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This paper proposes the methodology to carry out the analysis of Bloch wave propagation
in an array of vertically aligned and elastically connected structural elements such as
beams, strings, plates, or other slender structures. The suggested approach is based on
the Galerkin approximation and Floquet-Bloch theorem used in defining the eigenvalue
problem and obtaining the band structure of the periodic systems. Special attention is
devoted to the case of elastically connected Rayleigh beams with attached concentrated
masses and wave propagation in the direction normal to the beam’s length. A validation
study is performed by using the finite element model and the frequency response function
to confirm the accuracy of the solution obtained via the Galerkin approximation. Two con-
figurations of unit cells, having two and three elastically connected beams with different
geometrical and material properties, are considered in the numerical study. The effects
of various parameters are investigated to reveal their influence on the frequency band
structure and emergence of the zero-frequency bandgap. The results of this study demon-
strates the tunability properties of the proposed periodic systems due to changes in values
of concentrated masses, stiffness of the coupling medium or boundary conditions on struc-
tural elements within the unit cell.

� 2021 Elsevier Ltd. All rights reserved.
1. Introduction

Some early notable contributions by Mead and co-workers [1] in the field of harmonic wave propagation analysis in peri-
odic structures motivated many researchers. The main attention in those works was given to one-dimensional [2–4] and
two-dimensional periodic structures [5]. It is a well-known fact that waves propagating in a homogeneous continuum are
non-dispersive. Contrarily, in a heterogeneous structured medium such as beams and plates, dispersion occurs due to the
presence of physical boundaries. Another characteristic of heterogeneous medium, which might be the consequence of
microstructural properties or structural interfaces, is the existence of bandgaps as frequency intervals at which waves decay
exponentially. This implies difference between homogeneous and heterogeneous medium that was demonstrated in [6],
where flexural harmonic waves propagating within the bi-coupled periodic system composed of Euler-Bernoulli beams have
been analyzed in great detail. The authors have demonstrated that periodicity, which introduces the internal length, causes
the dispersion curve to be reflected at the boundary of the first Brillouin zone. This makes it possible to apply the Floquet-
Bloch theory and obtain the dispersion relation that allows one to distinguish pass-bands, the frequencies of the waves that
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propagate without attenuation, and stop-bands (bandgaps) where the waves decay exponentially. However, in that study
only the bi-coupled continuous and discrete systems rigidly connected in series and parallel were considered. Here, the main
focus is put on specific type of heterogeneous systems composed of an array of parallel and elastically connected periodic
slender structures of the same length/width and boundary condition by studying the wave propagation along the array.

A good example of harmonic axial wave propagation in one-dimensional quasiperiodic-generated structured rods was
investigated in [7], which is given as an infinite bar with repeated elementary cells designed by using the Fibonacci substi-
tution rules. Propagation of a transition wave in a more complex system composed of a finite heterogeneous discrete beam
strip with periodically placed masses and subjected to the harmonic load was investigated in [8]. Some authors devoted spe-
cial attention to problems of flexural waves propagation in structures resting on elastic foundation due to the relevance of
this subject in various engineering applications.These application examples include models of infinite beams on elastic sup-
port carrying a dynamic load that represent slabs, rails or road pavements. The effects of compressive load and support’s
damping on the dispersion characteristic and transient response of a beam lying on elastic foundation of Winkler type is
investigated in [9]. A more complex case was studied in [10] by analyzing the wave propagation and attenuation properties
in ordered and disordered periodic composite beams on elastic foundations due to moving loads. It has been shown that one-
dimensional discrete flexural systems composed of massless beams connecting periodically placed masses can be used to
approximate the Rayleigh’s beam on elastic foundation in the long-wavelength limit [11]. In [12], the authors investigated
the existence of localized modes in a set of quasi-periodic continuous elastic beams with attached array of ground springs. It
is shown that vibration modes are first localized at a boundary and then migrate into a bulk for a varied projection param-
eter. The structured Rayleigh beams on the elastic foundation that can exhibit dispersion wave characteristics and localized
wave-forms were analysed in [13]. Moreover, the influence of pre-stress on the bandgap formation of the elastic beam on
elastic foundation was studied in [14]. The authors introduced repeated elementary cells generated by adopting the Fibo-
nacci sequence and then solved the eigenvalue problem by using the transmission matrix of the unit cell and the Bloch solu-
tion. By considering the Rayleigh beam theory, the free and forced wave propagation in an elastic grid structure was analysed
in [15], where several forms of vibration localization and wave channeling were observed. It was demonstrated that the
localization is triggered by several parameters such as rotation inertia and external excitation. By considering the complex
beam model suggested in [16], an energy harvesting device was developed based on the metamaterials design, showing
great applicability in surface wave control.

Most of the wave dispersion analyses of two-dimensional multi-structural systems in the literature are devoted to the
frame-like structures representing multi-story buildings [17], hexagonal chiral lattices [18] or shell structures [19]. Available
wave propagation studies of multi structural systems are mostly limited to the analysis of beams rigidly connected through
periodically distributed ribs [20] or sandwich structures with a soft [21] or auxetic core [22]. In [21], the authors employed
the asymptotic method to analyze a long-wave dynamic model of two layers adhesively connected by a thin and soft core.
Particularly, they analyzed the propagation of waves along the thin interface layer and reviled some interesting effects such
as coupling between the longitudinal and transverse displacements associated with a slow motion, and longitudinal dis-
placement jumps related to fast motion. Similar problems has been addressed by other authors [23], where also asymptotic
method was applied to study wave propagation in a three layer beam with a thin and soft core in the middle. In [24] the
authors demonstrated that dynamics of two beams bonded by adhesive joint can be approximately represented by the Win-
kler and Pasternak type elastic layers for different boundary conditions. This paved the way for dynamic studies of sandwich
beams [25], multi-beam [26] and multi-plate [27] systems coupled through discrete elastic or viscoelastic layers. If beam,
plate or membrane structures are coupled, they are observed as layered systems having unique band structure properties
[28,29] with a great potential for applications in wave absorption [30] and topological waveguiding [31].

According to [32], one can distinguish two main approaches to form the eigenvalue problem for wave propagation anal-
ysis in periodic structures.The first and the oldest is the inverse approach, where the propagation constant of a periodic
structure is fixed while the unknown frequencies need to be computed. The second is the direct approach, which was later
developed to avoid certain deficiencies of the inverse approach, but ill conditioning of the eigenvalue problem and possible
low machine precision set limitations to this approach. Therefore, in [32] the authors proposed a combination of these two
approaches when defining the eigenvalue problem. Different methods are used in the literature such as plane wave expan-
sion [33], transfer matrix [34], finite element [35] or finite difference method [36], which all belong to the inverse
approaches. In [37], the authors named the therein presented approach as the inverse method, where the band structure
is determined without explicitly including the terms related to the material and geometrical properties except for the lattice
constant, i.e. from the response of the system instead of using a model, as it is done in the majority of the methods available
in the literature. Moreover, an interesting study [38] of elastic wave propagation in two-component laminates revealed the
universal structure of its frequency spectrum independent of the geometry of the periodic-cell and the specific physical
properties. In this study, an inverse Floquet-Bloch approach is applied to define the eigenvalue problem, where the corre-
sponding inverse state-vector is formed after performing the discretization procedure.

