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Free-Vibration Analysis of Sandwich Panels with
Randomly Irregular Honeycomb Core
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Abstract: An analytical framework has been proposed to analyze the effect of random structural irregularity in honeycomb core for
natural frequencies of sandwich panels. Closed-form formulas have been developed for the out-of-plane shear moduli of spatially irregular
honeycombs following minimum potential energy theorem and minimum complementary energy theorem. Subsequently an analytical
approach has been presented for free-vibration analysis of honeycomb core sandwich panels to quantify the effect of such irregularity follow-
ing a probabilistic paradigm. Representative results have been furnished for natural frequencies corresponding to low vibration modes of a
sandwich panel with high length-to-width ratio. The results suggest that spatially random irregularities in honeycomb core have considerable
effect on the natural frequencies of sandwich panels. DOI: 10.1061/(ASCE)EM.1943-7889.0001153. © 2016 American Society of Civil
Engineers.
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Introduction

An energy-based approach has been proposed for free-vibration
analysis of sandwich panels with random geometric irregularity in
the honeycomb core. Honeycomb sandwich panels are commonly
used in various applications of civil, aerospace, and mechanical
structures because of their high strength-to-weight ratios, desirable
acoustic properties, and many other tailorable application-specific
advantages (Zenkert 1995). Application of such sandwich panels as
different structural components of aircraft is becoming increasingly
popular from the basic need of aerospace industry for lightweight
design that is capable of meeting the requirement of high structural
rigidity. Lightweight bridge decks with sandwich panels are an ac-
tive area of research in the bridge engineering research community.
Over the last two decades, literature concerning vibration analysis
of sandwich panels has been published following both finite-
element (Chakrabarti and Sheikh 2004; Chalak et al. 2012; Long
et al. 2012) and analytical approaches (Yongqiang and Zhiqiang
2008; Yu and Cleghorn 2005; Rao et al. 2004; Lee et al. 2007).
Many review articles on this topic provide in-depth knowledge for
deterministic analysis of such structures (Noor et al. 1996; Sayyad
and Ghugal 2015). Scarpa and Tomlinson (2000) have presented
free-vibration analysis of sandwich plates with auxetic honeycombs.
The closed-form formulas provided by Gibson and Ashby (1999) to
calculate effective elastic moduli of the honeycomb core without
irregularity are found to be widely used in literature for free-
vibration analysis of sandwich panels. However, spatial irregularity
in the honeycomb core may occur due to uncertainty associated
with manufacturing, uncertain distribution of intrinsic material pro-
perties, structural defects, variation in temperature, prestressing,

and microstructural variability. It is imperative to consider the in-
fluence of such irregularities on global responses of the sandwich
panel for performing a robust analysis. Although expressions for
in-plane elastic moduli of irregular honeycombs have been recently
derived (Mukhopadhyay and Adhikari 2016a, b), Out-of-plane
elastic moduli of irregular honeycombs are required for bending
and frequency analysis of sandwich panels with irregular cores.

Most of the investigations carried out so far concerning the
analysis of sandwich panels are deterministic in nature and do not
provide the necessary insight on the behavior of different structural
responses generated from inherent statistical variations of stochas-
tic material and geometric parameters. The state of available liter-
ature for vibration studies of sandwich structures with stochastic
input parameters is very scarce. Stochastic finite-element analysis
for deflection and free vibration response of soft-core sandwich
plates with random material properties has been reported (Pandit
et al. 2009, 2010). Stochastic free-vibration analysis and probabi-
listic failure analysis of laminated sandwich panels using Monte
Carlo simulation coupled with finite-element modeling have been
carried out recently (Dey et al. 2016; Kumar et al. 2015). The pre-
dominant approaches in these studies are to follow the expensive
finite-element simulation using a perturbation-based method or
Monte Carlo simulation that requires thousands of finite-element
model evaluations. Existing investigations are mostly performed
assuming a random variable-based approach, which neglects spatial
irregularity of the honeycomb core. Such uncertainty modeling is
rather unrealistic and often leads to poor quantification of the stat-
istical variabilities associated with a structural system. The prime
reason behind the neglect of spatial variability in the honeycomb
core in stochastic analysis of sandwich structures is the computa-
tional cost associated with finite-element modeling. The simulation
of randomly irregular honeycomb core geometry gives rise to the
additional difficulty of creating a new finite-element mesh for each
Monte Carlo sample. An analytical approach to avoid this would be
a major computational convenience. Derivation of analytical ex-
pressions for global responses of sandwich panels with irregular
honeycomb core requires closed-form formulas for equivalent elas-
tic moduli of the cores. However, there is no analytical formula
available in the literature to evaluate equivalent out-of-plane elastic
properties of irregular honeycombs.
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This article proposes an efficient analytical framework leading
to closed-form formulas for predicting equivalent elastic moduli of
irregular honeycombs having spatially random variations in cell
angles. Analytical formulations have subsequently been developed
for natural frequencies of sandwich panels in conjunction with the
proposed closed-form formulas for effective elastic moduli of
irregular honeycomb cores (Fig. 1). To the best of authors’
knowledge, this is the first such attempt for developing analytical
formulas for free-vibration analysis of sandwich panels with
randomly irregular honeycomb cores.

