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Elastic instability such as the buckling of cellular
materials plays a pivotal role in their analysis and
design. Despite extensive research, the quantifi-
cation of critical stresses leading to elastic instabi-
lities remains challenging due to the inherent
nonlinearities. We develop an analytical approach
considering the spectral decomposition of the
elasticity matrix of two-dimensional hexagonal lattice
materials. The necessary and sufficient condition
for the buckling is established through the zeros
of the eigenvalues of the elasticity matrix. Through
the analytical solution of the eigenvalues, the
conditions involving equivalent elastic properties of
the lattice were directly connected to the mathematical
requirement of buckling. The equivalent elastic
properties are expressed in closed form using
geometric properties of the lattice and trigonometric
functions of a non-dimensional axial force parameter.
The axial force parameter was identified for four
different stress cases, namely, compressive stress in the
longitudinal and transverse directions separately and
together and torsional stress. By solving the resulting
nonlinear equations, we derive exact analytical
expressions of critical eigenbuckling stresses for these
four cases. Crucial parameter combinations leading to
minimum buckling stresses are derived analytically.
The exact closed-form analytical expressions derived
in the paper can be used for quick engineering design
calculations and benchmarking related experimental
and numerical studies.

1. Introduction
Cellular solids are a class of mechanical metamaterials
[1] which can be designed to possess extraordinary
properties not found in natural materials. Such properties
include but are not limited to excellent strength to
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weight ratio [2,3], outstanding energy absorption and impact resistance and non-reciprocal
response [4]. We refer to the book by Gibson & Ashby [5] and a recent review paper [6] for a
general introduction to cellular solids and an overview of analytical methods and experimental
results in the field. Hexagonal lattices, also known as honeycombs, are a special class of two-
dimensional (2D) lattices that are common across a wide range of engineering application
areas. The mechanics of hexagonal lattices plays a key role in understanding nanoscale
material systems such as single-layer graphene [7], boron nitride nanosheets [8] and multilayer
nano-heterostructures [9]. Recent developments in additive layer manufacturing (3D printing)
and multiphysics applications involving electromechanical and piezoelectric phenomena [10]
demands an advanced understanding of cellular materials than ever before.

Cellular materials are made of periodic unit cells. When the number of cells is sufficiently large,
cellular materials can be effectively modelled as a continuum with equivalent elastic properties
[11]. Such equivalent proprieties can be derived from the mechanics of a unit cell. This approach
is not only computationally efficient but also physically insightful [12,13]. When the cellular
material is not perfectly periodic, a representative unit cell approach was recently developed [14]
to generalize the classical unit cell formulation to obtain equivalent elastic moduli. While these
unit cell-based methods can be efficient in obtaining overall linear elastic properties, the analysis
of buckling and other instabilities is more challenging due to the need to consider inherent non-
linearities. Experimental and analytical approaches for a comprehensive understanding of and
buckling behaviour of honeycombs were developed in [15]. An instability analysis of metallic
hexagonal lattices under general in-plane loads was conducted using theoretical approaches in
[16]. On the other hand, Klintworth & Stronge [17] considered transverse loading for theoretical
analysis of elastoplastic yielding and cursing. Since these earlier works, many authors (see for
example [18–24]) have considered numerical, theoretical and experimental studies on crushing,
buckling, instability analysis and general response characterization of cellular materials under
compressive loading. Several novel analytical methods for uniaxial buckling analysis were
proposed by Fan et al. [25] for different periodic lattices. Che & Pugno [26] considered the in-
plane buckling of hierarchical honeycomb materials. Haghpana et al. [27] developed structural
mechanics-based analytical methods for buckling analysis of different lattices.

From this brief literature review, it is evident that extensive research has been conducted on the
buckling of lattice materials. Computational and experimental works have provided an excellent
physical understanding of the mechanisms underpinning such behaviour. However, a direct and
simple analytical quantification of the external stresses which will initiate buckling in a general
lattice structure has remained an open problem. Very accurate and experimentally validated
empirical formulae (see for example [5]) are available for different loading cases for both two- and
three-dimensional lattices with a range of geometrical shapes. This paper aims to adopt a physics-
based analytical approach as opposed to an empirical one. The key advantage of such an approach
is that the parametric dependence of the buckling stress will be explicitly known. The majority of
physics-based approaches consider a structural mechanics perspective for a representative unit
cell. Here, we consider a ‘materials’ perspective based on the equivalent homogeneous properties
of the 2D lattice material. The equivalent elastic properties are obtained from the mechanics of
a beam-based unit cell. Although geometric nonlinearities are considered in an exact manner
by solving the governing ordinary differential equation, linear material behaviour is assumed.
Once the elasticity tensor of the 2D continuum material is known, the attention is focused on the
spectral decomposition [28,29] of the elasticity matrix. This is in general a complex symmetric
matrix with distinct eigenvalues. It is proved that the condition of buckling arises from the zeros
of the eigenvalues of this matrix. The eigenvalues are obtained explicitly in closed form, which in
turn is used to obtain stresses leading to eigenbuckling of the hexagonal lattice.