The concept of locally resonant metamaterials is often used to form the periodic systems with low frequency bandgaps, in
which the lattice dispersion characteristics depend on the modal behaviour of the host structure with its resonators [39].
Modal analysis was shown to be very useful in the nonlinear periodic structure analysis, were the Galerkin approximation
method is applied to study the multi-mode vibration absorption capability of a nonlinear metamaterial Euler-Bernoulli beam
coupled to a distributed array of nonlinear spring-mass subsystems behaving as local vibration absorbers [40]. Similar
methodology was applied in [41], where frequencies of the attached resonators are tuned exactly to targeted modes of a non-
2
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linear metamaterial beam. In [42], a general approach for estimation of the band structure of metamaterials with locally res-
onant properties is proposed. However, in [43] the authors demonstrated that the Bragg-type and resonance-type gaps can
co-exist, which was explained through coupled bandgaps generated in the periodic system such as rod with multiple inter-
nal resonators. Since the first introduction of periodic materials with internal resonators [44], the mechanism responsible for
the opening of locally resonant bandgaps has been investigated in a number of studies [45–47]. In [48] the authors identified
the conditions for the transition between Bragg scattering and local resonance and showed the effects of this transition on
the lowest bandgap. This was demonstrated on the examples of different types of materials, geometric and boundary peri-
odicity in Timoshenko beams with and without elastically suspended masses. Moreover, another promissing application of
metamaterials and periodic structures lies in seismic shielding over the entire range of frequencies. According to [49], three
approaches are used to obtain shielding effects: Bragg scattering, locally resonant sub-wavelength inclusions and application
of zero-frequency stop-band media. However, all three mechanisms for bandgap formation occur in a small number of peri-
odic structures, thus providing the motivation for further investigations. Moreover, design of periodic structures is a pow-
erful concept to achieve mechanical wave filtering. Different concepts for filtering of elastic waves are suggested in the
literature. The concept based on structural interfaces, initially introduced in [50], involves a non-local mechanical behavior
and allows the achievement of special mechanical properties. It was revealed in [51] that thick interfaces separating different
regions of elastic materials introduce unique filtering characteristics that cannot be achieved with multilayered interfaces. In
this paper, a unique band structure proprieties of the herein proposed systems reveal the presence of all three requirements
needed for seismic shielding and wave filtering applications, such as the existence of zero-frequency and low-frequency
bandgaps, as well as the bandgaps at higher dispersion branches.

The present paper shows the methodology for studying the wave propagation along the array of vertically aligned and
elastically connected periodic structures (e.g. beams, plates, membranes or shallow shells) with the same boundary condi-
tions and coupling medium stiffness. The main steps in defining the problem are the derivation of the system’s governing
equations, application of multi-mode Galerkin discretization and the assumption of wave propagation in the thickness direc-
tion of structural elements using the Floquet-Bloch theory. This methodology is generalized for one-dimensional case. Fre-
quency band structure of the system is investigated by using the inverse approach to solve the eigenvalue problem and
generate dispersion curves when the propagation constant is confined to the first Brillouin zone. The paper is organized
as follows: the general mechanical model of periodic and coupled slender structures, Galerkin approximation procedure,
Floquet-Bloch theorem and definition of the eigenvalue problem are presented in Section 2. The particular problem of wave
propagation in an array of vertically aligned and elastically connected Rayleigh beams given in the so-called ”diatomic” and
”triatomic” unit cell configurations is detailed in Section 3. Section 4 shows the validation study of the methodology based on
Galerkin approximation by using the finite element model, and the parametric study of the influence of coupling medium
stiffness, concentrated masses and beam’s boundary conditions on the frequency band structure of the proposed coupled
beam-mass system.

2. Mathematical preliminaries

In order to analyze the free wave propagation in elastically connected structures such as beams, plates, strings or mem-
branes, different approaches to discretize partial differential equations are used in the literature. The exact solutions of wave
propagation problems in structural mechanics are difficult to find due to model complexities, such as specific boundary con-
ditions, shape of structural elements, concentrated masses, attached vibration absorbers, etc. Therefore, application of
approximate methods such as Rayleigh’s, Rayleigh-Ritz or Galerkin approximation method can play an important role in
solving the corresponding eigenvalue problems by approximating solutions using a finite number of mode shapes as admis-
sible functions [52].

Here, we focus our attention to application of the Galerkin approximation in combination with Floquet-Bloch theorem to
solve the corresponding eigenvalue problem. Typical unit cells of the proposed periodic system can be modelled as the dia-
tomic and triatomic chains, composed of, respectively, two and three elastically connected structural elements such as
beams or plates, Fig. 1.

2.1. The Galerkin approximation and inverse Floquet-Bloch formalism

The Galerkin approximation method belongs to a special group of weighted residual methods. The general solution of the
problem is given as a linear combination of trial functions, which are chosen such that they exactly satisfy the corresponding
boundary conditions.

Let us consider the m-th unit cell of an array of elastically connected slender structures, which is composed of several
structural elements with each one having different material (density) or geometrical properties (thickness) than others. It
is assumed that waves propagate only along the array of structural elements i.e. in the direction normal to the structures’
length/surface, which is denoted by wavy line in Fig. 1. The general unit cell model of such systems is governed by the fol-
lowing equations of motion
�iðxÞ @
2wiðx; tÞ
@t2

þPi½wiðx; tÞ� þPiþ1½wiþ1ðx; tÞ� þPi�1½wi�1ðx; tÞ� ¼ f iðx; tÞ; i ¼ 1; . . . ;p; ð1Þ
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Fig. 1. The structural elastic models of unit cells proposed for: (a) a multi-beam-mass system formed as a diatomic unit cell and (b) a multi-plate system
modelled as a triatomic unit cell. The wavy line shows the direction of the wave propagation through the periodic slender structures.
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where p denotes the number of structures in a chosen unit cell, �iðxÞ is the inertia term of the considered element and f iðx; tÞ
is the external excitation. When p ¼ 2 the system is named diatomic chain and for p ¼ 3 it is called triatomic chain [53]. The
masses of the beams within a cell differ due to different geometrical and material properties or a different number of
attached concentrated masses. Assuming the solution of wiðx; tÞ in the form of a series of N comparison functions and time
generalized coordinates yields
wiðx; tÞ ¼
XN
k¼1

