized di-
mensions of the bridge deck to check the safety against differ-
ent criteria such as allowable stress, buckling and various fail-
ure criteria (Tsai-Hill, Tsai-Wu, Azzi-Tsai-Hill and Maximum
stress Theory).

Factor of safety values corresponding to different failure
criteria have been calculated for different optimized configu-
rations of the bridge deck. Factor of safety against deflection
has been noticed to be minimum for all configurations of
bridge deck. Thus for the present study, deflection of the
FRP bridge deck is the governing criterion. This is expected
as the FRP materials have generally a low value of elastic
modulus as compared to many conventional materials. Factor
of safety values for a typical 2 m normal FRP bridge deck
configuration are presented in Table 10. Typical deflection
profile and the stress contours under general static load obtain-
ed in this analysis are shown in Fig. 7a and b respectively. A
typical buckling mode shape for the optimized bridge deck
system is also shown in Fig. 7c for the applied load. The result

Fig. 9 Effect of variations in design parameters towards the global deflection, stress and buckling behaviour for a typical 2.5 m long FRP bridge deck
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of a typical failure analysis carried out on the optimized con-
figuration is presented in Fig. 7d.

6.2 Sensitivity analysis

Sensitivity analysis has been carried out for different config-
urations of FRP bridge deck having different span lengths to
study the effect of variations in web thickness, face plate
thickness and overall depth towards the deflection, in-plane
normal stress and buckling behaviour of the bridge deck.

Figure 8 shows the effect of variation in web thickness, top/
bottom plate thickness and overall depth within a range of
±40 % of the optimized configuration of a typical 2.5 m long
FRP bridge deck towards its maximum deflection. This figure
clearly indicates that overall depth is more sensitive towards
maximum deflection than the other two parameters. Another
plot of sensitivity analysis for deflection having different num-
ber of webs with the variation of web thickness, face plate
thickness and overall depth have been shown in Fig. 9a-c,
which reveals that as the overall depth, web thickness and face
plate thickness increase, the deflection of the bridge deck has a
general tendency to decrease. However, considering the
ranges of variation in deflection for same percentage change
in the three design parameters, it can be concluded that overall
depth is more sensitive towards global deflection than the
other two parameters. Figure 9d-f show the sensitivity of dif-
ferent structural components towards maximum stress.

These figures interpret that, stress has a similar tendency as
deflection to decrease with the increase in overall depth and
web as well as face plate thickness, overall depth being the
most sensitive parameter. Figure 9g-i show the sensitivity of
different structural components towards buckling load. These
figures reveal that the buckling load increases with the in-
crease in overall depth as well as web/face plate thickness.
Figure 9g-i clearly reveal that capacity against buckling load
increases with the increase in number of webs. These collec-
tive sensitivity plots presented in Fig. 9 provide a complete
idea regarding the contribution of various structural compo-
nents towards different aspects of design considerations.

6.3 Summary of results

It is observed that the lightweight design of FRP bridge decks
is governed by deflection criteria. Optimum number of webs
is found to be related with overall depth in minimizing the
volume of the bridge deck. A critical value of overall depth
can be identified, belowwhich lesser number of webs produce
minimum volume and above which higher number of webs
produce minimum volume of the FRP bridge deck. For prac-
tical purpose to decide the optimum number of webs in order
to achieve least volume of the bridge deck, such study is very
helpful. Overall depth of the bridge deck is found to be the
most sensitive factor in minimizing the volume of FRP bridge

deck. As the overall depth of the bridge deck is increased, the
required thickness of web and face plate decrease, which re-
sults in subsequent reduction of total volume of the FRP
bridge deck. Though the objective of the present study is to
minimize weight of the bridge deck and that can be achieved
by increasing the overall depth, it is not pragmatic to increase
overall depth beyond a certain limit depending on various
practical design considerations. Thus optimum overall depth
of FRP web core bridge deck can be decided using the design
curves furnished in this article and based on practical design
and aesthetic aspects. In the present study, results have been
obtained for overall depth ranging between 150 mm to
225 mm.

7 Conclusion

In this article a novel efficient optimization algorithm based
on RS-HDMR and GA coupled with a local unconstrained
multivariable minimization function has been proposed for
optimum design of FRP bridge decks using different normal
as well as skew configurations. These composite decks can be
used for constituting deck panels of a long span bridge as well
as for short span bridges/culverts. In the proposed approach, a
global optimization is carried out first using GA and then the
end results of GA are further improved following a local min-
imization algorithm. Top/ bottom plate thickness, web thick-
ness and number of webs for various dimensions and skew
angles of the panel have been optimized under critical design
constraints to achieve minimum weight of the composite
structure. Prime novelty of the present study lies in introduc-
ing RS-HDMR approach for optimization of FRP bridge
decks to achieve high level of computational efficiency with-
out compromising the accuracy of results compared to tradi-
tional optimization solutions like GBM. Application of such
surrogate-modelling technique in the present context elimi-
nates the need of running computationally expensive finite
element simulations repetitively for obtaining desired outputs.
Actual number of FE analysis required in the present approach
is found to be only 64, which is seven times lesser than that
required in GBM. The optimization results, design curves and
sensitivity analysis plots for different configurations of FRP
bridge deck obtained in this study are the first known results of
the type of analysis carried out here and these results could
serve as reference for future investigators in this field. The
optimization algorithm proposed in this paper can be extended
to more complex configurations of FRP bridge decks as well
as for optimizing material properties in addition to geometry
in future. Furthermore the novel optimization methodology
based on hybrid genetic algorithm coupled with RS-HDMR
can be applied to many other fields of science and engineering
involving optimization problems with high dimensional sys-
tems using the knowledge shared in this article.
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