Analytical Formulation

Natural Frequencies

In this study a sandwich panel with a very high length-to-width
ratio with uniform support along the two opposite long edges has
been considered. For such ratios causing cylindrical bending,
sandwich panel deformation may be considered independent of
the length coordinate. Natural frequencies of such a panel with
width a and core height h can be expressed as (Whitney 1987)

ωm ¼ m2π2

a2

ffiffiffiffiffi
D
ρh

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − Sm2π2

1þ Sm2π2

s
; m ¼ 1; 2; 3; : : : ð1Þ

where m = mode number of vibration; S ¼ D=G13ha2 and D =
contribution to sandwich bending stiffness from the face plates;
and ρ = mass density.

From Eq. (1), it is evident that the natural frequency of the sand-
wich panel depends on the shear modulus G13 of the honeycomb
core. Because this out-of-plane shear modulus is needed in the
considered problem, closed-form formulas for G13 of irregular
honeycombs are derived in the following paragraph. However,
G23 can be derived following a similar analogy. In this work,
Gibson and Ashby’s (1999) approach for regular honeycombs
has been extended to the case of irregular honeycombs.

Energy Theorems for Random Systems

For deriving the expression for G13 of irregular honeycombs, mini-
mum potential energy theorem and minimum complementary en-
ergy theorem are used. These give the upper bound and the lower
bound of G13, respectively. The term energy refers to strain energy
in this article. It is assumed that the shear stresses are uniform
within the cell walls. A uniform shear strain γ13 caused by shear
stress τ13 acting in the 1–2 plane is considered (Fig. 2). Direction 3

is perpendicular to the 1–2 plane. For irregular honeycombs, unlike
regular honeycombs, all cell walls contribute in the analysis of out-
of-plane shear moduli. According to the minimum potential energy
theorem, the strain energy calculated from any postulated set of
displacements which are compatible with the external boundary
conditions and with themselves will be a minimum for the exact
displacement distribution. Thus, for the irregular honeycomb as
shown in Fig. 2

1

2
G13ν213V ≤ 1

2

X
i

Gsν2i Vi ð2Þ

where Gs = shear modulus of the cell wall material; Vð¼ LBdÞ
and Við¼ litdÞ = total volume and volume of the ith cell wall,
respectively; li, t, and d = length of ith cell wall, thickness of cell
wall, and depth of honeycomb core, respectively; νi and ν13 =
strain in the ith cell wall and global strain, respectively; and L
and B = overall length and width of the entire irregular honey-
comb, respectively.

From the concept of basic mechanics, it is evident that
νi ¼ ν13 cos θi, where θi = inclination angle of the ith cell wall with
Direction 1. Thus, from Eq. (2), the upper bound of G13 can be
obtained as

G13

Gs
≤ t
LB

X
i

licos2θi ð3Þ

The lower bound of G13 is obtained using minimum comple-
mentary energy theorem, which states that among the stress dis-
tributions that satisfy equilibrium at each point and that are in
equilibrium with the external loads, the strain energy is a minimum

Fig. 1. (a) Sandwich panel; (b) components of honeycomb core sandwich panels; (c) regular honeycomb configuration; (d) irregular honeycomb with
structural irregularity

Fig. 2. (a) Spatially irregular honeycomb configuration; (b) unit cell of
a regular honeycomb with cell angle θ
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for the exact stress distribution. By expressing this statement as an
inequality, for the shear in Direction 1

