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A B S T R A C T

Highly compressible and stretchable lattice materials are perfectly suitable to be exploited in a range of cutting
edge engineering applications such as low band‐gap acoustic metamaterials, vibration absorbers, soft robotics,
stretchable electronics and stent devices. Physics‐based understanding and efficient computational methods are
of paramount importance for the analysis and design of such cellular metamaterials. This paper develops the
analytical framework to understand the nonlinear mechanics of hexagonal lattices subject to in‐plane compres-
sive and tensile stresses. Nonlinear equivalent elastic moduli and Poisson’s ratios of the stressed lattice are
expressed through the coefficients of the stiffness matrices of the constitutive beam elements. The stiffness
coefficients, in turn, are derived from the transcendental displacement function which is the exact solution
of the corresponding governing ordinary differential equation with appropriate boundary conditions. The
closed‐form analytical expressions of the equivalent elastic properties of the lattice are expressed in terms of
trigonometric functions for the case of compressive stress and hyperbolic functions for the case of tensile stress.
The general expressions are then used to investigate three special cases of wide interest, namely, auxetic hexag-
onal lattices, rhombus‐shaped lattices and rectangular lattices. Analytical expressions are validated using inde-
pendent nonlinear finite element simulation results. Numerical results are displayed for applied compressions
and tensions in both directions separately and together. The equivalent elastic moduli show a softening effect
under compression and a stiffening effect under tension. The Poisson’s ratios are not significantly affected by
the applied stresses. The proposed analytical approach and the new closed‐form expressions provide a compu-
tationally efficient and physically intuitive framework for the analysis and parametric design of lattice mate-
rials under external stresses.
1. Introduction

Hexagonal lattices, commonly known as honeycombs, are widely
used in engineering structures across different length scales. Cellular
solids in general, and hexagonal lattices in particular, have several
desirable properties. They include but are not limited to, excellent
strength to weight ratio, outstanding energy absorption and impact
resistance and the ability to withstand crushing and other transient
forces. We refer to the book by Gibson and Ashby [1] and an insightful
review paper by Fleck et. al. [2] for a general introduction to cellular
solids, an overview of analytical methods and experimental results in
the field. The mechanics of hexagonal lattices plays a key role in
understanding nanoscale material systems such as single‐layer gra-
phene [3], bilayer graphene [4], boron nitride nanosheets [5] and
more complex multilayer nano‐heterostructures [6].Recent develop-
ments in mechanical metamaterials, such as pentamode materials
[7,8], additive layer manufacturing (3D printing) and multiphysics
applications involving, thermal, magnetic, electromechanical and
piezoelectric phenomenon demands an advanced understanding of cel-
lular materials than ever before.

Honeycombs and other cellular materials are made of periodic unit
cells. When the number of cells is sufficiently large, cellular materials
can be effectively modelled as a continuum with equivalent elastic
properties. Such equivalent proprieties can be derived from the
mechanics of a unit cell. This approach is not only computationally
efficient but also physically insightful [9–15]. We refer to a recent
review paper [16] for further discussions. When the cellular material
is not perfectly periodic, a representative unit cell approach was
recently developed [17] to generalise the classical unit cell formula-
tion to obtain equivalent elastic moduli. While these unit cell‐based
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methods can be efficient in obtaining overall linear elastic properties,
the analysis of buckling and other instabilities is more challenging due
to the need to consider inherent nonlinearities. Experimental and com-
putational approaches for a comprehensive understanding of crushing
and buckling behaviour of honeycombs was developed in [18]. Insta-
bility analysis of metallic hexagonal lattices under general in‐plane
loads was conducted using theoretical approaches by [19]. On the
other hand, reference [20] considered transverse loading for theoreti-
cal analysis of elastoplastic yielding and cursing. Since these earlier
works, several authors (see for example [21–26]) have considered
numerical, theoretical and experimental studies on crushing, buckling,
instability analysis and general response characterisation of cellular
materials under compressive loading. Zhang et. al. [27] considered ini-
tial yield surfaces of lattice structures along with equivalent elastic
properties.Amendola and Fraternali [28] proposed analytical formula-
tions for response analysis of 2D and 3D auxetic composite lattices
under isotropic prestress. In‐plane crashworthiness of re‐entrant hon-
eycomb structures was investigated using nonlinear finite element
analysis in [29]. Non‐linear finite element analysis was used in [30]
for in‐plane dynamic crushing of circular‐celled honeycomb structures.
Homogenised properties of honeycombs under axial and shear loading
are considered in [31,32]. Effective elastic properties of flexible hexag-
onal honeycombs with geometric nonlinearities and large deforma-
tions are considered in [33–35].

From this brief literature review, it is evident that extensive
research has been conducted on the large deformation of lattice mate-
rials leading to nonlinear stress‐strain relationships. Another situation
when nonlinear behaviour is of paramount importance is when highly‐
stretchable and soft lattices are considered [36–40]. They are useful
for many practical applications such as impact absorption, biological
metamaterials, soft robots, stretchable electronics and fashion/archi-
tecture. Such highly‐stretchable lattices can be realised through 3D
printing, for example, SLA or FDM with flexible materials such as
TPU and TPE. Computational and experimental works have provided
an excellent physical understanding of the mechanisms underpinning
nonlinear behaviour. However, a direct and simple analytical quantifi-
cation of the underlying nonlinear relationship for a general 2D lattice
structure has remained an open problem. Our aim in this paper is to
obtain a nonlinear stress‐strain relationship using homogeneous equiv-
alent elastic moduli of the lattice. For two‐dimensional lattices, the
equivalent in‐plane elastic properties are quantified by two equivalent
elastic moduli for the two orthogonal directions along with two Pois-
son’s ratios and the shear modulus. It is assumed that the lattice is per-
fectly periodic.Although geometric nonlinearities are considered,
linear elastic material behaviour is assumed.

The paper is organised as follows. In Section 2, the elasticity tensor
of 2D lattices and the unit cell approach to obtain the equivalent elas-
tic properties are discussed. The equivalent elastic properties investi-
gated include elastic moduli in both directions, Poisson’s ratio for
both directions and the shear modulus. Further details about the
physics‐based method underpinning the expression of the equivalent
elastic properties are given in the supplementary document. Closed‐
form expressions of the elements of the elasticity tensor are given in
terms of the coefficients of the stiffness matrix of the beams within
the unit cell. The stiffness matrix of Euler‐Bernoulli beams considering
axial forcing is derived in Section 3. Three cases are considered, (a)
stiffness matrix obtained using the classical finite element method,
(b) exact stiffness matrix with compressive axial force, and (c) exact
stiffness matrix with tensile axial force. The stiffness coefficients
derived here are utilised in the expression of equivalent elastic proper-
ties of the lattice. In Section 4, hexagonal lattices undergoing compres-
sive stress is discussed. Three separate scenarios have been considered,
namely, compressive stress only along direction 1, compressive stress
only along direction 2 and compressive stresses along with both direc-
tions. Hexagonal lattices undergoing tensile stress are in discussed in
Section 5. Again three different scenarios have been considered,
2

namely, tensile stress only along direction 1, tensile stress only along
direction 2 and tensile stresses along with both directions. The general
analytical framework for the equivalent elastic properties of stressed
hexagonal lattices has been applied to different lattice geometries in
Section 6. The special cases investigated include auxetic hexagonal lat-
tices, rhombus‐shaped lattices and rectangular lattices. Exact closed‐
form expressions of all the five equivalent elastic constants have been
explicitly derived. Finally, in Section 7 some conclusions are drawn
based on the results obtained in the paper.

