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A B S T R A C T

Moire pattern arises from the lattice mismatch between two different nanosheets. The discovery of the Moire
pattern has resulted in breakthrough properties in 2D carbon-based nanostructures such as graphene. Here we
investigate the impact of a Moire pattern on mechanical properties of bi-layer 2D nanosheets. In particular,
buckling instability of 2D carbon-based nano hetero-structures is investigated using atomistic finite element
approaches. Nano hetero-structures considered are graphene-hBN (hexagonal Boron Nitride) and graphene-MoS2
(Molybdenum disulphide). Bilayer graphene has also been considered in the buckling analysis, by orienting the
individual sheets at moire angle. Atomistic simulation methodology uses elastic beams to represent intra-sheet
atomic bonds and elastic springs to represent inter-sheet atomic interactions. The influence of different boundary
conditions and sheet length on the buckling of nano hetero-structures has been investigated. The bridged nano
hetero-structures are found be displaying higher buckling strength as compared to cantilever sheets.

1. Introduction

Since the revolutionary discovery of graphene in 2004 [1], a pro-
gressively increasing interest by 2D nanomaterials has been observed
within scientific and engineering communities. Currently, various types
of 2D nanomaterials are under investigation in order to exploit their
extraordinary potential as the next generation of super materials with
remarkable physical properties. For instance, graphene shows great
buckling strength [2,3], hexagonal Boron Nitride (hBN) [4] possesses
outstanding spin-polarized states [5] and Molybdenum Disulphide
(MoS2) [6] offers exceptional electrical transport properties [7]. If dif-
ferent 2D nanomaterials are combined into one single nano hetero-
structure, all these properties can be harnessed. Such hetero-structures
are also referred to as van der Waals hetero-structures. The lattice
mismatch that occurs between the lattices of nanosheets within the van
der Waals hetero-structures leads to unique properties [8]. Similar
lattice mismatch has also been observed in multilayer graphene sheets
twisted at moire angles [9]. Such moire patterns in twisted bilayer
graphene, overlaid graphene-hBN and overlaid graphene-MoS2 are
shown in Fig. 1. The relevance of moire angles between offset layers of
different atoms lies in the fact that they produce changes in their
electrical properties, which can result in the synthesis of new materials
with potentially tailored properties. For instance, it has been found that
graphene turns superconducting when two stacked graphene layers
rotate by an angle of 1.1°, which represents an example of how

atomically thin materials can produce completely new electrical prop-
erties [10].

Recent advances in this area, worth mentioning are the references
[11–13]. Nika et al. [11] studied specific heat of twisted bilayer gra-
phene at an angle of 21.8 °, and compared its performance against that
of graphite and untwisted bilayer graphene. This article concluded that
the phonon specific heat is highly dependent on a twist angle under
low-temperature conditions. This means phonon engineering of thermal
properties of layered materials is possible by twisting the basal atomic
planes. Especially, the authors suggested that the specific heat of bi-
layer graphene can decrease by up to 15% when a twist angle is in-
troduced at a temperature of 1 K. Mortazavi et al. [12] performed a
mechanical analysis of a nano hetero-structure consisting of a single
layer MoTe2. This nanomaterial MoTe2 belong to the class of transition
metal dichalcogenides. These authors [12] quantified elastic modulus,
Poisson’s ratio, strain at the ultimate tensile strength point and the
ultimate tensile strength of MoTe2 under various atomic configurations,
with the aid of first-principles density functional theory. These authors
[12] suggested anisotropic mechanical properties, bandgap under ten-
sion, auxetic Poisson’s ratio and remarkable tensile strength, for MoTe2.
Vargas et al. [13] studied thermal and electrical transport in a poly-
crystalline graphene-hBN hetero-structure, with the aid of tight-binding
simulations and combined molecular dynamics-finite element simula-
tions. This study showed a significant influence of hBN content on the
thermal conductivity of the graphene-hBN hetero-structure.
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Furthermore, this study concluded that the graphene-hBN hetero-
structure could be a conductor or a semiconductor, depending on the
content of hBN.