qðiÞkðtÞ/kðxÞ ¼ Cqi; i ¼ 1; . . . ; p; ð2Þ
in which qi ¼ ½qðiÞ1ðtÞ; qðiÞ2ðtÞ; . . . ; qðiÞNðtÞ�T represents the vector of time functions of the i-th structural element and
C ¼ ½/1ðxÞ;/2ðxÞ; . . . ;/NðxÞ� is the vector of the assumed mode shapes that satisfy the geometric and natural boundary con-
ditions, and which are differentiable at least up to the highest order of spacial derivative in the differential equation of
motion Eq. (1). The same boundary conditions are applied to all structural elements in the system. In general, the approx-
imated solution Eq. (2) satisfies all boundary conditions of the unit cell except for the equations of motion Eq. (1). By intro-
ducing Eq. (2) into the differential equation of motion Eq. (1), the resulting equation will define the i-th residue as
‘iðx; tÞ :¼ �iðxÞC€qi þPi½C�qi þPiþ1½C�qiþ1 þPi�1½C�qi�1 � f iðx; tÞ ¼ 0; i ¼ 1; . . . ;p; ð3Þ

where Pi½C� ¼ ðPi½/1ðxÞ�;Pi½/2ðxÞ�; . . . ;Pi½/NðxÞ�Þ. It should be noted that all the residuals will be equal to zero because trial
solution is composed of comparison functions that satisfy all the boundary conditions. According to the criteria of the Galer-
kin method, all residuals should be small. In other words, residue should have zero projection on the chosen basis functions
/jðxÞ; j ¼ 1; . . . ;N since approximated solution is placed in finite N-dimensional space. For the case of m unit cells, which
depends on the number of structural components, the solution will be extended to a number p. Therefore, multiplying
the i-th residual by comparison functions and then integrating their product over the domain of a specific structural com-
ponents gives
< ‘iðx; tÞ;/jðxÞ > :¼
Z l

0
‘iðx; tÞ/jðxÞdx ¼ 0; j ¼ 1; . . . ;N; i ¼ 1; . . . ; p: ð4Þ
Introducing the expression Eq. (3) into Eq. (4) and after integration, the set of ordinary differential equation appears with
the corresponding mass and stiffness matrices in the following form
Mi€qi þ Kiqi þ Kiþ1qiþ1 þ Ki�1qi�1 ¼ f i; i ¼ 1; . . . ; p; ð5Þ

where the elements of the mass and stiffness matrices and the force vector are determined as
Mi ¼
R l
0 �iðxÞCTCdx; Ki ¼

R l
0 C

TPi½C�dx; i ¼ 1; . . . ;p;

Kiþ1 ¼ R l
0 C

TPiþ1½C�dx; Ki�1 ¼ R l
0 C

TPi�1½C�dx; f i ¼
R l
0 C

T f idx:
ð6Þ
In general, for the m-th unit cell composed of p structural elements it holds
Mm€qmðtÞ þ KmqmðtÞ þ Kmþ1qmþ1ðtÞ þ Km�1qm�1ðtÞ ¼ Fm; ð7Þ

where the mass and stiffness matrices of the unit cell are given in Appendix A. The generalized time coordinates are given as

qm ¼ ½qð1Þ1ðtÞ; . . . ; qð1ÞNðtÞ; . . . ; qðpÞ1ðtÞ . . . ; qðpÞNðtÞ�T . To analyze the wave propagation, the harmonic solution is assumed by

neglecting the vector of external forces. Assuming that qmðtÞ ¼ �qmejxt and introducing it in Eq. (7), yields
4
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Km �x2Mm
� �

�qm þ Kmþ1�qmþ1 þ Km�1�qm�1 ¼ 0: ð8Þ

It is also assumed that unit cells are repeating periodically in the thickness direction i.e. normal to the length/surface of the
structural elements. Note that a unit cell and its neighbors in Eq. (8) may be identified by Km ¼ Ku, where Ku with u ¼ �1;0;1
denotes the previous, present and subsequent unit cell, respectively as given in [29].

For determination of dispersion characteristics of the system, the inverse method is introduced as given in [29,37]. The
dispersion curves are given by the wave frequency x as a function of propagation constant l. By considering the undamped
Bloch wave propagation, the corresponding eigenvalue problem can be formulated by using the expression given in Eq. (8).
However, only the real part of the dispersion curve without attenuation is observed.

To obtain the frequency band structure, i.e. dispersion diagrams, the solution procedure based on the Floquet-Bloch the-
orem [29] is applied to Eq. (8). The assumed plane wave solution is defined as
�qmðxÞ ¼ ~qðlÞejml; ð9Þ

in which the value of the propagation constant l is pre-set. Inserting the assumed plane wave solution Eq. (9) into Eq. (8)
yields the following linear eigenvalue problem
ðK�x2MÞ~qðlÞejml ¼ 0; ð10Þ

where the overall stiffness matrix is derived as
K ¼ K�1e�jl þ K0 þ Kþ1eþjl ¼
X

u¼�1;0;1

Kuejul
� �

: ð11Þ
The solution of the eigenvalue problem for the m-th unit cell obtained in Eq. (10) gives corresponding dispersion dia-
grams. Solution of this problem requires the propagation constant l to be known, which is taken within the First Brillouin
Zone (FBZ) fundamental period of the dispersion relation, determined for one-dimensional periodic structures in the range
�p 6 l 6 p, [53]. As stated in [29], for the wave propagation in periodic structures without attenuation, the wave propaga-
tion constant l corresponds to a real value. On the other hand, the imaginary values of the propagation constant l are
related to the spatial decay of the wave amplitude as the wave propagates through a periodic structure. The number of dis-
persion curves resulting from the solution of the eigenvalue problem directly depends on the number of connected structural
elements ðpÞ in the unit cell and the number of considered terms in the Galerkin approximation ðNÞ. The band structure
defines the position and width of pass and stop bands (bandgaps). It is well known that the pass-bands are related to the
frequency ranges where an elastic wave propagates through the periodic structure, while bandgaps are frequency ranges
where waves are attenuated.

3. Problem formulation

3.1. Motion equations of an array of elastically connected beams

In this section, an example of a periodic structure based on elastically coupled beams with concentrated masses is pre-
sented to demonstrate the efficiency of the approach based on the Galerkin approximation and Floquet-Bloch theorem. It is
well known that classical Euler-Bernoulli beam theory is often used for accurate modelling of long and slender beams,
whereas to accurately predict frequencies at higher modes of thick and short beams one should use higher order theories
such as Timoshenko’s beam theory. Lord Rayleigh developed simpler theory that includes the rotary inertia effect but with-
out the complexity of the Timoshenko’s beam theory. Nevertheless, Rayleigh’s beam theory can predict response of slender
beam structures with a satisfying accuracy.

Introducing the heterogeneity in the system is a major requirement to obtain the wave dispersion properties, which is
achieved by taking into account diatomic and triatomic unit cell configurations with two and three elastically connected
beams, respectively, having different material or geometrical properties such as density or beam’s height. It is assumed that
unit cells are periodically distributed in z- direction to infinity, as shown in Fig. 2. Moreover, identical boundary conditions
are assumed for all beams within the system (unit cells), which are mutually connected through the continuously distributed
springs i.e. Winkler’s type of elastic medium. In this analysis, two types of beam’s boundary conditions were considered:
clamped-free (Fig. 2(a)) and simply supported (Fig. 2(b)).