The elements of the lattice structure are composed of beams undergoing axial and bending
deformations. Using the mechanics of beams with axial forces, the equivalent elastic properties
are obtained in the electronic supplementary material. In §2, the general elasticity matrix of
2D orthotropic materials and explicit expressions of the homogeneous elastic properties which
form this matrix are given. The analysis of eigenbuckling is carried out in §3 using the spectral
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decomposition of the elasticity matrix. In §4, eigenbuckling arising due to a compressive stress
only along the longitudinal direction is considered. Eigenbuckling analysis due to a compressive
stress only along the transverse direction is discussed in §5. The case when compressive stresses
along with both directions are applied is investigated in §6. In §7, eigenbuckling of the lattice is
investigated due to an applied torsional stress. New closed-form analytical expressions for critical
eigenbuckling stresses are derived for all four cases. Illustrative diagrams are used to explain the
results. The condition for minimum critical eigenbuckling stress has been derived for all the three
loading conditions. Finally, the main conclusions arising from the paper are drawn in §8.

2. The elasticity tensor of 2D lattice materials
The equivalent elastic properties of a lattice material are fundamental for the global stress–
strain analysis. With the equivalent elastic properties, any lattice material, which is discrete in
nature, can be treated as a continuum material [11]. This in turn allows one to employ analytical
and design methods historically developed for complex systems made of continuum materials
to lattice materials. When in-plane elasticity of 2D continuum materials are considered, the
constitutive relationship can be expressed as

⎧⎪⎨
⎪⎩

ε11
ε22
2ε12

⎫⎪⎬
⎪⎭=

⎡
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σ22
σ12

⎫⎪⎬
⎪⎭ . (2.1)

This is based on the fact that the material is orthotropic [30]. Here, ε(•) and σ(•) represent strain
and stress within the 2D material. In the above equation, E1 is the longitudinal Young’s modulus,
E2 is the transverse Young’s modulus, G12 is the shear modulus, ν12 and ν21 are the Poisson’s
ratios. These five quantities explicitly define the stress–strain relationship. This can be illustrated
by inverting the coefficient matrix in equation (2.1) as
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⎪⎭︸ ︷︷ ︸
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(2.2)

or in the matrix form as
σ = Dε. (2.3)

For equation (2.2) to be valid, it is required that ν12ν21 �= 1, a condition likely to be met by
most orthotropic materials. In the above equation, the 3 × 3 matrix D is the elasticity matrix for
two-dimensional materials. This is not specific to the lattice materials. However, for the lattice
materials, the elements of the D matrix can be explicitly expressed in terms of micro-structural
geometric and material properties.

The equivalent elastic properties of a lattice material can be obtained by making use of the
periodicity of a suitably selected unit cell. In figure 1, we show a representative example of a
hexagonal lattice and its corresponding unit cell. The unit cell is selected such that it represents
the whole lattice under tessellation in both directions. Each of the cell walls will bend and
compress when subjected to in-plane compressive stress. When the applied stress is uniform
along the out-of-plane direction, each element of the unit cell in figure 1b can be modelled
as a beam. A key focus of this paper is to explicitly consider in-plane compressive stress and
understand the buckling behaviour of 2D lattices. In general, a nonlinear stress–strain relationship
is expected. This, in turn, will be reflected in the elastic constants which are depended on the
applied stress. When external compressive stress is applied to a cellular material as depicted in
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Figure 1. (a) Illustration of a hexagonal lattice subjected to compressive stress in direction 1. (b) The unit cell is used to analyse
the mechanics of the lattice. It comprises three beams connected at one point. The length of the inclined beams is l and the
length of the vertical beam is h. The cell angle is denoted by θ . The thickness of all the beams is t. (Online version in colour.)

figure 1a, it results in forces and moments on the unit cell shown in figure 1b. The deformation
of the unit cell due to the applied compressive stress can be obtained using the coefficients of
the stiffness matrix of the beam elements. The exact stiffness matrix of beams subjected to axial
force can be analytically obtained by solving the underlying fourth-order differential equation
with appropriate boundary conditions. Following the analytical derivation illustrated in the
electronic supplementary material, the exact expressions of the five elastic constants are given
by the following concise closed-form expressions:

E1 = Eα3d1 cos θ

(β + sin θ )
(

12 sin2 θ + d1α2 cos2 θ
) , (2.4)

E2 = Eα3d1(β + sin θ )
(12 − d1α2) cos3 θ + d1α2(2β + 1) cos θ

, (2.5)

ν12 = cos2 θ
(
12 − d1α

2)
(β + sin θ ) sin θ

(
12 + d1α2 cot2 θ

) , (2.6)