1

2

τ 213
G13

V ≤ 1

2

X
i

τ2i
Gs

Vi ð4Þ

From the condition of force equilibrium

τ13LB ¼
X
i

τ itli cos θi ð5Þ

From Eqs. (4) and (5) the following inequality can be obtained

1

G13

�
1

LB

X
i

τ itli cos θi

�
2

LBd ≤ X
i

τ2i
Gs

litd ð6Þ

Replacing τ i ¼ Gsνi ¼ Gsν13 cos θi, the Eq. (6) becomes

t
G13LB

�X
i
Gsν13cos2θili

�
2 ≤ X

i

1

Gs
ðGsν13 cos θiÞ2li ð7Þ

Eq. (7) can be reduced to

t
G13LB

�X
i
cos2θili

�
2 ≤ 1

Gs

X
i

cos2θili ð8Þ

Dividing both side of Eq. (8) by
P

i cos
2θili, the lower bound of

G13 can be obtained as

G13

Gs
≥ t
LB

X
i

licos2θi ð9Þ

The expressions of the lower and the upper bound of G13 for
irregular honeycomb are noticed to be identical from Eqs. (3)
and (9). Thus, the shear modulus G13 of an irregular honeycomb
can be expressed as

G13

Gs
¼ t

LB

X
i

licos2θi ð10Þ

The expression forG13 of an irregular honeycomb reduces to the
formula given by Gibson and Ashby (1999) in the special case of
regular hexagonal honeycomb.

Results and Discussion

Representative results are presented for natural frequencies of a
sandwich panel corresponding to low frequency bending modes
with different degree of structural irregularity in a honeycomb core
following the proposed analytical approach (refer Fig. 3). Random
variation in the cell angles (Δθ) have been considered in this study
following uniform distribution. A typical irregular honeycomb con-
figuration having spatially random variation in cell angles is shown
in Fig. 4. Table 1 presents the results obtained for regular honey-
comb using the formulas developed in the analytical formulation
section for G13, wherein good agreement with Gibson and Ashby’s
(1999) results corroborates validation of the proposed closed-form
formulas.

Fig. 5 presents the effect of spatial irregularity on equivalent
shear modulus of an irregular honeycomb with random distribution
of cell angles with different magnitudes considering a mean cell
angle θ ¼ 30°. The quantityΔθ represents the degree of irregularity
that provides respective bounds as (θþΔθ; θ −Δθ) for spatially
random variation of the cell angles. The results have been obtained

following a probabilistic framework with 10,000 samples for each
degree of randomness.

First three natural frequencies corresponding to bending modes
have been studied. In case of low frequency bending modes it has

Fig. 3. Analytical framework for natural frequency of sandwich panels
with irregular honeycomb cores

Fig. 4. Typical representation of irregularity in structural configuration
of a honeycomb having spatially random variation in cell angles

Table 1. Nondimensional Shear Modulus (G13=Gs) for a Regular
Honeycomb with t=l ¼ 0.08 and h=l ¼ 1 [See Fig. 2(b)]

Cell angle (θ) Gibson and Ashby (1999) Eq. (10)

30° 0.046188 0.046190
45° 0.033137 0.033141

© ASCE 06016008-3 J. Eng. Mech.
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been observed that variation in the nature of the probability distri-
bution of normalized natural frequencies obtained by the ratio
(ωirregular=ωregular) among different modes is very small. In this ar-
ticle, the subscripts irregular and regular indicate theG13 values and
natural frequencies corresponding to irregular and regular honey-
comb respectively. The variation in normalized natural frequencies
due to irregularity in the honeycomb core is shown in Fig. 6. Neg-
ligible variation in the ratio (ωirregular=ωregular) among different low
frequency vibration modes can be explained easily by studying
Eq. (1). Using this equation for the irregular and regular core and
taking the ratio

ωirregular

ωregular
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
G13irregular

G13regular

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
G13regular ×

ha2

Dπ2 þm2

G13irregular ×
ha2

Dπ2 þm2

vuut ð11Þ

In this expression of (ωirregular=ωregular), the sensitivity of m is
found to be very low, as [G13regular × ðha2=Dπ2Þ] and [G13irregular ×
ðha2=Dπ2Þ] are on the order of 103. The probability distribution
of low-frequency bending modes in actual values can be obtained
using this nondimensional plot (Fig. 6) by multiplying the deter-
ministic natural frequency (ωregular) of the corresponding mode.
Therefore, it can be understood that for low-frequency vibration
modes, standard deviation and response bounds for a particular
degree of irregularity increase with the increase in mode number