By introducing the assumptions from the Rayleigh’s beam theory [13,52], the governing equation of motion for the infi-
nite periodic system, with p structural elements in the unit cell, can be derived by using the Hamilton’s principle as
EsiIsi
@4wsi
@x4 þ kðwsi �wðs�1Þði�1ÞÞ þ kðwsi �wðsþ1Þðiþ1ÞÞ � qsiIsi

@4wsi
@t2@x2

þ qsiAsi þ
XMsi

b¼1

MbðsiÞdðx� abðsiÞÞ
" #

@2wsi
@t2

¼ f siðx; tÞ;
ð12Þ
where wsi ¼ wsiðx; tÞ and f si ¼ f siðx; tÞ are the transverse displacement and external load, respectively of the s-th beam in the
multiple beam system, and i-th beam in the unit cell, while k is the stiffness of Winkler’s elastic medium. The indices i and s
5



Fig. 2. Periodic system of elastically connected Rayleigh beams with concentrated masses (a) the clamped-free and (b) the simply-supported boundary
conditions. The unit cell composed of two elastically connected Rayleigh beams is named diatomic cell.
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can take the following values, s ¼ 1;2;3 . . .and i ¼ 1;2; . . . ; p, where p is the number of beams in the unit cell. The material
and geometrical characteristics of the si-th beam are given by Young’s modulus Esi , mass density qsi, cross-sectional area Asi

and moment of inertia Isi. The term MbðsiÞ denotes the b-th attached point mass on the position abðsiÞ in the axial direction of
each beam in the system.

The adopted boundary conditions for clamped-free (CF) and simply-supported (SS) beams are given as
wsið0; tÞ ¼ @wsið0; tÞ
@x

¼ @2wsiðL; tÞ
@x2

¼ @3wsiðL; tÞ
@x3

¼ 0; ð13Þ
and
wsið0; tÞ ¼ @2wsið0; tÞ
@x2

¼ wsiðL; tÞ ¼ @2wsiðL; tÞ
@x2

¼ 0: ð14Þ
The initial conditions are taken to be zero.
Taking into consideration the m-th unit cell of the periodic structure modeled as diatomic p ¼ 2 and triatomic p ¼ 3 sys-

tem, the governing equations can be reduced to
diatomic unit cell:
E1I1
@4wm

@x4
þ kðwm �wm�1Þ þ kðwm �wmþ1Þ ð15Þ

þ q1A1 þ
XM1

b¼1

Mbð1Þdðx� abð1ÞÞ
" #

@2wm

@t2
� q1I1

@4wm

@t2@x2
¼ f mðx; tÞ;

E2I2
@4wmþ1

@x4
þ kðwmþ1 �wmÞ þ kðwmþ1 �wmþ2Þ ð16Þ

þ q2A2 þ
XM2

b¼1

Mbð2Þdðx� abð2ÞÞ
" #

@2wmþ1

@t2
� q2I2

@4wmþ1

@t2@x2
¼ f mþ1ðx; tÞ;
triatomic unit cell:
E1I1
@4wm

@x4
þ kðwm �wm�1Þ þ kðwm �wmþ1Þ ð17Þ

þ q1A1 þ
XM1

b¼1

Mbð1Þdðx� abð1ÞÞ
" #

@2wm

@t2
� q1I1

@4wm

@t2@x2
¼ f mðx; tÞ;
6
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E2I2
@4wmþ1

@x4
þ kðwmþ1 �wmÞ þ kðwmþ1 �wmþ2Þþ ð18Þ

q2A2 þ
XM2

p¼1

Mbð2Þdðx� abð2ÞÞ
" #

@2wmþ1

@t2
� q2I2

@4wmþ1

@t2@x2
¼ f mþ1ðx; tÞ;

E3I3
@4wmþ2

@x4
þ kðwmþ2 �wmþ1Þ þ kðwmþ2 �wmþ3Þþ ð19Þ

q3A3 þ
XM3

p¼1

Mbð3Þdðx� abð3ÞÞ
" #

@2wmþ2

@t2
� q3I3

@4wmþ2

@t2@x2
¼ f mþ2ðx; tÞ:
3.2. Defining the eigenvalue problem

In order to analyse the free wave propagation through the periodic structure, the approach based on the Galerkin dis-
cretization and Floquet-Bloch theorem is applied for the chosen unit cell defined in the previous section. The main objective
is to determine the band structures by detecting stop and pass bands in order to demonstrate the applicability of the pre-
sented methodology. In the following, derivations are given for the diatomic chain system, which can be easily extended
to the triatomic case.

The first step is to discretize the motion equations of the unit cell by using the Galerkin approximation, which for the
i� th beam in the m� th unit cell is defined as
wiðx; tÞ ¼
XN
k¼1

qðiÞkðtÞ/kðxÞ; i ¼ 1; . . . ; p; ð20Þ
where qðiÞkðtÞ and /kðxÞ are the k� th generalized time function and assumed trial (mode shape) function of the i� th beam.
N is the number of terms in the Galerkin approximation series. Inserting Eq. (20) into the equations for unit cell Eq. (15)–(19)
yields
XN
k¼1

EiIiqðiÞk/
0000
k þ

XN
k¼1

2kqðiÞk/k þ
XN
k¼1

qiAi þ
XMi

b¼1

MbðiÞdðx� abðiÞÞ
" #

€qðiÞk/k�

�
XN
k¼1

qiIi€qðiÞk/
00
k �

XN
k¼1

kqði�1Þk/k �
XN
k¼1

kqðiþ1Þk/k � f iðx; tÞ ¼ ‘iðx; tÞ; i ¼ 1; . . . ;p;

ð21Þ
where ‘i is the i� th non-zero residue obtained from the introduced approximated solution. By multiplying the above
expression with the j� th trial function /j for j ¼ 1;2; . . . ;N and integrating over the beam’s length, the following system
of equations is obtained
XN

k¼1

EiIi
R L
0 /

0000
k /jdx

� �
qðiÞk þ

XN
k¼1

2k
R L
0 /k/jdx

� �
qðiÞkþ

þ
XN
k¼1

R L
0 qiAi þ

XMi

b¼1

MbðiÞdðx� abðiÞÞ
" #

/k/jdx

 !
€qðiÞk�

�
XN
k¼1

qiIi
R L
0 /

00
k/jdx

� �
€qðiÞk �

XN
k¼1

k
R L
0 /k/jdx

� �
qði�1Þk�

�
XN
k¼1

k
R L
0 /k/jdx

� �
qðiþ1Þk ¼

R L
0 f iðx; tÞ/jdx

� �
; i ¼ 1; . . . ;p:

ð22Þ
or in a more compact form as
XN
k¼1

MðiÞ
jk
€qðiÞk þ

XN
k¼1

KðiÞ
jk qðiÞk þ

XN
k¼1

BðiÞ
jk qðiþ1Þk þ

XN
k¼1

BðiÞ
jk qði�1Þk ¼ FðiÞ

j ; i ¼ 1; . . . ;p:; ð23Þ
where
MðiÞ
jk ¼ R L

0 qiAi þ
XMi

b¼1

MbðiÞdðx� abðiÞÞ
" #

/k/jdx

 !
� qiIi

R L
0 /

00
k/jdx

� �
;

KðiÞ
jk ¼ EiIi

R L
0 /

0000
k /jdx

� �
þ 2k

R L
0 /k/jdx

� �
;

BðiÞ
jk ¼ �k

R L
0 /k/jdx

� �
; FðiÞ

j ¼ R L
0 f iðx; tÞ/jdx; i ¼ 1; . . . ;p:

ð24Þ
7
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To apply the solution based on the Floquet-Bloch’s theorem, the expression given in Eq. (23) should be rewritten in the
matrix form that is more convenient for the following analysis. By assuming a harmonic solution for the generalized time
functions and neglecting the external load, the system of Eqs. Eq. (23) for m� th unit cell takes a new form
DmðxÞ~qm þ Kmþ1~qmþ1 þ Km�1~qm�1 ¼ 0; ð25Þ

where DmðxÞ is related to the dynamic stiffness matrix of the unit cell, and matrices Kmþ1 and Km�1 denote additional stiff-
ness defined for the triatomic chain model as
DmðxÞ ¼
K1 0 0
0 K2 0
0 0 K3

2
64

3
75�x2

M1 0 0
0 M2 0
0 0 M3

2
64

3
75

0
B@

1
CA; ð26Þ

Kmþ1 ¼ Km�1 ¼
B1 0 0
0 B2 0
0 0 B3

2
64

3
75;
and the vectors of generalized coordinates are
~qm ¼
qm

qmþ1

qmþ2

2
64

3
75; ~qm�1 ¼

qm�1

qm

qmþ1

2
64

3
75; ~qmþ1 ¼

qmþ1

qmþ2

qmþ3

2
64

3
75: ð27Þ
By inserting the solution Eq. (9) into the Eq. (25), the following eigenvalue problem is obtained
~DðxÞ~qðlÞejml ¼ 0; ð28Þ

where the dynamic stiffness matrix is derived as
~DðxÞ ¼ ~K�1e�jl þ ~K0 þ ~Kþ1eþjl �x2 ~M: ð29Þ

Solving the eigenvalue problem Eq. (28) for given values of propagation constant l, one can obtain the corresponding dis-

persion curves of the system. It can be noticed that the obtained eigenvalue problems are similar to the ones derived for
equivalent discrete models of diatomic and triatomic phononic crystals, having two and three different masses within the
unit cell, respectively. Similar conclusions are brought in [31], where topological pumping was studied in a similar system
of elastically coupled beams. In this study the main focus is put on the investigation of wave propagation in a heterogeneous
systems of elastically connected beams with unit cell configurations having two and three beams of different geometrical or
material properties.

4. Numerical study

In this section, the frequency band structures of a periodic system based on multiple elastically connected Raleigh beams
with concentrated masses is investigated by using the methodology elaborated in Section 3. Two different unit cell config-
urations, such as diatomic and triatomic chain systems, are adopted in the numerical study. The results obtained by the
Galerkin approximation and Floquet-Bloch theory are validated against the results from the finite element model and those
obtained by the frequency response function (FRF). The effects of coupling medium stiffness k and concentrated masses Mp

on the band structure of the system are examined in detail. Additionally, the influence of boundary conditions, number of
adopted terms in the Galerkin approximation and different unit cell configurations are studied and discussed. To achieve
the desired wave dispersion properties, the heterogeneity of the system is introduced by assuming beams in the unit cell
with different material or geometrical properties. Numerical simulations are performed for N ¼ 5 terms in the Galerkin
approximation. Moreover, in validation study, the finite element (FE) method is used to determine the frequency band struc-
ture and to compare the results obtained by the Galerkin approximation, where fine agreement is achieved. More details on
FE models of multiple beam systems can be found in [54,26]. In the presented study every beam in the unit cell is approx-
imated by considering nele ¼ 50 Rayleigh beam elements.

4.1. Validation

The presented FRF solution is obtained by taking the same number of terms in the Galerkin approximation as in the
Floquet-Bloch analysis, and a finite number of unit cells. The following material and geometrical parameters are used in sim-

ulations if not specified differently: the cross-sectional area A ¼ bh and the second moment of inertia I ¼ bh3

12 for the first beam
in the unit cell with height h ¼ 0:003ðmÞ and width b ¼ 0:02ðmÞ. Length of all beams in the system is adopted as L ¼ 0:8ðmÞ,
while mass density of the first beam is given as q ¼ 1190:0ðkg=m3Þ, elastic modulus as E ¼ 3:2 � 109ðPaÞ and the number of
concentrated masses per beam as M ¼ 3, each weighting one third of beam’s weight. The positions of attached point masses
8
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are identical for each beam in the system, where ab ¼ 1
3 ;

1
2 ;

2
3

� �
L. In order to analyse the harmonic response using FRF, the sys-

tem with ten connected unit cells is observed. The harmonic force is applied at the middle of the first beam for the simply
supported boundary conditions and at the free end of the beam for the clamped-free case. The response is measured at the
last beam in the periodic system, where the first beam is those where the coordinate system is placed. The stiffness of the
coupling Winkler’s type elastic medium is adopted as k ¼ 100ðN=m2Þ. Moreover, Table 1 shows properties of beam elements
within the unit cell of a periodic structure in four different configurations with simply supported (SS) and clamped-free (CF)
boundary conditions for diatomic and triatomic unit cell configurations. Here, all calculations are given for the normalized

frequency given as X ¼ x=x0, wherex0 ¼ p2

L2

ffiffiffiffiffiffiffiffi
E1 I1
q1A1

q
is the first natural frequency of the simply-supported beam. Fig. 3 shows

comparison of the band structures of systems with elastically connected beams and attached concentrated masses, given in
the diatomic and triatomic unit cell configurations, against FRF results of the equivalent system with a finite number of unit
cells. Simulations are performed for the five considered terms in the Galerkin approximation andmode shapes of simply sup-
ported beams adopted as admissible functions. One can notice similar stop-bands (colored in yellow) and transmission-
bands in both the dispersion and FRF diagrams. One can be observe five bandgaps starting from narrower and lower fre-
quency bandgaps and than going to wider and higher frequency bandgaps. In the case of the triatomic configuration given
in Fig. 3 b), a higher number of bandgaps can be identified. Here, eight bandgaps can be noticed in the given frequency range
in both the dispersion and FRF diagrams. Similar to the previous case, the narrowest bandgap is located at lower frequency
dispersion curves while the others are slightly wider. Moreover, in both configurations one can notice a very narrow bandgap
at the lowest possible frequency usually named zero-frequency bandgap, whose appearance can be attributed to the pres-
ence of the coupling Winkler type of elastic medium [12] or boundary conditions [49]. Additional validation is performed by
comparing the dispersion curves obtained via Galerkin approximation and those obtained via the FE model and Floquet-
Bloch solution that are marked as red circles in the figures. Comparison of the obtained dispersion characteristics using these
two approaches shows excellent agreement of the results.