2. Equivalent elastic moduli of hexagonal lattices

2.1. The elasticity tensor of 2D lattices

The effective elastic properties of a lattice material is important for
global stress‐strain analysis. When in‐plane elasticity of 2D materials
are considered, the constitutive relationship can be expressed as
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This is based on the fact that the material is orthotropic [41]. Here
ɛð�Þ and σð�Þ represent strain and stress within the 2D material. In the
above equation E1 is the longitudinal Young’s modulus, E2 is the trans-
verse Young’s modulus, G12 is the shear modulus, ν12 and ν21 are the
Poisson’s ratios. These five quantities explicitly define stress‐strain
relationship. This can be illustrated by inverting the coefficient matrix
in Eq. (1) as
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We consider the case when the external stress applied to the mate-

rial is large such that it alters the elastic constants. We assume linear
material behaviour, but consider geometric nonlinearity arising due
to the large deformation. From Eq. (2) we can therefore obtain

σ11ðμÞ ¼ E1ðμÞ
1�ν12ðμÞν21ðμÞð Þ ɛ11ðμÞ þ ν21ðμÞɛ22ðμÞð Þ

σ22ðμÞ ¼ E2ðμÞ
1�ν12ðμÞν21ðμÞð Þ ν12ðμÞɛ11ðμÞ þ ɛ22ðμÞ

� �
σ12ðμÞ ¼ G12ðμÞ 2ɛ12ðμÞ½ �

ð3Þ

In this expression, all the five elasticity constants (three elastic
moduli and two Poisson’s ratios) are functions of a scalar parameter
μ. The parameter μ symbolically represents externally applied stress
to the lattice. The exact expression of μ will depend on the nature of
the applied stress and will be discussed later. The aim of this paper
is to derive analytical expressions of the elasticity constants appearing
in Eq. (3). The analysis of complex systems with embedded cellular
materials is governed by boundary value problems. In general, some
numerical methods such as the finite element method are necessary
to solve such problems. The use of stress‐depended elasticity constants
will allow coarser discretisation leading to an efficient computational
approach. This is possible because stress‐depended elasticity constants
take account of nonlinear stress‐strain relationship as depicted in Eq.
(3).

2.2. The unit cell approach

The effective elastic property of a lattice structure can be obtained
by exploiting the periodicity of a suitably selected unit cell. In Fig. 1
we show a representative example of a hexagonal lattice and its corre-
sponding unit cell. The unit cell is selected such that it represents the
whole lattice under tessellation in both directions. Each of the cell
walls will bend and stretch/compress when subjected to in‐plane ten-



Fig. 1. (a) Illustration of a hexagonal lattice subjected to compressive stress in direction-1, (b) The unit cell used to analyse the mechanics of the lattice. It
comprised of three beams connected at one point. (c) A beam element (representing each of the three beams in the unit cell model) with six degrees of freedom and
two nodes. The degrees of freedom in each node corresponds to the axial, transverse and rotational deformation.
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sile/compressive stresses. When the applied stress is uniform along the
out‐of‐plane direction, each element of the unit cell in Fig. 1(b) can be
modelled as a beam. In Fig. 1(c) a general beam element with six
degrees of freedom and two nodes is shown. The stiffness matrix of
the beam element can be expressed by a 6� 6 matrix with degrees
of freedom in each node corresponding to the axial, transverse and
rotational deformation. Considering only the bending deformation
and ignoring any stretching/shortening deformations, the equivalent
elastic moduli of hexagonal cellular materials are obtained by Gibson
and Ashby [1] as

E1GA ¼ Eα3 cos θ
ðβ þ sin θÞ sin2 θ ð4Þ

E2GA ¼ Eα3 ðβ þ sin θÞ
cos3 θ

ð5Þ

ν12GA ¼ cos2 θ
ðβ þ sin θÞ sin θ ð6Þ

ν21GA ¼ ðβ þ sin θÞ sin θ
cos2 θ

ð7Þ

and G12GA ¼ Eα3 β þ sin θð Þ
β2ð1þ 2βÞ cos θ ð8Þ

Here E is the elastic modulus of the base material, θ is the cell angle
as shown in Fig. 1(b), α and β are geometric non‐dimensional ratios
given by

α ¼ t
l
ðthickness ratioÞ ð9Þ

and β ¼ h
l
ðheight ratioÞ ð10Þ

The key focus of this paper is to explicitly consider the role of in‐
plane stress on the elastic behaviour of 2D lattices. In general, a non-
linear stress‐strain relationship is expected. This, in turn, will be
reflected in the elastic constants which are depended on the applied
stress as in Eq. (3). When external stress is applied to a cellular mate-
rial as depicted in Fig. 1(a), it results in forces and moments on the unit
cell shown in Fig. 1(b). The deformation of the unit cell due to the
applied stress can be obtained using the coefficients of the stiffness
matrix of the typical element shown in Fig. 1(c). Following the analyt-
ical derivation proposed in the supplementary document, the exact
expressions of the five elastic constants are given by
3

E1ðμÞ ¼ K55ðμÞ cos θ
bðβ þ sin θÞ sin2 θ 1þ cot2θ K55ðμÞ

K44ðμÞ

� � ð11Þ

E2ðμÞ ¼ K55ðμÞðβ þ sin θÞ
b cos3 θ 1þ tan2 θ K55ðμÞ

K44ðμÞ þ 2 sec2 θ K55ðμÞ
KðhÞ
44 ðμÞ

� � ð12Þ

ν12ðμÞ ¼
cos2 θ 1� K55ðμÞ

K44ðμÞ

� �
ðβ þ sin θÞ sin θ 1þ cot2θ K55ðμÞ

K44ðμÞ

� � ð13Þ

ν21ðμÞ ¼
ðβ þ sin θÞ sin θ 1� K55ðμÞ

K44ðμÞ

� �
cos2 θ 1þ tan2 θ K55ðμÞ

K44ðμÞ þ 2 sec2 θ K55ðμÞ
KðhÞ
44 ðμÞ

� � ð14Þ

G12ðμÞ ¼ ðβ þ sin θÞ
b cos θ

� 1

� h2
2lK65ðμÞ þ

4Kðh=2Þ
66 ðμÞ

Kðh=2Þ
55 ðμÞKðh=2Þ

66 ðμÞ� Kðh=2Þ
56 ðμÞð Þ2

� �þ cos θþðβþsin θÞ tan θð Þ2
K44ðμÞ

� �
ð15Þ

In the above equations, b is the depth of the lattice and KijðμÞ are
the ij‐th element of the stiffness matrix of the beam element shown
in Fig. 1(c). It should be noted that in general, the stiffness coefficients
are functions of the external stress parameter μ. In the next section, we
explicitly derive the stiffness coefficients of the beam considering the
governing differential equation.