In the present work, a new contribution is made in order to provide
further insight into the linear buckling of bilayer graphene sheets with
sheet alignment at a moire angle of 1.1°, and graphene-hBN and gra-
phene-MoS2 bilayer sheets. The isometric views of graphene-graphene,
graphene-hBN and graphene-MoS2 bilayer systems are shown in Fig. 2.
In this paper, we compute the critical buckling loads by means of a
finite element (FE) based lattice approach. This numerical strategy es-
tablishes a linkage between the actual atomistic system and an
equivalent mechanical model at the atomic bond level and provides a
way to capture the atomistic response by means of conventional FE
analyses and classical beam elements. Furthermore, we investigate the
influence of boundary conditions and lengths of nanosheets on their
buckling capacity by means of a detailed set of numerical experiments.
We must note that nonlinear buckling analyses on carbon-based na-
nostructures have been performed in the past [3,14], however, such
simulations are complex and computationally demanding and are
normally justified when a post-buckling response is investigated. At
present, we find it more convenient to perform linear simulations in
view of our interest in the eigenvalues and eigenvectors of the na-
nosheet configurations studied here.

The paper is organized as follows. Section 2 presents the description
of the equivalent mechanical model of nano hetero-structures by means
of the finite element method (FEM). The results and discussions of the
present work are given in Section 3. Finally, Section 4 summarizes our
main conclusions.

2. Atomistic FE models of nano hetero-structures using FEM

The atomistic models deployed here are based on the FE meth-
odologies developed by the authors to study graphene and its associated
nanostructures [2,15–18,3]. In this research work, the FE analysis tool
OPTISTRUCT has been used to model the dynamic behaviour of nano
hetero-structures. The covalent bonds are represented by equivalent 3D
Timoshenko FE beams and the atoms are represented by FE nodes.
Within OPTISTRUCT, the element type CBEAM has been used to re-
present beams. The diameter and Young’s modulus of the beam ele-
ments are computed by using the following equations of force constants
Kr and kθ shown below:

=K EA
L

, andr (1)

=K EI
L

.θ (2)

In the above equation, E is Young’s modulus of the beams, I is the area
moment of inertia of the beams, A is the cross-section of the beams and
L is the length of the beams. The above two equations are derived from
stretching and bending interatomic potentials [19,20]. The numerical
values of force constants Kr and Kθ for atomic interactions such as C–C,
B-N and Mo-S are available in the literature [19,20]. By substituting
these values in Eq. 1 and Eq. 2, essential parameters to model covalent
bond beams, such as beam diameter d and beam Young’s modulus E can
be calculated.

The equivalent axial force for a L-J potential between a pair of
atoms i and j belonging to different nanosheets can be defined as [21]

Fig. 1. Lattice mismatch in overlapped nanosheets leading to a moire pattern.
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where, r is the atomic displacement between i and j (layer-layer length).
As per Girifalco et al. [22], the force between the atoms i and j can also
be represented by
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where, = +y r δr δr,min is the atomic displacement along the length ij.
The rmin (in Å) is given by σ2

1
6 , with =σ A B( / )1/6. The B and A are

attractive and repulsive constants, respectively. In the current research
work, three different nanosheets have been considered, namely gra-
phene, hBN and MoS2. Hetero-structures of graphene-hBN and gra-
phene-MoS2 have been studied under buckling loads. These hetero-
structures lead to C-C,C-B,C-N,C-M and C-S interlayer atomic interac-
tions, where C, B, N, M and S are carbon, boron, nitrogen, molybdenum
and sulphide atoms, respectively. The values of σ and ∊ for each in-
dividual van der Waals atomic interactions are obtained from various
references [23–26]. In the atomistic FE models, we have used spring
elements to form a connection between two layers of the bilayer
structure representing L-J interactions. The force deflection curve for L-
J springs has been calculated by using the relation in Eq. 4. Within the
FE analysis tool OPTISTRUCT, the L-J springs of interlayer interactions
are modelled by the element type CBUSH and by using the curves of Eq.
4 as input properties.

2.1. Validity of atomistic models

The idea of performing atomistic simulations using the finite ele-
ment method has evolved since 2003 [20]. Deriving equivalent me-
chanical properties of atomic interactions using harmonic potentials (Kr
and Kθ) is a well established concept [27,28]. Such an approach will