In Fig. 4, dispersion curves are given for the diatomic and triatomic unit cell configurations of the periodic system of elas-
tically connected beams with five terms in the Galerkin approximation and mode shapes of clamped-free beams adopted as
trial functions. One can observe several stop and transmission bands in both diatomic and triatomic configurations and good
correspondence between the dispersion curves and FRF responses. It is obvious that lower frequency bandgaps are narrower
than those at higher frequency ranges. In the clamped-free case the lower bandgap is shifted to higher frequency than in the
simply supported case. The comparison of the Galerkin approximation results with the results from the FE model shows good
agreement. The validation demonstrated the applicability, accuracy and simplicity of the proposed approach in analysing the
band structure of the complex periodic system of elastically connected Rayleigh beams with concentrated masses that will
be used in the following parametric study. Moreover, one can also notice that the introduction of the clamped-free boundary
conditions on beams reduces the width of the initial zero-frequency bandgap.
4.2. Parametric study and discussion

The effects of beams’ material/geometrical properties and boundary conditions
The effects of different geometrical properties as well as boundary conditions of beams in the unit cell of the proposed

periodic system are investigated to reveal their influence on the frequency band structure. To see these effects, first periodic
Table 1
The values of parameters used in simulations of diatomic and triatomic unit cell configurations, whit results plotted in Figs. 3 and 4.

SS boundary conditions

diatomic UC triatomic UC

Beam 1 Beam 2 Beam 1 Beam 2 Beam 3

E1 ¼ E E2 ¼ E E1 ¼ E E2 ¼ 2E E3 ¼ 3E
q1 ¼ q q2 ¼ q q1 ¼ q q2 ¼ q q3 ¼ q

I1 ¼ bh3

12 I2 ¼ bð2hÞ3
12

I1 ¼ bh3

12 I2 ¼ bð2hÞ3
12

I3 ¼ bh3

12

A1 ¼ bh A2 ¼ 2bh A1 ¼ bh A2 ¼ 2bh A3 ¼ bh
Mb ¼ 1

3qAL Mb ¼ 1
3qAL Mb ¼ 1

2qAL Mb ¼ 1
2qAL Mb ¼ 1

2qAL

CF boundary conditions

diatomic UC triatomic UC

Beam 1 Beam 2 Beam 1 Beam 2 Beam 3

E1 ¼ E E2 ¼ 3E E1 ¼ E E2 ¼ 2E E3 ¼ 3E
q1 ¼ q q2 ¼ q q1 ¼ q q2 ¼ q q3 ¼ 1:5q

I1 ¼ bh3

12 I2 ¼ bð2hÞ3
12

I1 ¼ bh3

12 I2 ¼ bð2hÞ3
12

I3 ¼ bh3

12

A1 ¼ bh A2 ¼ 2bh A1 ¼ bh A2 ¼ 2bh A3 ¼ bh
Mb ¼ 1

3qAL Mb ¼ 1
3qAL Mb ¼ 1

2qAL Mb ¼ 1
2qAL Mb ¼ 1

2qAL
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Fig. 3. The frequency band structure of the diatomic and triatomic unit cell configurations of the periodic system of elastically connected Rayleigh beams
with simply supported boundary conditions and FRF diagrams of the equivalent periodic system with ten unit cells. Blue doted lines are dispersion curves
for the five terms in Galerkin approximation and red circles are results from the finite element model. (For interpretation of the references to color in this
figure legend, the reader is referred to the web version of this article.)

Fig. 4. The frequency band structure of the diatomic and triatomic unit cell configurations of the periodic system of elastically connected Rayleigh beams
with clamped-free boundary conditions and FRF diagrams of the equivalent periodic system with ten unit cells. Blue doted lines are dispersion curves for
the five terms in Galerkin approximation and red circles are results from the finite element model. (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)
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systems with diatomic and triatomic unit cell configurations are considered having two and three elastically connected iden-
tical beams, respectively for simply-supported and clamped-free boundary conditions, Fig. 5. Here, the same values of
parameters as in the validation study are adopted except all the beams have the same cross sectional area, thus, having
the same material and geometrical characteristics. The number of adopted terms in the Galerkin approximation is N ¼ 5.
It can be observed that there are four bandgaps plus the zero-frequency bandgap for the simply-supported boundary con-
ditions case and only three bandgaps in the clamped-free boundary condition case. The reason for the lower number of vis-
ible dispersion curves is related to their overlapping due to identical beams in the unit cell having the same eigenfrequency
properties. This means that the proposed system with identical unit cells can be represented by a monoatomic unit cell con-
figuration with a single beam, which will generate the same band structure similar to discrete monoatomic chains. Lower
bandgaps are narrower compared to the one at higher frequency, whereas the lowest bandgap in the clamped-free case is
shifted to higher frequency compared to the simply supported case. In general, the case with identical beams exhibits a great
wave attenuation potential since wide bandgaps are achieved with a minimal number of transmission-bands in between.
10



Fig. 5. The frequency band structure of a periodic system with elastically connected beams and concentrated masses determined for five terms considered
in Galerkin approximation. The unit cell configurations are based on coupled two and three identical beams, for two types of boundary conditions (a)
simply-supported and (b) clamped-free.
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The next figure shows the effects of different geometrical (cross sectional area) properties and boundary conditions of
beams within the diatomic and tri atomic unit cell configurations on the frequency band structure diagrams. Fig. 6(a) shows
eight regular bandgaps and one very narrow zero-frequency bandgap in the diatomic unit cell configuration and nine regular
and one narrow zero-frequency bandgap in the triatomic case. The main difference between these two cases is in the number
of dispersion curves witch is greater for the triatomic case due to the additional beam introduced in the unit cell. Fig. 6(b)
shows the same unit cell models but for the clamped-free boundary conditions. It can be noticed that five bandgaps are
obtained in the diatomic configuration and six for the triatomic case. However, additional zero-frequency band gaps in both
cases are very narrow, almost invisible. Except for the additional bandgap at highest frequency there is no significant differ-
ence in width between other bandgaps. The first bandgap at the lowest frequency is the narrowest, which could be attributed
to the local resonance nature of certain bandgaps. Generally, the effect of clamped-free boundary conditions is reflected in
the vanishing of one bandgap at lower frequencies and the narrowing of other bandgaps. Different cross sectional areas of
beams in Fig. 6 results in their different eifenfrequency properties and consequently in different dispersion characteristics. In
this case, there is no overlapping of curves and higher number of dispersion branches can be detected compared to the case
with identical beams for the same frequency range.
Fig. 6. The frequency band structure of a periodic system with elastically connected beams and concentrated masses determined for five terms considered
in the Galerkin approximation. The diatomic and triatomic unit cell configurations are based on coupled two and three beams with different geometrical
properties, and for two types of boundary conditions (a) simply-supported and (b) clamped-free.
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4.3. The effect of the stiffness of Winkler’s coupling medium