3. Stiffness matrices of axially loaded beams

3.1. The classical beam element

When the entire lattice is subjected to compressive or tensile stress,
the constitutive beam members also undergo compression or tension.
If the axial forces are small, they do not have a significant impact on
the bending of the beam. However, if such forces are large, their effect
cannot be ignored. We use the Euler‐Bernoulli beam theory to charac-
terise the underlying deformation of the beams.



Fig. 2. An Euler–Bernoulli beam subjected to an axial force N.
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A beam with a compressive axial force N is shown in Fig. 2. The
transverse deflection of the beam is governed by the following
fourth‐order ordinary differential equation

EI
d4WðxÞ
dx4 þ N

d2WðxÞ
dx2 ¼ FðxÞ ð16Þ

Here WðxÞ and FðxÞ are the transverse displacement and applied
transverse forcing on the beam. The quantity EI is the bending stiffness
of the beam, I is the inertia moment of the beam cross section and E is
the Young’s modulus of the beam material. The beam element has two
nodes and four degrees of freedom. The displacement field within the
element is expressed by cubic shape functions [42] for the classical
finite element analysis and they are given by

NðξÞ ¼ 2ξ3 � 3ξ2 þ 1; Lξ ξ� 1ð Þ2;�2ξ3 þ 3ξ2; Lξ2 ξ� 1ð Þ
h iT

ð17Þ

In the above, the non‐dimensional length variable is expressed as

ξ ¼ x=L ð18Þ
Note that these shape functions do not arise from the exact solution

of the governing differential Eq. (16) with relevant boundary condi-
tions. Employing these shape functions in conjunction with the con-
ventional variational formulation [42], the stiffness matrix of the
general beam element can be obtained as

K ¼ EI
R L
0

d2NðxÞ
dx2

d2NT ðxÞ
dx2 dx � N

R L
0

dNðxÞ
dx

dNT ðxÞ
dx dx

¼ EI
L3
R 1
0

d2NðξÞ
dξ2

d2NT ðξÞ
dξ2

dξ� N
L

R 1
0

dNðξÞ
dξ

dNT ðξÞ
dξ dξ

¼ EI
L3
R 1
0

d2NðξÞ
dξ2

d2NT ðξÞ
dξ2

� μ2 dNðξÞ
dξ

dNT ðξÞ
dξ

� �
dξ

ð19Þ

In the above equation, the non‐dimensional axial force is given by

μ2 ¼ NL2

EI
ð20Þ

Evaluating the integral in Eq. (19) and simplifying we have the
classical stiffness matrix of a beam‐column corresponding to Fig. 2 as

K ¼ EI
L3

d1 d2L �d1 d2L
d3L2 �d2L d4L2

d1 �d2L
sym d3L2

2
6664

3
7775 ð21Þ

where

d1 ¼ 12� 6
5
μ2; d2 ¼ 6� 1

10
μ2; d3 ¼ 4� 2

15
μ2; d4

¼ 2þ 1
30

μ2 ð22Þ

If the axial force is tensile in nature, the above equations are also
valid if the sign of μ2 is changed. Therefore, for the tensile stress,
the stiffness matrix coefficients are given by

d1 ¼ 12þ 6
5
μ2; d2 ¼ 6þ 1

10
μ2; d3 ¼ 4þ 2

15
μ2; d4 ¼ 2� 1

30
μ2

ð23Þ
In the absence of the axial force, that is when μ ¼ 0, the above

expression reduces to the conventional stiffness matrix of Euler‐
Bernoulli beams as
4

KEB ¼ Kðμ¼0Þ ¼ EI
L3

12 6L �12 6L
6L 4L2 �6L 2L2

�12 �6L 12 �6L2

6L 2L2 �6L 4L2

2
6664

3
7775 ð24Þ

Although the integral in Eq. (19) is evaluated exactly in deriving
the stiffness matrix, the error in employing this matrix in the context
of the finite element analysis arises from the fact that the displacement
field within the beam is not exactly represented by the cubic polyno-
mials used in the shape function in Eq. (17). As a result, more number
of elements needs to be used in solving practical problems. This may
be acceptable in a numerical approach, but in order to obtain closed‐
form analytical expression of the equivalent elastic properties, the
exact stiffness matrix of the constituent beams are necessary.

3.2. Beams with a compressive force

In contrast to the preceding case, if the stiffness matrix is derived
using the exact displacement field, only one ‘element’will be necessary
for an entire beam (as in the special case with (21) when μ ¼ 0). This
in turn will enable us to obtain exact expressions of the elasticity con-
stants of the lattice material. Transforming Eq. (16) in the non‐
dimensional coordinate ξ we have

d4wðξÞ
dξ4

þ μ2
d2wðξÞ
dξ2

¼ 0 ð25Þ

Here wðξÞ≡WðxÞ and the forcing is assumed to be zero. Assuming a
solution of the form

wðξÞ ¼ exp λξ½ � ð26Þ
and substituting in Eq. (25) results in the characteristics equation

λ4 þ μ2λ2 ¼ 0 or λ2ð1þ μ2Þ ¼ 0 ð27Þ
The four solutions of the above equation are

λ2 ¼ 0; λ ¼ �iμ or λ1;2;3;4 ¼ 0;0;�iμ ð28Þ
Using these solutions, the vector of basis functions is obtained as

sTðξÞ ¼ eð0;0;�iμÞξ� 	 ¼ 1; ξ; sin μξ; cos μξf g ð29Þ
Considering these functions, the general solution can be expressed

as

wðξÞ ¼ sTðξÞc ð30Þ
Here the vector of unknown constants are given by

c ¼ c1; c2; c3; c4f gT ð31Þ
Using the displacement function in Eq. (30), the vector of shape

functions are expressed as

NðξÞ ¼

N1ðξÞ
N2ðξÞ
N3ðξÞ
N4ðξÞ

8>>><
>>>:

9>>>=
>>>;

¼

cT1
cT2
cT3
cT4

2
6664

3
7775sðξÞ ð32Þ

Here cj is the vector of constants giving rise to the jth shape func-
tion. These unknown constants need to be obtained from the boundary
conditions which define the shape functions. The relationship between
the shape functions and the boundary conditions can be represented as
in Table 1, where boundary conditions in each column give rise to the
corresponding shape function. Writing Eq. (30) for the above four sets
of boundary conditions, one obtains

A c1; c2; c3; c4½ � ¼ I ð33Þ
In the above I is a 4� 4 identity matrix and the matrix bcalA is

identified as



Table 1
The relationship between the boundary conditions and the shape functions.