of vibration depending on the corresponding deterministic natural
frequency. From Figs. 5 and 6, it is evident that the mean and re-
sponse bound for both G13 and natural frequencies increase with
higher degrees of irregularity. Statistical analysis results for the first
three natural frequencies showing relative coefficients of variation
for different degree of irregularities are presented in Fig. 7, where
the relative effect of increasing degrees of irregularity with respect
toΔθ ¼ 1 is shown as a measure of sensitivity for spatial structural
irregularity. Although the mean of the frequencies does not change
very significantly with respect to the irregularity of the honeycomb
core (from Fig. 6—an approximate 1.5% increase for Δθ ¼ 7)—
the relative coefficient of variation shows drastically different
behavior. Fig 7 shows that the value of the relative coefficient of
variation corresponding to Δθ ¼ 3 is 4.2, whereas it increases to a
value of 16 for Δθ ¼ 7. This significant increase in the coefficient
of variation with respect to degree of irregularity in the honeycomb
core demonstrates the importance of incorporating the effect of
such variability in the subsequent design and analysis process.

Using the closed-form analytical formulas for out-of-plane elas-
tic moduli developed in this article along with the in-plane elastic
moduli (Mukhopadhyay and Adhikari 2016a, b) for irregular hon-
eycombs, bending and deflection analysis of sandwich panels with
spatially irregular honeycomb cores can also be carried out by ap-
plying standard expressions for bending and deflection of sandwich
panels. Further, optimum design of sandwich panels considering
stochastic static and dynamic response bounds as constraints can be
easily performed using the proposed formulas. Noteworthy is the
fact that the analytical expressions for global responses of sandwich
panels will provide a major convenience in terms of computational
cost in such analyses. Otherwise, an optimization process involving
uncertainty and reliability analysis requires thousands of expensive
finite-element simulations to be carried out (each with different ran-
dom structural geometry and remeshing of the entire structure).

Conclusion

A closed-form expression for predicting the equivalent out-of-plane
shear moduli of irregular honeycombs is developed based on simul-
taneous employment of the minimum potential energy theorem and

Fig. 5. Nondimensional shear modulus G13 (G13irregular=G13regular) for
an irregular honeycomb; the subscripts “irregular” and “regular” indi-
cate the shear moduli of irregular and regular honeycombs, respectively

Fig. 6. Nondimensional natural frequencies (ωirregular=ωregular) for
an irregular honeycomb; the subscripts “irregular” and “regular” indi-
cate the natural frequencies of irregular and regular honeycombs,
respectively

Fig. 7. Relative coefficient of variation for the first three natural
frequencies corresponding to different degrees of irregularity in the
honeycomb core; the relative coefficient of variation for a particular
degree of irregularity (Δθ) is obtained by dividing the corresponding
coefficient of variation by the coefficient of variation for Δθ ¼ 1,
where the coefficient of variation = ratio of mean and standard devia-
tion for a distribution

© ASCE 06016008-4 J. Eng. Mech.
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the minimum complementary energy theorem and subsequent ex-
ploitation of two contradictory mathematical inequalities. Thereby
an analytical approach is proposed for analyzing natural frequen-
cies of a sandwich panel with an irregular honeycomb core. Results
have been presented for natural frequencies of low bending vibra-
tion modes considering different degrees of irregularity through a
probabilistic framework. The analyses provide thorough insight
into the effect of irregularity on the shear modulus G13 and the
natural frequencies of a honeycomb core sandwich panel. The spa-
tial irregularity in honeycomb core has considerable effect on
the global response of the sandwich panel, such as the natural
frequencies. Thus it is very important to consider the effect of such
irregularity in further analysis and design for a robust design in
lightweight sandwich structures.

The novelty of this article includes both the development of a
closed-form expression for out-of-plane elastic moduli of irregular
honeycombs and the analytical framework for free-vibration analy-
sis of sandwich panels with irregular honeycomb cores. The pro-
posed closed-form expressions for out-of-plane shear moduli of
irregular honeycombs can also be used to analyze responses for
other structural applications of honeycombs. These formulas can be
extended further to predict equivalent out-of-plane elastic moduli of
irregular honeycombs having spatial variation in material proper-
ties and cell wall thickness. The analytical framework presented
here can be used for efficient uncertainty quantification in the
free-vibration analysis of sandwich panels considering spatial vari-
ability of material and geometric properties based on random field
approaches.
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