Here, the influence of the stiffness of elastic medium on the band structure of the periodic system is investigated for the
diatomic and triatomic unit cell configurations and five terms considered in the Galerkin approximation. The values of
adopted parameters are the same as those in the validation study, except for the stiffness of the elastic medium. Fig. 7 shows
a cross section of the band structure 3D plot for simultaneous change of the propagation constant l and stiffness of the elas-
tic medium k given in the horizontal axis. One can observe nine bandgaps for lower values of the stiffness parameter (white
backgrounds). The first bandgap at the lowest frequency range is the narrowest while the widest one is located at the highest
frequency range. The number and width of bandgaps reduces for further increase of the stiffness parameter. From the phys-
ical point of view, increasing the stiffness of the Winkler elastic medium increases the overall stiffness of the system. Differ-
ent band structure can be observed in the case of triatomic unit cell configurations, where one can observe a larger number
of bandgaps but with similar behavior when increasing the stiffness parameter. Moreover, Fig. 8 shows equivalent periodic
systems but for the clamped-free boundary conditions on beams. This system is even more sensitive to variation of the stiff-
ness parameter whose increase can significantly reduce the number and width of bandgaps. In the triatomic configuration
case, there are initially more bangaps but their number is also reduced when increasing the stiffness parameter. Narrow and
lower frequency bandgaps can be easily eliminated by increasing the stiffness parameter. The overall characteristic of all pre-
sented examples is that transmission bands are very narrow at higher frequencies.

4.4. The effect of concentrated masses

The effect of concentrated masses on dispersion curves of the periodic system of elastically connected beams in diatomic
and triatomic unit cell configurations is investigated in this sub-section for five terms in Galerkin approximation. Beams in
the unit cell have different cross sectional areas like in the previous examples. The values of parameters are adopted the
same as in the validation study except for the values of concentrated masses. The main reason for introducing the concen-
trated masses is possibility to change the mass distribution and therefore the band structure of the periodic system without
changing its geometrical properties. In this analysis, figures are also obtained as a cross section i.e. dispersion surface of a 3D
plot obtained by changing the propagation constant l and values of the attached point masses Mp (horizontal axis).There-
fore, Fig. 9 shows the effect of change of concentrated masses on the band structure of the proposed periodic system for sim-
ply supported beams. One can observe nine bandgaps (white surfaces) for lower values of masses, including the zero-
frequency bandgap. Similar to the previous examples, lower frequency bandgaps are narrower, while those at higher fre-
quencies are wider. An increase of mass decreases the bandgaps’ width while the zero-frequency bandgap vanishes. In addi-
tion, all the remaining bandgaps are shifted towards lower frequencies due to the well known feature of beam-mass systems
that an increase of values of concentrated masses reduces the values of natural frequencies. Similar behaviour can be noticed
in both periodic systems with diatomic and the triatomic unit cell configurations, except the latter has greater number of
bandgaps. Furthermore, similar tendencies in the band structure behaviour can be observed in Fig. 10 for the same system
but with the cantilever beams. In the case of small values of concentrated masses there are six bandgaps including the zero-
frequency bandgap. The narrowest bandgap is at the lowest, while the widest is at the highest frequency. However, an
Fig. 7. The cross section of 3D frequency band structure diagrams for five terms in the Galerkin approximation and diatomic and triatomic unit cell
configurations with simply supported beams. The surfaces are obtained by solving the eigenvalue problem from Eq. (29) and by changing the propagation
constant l and the stiffness of elastic coupling medium k.
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Fig. 8. The cross section of 3D frequency band structure diagrams for five terms in the Galerkin approximation and diatomic and triatomic unit cell
configurations with clamped-free beams. The surfaces are obtained by solving the eigenvalue problem from Eq. (29) and by changing the propagation
constant l and the stiffness of elastic coupling medium k.

Fig. 9. The cross section of 3D frequency band structure diagrams for five terms in Galerkin approximation and diatomic and triatomic unit cell
configurations with simply supported beams. The surfaces are obtained by solving the eigenvalue problem from Eq. (29) and by changing the propagation
constant l and the stiffness of elastic coupling medium Mp .
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increase of the mass quickly eliminates the lowest frequency bandgaps, including the zero-frequency bandgap, and it also
narrows the others. One can also notice shifting of the bandgaps towards lower values of frequency. However, in the case
of triatomic configuration, the frequency ranges and the number of bandgaps for the same values of concentrated masses
are different. Moreover, a veering phenomenon can be noticed in frequency dispersion plots, which is known from the lit-
erature as a point where dispersion or frequency response curves are approaching each other without crossing and then sud-
denly diverge one from another. Appearance of this phenomenon strongly depends on the value of concentrated masses
attached to beams.

It can be outlined that the main characteristic of the proposed periodic system of elastically connected beams is that the
band structure properties can be easily changed by changing the stiffness of coupling medium and values of concentrated
masses attached to beams without changing the geometrical features of the system it self. The proposed model also shows
the existence of the zero-frequency bandgap, which is more pronounced for the simply supported boundary conditions and
certain values of concentrated masses than for the clamped-free case.
13



Fig. 10. The cross section of 3D frequency band structure diagrams for five terms in Galerkin approximation and diatomic and triatomic unit cell
configurations with clamped-free beams. The surfaces are obtained by solving the eigenvalue problem from Eq. (29) and by changing the propagation
constant l and the stiffness of elastic coupling medium Mp .
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5. Conclusions

In this work, Floquet-Bloch theorem and Galerkin approximation are suggested to study wave propagation in periodic
systems based on vertically aligned and elastically connected parallel slender structures. A particular attention is devoted
to the periodic system given as an array of elastically connected beams with concentrated masses and same boundary con-
ditions. Adjacent beams are coupled through the Winkler’s type of elastic medium given as uniformly distributed springs
along beam’s length. The eigenvalue problem is solved to determine the dispersion curves with the main assumption that
the elastic wave propagates along the array of periodically repeating structures i.e. in the direction normal to the length/-
surface of structural elements. The frequency band structure diagrams are validated by comparing them with the results
from the finite element model and the frequency response function determined for the full model of the periodic system.
Parametric study is performed to analyze the effects of different structural parameters on the frequency band structure.
The following conclusions can be drawn as a result of the presented study:

� Obtained frequency band structure of the presented periodic system of elastically connected beams reveals great poten-
tial for wave attenuation applications.