ν21 = (β + sin θ ) sin θ
(
12 − d1α

2)
(12 − d1α2) cos2 θ + d1α2(2β + 1)

(2.7)

and G12 = Eα3(β + sin θ )(
β2(6/d2 + 2β) + α2 (cos θ + (β + sin θ ) tan θ)2

)
cos θ

. (2.8)

In the above equations, E is the elastic modulus of the base material, θ is the cell angle as shown
in figure 1b, α and β are geometric non-dimensional ratios given by

α = t
l

(thickness ratio) and β = h
l

(height ratio). (2.9)

The coefficients d1 and d2 are functions of a non-dimensional external compressive stress
parameter μ expressed by

μ2 = Nl2

EI
. (2.10)

Here, N is in the compressive axial force within the beam (to be determined later in the paper
based on applied external stresses) and EI is the bending rigidity. Following the details given in
the electronic supplementary material, the exact closed-form expressions of coefficients d1 and d2
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appearing in the expression of the equivalent elastic properties are given by

d1 = −μ3 sin(μ)
�

, d2 = μ2(cos(μ) − 1)
�

and � = μ sin(μ) − 2(1 − cos(μ)).

⎫⎪⎬
⎪⎭ (2.11)

Note that the coefficients d1 and d2 are nonlinear functions of the axial force parameter μ.
Consequently, the equivalent elastic properties also become nonlinear functions of μ.

3. The analysis of eigenbuckling of lattice materials
We take a ‘materials’ point of view for the buckling analysis of 2D lattices. In a recent paper
[31], the elements of the elasticity matrix D in equation (2.2) were derived using dynamic
considerations. Owing to the presence of damping, it was shown that the elements of the D
are complex valued. It turns out that D is a complex symmetric matrix (not Hermitian). The
symmetry of the matrix D arises from the fact that ν21E1 = ν11E2. Although the D matrix is real
in this paper, for analysis of eigenbuckling, we will consider it to be complex for generality. The
approach adopted here is based on the spectral decomposition of the elasticity tensor [28,29]. One
of our main propositions regarding the eigenbuckling of 2D lattice materials is the following.

Lemma 3.1. The necessary and sufficient condition for buckling is that at least one eigenvalue of the
elasticity matrix D is zero.

Proof. We first consider the complex-valued eigenvalue problem involving the symmetric
elasticity matrix D ∈ C

3×3 as
Dφj = λjφj, j = 1, 2, 3. (3.1)

Using the eigenvalues λj and the eigenvectors φj, the following matrices are created

Λ = diag[λ1, λ2, λ3] ∈ C
3×3 and Φ = [φ1, φ2, φ3

] ∈ C
3×3. (3.2)

For orthotropic materials, the eigenvalues will be distinct. Therefore, utilizing the similarity
transformation [32], one has

Φ−1DΦ = Λ or D−1 = ΦΛ−1Φ−1. (3.3)

Using this, from equation (2.3), we can obtain the stain in terms of the eigensolutions as

ε = D−1σ =
[
ΦΛ−1Φ−1

]
σ . (3.4)

At the onset of buckling, an infinite stain will occur due to finite stress. Since the modal matrix, Φ

is invertible as the eigenvalues are distinct, the only way the elements of the strain vector ε can
be infinite is if one of the eigenvalues in the Λ matrix is zero. This proves the sufficient condition.

To prove the necessary condition, consider that all eigenvalues are non-zero, that is λj �= 0, j =
1, 2, 3. Then, Λ−1 will be finite and from equation (3.4), we obtain that ε will be finite if σ is finite.
This does not satisfy the condition of buckling, that is the strain must be infinite. This completes
the proof. �

Although the condition of buckling given in lemma 3.1 is in terms of the eigenvalues of the
elasticity matrix D, it is not directly useful unless the eigenvalues are available. The eigenvalue
problem involving the elasticity matrix D can be expressed as

det(D − λI) = 0. (3.5)

The characteristic equation arising from the above determinant can be simplified as

λ3 + (−G12ν12b + E1 + E2 + G12) λ2

ν12ν21 − 1︸ ︷︷ ︸
a2

− (E2E1 + E1G12 + E2G12) λ

ν12ν21 − 1︸ ︷︷ ︸
a1

+ G12E2E1

ν12ν21 − 1︸ ︷︷ ︸
a0

= 0. (3.6)
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Here, aj is the coefficient associated with λj, j = 0, 1, 2. This is a cubic polynomial, and it can be
solved exactly in closed form using Cardano’s formula (see for example §3.8 [33]). The three roots
are expressed as

λ1,2 = − a2

3
− 1

2
(S + T) ± i

√
3

2
(S − T) (3.7)

and

λ3 = − a2

3
+ (S + T). (3.8)

In the above equation

S = 3
√

R +
√

D, T = 3
√

R −
√

D, D = Q3 + R2 (3.9)

and

Q = 3a1 − a2
2

9
and R = 9a2a1 − 27a0 − 2a3

2
54

. (3.10)

After considerable algebraic simplifications, the three roots can be expressed concisely as

λ1,2 =
(E1 + E2) ±

√
E1

2 + (4ν12ν21 − 2) E2E1 + E2
2

2 (1 − ν12ν21)

and λ3 = G12.