N1ðξÞ N2ðξÞ N3ðξÞ N4ðξÞ

Wð0Þ ¼ wð0Þ 1 0 0 0
Θð0Þ ¼ 1

L w0ð0Þ 0 1 0 0
WðLÞ ¼ wð1Þ 0 0 1 0
ΘðLÞ ¼ 1

L w0ð1Þ 0 0 0 1
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A ¼

sTð0Þ
1
L s

0T ð0Þ
sTð1Þ

1
L s

0T ð1Þ

2
6664

3
7775 ¼

1 0 0 1
0 L�1 μ

L 0
1 1 sin μð Þ cos μð Þ
0 L�1 μ cos μð Þ

L � μ sin μð Þ
L

2
6664

3
7775 ð34Þ

Solving Eq. (33) for the unknown constants and substituting in Eq.
(32) we obtain the exact shape functions as
NðξÞ ¼ A�1
 �T
sðξÞ ¼ ð35Þ

μ cos μð Þ�sin μð Þþμ
μ cos μð Þ�2 sin μð Þþμ � μ sin μð Þ

μ sin μð Þþ2 cos μð Þ�2
sin μð Þ

μ sin μð Þþ2 cos μð Þ�2 � sin μð Þ
μ cos μð Þ�2 sin μð Þþμ

� L μ cos μð Þ�sin μð Þð Þ
μ μ sin μð Þþ2 cos μð Þ�2ð Þ � L sin μð Þ

μ cos μð Þ�2 sin μð Þþμ
L � sin μð Þþμ cos μð Þþ1ð Þð Þ
μ �2 sin μð Þþμ cos μð Þþ1ð Þð Þ

L μ cos μð Þ�sin μð Þð Þ
μ μ sin μð Þþ2 cos μð Þ�2ð Þ

� sin μð Þ
μ cos μð Þ�2 sin μð Þþμ

μ sin μð Þ
μ sin μð Þþ2 cos μð Þ�2 � sin μð Þ

μ sin μð Þþ2 cos μð Þ�2
sin μð Þ

μ cos μð Þ�2 sin μð Þþμ

L μ�sin μð Þð Þ
μ μ sin μð Þþ2 cos μð Þ�2ð Þ � L sin μð Þ

μ cos μð Þ�2 sin μð Þþμ
L sin μð Þ

μ μ cos μð Þ�2 sin μð Þþμð Þ
L sin μð Þ�μð Þ

μ μ sin μð Þþ2 cos μð Þ�2ð Þ

2
6666664

3
7777775

1
ξ

sinðμξÞ
cosðμξÞ

8>>><
>>>:

9>>>=
>>>;

ð36Þ
Substituting the exact shape functions in the integral expression of
the stiffness matrix in Eq. (19), after some algebraic simplifications we
obtain

K ¼ EI
L3 A

�1T R 1
0

d2sðξÞ
dξ2

d2sT ðξÞ
dξ2

� μ2 dsðξÞ
dξ

dsT ðξÞ
dξ

� �
dξ

n o
A�1

¼ EI
L3

d1 d2L �d1 d2L
d3L2 �d2L d4L2

d1 �d2L
sym d3L2

2
6664

3
7775

ð37Þ

The non dimensional coefficients in the above equation are given
by

d1 ¼ � μ3 sin μð Þ
Δ ; d2 ¼ μ2 cos μð Þ�1ð Þ

Δ

d3 ¼ μ μ cos μð Þ�sin μð Þð Þ
Δ ; d4 ¼ μ sin μð Þ�μð Þ

Δ

and Δ ¼ μ sinðμÞ � 2ð1� cosðμÞÞ
ð38Þ

The four unique non‐dimensional coefficients are functions of the
axial force parameter μ only. Expanding them in a Taylor series about
μ ¼ 0 results

d1 ¼12� 6
5μ

2� 1
700μ

4� 1
63000μ

6� 37
194040000μ

8� 59
25225200000μ

10þO μ12ð Þ
d2 ¼6� 1

10μ
2� 1

1400μ
4� 1

126000μ
6� 37

388080000μ
8� 59

50450400000μ
10þO μ12ð Þ

d3 ¼4� 2
15μ

2� 11
6300μ

4� 1
27000μ

6� 509
582120000μ

8� 14617
681080400000μ

10þO μ12ð Þ
d4 ¼2þ 1

30μ
2þ 13

12600μ
4þ 11

378000μ
6þ 907

1164240000μ
8þ 27641

1362160800000b
10þO μ12ð Þ

ð39Þ
Considering only the first term in the above expansion, it can be

confirmed that the stiffness matrix in Eq. (37) reduced to the classical
stiffness matrix of the Euler‐Bernoulli beam [42] given in Eq. (24). If
the second term of this expansion is considered, then we obtain the
classical tangent stiffness matrix of Euler‐Bernoulli beams as derived
in Eq. (22). The higher‐order terms, therefore, quantify the extended
effect of the axial force on the transverse deflection of the beam.
5

3.3. Beams with a tensile force

When the axial force is tensile nature, the equation governing the
transverse deflection of the beam can be expressed in the non‐
dimensional coordinate ξ as

d4wðξÞ
dξ4

� μ2
d2wðξÞ
dξ2

¼ 0 ð40Þ

Again assuming a solution of the form wðξÞ ¼ exp λξ½ �and substitut-
ing in Eq. (40) we obtain the characteristics equation as

λ4 � μ2λ2 ¼ 0 or λ2ð1� μ2Þ ¼ 0 ð41Þ
The four solutions of the above equation are

λ2 ¼ 0; λ ¼ �μ or λ1;2;3;4 ¼ 0;0;�μ ð42Þ
Using these solutions, the vector of basis functions is obtained as
sTðξÞ ¼ eð0;0;�μÞξ� 	 ¼ 1; ξ; sinh μξ; cosh μξf g ð43Þ
Following a procedure similar to the previous section, it can be

shown that the stiffness matrix is expressed by Eq. (37). The four stiff-
ness coefficients are now given in terms of hyperbolic functions as

d1 ¼ μ3 sinh μð Þ
Δ ; d2 ¼ μ2 cosh μð Þ�1ð Þ

Δ

d3 ¼ μ μ cosh μð Þ�sinh μð Þð Þ
Δ ; d4 ¼ μ sinh μð Þ�μð Þ

Δ

and Δ ¼ μ sinh μð Þ � 2 cosh μð Þ þ 2

ð44Þ

As in the previous section, by considering the Taylor series expan-
sion of these coefficients in terms of the tensile axial force parameter μ,
it can be shown that the first two terms exactly correspond to the clas-
sical coefficients given in Eq. (23).
3.4. The general stiffness matrix

The complete beam element is shown in Fig. 1(c) with two nodes
and three degrees of freedom per node. This includes axial deforma-
tion in addition to the bending deformation discussed in the previous
subsections. The displacements corresponding to degrees of freedom 1
and 4 relate to the axial deformation governed by Eq. (45), while the
displacements corresponding to degrees of freedom 2, 3, 5 and 6 relate
to the bending deformation governed by Eq. (16). When the axial
deformation is considered, the governing equation is expressed by a
second‐order ordinary differential equation as

EA
@2UðxÞ
@x2 ¼ FaðbÞ ð45Þ

where UðxÞ and FaðxÞ are the axial displacement and applied axial forc-
ing on the beam. Here EA is the axial stiffness of the beam and A is the
area of the beam cross‐section. The degrees of freedom in each node
corresponds to the axial, transverse and rotational deformation. The
stiffness matrix of the beam element in Fig. 1(c) can be expressed in
the most general manner as
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KðμÞ ¼

EA
L 0 0 � EA

L 0 0

0 d1EI
L3

d2EI
L2 0 � d1EI

L3
d2EI
L2

0 d2EI
L2

d3EI
L 0 � d2EI

L2
d4EI
L

� EA
L 0 0 EA

L 0 0

0 � d1EI
L3 � d2EI

L2 0 d1EI
L3 � d2EI

L2

0 d2EI
L2

d4EI
L 0 � d2EI

L2
d3EI
L

2
66666666664

3
77777777775

ð46Þ

The definition of the coefficients d1 � � � d4 will depend on whether
compressive or tensile force is considered with the classical or exact
beam theory as given by Eqs. (22), (23),(39) and (44).