� Beams boundary conditions and different unit cell configurations have shown a significant influence on the band struc-
ture diagrams of the proposed system.

� Variation of elastic medium stiffness parameter and value of concentrated masses revealed that band structure properties
can be easily tuned without changing the geometrical properties of the system.

The proposed framework allows the study of more complex systems with elastically coupled structural elements
such as plates or membranes. This study shows potential of the proposed periodic systems to be utilized in vibration
mitigation and wave attenuation applications. Moreover, the presented model can be useful in future design of topo-
logical mechanical metamaterials based on coupled structures systems, which presents an intriguing direction for fur-
ther research.
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Appendix A. The mass and stiffness matrices

The mass and stiffness matrices determined in a general case are
Mm ¼

M1 0 0 0 . . . 0
0 M2 0 0 . . . 0
0 0 M3 0 . . . 0
. . . . . . . . . Mi . . . 0
0 0 0 0 . . . Mp

2
6666664

3
7777775

pN�pN

;

Km ¼

K1 0 0 0 . . . 0
0 K2 0 0 . . . 0
0 0 K3 0 . . . 0
. . . . . . . . . Ki . . . 0
0 0 0 0 . . . Kp

2
6666664

3
7777775

pN�pN

; ð30Þ

Km�1 ¼ Kmþ1 ¼

B1 0 0 0 . . . 0
0 B2 0 0 . . . 0
0 0 B3 0 . . . 0
. . . . . . . . . Bi . . . 0
0 0 0 0 . . . Bp

2
6666664

3
7777775

pN�pN

;

where p is the number of the structural elements in the unit cell. The size of the matrices ðMi;Ki;BiÞ inside of the global mass
and stiffness matrices are related to the number of adopted terms in the Galerkin approximation N, and defined in Eq. (6).
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[54] T. Chatterjee, D. Karličić, S. Adhikari, M.I. Friswell, Gaussian process assisted stochastic dynamic analysis with applications to near-periodic structures,

Mech. Syst. Signal Process. 149 (2021) 107218.
16

http://refhub.elsevier.com/S0888-3270(20)30977-8/h0110
http://refhub.elsevier.com/S0888-3270(20)30977-8/h0115
http://refhub.elsevier.com/S0888-3270(20)30977-8/h0120
http://refhub.elsevier.com/S0888-3270(20)30977-8/h0125
http://refhub.elsevier.com/S0888-3270(20)30977-8/h0125
http://refhub.elsevier.com/S0888-3270(20)30977-8/h0130
http://refhub.elsevier.com/S0888-3270(20)30977-8/h0130
http://refhub.elsevier.com/S0888-3270(20)30977-8/h0135
http://refhub.elsevier.com/S0888-3270(20)30977-8/h0135
http://refhub.elsevier.com/S0888-3270(20)30977-8/h0140
http://refhub.elsevier.com/S0888-3270(20)30977-8/h0145
http://refhub.elsevier.com/S0888-3270(20)30977-8/h0145
http://refhub.elsevier.com/S0888-3270(20)30977-8/h0150
http://refhub.elsevier.com/S0888-3270(20)30977-8/h0155
http://refhub.elsevier.com/S0888-3270(20)30977-8/h0155
http://refhub.elsevier.com/S0888-3270(20)30977-8/h0160
http://refhub.elsevier.com/S0888-3270(20)30977-8/h0160
http://refhub.elsevier.com/S0888-3270(20)30977-8/h0165
http://refhub.elsevier.com/S0888-3270(20)30977-8/h0170
http://refhub.elsevier.com/S0888-3270(20)30977-8/h0170
http://refhub.elsevier.com/S0888-3270(20)30977-8/h0175
http://refhub.elsevier.com/S0888-3270(20)30977-8/h0175
http://refhub.elsevier.com/S0888-3270(20)30977-8/h0180
http://refhub.elsevier.com/S0888-3270(20)30977-8/h0180
http://refhub.elsevier.com/S0888-3270(20)30977-8/h0185
http://refhub.elsevier.com/S0888-3270(20)30977-8/h0185
http://refhub.elsevier.com/S0888-3270(20)30977-8/h0190
http://refhub.elsevier.com/S0888-3270(20)30977-8/h0195
http://refhub.elsevier.com/S0888-3270(20)30977-8/h0195
http://refhub.elsevier.com/S0888-3270(20)30977-8/h0200
http://refhub.elsevier.com/S0888-3270(20)30977-8/h0205
http://refhub.elsevier.com/S0888-3270(20)30977-8/h0205
http://refhub.elsevier.com/S0888-3270(20)30977-8/h0210
http://refhub.elsevier.com/S0888-3270(20)30977-8/h0210
http://refhub.elsevier.com/S0888-3270(20)30977-8/h0215
http://refhub.elsevier.com/S0888-3270(20)30977-8/h0215
http://refhub.elsevier.com/S0888-3270(20)30977-8/h0220
http://refhub.elsevier.com/S0888-3270(20)30977-8/h0225
http://refhub.elsevier.com/S0888-3270(20)30977-8/h0230
http://refhub.elsevier.com/S0888-3270(20)30977-8/h0235
http://refhub.elsevier.com/S0888-3270(20)30977-8/h0235
http://refhub.elsevier.com/S0888-3270(20)30977-8/h0240
http://refhub.elsevier.com/S0888-3270(20)30977-8/h0240
http://refhub.elsevier.com/S0888-3270(20)30977-8/h0245
http://refhub.elsevier.com/S0888-3270(20)30977-8/h0245
http://refhub.elsevier.com/S0888-3270(20)30977-8/h0250
http://refhub.elsevier.com/S0888-3270(20)30977-8/h0255
http://refhub.elsevier.com/S0888-3270(20)30977-8/h0255
http://refhub.elsevier.com/S0888-3270(20)30977-8/h0260
http://refhub.elsevier.com/S0888-3270(20)30977-8/h0260
http://refhub.elsevier.com/S0888-3270(20)30977-8/h0265
http://refhub.elsevier.com/S0888-3270(20)30977-8/h0265
http://refhub.elsevier.com/S0888-3270(20)30977-8/h0270
http://refhub.elsevier.com/S0888-3270(20)30977-8/h0270

	Bloch waves in an array of elastically connected periodic slender structures
	1 Introduction
	2 Mathematical preliminaries
	2.1 The Galerkin approximation and inverse Floquet-Bloch formalism

	3 Problem formulation
	3.1 Motion equations of an array of elastically connected beams
	3.2 Defining the eigenvalue problem

	4 Numerical study
	4.1 Validation
	4.2 Parametric study and discussion
	4.3 The effect of the stiffness of Winkler’s coupling medium
	4.4 The effect of concentrated masses

	5 Conclusions
	CRediT authorship contribution statement
	Declaration of Competing Interest
	Acknowledgements
	Appendix A The mass and stiffness matrices
	References