⎫⎪⎪⎬
⎪⎪⎭ (3.11)

The roots are, in general, complex when the elastic constants are complex valued. If all the elastic
constants are real-valued, then all the roots will be real-valued. Considering the case λ3 = 0, the
required condition for buckling is obtained as

G12 = 0. (3.12)

This implies that if the shear modulus becomes zero, the lattice material will buckle. This is
intuitive as for a cellular solid with zero shear modulus means that it behaves like a fluid and
hence unstable. There are certain metamaterials, such as the pentamode [34] material, which
shows extremely low shear modulus. This may be also realized in other lattices by the application
of suitable shear stress and considering geometric nonlinearities. As the main interest in this work
is in-plane axial buckling, considering the case λ1,2 = 0, from equation (3.11), one can deduce

(E1 + E2) ±
√

E1
2 + (4ν12ν21 − 2) E2E1 + E2

2

2 (1 − ν12ν21)
= 0

or (E1 + E2)
2 = E1

2 + (4ν12ν21 − 2) E2E1 + E2
2.

(3.13)

This can be simplified to obtain the required condition for buckling as

4E2E1 (1 − ν12ν21) = 0. (3.14)

It has been established that ν12ν21 �= 1. Therefore, the condition for buckling can be expressed as

E1 = 0 or E2 = 0. (3.15)

This result is general and intuitively appealing. However, the derivation itself does not give any
clue as to how, or if, this condition will be met for a real lattice material. This is addressed next.

The expressions of E1 and E2 when the lattice is subjected to compressive stress is given
by equations (2.4) and (2.5). Discarding the degenerate case of θ = π/2, the conditions in
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equation (3.15) translates to

d1 = 0 or − μ3 sin(μ)
�

= 0. (3.16)

This is a nonlinear equation in μ. As � �= 0, for non-trivial solutions, this requirement results

sin(μ) = 0 or μ2 = n2π2, n = 1, 2, 3, . . . . (3.17)

This is the condition of eigenbuckling of 2D lattice materials. The expression of μ is given in
equation (2.10). Equation (3.17) does not give the actual force/stress necessary to induce buckling.
It only gives the force multiplier. This needs to be used with the actual stress condition applied
to the lattice material. The axial force N appearing in the definition of μ in equation (2.10) can
be related to various applied stress conditions. In the next sections, four physically realistic cases
are considered, namely, stress only along direction 1 (longitudinal direction), stress only along
direction 2 (transverse direction), simultaneous stresses along with both directions and shear
stress.

4. Eigenbuckling in the longitudinal direction
In figure 2, we show the hexagonal lattice subjected to compressive stress in the longitudinal
direction. In the same figure, forcing on the unit cell due to this applied stress is also shown. It
can be observed that the compressive axial force in the inclined beam is N = P cos θ where

P = σ1b(h + l sin θ ). (4.1)

Here, σ1 is the applied stress and b is the out-of-plane thickness of the lattice. Using these, the
non-dimensional axial force appearing in equation (2.10) can obtained as

μ2 = Nl2

EI
= σ1b(h + l sin θ ) cos θ l2

Ebt3/12
=
(

σ1

Eα3

)
12(β + sin θ ) cos θ

or μ =
√(

σ1

Eα3

)
12(β + sin θ ) cos θ .

(4.2)

Substituting d1 from equation (2.11) in equation (2.4), we can express the Young’s modulus
explicitly in terms of the above non-dimensional axial force parameter as

E1 = Eα3μ3 sin(μ) cos θ

(β + sin θ )
(
μ3 sin(μ)α2 cos2 θ − 12 sin2 θ�

) . (4.3)

This is the explicit expression of the equivalent elastic modulus E1 of hexagonal lattices subjected
to compressive stress as in figure 2.

The substitution of μ from equation (4.2) in the expression of E1 in equation (4.3) clearly
demonstrates that the Young’s modulus E1 is depended on the applied stress σ1. This is a
nonlinear behaviour. The ratio σ1/Eα3 is a non-dimensional quantity quantifying the applied
compressive stress in direction 1 relative to Young’s modulus of the constitutive material. In
figure 3, we show the variation of the effective Young’s modulus E1 with respect to this relative
compressive stress. The y-axis is normalized with Eα3 as the x-axis. Results for four values of the
cell angle θ are shown and the height ratio is assumed to be β = h/l = 1. The thickness ratio is
considered to be α = t/l = 0.1. As the applied compressive stress increases, the effective Young’s
modulus E1 reduces. This is expected because the axial compression results in a loss of stiffness
in the constituent beams.