We consider the beam to be of rectangular cross‐section of thick-
ness t and width b. The moment of inertia and the cross section area
appearing in the stiffness matrix in Eq. (46) are given by

I ¼ 1
12

bt3 ð47Þ
and A ¼ bt ð48Þ
To understand the error introduced from the use of the classical

finite element stiffness matrix, we introduce a error measure. For a
given stiffness coefficient, dk; k ¼ 1; � � � ;4, the error norm is defined as

ɛk ¼ 100� dkclassical � dk
dkEB

; k ¼ 1;2; � � �4 ð49Þ

In the above equation, dkEB are the stiffness coefficients from the
conventional Euler‐Bernoulli beam given in Eq. (24). In Fig. 3, this
error is shown for the four unique coefficients for different values of
the non‐dimensional axial force μ. Both cases, namely when the axial
force is compressive and when the axial force is tensile are shown.
Note the difference in the behaviour of the errors for the two case.
The error is more when the force in compressive. We observe that
for higher values of the compressive axial force, the error can go up
to 10%. However, the error in the coefficient d1, which is most impor-
tant for the equivalent elastic properties, is generally less than 2%.

4. Lattices under compressive stress

From the unit‐cell derivations in Subsection 2.2, it can be observed
that two coefficients of the 6� 6 element stiffness matrix of the
inclined member and one coefficient of the 6� 6 element stiffness

matrix of the vertical member, namely, K55;K44and KðhÞ
44 , are necessary

to obtain E1ðμÞ; E2ðμÞ; ν21ðμÞand ν21ðμÞ. The respective coefficients are
given in the element stiffness matrix in Eq. (46). Using the expressions
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Non-dimensional axial force: 

-10

-8

-6

-4

-2

0

2

4

6

8

10

P
er

ce
n
ta

g
e 

er
ro

r

d
1

d
2

d
3

d
4

Fig. 3. Errors in the four unique stiffness coefficients obtained using the classical
functions of the non-dimensional axial force μ.
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of moment of inertia and the cross‐sectional area in Eqs. (47) and (48),
the stiffness coefficients are derived as

K55ðμÞ ¼ d1EI
l3

¼ Ebα3 d1
12

;K44 ¼ EA
l

¼ Ebα and KðhÞ
44 ¼ EA

h
¼ Ebt

h

¼ Ebα
β

ð50Þ

Using these, we obtain the ratios

K55ðμÞ
K44

¼ α2 d1
12

and
K55ðμÞ
KðhÞ

44

¼ α2β
d1
12

ð51Þ

Substituting these expressions in Eqs. (11)–(14) we obtain the gen-
eral expressions

E1ðμÞ ¼ Eα3 cos θ
ðβ þ sin θÞ 12 sin2 θ=d1 þ α2 cos2 θ

� � ð52Þ

E2ðμÞ ¼ Eα3ðβ þ sin θÞ
ð12=d1 � α2Þ cos3 θ þ α2ð2β þ 1Þ cos θ ð53Þ

ν12ðμÞ ¼ cos2 θ 12=d1 � α2ð Þ
ðβ þ sin θÞ sin θ 12=d1 þ α2cot2θð Þ ð54Þ

ν21ðμÞ ¼ ðβ þ sin θÞ sin θ 12=d1 � α2ð Þ
ð12=d1 � α2Þ cos2 θ þ α2ð2β þ 1Þ ð55Þ

For the shear modulus, five elements from two different stiffness
matrices are necessary. They are two coefficients of the 6� 6 element
stiffness matrix of the inclined member, namely, K65;K44 and three ele-
ments of the stiffness matrix of the vertical member with half the
length (see the supplementary document for further details). The ver-
tical member is not subjected to any axial forcing due to the applied
shear stress. Therefore, the only term in the expression of the shear
modulus in Eq. (15) affected by axial stress is K65 corresponding to
the inclined members of the unit cell. Therefore, we have

K65ðμÞ ¼ �d2
EI
l2

¼ �d2
Ebt3

12l2
ð56Þ

We also need three elements of the stiffness matrix of the vertical
member with half the length given by

Kðh=2Þ
55 ¼ 12EI

ðh=2Þ3 ¼
8Ebt3

h3
;Kðh=2Þ

56 ¼ � 6EI
ðh=2Þ2 ¼ � 2Ebt3

h2
and Kðh=2Þ

66

¼ 4EI
ðh=2Þ ¼

2Ebt3

3h
ð57Þ
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approach in comparison with the exact transcendental stiffness coefficients as
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Using these expressions we obtain

G12ðμÞ ¼ ðβþsin θÞ
b cos θ

1

� h2
2lK65ðμÞ

þ 4Kðh=2Þ
66

Kðh=2Þ
55

Kðh=2Þ
66

� Kðh=2Þ
56ð Þ2

� �þ cos θþðβþsin θÞ tan θð Þ2
K44

 !

¼ Eα3ðβþsin θÞ
β2ð6=d2þ2βÞþα2 cos θþðβþsin θÞ tan θð Þ2ð Þ cos θ

ð58Þ

Substituting α2 ¼ 0 and taking the limμ!0, the equations derived
here exactly reduce to the corresponding classical expressions by Gib-
son and Ashby [1] in Eqs. 4,5,7,8 (i.e., the case of considering only the
bending deformation without any prestress). In this paper we are con-
sidering stresses in 1 and 2 directions only. Since this has limited effect
on the shear modulus, in the following only E1; E2; ν12 and ν21 are
discussed.

4.1. Compressive stress in direction 1 only

In Fig. 4 we show the hexagonal lattice subjected to compressive
stress in the 1‐direction. In the same figure, forcing on the unit cell
due this applied stress is also shown. It can be observed that the com-
pressive axial force in the inclined beam is N ¼ P cos θ where

P ¼ σ1bðhþ l sin θÞ ð59Þ
Here σ1 is the applied stress and b is the out‐of‐plane thickness of

the lattice. Using these, the non‐dimensional axial force appearing in
Eq. (20) can obtained as

μ2 ¼ Nl2
EI ¼ σ1bðhþl sin θÞ cos θl2

Ebt3=12
¼ σ1

E

� � 12ðβþsin θÞ cos θ
α3

or μ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ1
Eα3
� �

12ðβ þ sin θÞ cos θ
q ð60Þ

Using this expression of μ, the non‐dimensional coefficient d1
appearing in Eqs. (52)–(55) can be obtained either from Eq. (22) or
Eq. (38) depending on whether the classical or the exact formulation
is chosen. For the classical case, using d1 from Eq. (22) we have the
approximate expressions

EðcÞ
1 ðμÞ≈ Eα3 cos θ

ðβ þ sin θÞ 10 sin2 θ=ð10� μ2Þ þ α2 cos2 θ
� � ð61Þ

EðcÞ
2 ðμÞ≈ Eα3ðβ þ sin θÞ

10=ð10� μ2Þ � α2ð Þ cos3 θ þ α2ð2β þ 1Þ cos θ ð62Þ

νðcÞ12ðμÞ≈
cos2 θ 10=ð10� μ2Þ � α2ð Þ

ðβ þ sin θÞ sin θ 10=ð10� μ2Þ þ α2cot2θð Þ ð63Þ

νðcÞ21ðμÞ≈
ðβ þ sin θÞ sin θ 10=ð10� μ2Þ � α2ð Þ

ð10=ð10� μ2Þ � α2Þ cos2 θ þ α2ð2β þ 1Þ ð64Þ
Fig. 4. (a) Hexagonal lattice subjected to compressive stress in the 1-direction. (b)
axial force is: P cos θ with P ¼ σ1bðhþ l sin θÞ.
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Here the superscript ð�ÞðcÞ denotes that the elastic constants corre-
spond to compressive stress in the lattice. It is evident from these
expressions that all the four constants are nonlinear function of the
stress parameter μ explicitly obtained in (60).