establish near-perfect equivalence between molecular mechanics and
nanostructure mechanics. Furthermore, in such simulations, the most
important bond deformation modes such as bond stretching and angle
variations are accurately captured. The current authors have validated
the finite element approach of atomistic simulations against analytical
models [15,16], experimental observations [17] and also molecular
dynamic simulations [18]. The accuracy of the atomistic finite element
model is found to be as high as 3.8 % in the case of nanosheets and 5 %
in the case of nanocomposites. Furthermore, the results of finite ele-
ment based atomistic simulation are found to close to experimental
results with a very low margin difference (1.8 %). It is important to note
that the prediction of buckling strength of nanostructures such as
single-layer graphene, bilayer graphene, single-wall carbon nanotube,
and nanocomposites, using finite element based atomistic method by
current authors [2,3,14] has been widely accepted by the nanomaterials
research community. The current research involves applications of
same well established method [2,3,14] to explore the buckling char-
acteristics of nano hetero-structures. The current research work can
serve as a benchmark for researchers intending to introduce high fi-
delity into the buckling models of nano hetero-structures, in the future.

We must note that in the present FE modelling approach, an explicit
expression for a potential energy function is required in order to es-
tablish an equivalence between the mechanical and atomic bond en-
ergies. Such bonds can stretch, rotate or twist between neighbouring
atoms or molecules and eventually, produce a global deformation re-
sponse. However, the modelling of re-formed molecular bonds due to
chemical reactions is a challenging task of difficult implementation
within the present computational simulation framework. Some ex-
amples of these chemical reactions can be found in pyrolysis and
combustion of hydrocarbon systems where large molecules breakdown
into smaller molecules in the presence of heat. For the modelling of
such complex reactions, the use of reactive force-field such as ReaxFF
[29] is recommended, particularly when new bonds are chemically

Fig. 2. Isometric views of bilayer graphene, graphene-hBN and graphene-MoS2 sheets.
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generated. We remark that the present FE approach is more suitable to
capture the physical deformation process of atoms or molecules instead
of describing the chemical reaction kinetics of atomic systems.

2.2. Stability of nanosheets

In the Moire pattern of 2-dimensional multi-layered nanosheets, it is
a challenging task to keep an inter sheet angle without fixing the
system. Therefore, the sheets tend to re-rotate to the original positions,
when a boundary fixing is absent. However, in the current work, the
sheets have been placed at an angle of 1.1° against each other, before
the analysis is performed. Furthermore, in the numerical models of
nanosheets, stability is ensured due to the enforcement of mechanical
constraints in all six degrees of freedom, as shown in 3(a) and 4(a). It is
also important to note that the relevant works [30,11,31,32] did not
consider the issue of angular stability of the twisted sheets. Further-
more, Cao et al. [33] manually rotated individual sheets of bilayer
graphene at an angle higher than the magic angle but did not report the
issue of angular stability. Although, various types of interlayer inter-
actions are possible between individual sheets, including van der Waals,
covalent, part covalent, electrostatic(Columb), ionic and −π π . Only
van der Waals interactions modelled by LJ-potentials are found to be
effective in representing interlayer force transfer while calculating
structural properties of multi-layered nanosheets [2,15,21,22].

3. Results and discussions

As the buckling capacity of nanosheets is greatly influenced by their
boundary conditions, we investigate here the eigenvalues and eigen-
vectors of cantilevered and bridged nanosheets. The variation of the
aspect ratio by changing the length is also studied. The cantilever
boundary condition involves constraining all the degrees of freedom
located at one edge of the sheet (Fig. 3(a)). Bridged boundary condition
involves constraining all the degrees of freedom at two opposite edges
(Fig. 4(a)). The two-layer nanosheet structure undergoes buckling when
a unit compressive load is applied at opposite sides (Refer to Fig. 3(a)
and Fig. 4(a)). Buckling analysis has been performed using the atomistic
finite element approach explained in the previous section. The solution
process within the FE code OPTISTRUCT involves the generation of a
geometric stiffness matrix based on a unit force in the direction of
buckling, followed by the numerical prediction of the eigenvalues and
eigenvectors by means of a standard Lanczos solver. The buckling mode
shapes for nanosheets under cantilevered boundary conditions are
shown in Fig. 3(b), Fig. 3(c) and Fig. 3(d) for bilayer graphene, gra-
phene-hBN and graphene-MoS2, respectively. The buckling mode
shapes for nanosheets under bridged boundary conditions for bilayer
graphene, graphene-hBN and graphene-MoS2 are shown in Fig. 4(b),
Fig. 4(c) and Fig. 4(d), respectively. These buckling mode shapes for
double layer systems are found to be identical to those of single-layer
graphene (Figure not shown here).