When E1 > 0 in figure 3, the lattice is ‘stable’ in the sense that it is able to withstand the applied
stress and yields a finite strain. The lattice is ‘unstable’ when E1 ≤ 0 and the corresponding zone
is marked in the figure. The critical value of the buckling stress is obtained when E1 makes a
transition from a positive to a negative value. When E1 = 0, theoretically the lattice has infinite
strain due to a finite stress. This is exactly what is obtained from the eigenbuckling analysis in the
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Figure 2. (a) Hexagonal lattice subjected to compressive stressσ1 in the 1-direction (longitudinal direction). (b) Forcing in the
constituent beamswithin the unit cell model. The compressive axial force is: P cos θ with P = σ1b(h + l sin θ ), where b is the
out-of-plane thickness of the lattice. (Online version in colour.)
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Figure 3. Variation of the effective Young’s modulus E1 with respect to the relative compressive stress in the 1-direction. The
horizontal and vertical axis are normalized at Eα3. Results for four values of the cell angle θ are shown. The values of the height
ratio and the thickness ratio are assumed to beβ = h/l = 1 andα = t/l = 0.1. (Online version in colour.)

previous section. Using the mathematical requirement of eigenbuckling from equation (3.17) and
combining with the expression of the non-dimensional axial force in equation (4.2), we have(

σ1

Eα3

)
12(β + sin θ ) cos θ = n2π2

or σ̃1crit,n =
(

σ1

Eα3

)
crit,n

= n2π2

12(β + sin θ ) cos θ
, n = 1, 2, 3 · · ·

(4.4)

Here, σ̃1crit,n is the critical buckling stress ratio for direction 1 for different values of n. This is
a key result in the paper as it gives a simple and exact closed-form expression of the critical
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Figure 4. Contours of the normalized critical buckling stressσ1crit/Eα
3 plotted as a function of the cell angle θ and the height

ratioβ = h/l. The critical buckling stress is the minimum value when 2 sin2 θ + β sin θ = 1. This line is shown along with
a mark denoting the regular lattice (that is, θ = π/6 andβ = 1). (Online version in colour.)

eigenbuckling stress for a general hexagonal lattice. Different values of n in equation (4.4) give
different buckling modes. Higher values of n will lead to complex buckling mode shapes with
mire ripples. To obtain the minimum value of the critical buckling stress, n = 1 needs to be
selected. This minimum critical eigenbuckling stress will be denoted by σ̃1crit . We note that σ̃1crit is
purely a function of geometric parameters only. Values obtained from this formula are marked
with a ‘*’ in figure 3. They match with the numerical results as the expression is exact. The
thickness ratio α = t/l appears in a cubic power. This implies that lattices with thicker elements
will have a considerable higher critical buckling stress.

In figure 4, we show the contours of the normalized critical buckling stress σ1crit/Eα3 as a
function of the cell angle θ and the height ratio β = h/l. This is a general representation, and it
is applicable for any hexagonal lattice. The actual critical buckling stress can be obtained directly
by multiplying the values in figure 4 with Eα3. For the special case of a regular lattice, we have
θ = π/6 and β = h/l = 1. Substituting these in equation (4.4), one obtains

σ̃1crit = E
π2α3

9
√

3
or σ1crit |regular ≈ 0.63E

(
t
l

)3
. (4.5)

This value is marked by the asterisk (*) in figure 4.
From equation (4.4), we observe that the critical buckling stress ratio σ̃1crit depends on two

parameters, namely β and θ . As seen from figure 4, the dependence on θ and β is not monotonic
in nature. It is of practical engineering interest to find the minimum value of σ1crit as θ and β

change. Differentiating the expression in equation (4.4) with respect θ and equating it to zero, we
obtain the condition for minimum σ̃1crit as

∂σ̃1crit

∂θ
= 0 �⇒ 2 sin2 θ + β sin θ − 1 = 0. (4.6)
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Solving this equation, we obtain

θ = sin−1

(√
β2 + 8 − β

4

)
or β = 1 − 2 sin2 θ

sin θ
. (4.7)

Depending on whether θ or β is known, the above expressions can be used to obtain the other
parameter which will lead to the minimum critical buckling stress. The line represented by this
equation is shown in figure 4. It can be observed that the combination of θ and β represented by
this line will result in the minimum critical buckling stress. For engineering design considerations,
such values may be avoided to achieve higher critical buckling stress. Alternatively, if stress-
induced softening behaviour to be exploited in lattice metamaterials, then parameter combination
in equation (4.7) must be selected for efficiency.

5. Eigenbuckling in the transverse direction
In figure 5, we show the hexagonal lattice subjected to compressive stress in the transverse
direction. In the same figure, forcing on the unit cell due to this applied stress is also shown.
It can be observed that the compressive axial force in the inclined beam is N = W sin θ , where

W = σ2bl cos θ . (5.1)

Here, σ2 is the applied stress and b is the out-of-plane thickness of the lattice. Using these, the
non-dimensional axial force appearing in equation (2.10) can be obtained as

μ2 = Nl2

EI
= σ2bl sin θ cos θ l2

Ebt3/12
=
(

σ2

Eα3

)
12 sin θ cos θ

or μ =
√(

σ2

Eα3

)
12 sin θ cos θ .