The exact expression of the non‐dimensional coefficient d1 is given
in Eq. (38). Substituting this in Eqs. (52)–(55) and simplifying we
obtain the exact expression of the elastic constants as

EðcÞ
1 ðμÞ ¼ Eα3μ3 sinðμÞ cos θ

ðβ þ sin θÞ μ3 sinðμÞα2 cos2 θ � 12 sin2 θΔ
� � ð65Þ

EðcÞ
2 ðμÞ ¼ Eα3μ3 sinðμÞðβ þ sin θÞ

μ3 sinðμÞα2ð2β þ 1Þ cos θ � ðμ3 sinðμÞα2 þ 12ΔÞ cos3 θ ð66Þ

νðcÞ12ðμÞ ¼
cos2 θ 12Δþ μ3 sinðμÞα2ð Þ

ðβ þ sin θÞ sin θ 12Δ� μ3 sinðμÞα2cot2θð Þ ð67Þ

νðcÞ21ðμÞ ¼
ðβ þ sin θÞ sin θ 12Δþ μ3 sinðμÞα2ð Þ

ð12Δþ μ3 sinðμÞα2Þ cos2 θ � μ3 sinðμÞα2ð2β þ 1Þ ð68Þ

where Δ ¼ μ sinðμÞ � 2ð1� cosðμÞÞ. As these expressions are in terms of
trigonometric functions of the stress parameter μ in Eq. (60), they rep-
resent a nonlinear relationship with the applied stress.A key difference
between the approximate and exact expressions is that the approximate
expressions in Eqs. (61)–(64) are in terms of μ2, while the exact expres-
sions above are in terms of sinðμÞ. Although the computational cost for
both expressions are similar, the approximate expressions are simpler
in nature. Only the exact expressions are used in this paper do demon-
strate the numerical results. In the paragraph below, however, the
results obtained from the exact and approximate expressions are
compared.

In Fig. 5 analytical results are compared with direct nonlinear finite
element simulation results. Equivalent normalised Young’s modulus
E1=Eα3 is plotted as functions of the normalised compressive stress
σ1=Eα3 in direction 1 as shown in Fig. 4. The exact and approximate
expressions given by Eq. (65) and Eq. (61) are also compared. Both
expressions produce nearly identical results. In Fig. 5, the result
obtained using the classical expression by Gibson and Ashby in Eq.(4)
is also shown. The commercial software ANSYS has been used for the
finite element results. Solid elements are used with 10 finite elements
per beam has been employed for meshing. For the solution, the nonlin-
ear analysis was used by invoking the ‘large deformation’ option.
Although the results are not identical to the analytical expressions, the
trend is similar and the error is within 10%. It is remarkable that even
simple closed‐form expressions such as the one in Eq. (61) produce an
excellent agreement with the full scale nonlinear finite element analysis
for the two different geometries analysed in Fig. 5.The two lattice
Forcing in the constituent beams within the unit cell model. The compressive
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Fig. 5. Equivalent normalised Young’s modulus E1=Eα3 plotted as functions of the normalised compressive stress σ1=Eα3 in direction 1 as shown in Fig. 4. The
results from analytical expressions are directly compared with the results from nonlinear finite element analysis.Two different lattice geometries are considered in
(a) and (b).

Fig. 6. Contours of the normalised effective elastic moduli and Poisson’s ratios of the lattice with compressive stress in direction 1 as depicted in Fig. 4. The
normalised compressive stress σ1=Eα3 is varied in the x-axis and the cell angle θ is varied in the y-axis. The values of the geometric parameters used are
α ¼ t=l ¼ 0:15 and β ¼ h=l ¼ 1.

S. Adhikari Composite Structures 272 (2021) 114167
geometries, namely, θ ¼ 30�; α ¼ 0:15 and β ¼ 1 and θ ¼ 45�; α ¼ 0:1
and β ¼ 2, shown in Fig. 5 are for illustrative purposes only. The analyt-
ical formulation presented here is valid for the general case of 2D hexag-
onal lattices (see Subsection 6 later in the paper).
8

A key observation in Fig. 5 is that how the effective Young’s mod-
ulus becomes significantly lower from the classical result when the
applied compressive stress is higher. To understand this further, in
Fig. 6, contours of the normalised effective elastic moduli and
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Poisson’s ratios of the lattice with compressive stress in direction 1 are
shown. Increasing cell angle has a decreasing effect on E1 and increas-
ing effect on E2 for all values of the compressive stress. For the Pois-
son’s ratios, increasing cell angle has a decreasing effect on ν12 and
increasing effect on ν21 for all values of the compressive stress. Both
the elastic moduli show a decreasing trend with the increasing com-
pressive stress for all values of the cell angle θ. This is to be expected
as the lattice material loses stiffness due to the compressions (the stress
softening effect in direction 1). The Poisson’s ratios show a slightly
increasing trend with increasing compressive stress.

4.2. Compressive stress in direction 2 only

In Fig. 7 we show the hexagonal lattice subjected to compressive
stress in the 2‐direction. In the same figure, forcing on the unit cell
due this applied stress is also shown. It can be observed that the com-
pressive axial force in the inclined beam is N ¼ W sin θ where

W ¼ σ2bl cos θ ð69Þ

Here σ2 is the applied stress and b is the out‐of‐plane thickness of
the lattice. Using these, the non‐dimensional axial force appearing in
Eq. (20) can obtained as

μ2 ¼ Nl2
EI ¼ σ2bl sin θ cos θl2

Ebt3=12
¼ σ2

E

� �
12 sin θ cos θ

α3

or μ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2
Eα3
� �

12 sin θ cos θ
q ð70Þ

The expressions of the equivalent elastic constants derived in Sub-
section 4.1 are valid with the expression of μ given in Eq. (70). In Fig. 8
contours of the normalised effective elastic moduli and Poisson’s ratios
of the lattice with compressive stress in direction 2 are shown. Increas-
ing cell angle has a decreasing effect on E1 and increasing effect on E2

for all values of the compressive stress. For the Poisson’s ratios,
increasing cell angle has a decreasing effect on ν12 and increasing
effect on ν21 for all values of the compressive stress. Both the elastic
moduli show a decreasing trend with the increasing compressive stress
for all values of the cell angle θ. Both the elastic moduli show a
decreasing trend with the increasing compressive stress. This is to be
expected as the lattice material loses stiffness due to the compressions
Fig. 7. (a) Hexagonal lattice subjected to compressive stress in the 2-direction. (b)
axial force is: W sin θ with W ¼ σ2bl cos θ.
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(the stress softening effect in direction 2). The Poisson’s ratios do not
show any significant change due to increasing compressive stress in
the 2‐direction.