Fig. 3. Cantilever boundary conditions and resulting buckling modes.
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3.1. Dependence of buckling loads on length

The variation of single layer critical buckling load with length is
shown in Fig. 5. In order to understand the influence of the lattice
mismatch on the buckling behaviour of nanosheets, Fig. 6 plots the
variation of the buckling capacity in double-layered nanostructures. We
can observe here that the critical buckling load decreases when the
sheet length increases. Such a variation is comparable with analytical

calculations reported for elastic plates [34,35]. For bridged single-layer
graphene with a length increasing from 2.3 nm to 20 nm, the critical
buckling load decreases from 6.2 N to 1.0 N. Within the same length
range, the bridged single-layer hBN shows a decreasing critical buckling
load from 4.7 N to 0.7 N. For bridged single-layer hBN, the critical
buckling load decreases from 3.4 N to 0.5 N. For bridged double-layer
graphene, the buckling load decreases from 179.3 N to 77.6 N. For
bridged graphene-hBN, the critical load decreases from 139.1 N to

Fig. 4. Bridged boundary conditions and resulting buckling modes.

Fig. 5. Variation of buckling loads with length for single layers of graphene, hBN and MoS2.
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60.2 N, and for bridged graphene-MoS2, the buckling load decreases
from 100.6 N to 43.6 N. From these observations, it can be concluded
that, at a given length and under buckling loads, a double layer is
stronger than the single-layer system by a factor of more than 30.
Among the three combinations considered here, namely graphene-
graphene, graphene-hBN and graphene-MoS2, the homogenous gra-
phene offers the highest buckling strength for a given length. For in-
stance, the buckling strength of the graphene combination is found to
be 79% higher than that of graphene-MoS2, for the sheet size
2.3 nm×9.4 nm. The quantitative data showing buckling strength at
various lengths, for each single and double layer type nanosheet is
shown in Table 1 and Table 2. The data listed in these two tables cor-
responds to the bridged boundary condition. As per Fig. 5 and Fig. 6,
the variation pattern of the critical buckling loads for double layer

systems is found to be dissimilar to that of single layer system. Such a
dissimilarity in the pattern is due to the involvement of the interlayer L-
J potential found in the double layer system.

3.2. Dependence of critical buckling load on boundary conditions

From all the plots shown in the present work, it can be observed that
the bridged nanostructures offer higher buckling strength than that of
cantilever nanostructures, irrespective of the number of layers. As per
the continuum mechanics of elastic plates [34,35], a bridged plate
structure offers higher stiffness as compared to a cantilever structure.
Therefore, a bridged elastic plate or sheet will be stronger under
buckling as compared to a cantilevered plate or sheet. A comparison
between the bridged and cantilevered nanosheets can be found in the
plots shown in Fig. 5. These plots indicate that by changing the
boundary condition from cantilever to bridge type the critical buckling
load increases up to about three times in the case of single-layer gra-
phene. A similar level of enhancement is also observed for single layers
of hBN and MoS2. For double layer systems (Fig. 6), the trend is similar.
For single-layer sheet models, the slope observed in the curves of can-
tilever and bridge sheets is found to be identical at lower lengths
(< 10 nm). Whereas for double-layer sheets, the slope of the curves of
cantilever sheets is found to be higher as compared to the slope of
bridged sheet curves, at lower lengths (< 10 nm). Such a discrepancy is
the result of the interlayer L-J potential present in the double layer
system.

3.3. Enhancement in buckling capacity of graphene sheet due to the addition
of another graphene, hBN or MoS2 sheet

The variation of the ratio between the critical buckling loads of the
double ( −PGraphene Graphene) and single-layer graphene (PGraphene) is given in
Fig. 7(a). The buckling load ratio between the combined graphene-hBN
sheet ( −PGraphene hBN) and the single-layer graphene (PGraphene) is given in
Fig. 7(b). For the combined graphene-MoS2 sheet ( −PGraphene MoS2) and
the single-layer graphene (PGraphene), the critical load ratio is given in
Fig. 7(c). Since the ratio remains higher than one in all the plots, it can
be concluded that the addition of another layer (of any of the three
nanomaterials studied here), always results in an increase in the
buckling strength of the graphene sheet. As per the plots (Fig. 7) and
sheet sizes considered in the current work, it is possible to observe that
the addition of a nanosheet on top of the graphene sheet, leading to a
lattice mismatch, results in a buckling strength increase up to 75 times.
Such a great enhancement is due to the additional graphene nanosheet.
If the additional sheet is of hBN or MoS2 type, then the enhancement in
buckling strength can be up to 59 times or 43 times, respectively.