(5.2)

Substituting d1 from equation (2.11) in equation (2.4), we can express the Young’s modulus
explicitly in terms of the above non-dimensional axial force parameter as

E2 = Eα3μ3 sin(μ)(β + sin θ )
μ3 sin(μ)α2(2β + 1) cos θ − (μ3 sin(μ)α2 + 12�) cos3 θ

. (5.3)

This is the explicit expression of the equivalent elastic modulus E2 of hexagonal lattices subjected
to compressive stress as in figure 5.

Substitution of μ from equation (5.2) in the expression of E2 in equation (5.3) shows that
the Young’s modulus E2 is depended on the applied stress σ2. This is a nonlinear behaviour,
as observed before in the previous section. The ratio σ2/Eα3 is a non-dimensional quantity
quantifying the applied compressive stress in direction 2 relative to Young’s modulus of the
constitutive material. In figure 6, variation of the effective Young’s modulus E2 with respect the
relative compressive stress σ2/Eα3 is shown. The y-axis is normalized with Eα3 as the x-axis.
Results for four values of the cell angle θ are shown and the height ratio and thickness ratio
are considered to be β = h/l = 1 and α = t/l = 0.1. As the applied compressive stress increases,
the effective Young’s modulus E2 reduces. As before, this is expected as the axial compression
results in a loss of stiffness in the constituent beams. The stable and unstable (buckled) regions
are marked in figure 6 based on whether E1 > 0 or not.

Using the mathematical requirement of eigenbuckling from equation (3.17) and combining
with the expression of the non-dimensional axial force in equation (5.2), we have(

σ2

Eα3

)
12 sin θ cos θ = n2π2

or σ̃2crit,n =
(

σ2

Eα3

)
crit,n

= n2π2

12 sin θ cos θ
, n = 1, 2, 3 · · ·

(5.4)
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the unit cell model. The compressive axial force isW sin θ withW = σ2bl cos θ , where b is the out-of-plane thickness of the
lattice. (Online version in colour.)
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Here, σ̃2crit,n is the critical buckling stress ratio for direction 2. The minimum value of the critical
buckling stress occurs for n = 1, and this minimum critical buckling stress is denoted by σ̃2crit .
Values obtained from the formula (5.4) with n = 1 are marked with a ‘*’ in figure 6, and they



12

royalsocietypublishing.org/journal/rspa
Proc.R.Soc.A477:20210244

...........................................................

10 20 30 40 50 60 70 80
cell angle: q

1.0

1.5

2.0

2.5

3.0

(s
2)

cr
it
/E

a
3

3.5

4.0

4.5

5.0

regular lattice

minimum

Figure 7. Normalized critical buckling stress σ2crit/Eα
3 plotted as a function of the cell angle θ . The minimum value occurs at

θ = π/4. This point is shown along with a mark denoting the regular lattice (that is, θ = π/6 andβ = 1). (Online version
in colour.)

match with the numerical results for all the four values of θ shown in the plot. We again observe
that σ̃2crit is purely a function of the geometric parameters only.

In figure 7, we show the normalized critical buckling stress σ2crit/Eα3 as a function of the cell
angle θ . This is a generic representation, and it is applicable for any hexagonal lattice. The actual
critical buckling stress can be obtained directly by multiplying the values in figure 7 with Eα3.

For the special case of a regular lattice, using θ = π/6 in equation (5.4), we have

σ̃2crit = E
π2α3

3
√

3
or σ2crit |regular ≈ 1.89E

(
t
l

)3
≈ 3σ1crit |regular. (5.5)

This value is marked by ‘*’ in figure 7. The main difference between σ̃1crit and σ̃2crit is that the
later does not depend on β. Differentiating the expression in equation (5.4) with respect to θ and
setting it to zero, we obtain the condition for minimum σ̃2crit as θ = π/4. This value of the cell angle
will result in the minimum buckling stress irrespective of the other geometric parameters of the
lattice. For this value of θ , the minimum critical buckling stress becomes

σ̃2crit |min = E
π2α3

6
or σ2crit |min ≈ 1.65E

(
t
l

)3
. (5.6)

This value is marked in figure 7 by a circle. Engineering designs can be checked against this value
for safety.