4.3. Compressive stresses in both directions

In Fig. 9 we show the hexagonal lattice subjected to compressive
stresses applied simultaneously in both directions. In the same figure,
forcing on the unit cell due these applied stresses are also shown. The
fact that the axial force N within the individual beams are now func-
tions of both σ1 and σ2. From Fig. 9(b) we obtain the total axial forces
as

N ¼ P cos θ þW sin θ ¼ σ1bðhþ l sin θÞ cos θ þ σ2bl sin θ cos θ ð71Þ
The non‐dimensional axial force parameter can be obtained as

μ2 ¼ Nl2

EI
¼ σ1bðhþ l sin θÞ cos θl2 þ σ2bl sin θ cos θl

2

Ebt3=12
ð72Þ

or μ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
12 cos θ

σ1

Eα3

� �
ðβ þ sin θÞ þ σ2

Eα3

� �
sin θ

n or
ð73Þ

The expressions of the equivalent elastic constants derived in Sub-
section 4.1 are valid with the expression of μ given in Eq. (72). In
Fig. 10 the effective elastic moduli and Poisson’s ratio due to compres-
sive stresses applied simultaneously in both directions are shown. The
results are plotted as contour plots as functions of the normalised com-
pressive stresses in both directions. Both Young’s moduli are nor-
malised by Eα3 and they show a decreasing trend with the
increasing compressive stress values. This is to be expected as the lat-
tice material loses stiffness due to the compressions. The Poisson’s
ratios do not show any significant change due to increasing compres-
sive stress in both directions.

5. Lattices under tensile stress

In Section 4, exact closed‐form expressions have been derived for
E1ðμÞ; E2ðμÞ; ν21ðμÞand ν21ðμÞwhen the applied stress in both directions
are compressive in nature. Eqs. (52)–(55) are general in nature and
therefore also valid provided the stiffness coefficient d1 appearing in
Forcing in the constituent beams within the unit cell model. The compressive



Fig. 8. Contours of the normalised effective elastic moduli and Poisson’s ratios of the lattice with compressive stress in direction 2 as depicted in Fig. 7. The
normalised compressive stress σ2=Eα3 is varied in the x-axis and the cell angle θ is varied in the y-axis. The values of the geometric parameters used are
α ¼ t=l ¼ 0:15 and β ¼ h=l ¼ 1.

Fig. 9. (a) Hexagonal lattice subjected to compressive stress in both 1 and 2-directions. (b) Forcing in the constituent beams within the unit cell model. The
compressive axial force is: P cos θ þW sin θ with P ¼ σ1bðhþ l sin θÞ and W ¼ σ2bl cos θ.

S. Adhikari Composite Structures 272 (2021) 114167
these equations are are replaced by the case of tensile force in the
beam. This can be obtained from Eq. (23) or (44) whether the classical
10
or the exact beam theory is employed. For the classical case, using d1
from Eq. (23) we have the approximate expressions



Fig. 10. The normalised effective elastic moduli and Poisson’s ratios due to compressive stresses applied simultaneously in both directions. The contours are
plotted as functions of the normalised compressive stresses in both directions with α ¼ t=l ¼ 0:15; β ¼ h=l ¼ 1 and for a cell angle θ ¼ 30�.
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EðtÞ
1 ðμÞ≈ Eα3 cos θ

ðβ þ sin θÞ 10 sin2 θ=ð10þ μ2Þ þ α2 cos2 θ
� � ð74Þ

EðtÞ
2 ðμÞ≈ Eα3ðβ þ sin θÞ

ð10=ð10þ μ2Þ � α2Þ cos3 θ þ α2ð2β þ 1Þ cos θ ð75Þ

νðtÞ12ðμÞ≈
cos2 θ 12=d1 � α2ð Þ

ðβ þ sin θÞ sin θ 10=ð10þ μ2Þ þ α2cot2θð Þ ð76Þ

νðtÞ21ðμÞ≈
ðβ þ sin θÞ sin θ 10=ð10þ μ2Þ � α2ð Þ

ð10=ð10þ μ2Þ � α2Þ cos2 θ þ α2ð2β þ 1Þ ð77Þ

Here the superscript ð�ÞðtÞ denotes that the elastic constants corre-
spond to tensile stress in the lattice. It is evident from these expressions
that all the four constants are a nonlinear function of the stress param-
eter μ.

The exact expression of the non‐dimensional coefficient d1 is given
in Eq. (44). Substituting this in Eqs. (52)–(55) and simplifying we
obtain the exact expression of the elastic constants as

EðtÞ
1 ðμÞ ¼ Eα3μ3 sinhðμÞ cos θ

ðβ þ sin θÞ μ3 sinhðμÞα2 cos2 θ þ 12 sin2 θΔ
� � ð78Þ

EðtÞ
2 ðμÞ ¼ Eα3μ3 sinhðμÞðβ þ sin θÞ

μ3 sinhðμÞα2ð2β þ 1Þ cos θ þ ð�μ3 sinhðμÞα2 þ 12ΔÞ cos3 θ ð79Þ

νðtÞ12ðμÞ ¼
cos2 θ 12Δ� μ3 sinhðμÞα2ð Þ

ðβ þ sin θÞ sin θ 12Δþ μ3 sinhðμÞα2cot2θð Þ ð80Þ
11
νðtÞ21ðμÞ ¼
ðβ þ sin θÞ sin θ 12Δ� μ3 sinhðμÞα2ð Þ

ð12Δ� μ3 sinhðμÞα2Þ cos2 θ þ μ3 sinhðμÞα2ð2β þ 1Þ ð81Þ

where Δ ¼ μ sinh μð Þ � 2 cosh μð Þ þ 2. As these expressions are in terms
of hyperbolic functions of the stress parameter μ, they represent a non-
linear relationship with the applied stress. Next we investigate the
effect of tensile stress on the Elastic moduli and Poisson’s ratios.

5.1. Tensile stress in direction 1 only

In Fig. 11 we show the hexagonal lattice subjected to tensile stress
in the 1‐direction. In the same figure, forcing on the unit cell due to
this applied stress is also shown. The magnitude of the force is the
same as in the case of equivalent compressive stress discussed in Sub-
section 4.1. Therefore the value of μ is given by Eq. (60).