Fig. 6. Variation of buckling loads with length for double layer nanosheets of graphene-graphene, graphene-hBN and graphene-MoS2.

Table 1
Buckling load capacities for single layer graphene, hBN and MoS2. The single
layer sheets considered here are bridged. Graphene offers higher buckling
strength among the three types of nanosheets considered.

Length (nm) PGraphene(N) PhBN (N) PMoS2 (N)

2.3 6.2 4.7 3.4
4.5 4.1 2.9 2.1
6.7 2.9 2.1 1.5
8.9 2.2 1.61 1.2
11.2 1.9 1.3 0.9
13.4 1.6 1.1 0.8
15.6 1.4 1.0 0.7
17.8 1.2 0.8 0.6
20.0 1.1 0.7 0.5

Table 2
Comparison of bilayer graphene buckling loads against graphene-hBN and
graphene-MoS2 buckling loads. The boundary condition considered here is the
bridged type. Graphene-graphene offers higher buckling strength among the
three different combinations of double layers.

Length (nm) −PGraphene Graphene (N) −PGraphene hBN (N) −PGraphene MoS2 (N)

2.3 179.3 139.1 100.6
4.5 127.4 98.8 71.5
6.7 99.9 77.5 56.1
8.9 86.9 67.4 48.8
11.2 81.8 63.1 46.9
13.4 79.7 61.9 44.8
15.6 79.3 61.5 44.5
17.8 78.1 60.6 43.8
20.0 77.6 60.2 43.6
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The addition of another layer of a nanosheet to a graphene sheet
results in higher buckling strength as compared to that of a graphene
sheet alone. In order to quantify such an enhancement, buckling
strength data are presented in Table 1 and Table 2. Table 1 shows va-
lues of buckling strength of single-layer of graphene, hBN and MoS2 for
various lengths, under bridged boundary conditions. As per this table,
single-layer graphene offers the highest buckling strength at a given
length, as compared to that of single layers of hBN and MoS2. Among
the three single-layer nanosheets considered, MoS2 offers the least
buckling strength. Table 2 shows values of buckling strength of gra-
phene-graphene, graphene-hBN and graphene-MoS2 double-layer na-
nosheets at various lengths and under bridged boundary conditions.
This table proves that for a graphene sheet, the addition of another
graphene sheet offers the highest buckling strength when compared to
the addition of hBN or MoS2 sheets. The inclusion of further layers
leading to a three- or four-layer system, further enhances the buckling
strength of the nanostructure. As compared to the bilayer graphene
presented in the literature [2], the current configuration with 1.1° in-
terlayer twist is found to be offering slightly lower ∼( 2%) buckling ca-
pacity at a given sheet length.

Table 1 and Table 2 indicate that the variation of the single layer
critical load is found to be identical with that of double layered sheets
(i.e. decreasing with length). However, there is an observable difference
in slopes. The slope for single layer graphene is found to be higher in
regards to single layer hBN and MoS2. The slope for double layer gra-
phene is found to be higher in regards to graphene-hBN and graphene-
MoS2.

4. Conclusions

The buckling strength of homogeneous and heterogenous carbon-
based nanostructures has been investigated by means of an atomistic
finite element approach. In particular, homogeneous graphene-gra-
phene along with heterogeneous graphene-hBN and graphene-MoS2
nanosheets have been studied. Lattice mismatch was present in all of
the double-layer configurations considered in the current study. Lattice
mismatch was attained in graphene-graphene sheets by aligning the
sheets at an angle of 1.1°. For the case of bilayer graphene, the in-
troduction of such a twist angle has led to a slight decrease in buckling
strength. This investigation confirmed that the bridged nanosheets offer
higher buckling strength as compared to that of cantilevered na-
nosheets. For all of the nanosheet types studied, the critical buckling
load reduced for a length increase. The addition of nanosheets such as
graphene, hBN and MoS2 on top of a single layer graphene sheet led to a
significant increase in buckling strength. Among the three types of
nanosheet, considered here as the addition, namely graphene, hBN and
MoS2, graphene showed the highest buckling strength. The current
analysis considered lattice-mismatched double layers of nanosheets. It
is estimated that the involvement of more layers can further enhance
the buckling strength.
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Fig. 7. Comparison between single layer graphene and double layer combinations.
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