6. Eigenbuckling due to stresses in both directions
In figure 8, we show the hexagonal lattice subjected to compressive stresses applied
simultaneously in both directions. In the same figure, forces on the unit cell due to these applied
stresses are also shown. This condition of applied stresses is also known as biaxial stress. The
loading conditions discussed in the previous two sections can be viewed as special cases when
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Figure 8. (a) Hexagonal lattice subjected to compressive stress in both 1 and 2-directions. Applied stresses in the two directions
are σ1 and σ2 respectively. (b) Forcing in the constituent beams within the unit cell model. The compressive axial force is
P cos θ + W sin θ with P = σ1b(h + l sin θ ) and W = σ2bl cos θ , where b is the out-of-plane thickness of the lattice.
(Online version in colour.)

forcing in one directions is considered to be zero. The axial force N within the individual beams
are now functions of both σ1 and σ2. From figure 8b, we obtain the total axial forces as

N = P cos θ + W sin θ = σ1b(h + l sin θ ) cos θ + σ2bl sin θ cos θ . (6.1)

This is now coupled due to the fact that the axial force N within the individual beams is now a
function of both σ1 and σ2. The non-dimensional axial force parameter can be obtained as

μ2 = Nl2

EI
= σ1b(h + l sin θ ) cos θ l2 + σ2bl sin θ cos θ l2

Ebt3/12
(6.2)

or

μ =
√(

σ1

Eα3

)
12(β + sin θ ) cos θ +

(
σ2

Eα3

)
12 sin θ cos θ . (6.3)

This expression of μ can be substituted in the analytical expressions of E1 and E2 given by
equations (4.3) and (5.3) to obtain the effective elastic moduli when compressive stresses are
applied in both directions.

Using the mathematical requirement of buckling from equation (3.17) and combining with the
expression of the non-dimensional axial force in equation (6.2), we have(

σ1

Eα3

)
crit,n

12(β + sin θ ) cos θ +
(

σ2

Eα3

)
crit,n

12 sin θ cos θ = n2π2. (6.4)

Rearranging this equation, we conveniently express it as an equation of a straight line

(σ1)crit,n /Eα3{
n2π2/12(β + sin θ ) cos θ

} + (σ2)crit,n /Eα3{
n2π2/12 sin θ cos θ

} = 1, n = 1, 2, 3, . . . . (6.5)

In the above, (•)crit,n denotes critical buckling stress for any value of n. The minimum critical
buckling stress, which is practically most important is obtained for n = 1 will be denoted as
(•)crit as before. The critical buckling stress obtained from the above equation is general and it
is applicable for all values of the geometrical parameters α, β, and θ . This is shown in figure 9 for
four values of θ . When (σ1)crit/Eα3 and (σ2)crit/Eα3 are plotted in x- and y-axis respectively, the
line in equation (6.5) intercepts them at π2/12(β + sin θ ) cos θ and π2/12 sin θ cos θ . It is interesting
to note that these are the exact values of the uniaxial critical buckling stresses obtained in the
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previous two subsections. This implies that the biaxial case in equation (6.5) is the general case,
and it degenerates to the specific uniaxial cases when the stress in the other direction becomes 0.

To obtain the minimum biaxial critical buckling stress, we minimize the area under the triangle
in figure 9. The non-dimensional area is given by

As = 1
2

{
π2

12(β + sin θ ) cos θ

}{
π2

12 sin θ cos θ

}
. (6.6)

Differentiating this with respect θ and setting it to zero, we obtain the condition for minimum
biaxial critical buckling stress as

∂As

∂θ
= 0 �⇒ 4 sin3 θ + 3β sin2 θ − 2 sin θ − β = 0. (6.7)

This is a cubic equation in sin θ and a linear equation in β. Solving this equation, we obtain

θ = sin−1

(
η2/3 − 3 β 3

√
η + 9 β2 + 24

12 3
√

η

)
, η = 108β − 27β3 + 12

√
−81β4 − 27β2 − 96

or β =
2 sin θ

(
2 sin2 θ − 1

)
1 − 3 sin2 θ

.

(6.8)

The cubic equation (6.8) is solved following the Cardano’s formula used before (see
equations (3.7)–(3.9)). Depending on whether θ or β is known, the above expressions can be used
to obtain the other parameter which will lead to the minimum biaxial critical buckling stress.
Numerical calculations using equation (6.8) show that for 0 ≤ β ≤ 2, we have 45 ≥ θ ≥ 35. For
engineering design, such values should be checked for safe design under biaxial buckling.
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Figure 10. (a) Hexagonal lattice subjected to a torsional stress τ . (b) Forcing in the constituent beams within the unit cell
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7. Eigenbuckling due to torsion
The hexagonal lattice subjected to a torsional stress τ is shown in figure 10. In the same figure,
forcing on the unit cell due to this applied shear stress is also shown. It can be observed that the
member AO is subjected to a compressive force while OB is subjected to a tensile force. As we are
interested in buckling, the compressive force on AO is of primary interest. This can be obtained as

N = F1

2 cos θ
+ F2 sin θ = τ lb

(
cos2 θ + (h/l + sin θ ) sin θ

)
= τ lb (1 + β sin θ) . (7.1)

Here, τ is the applied shear stress and b is the out-of-plane thickness of the lattice. Using these,
the non-dimensional axial force appearing in equation (2.10) can obtained as

μ2 = Nl2

EI
= τ lb (1 + β sin θ) l2

Ebt3/12
=
(

τ

Eα3

)
12 (1 + β sin θ)

or μ =
√(

τ

Eα3

)
12 (1 + β sin θ).

(7.2)

Using the mathematical requirement of eigenbuckling from equation (3.17) and combining
with the expression of the non-dimensional axial force in equation (7.2), we have(

τ

Eα3

)
12 (1 + β sin θ) = n2π2

or τ̃crit,n =
(

τ

Eα3

)
crit,n

= n2π2

12 (1 + β sin θ)
, n = 1, 2, 3, . . .

(7.3)

Here, τ̃crit,n is the critical torsional buckling stress ratio. The minimum value of the critical
torsional buckling stress occurs for n = 1, and this minimum critical buckling stress is denoted
by τ̃crit. We again observe that this is purely a function of the geometric parameters only.

In figure 11, we show the normalized critical torsional buckling stress τcrit/Eα3 as a function of
the cell angle θ and the height ratio β = h/l. For the special case of a regular lattice, using θ = π/6
and β = 1 in equation (7.3), we have

τ̃crit = E
π2α3

18
or τ̃crit|regular ≈ 0.5483E

(
t
l

)3
. (7.4)

This value is marked by ‘*’ in figure 11. Unlike the cases of axial stresses, there is no optimal
combination of θ and β leading to the minimum value of the critical torsional buckling stress.
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From equation (7.3), it can be observed that higher values of β will lead to lower critical torsional
buckling stress values. This can be observed in figure 11 also.

8. Conclusion
The quantification of critical buckling stresses in cellular solids is of paramount importance. A
physics-based analytical approach leading to closed-form expressions of critical in-plane buckling
stresses in hexagonal elastic lattices was presented. The route to this analytical derivation is based
on the spectral decomposition of the elasticity matrix of 2D materials. It was proved that the
necessary and sufficient condition for buckling is that at least one eigenvalue of this matrix is
zero. Following on from this condition, the third-order polynomial for the characteristic equation
was solved exactly and the eigenvalues are obtained in closed form. This makes it possible to
explicitly relate the eigenvalues with the equivalent elastic properties of the lattice material. The
equivalent elastic properties are obtained considering a representative unit cell is composed of
the Euler–Bernoulli beam element subjected to compressive axial force. They are expressed in
terms of trigonometric functions of a non-dimensional axial force parameter. Through the axial
force parameter, the eigenbuckling condition was linked to different applied stress conditions
on the lattice. Four loading scenarios are considered, namely, when the stress is applied in the
longitudinal direction only, when the stress is applied in the transverse direction only, when
stresses are applied simultaneously in the longitudinal and transverse directions, and when a
torsional stress is applied.

Using the condition of eigenbuckling, it was possible to solve the resulting nonlinear equations
exactly in closed form to obtain the critical buckling stresses for axial torsional loading. The novel
aspects of the proposed formulation include (1) explicit forcing parameter-dependent analytical
expressions of the equivalent elastic constants appearing in the elasticity matrix, (2) exact solution
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of the cubic characteristic equation arising from the eigenvalue problem involving the elasticity
matrix, (3) establishing direct correspondences between the forcing parameter and different
loading cases on the lattice and (4) quantifying the role of crucial non-dimensional geometric
parameters on the critical buckling stresses. The main results can be expressed by the following
general equations:

σ1crit,n = n2π2E(t/l)3

12(h/l + sin θ ) cos θ
, σ2crit,n = n2π2E(t/l)3

12 sin θ cos θ

and

τcrit,n = n2π2E(t/l)3

12(1 + (h/l) sin θ )
, n = 1, 2, 3, . . .

Here, t is the thickness of the cell walls, θ is the cell angle, l and h are the lengths of the inclined
and vertical elements of the hexagonal lattice. When compressive stresses are applied in both
directions, a simple equation of a straight line was obtained. These expressions indicate that
infinite number of eigenbuckling modes are possible. The effect of different geometric parameters
of the lattice on the critical buckling stress has been explained graphically. One case is of
particular practical interest is when the buckling stress is minimum. This has been investigated
analytically and equations have been derived giving the critical parameter combinations for all
the three axial loading conditions. For the longitudinal and transverse directions, the minimum
critical eigenbuckling stress occurs when h/l = (1 − 2 sin2 θ )/ sin θ and θ = π/4, respectively.
When compressive stresses are applied at both directions, the minimum critical eigenbuckling
stress occurs for h/l = 2 sin θ (2 sin2 θ − 1)/(1 − 3 sin2 θ ). Engineering design guidelines have been
suggested based on these optimal eigenbuckling analyses. Future research may extend this
work to investigate eigenbuckling of three-dimensional lattice materials considering spectral
decomposition of the complete 6 × 6 elasticity tensor.
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