In Fig. 12 analytical results are compared with direct nonlinear
finite element simulation results. Equivalent normalised Young’s mod-
ulus E1=Eα3 is plotted as functions of the normalised tensile stress
σ1=Eα3 in direction 1 as shown in Fig. 11. The exact and approximate
expressions given by Eq. (78) and Eq. (74) are also compared. Both
expressions produce nearly identical results. In Fig. 12, the result
obtained using the classical expression by Gibson and Ashby in Eq.
(4) is also shown. The commercial software ANSYS has been used
for the finite element results. Solid elements are used with 10 finite
elements per beam has been employed for meshing. For the solution,
the nonlinear analysis was used by invoking the ‘large deformation’
option. The two lattice models considered here are the same as the



Fig. 11. (a) Hexagonal lattice subjected to tensile stress in the 1-direction. (b) Forcing in the constituent beams within the unit cell model. The tensile axial force
is: P cos θ with P ¼ σ1bðhþ l sin θÞ.
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Fig. 12. Equivalent normalised Young’s modulus E1=Eα3 plotted as functions of the normalised tensile stress σ1=Eα3 in direction 1 as shown in Fig. 11. The results
from analytical expressions are directly compared with the results from nonlinear finite element analysis.Two different lattice geometries are considered in (a) and
(b).
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case of compressive stress discussed before. The direction of the stress
has been reversed in the finite element analysis. Although the finite
element results are not identical to the analytical expressions, the
trend is similar and the error is within 10%. It is remarkable that even
simple closed‐form expressions such as the one in Eq. (74) produce an
excellent agreement with the full scale nonlinear finite element analy-
sis for the two different geometries analysed in Fig. 12.

A key observation in Fig. 12 is that how the effective Young’s modu-
lus is significantly higher from the classical result when the applied ten-
sile stress is higher. To understand this further, in Fig. 13, contours of the
normalised effective elastic moduli and Poisson’s ratios of the lattice
with tensile stress in direction 1 are shown. Increasing cell angle has a
decreasing effect on E1 and increasing effect on E2 for all values of the
tensile stress. For thePoisson’s ratios, increasing cell anglehas a decreas-
ing effect on ν12 and increasing effect on ν21 for all values of the compres-
sive stress. Both the elastic moduli show an increasing trend with the
increasing tensile stress for all values of the cell angle θ. This is to be
expected as the lattice material becomes stiffer due to the tensile stress
(the stress stiffening effect in direction 1). The Poisson’s ratios show a
slightly decreasing trend with the increasing tensile stress.

5.2. Tensile stress in direction 2 only

In Fig. 14 we show the hexagonal lattice subjected to tensile stress
in the 2‐direction. In the same figure, forcing on the unit cell due to
12
this applied stress is also shown. The magnitude of the force is the
same as in the case of the equivalent compressive case discussed in
Subsection 4.2. Therefore the value of μ is given by Eq. (70).

In Fig. 15, contours of the normalised effective elastic moduli and
Poisson’s ratios of the lattice with tensile stress in direction 2 are
shown. Increasing cell angle has a decreasing effect on E1 and increas-
ing effect on E2 for all values of the tensile stress. For the Poisson’s
ratios, increasing cell angle has a decreasing effect on ν12 and increas-
ing effect on ν21 for all values of the compressive stress. Both the elas-
tic moduli show an increasing trend with the increasing tensile stress
for all values of the cell angle θ. This is to be expected as the lattice
material becomes stiffer due to the tensile stress (the stress stiffening
effect in direction 1). The Poisson’s ratios do not show any significant
change due to increasing tensile stress in the 2‐direction.

5.3. Tensile stresses in both directions

In Fig. 16 we show the hexagonal lattice subjected to tensile stres-
ses applied simultaneously in both directions. In the same figure, forc-
ing on the unit cell due to these applied stresses are also shown. The
magnitude of the force is the same as in the case of the equivalent com-
pressive case discussed in Subsection 4.3. Therefore the value of μ is
given by Eq. (72).

In Fig. 17 the effective elastic moduli and Poisson’s ratio due to ten-
sile stresses applied simultaneously in both directions are shown. The
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Fig. 13. Contours of the normalised effective elastic moduli and Poisson’s ratios of the lattice with tensile stress in direction 1 as depicted in Fig. 11. The
normalised tensile stress σ1=Eα3 is varied in the x-axis and the cell angle θ is varied in the y-axis. The values of the geometric parameters used are α ¼ t=l ¼ 0:15
and β ¼ h=l ¼ 1.

Fig. 14. (a) Hexagonal lattice subjected to tensile stress in the 2-direction. (b) Forcing in the constituent beams within the unit cell model. The tensile axial force
is: W sin θ with W ¼ σ2bl cos θ.

S. Adhikari Composite Structures 272 (2021) 114167

13



0 0.1 0.2 0.3 0.4 0.5 0.6
10

20

30

40

50

60

70

80

0 0.1 0.2 0.3 0.4 0.5 0.6
10

20

30

40

50

60

70

80

Fig. 15. Contours of the normalised effective elastic moduli and Poisson’s ratios of the lattice with tensile stress in direction 2 as depicted in Fig. 14. The
normalised tensile stress σ2=Eα3 is varied in the x-axis and the cell angle θ is varied in the y-axis. The values of the geometric parameters used are α ¼ t=l ¼ 0:15
and β ¼ h=l ¼ 1.

Fig. 16. (a) Hexagonal lattice subjected to tensile stress in both 1 and 2-directions. (b) Forcing in the constituent beams within the unit cell model. The tensile
axial force is: P cos θ þW sin θ with P ¼ σ1bðhþ l sin θÞ and W ¼ σ2bl cos θ.
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results are plotted as contour plots as functions of the normalised com-
pressive stresses in both directions. Both Young’s moduli are nor-
14
malised by Eα3 and they show an increasing trend with the
increasing compressive stress values. This is consistent with the obser-



Fig. 17. The normalised effective elastic moduli and Poisson’s ratios due to tensile stresses applied simultaneously in both directions. The contours are plotted as
functions of the normalised tensile stresses in both direction with α ¼ t=l ¼ 0:15; β ¼ h=l ¼ 1 and for a cell angle θ ¼ 30�.
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vation in the previous two subsections. The Poisson’s ratios do not
show any significant change due to increasing compressive stress in
both directions. They however remain less than 1 for the parameter
range selected here.

6. The analysis of different lattice geometries

The general formulation developed here allows the proposed ana-
lytical framework to be applied to various other lattice patterns and
geometry of the constituent members. Three special cases of wide
Fig. 18. Three distinct types of 2D lattices arising due to special geometric cases. (
rectangular lattice: θ = 0. The degenerated unit cells are highlighted in the figure

15
interest are shown in Fig. 18. They include the auxetic lattice (θ is neg-
ative), the rhombus lattice (h ¼ 0) and the rectangular lattice (θ = 0).
The degenerated unit cells are highlighted in the figure. Next, we
explicitly derive the equivalent elastic moduli and Poisson’s ratios
for these three special cases.

6.1. The auxetic lattice: θ is negative

The auxetic or re‐entrant lattice is obtained when the angle θ is
negative. The unit cell and the corresponding lattice material is shown
a) The auxetic lattice: θ is negative, (b) The rhombus lattice: h ¼ 0 and (c) The
s.
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in Fig. 18(a). Therefore, taking the case θ ¼ �θ in Eqs. (60) and (70),
the axial force parameter for the two directions can be obtained as

For direction 1 : μ2 ¼ σ1
Eα3

� �
12ðβ � sin θÞ cos θ ð82Þ

and

For direction 2 : μ2 ¼ � σ2
Eα3

� �
12 sin θ cos θ ð83Þ

It is important to observe that μ2 is negative for the stress in 2‐
direction. This can be physically verified from theunit cell configuration
in Fig. 18(a). Therefore, when the stress in direction 2 is considered, the
valueofd1 andd2 must be altered from that in direction1. For a compres-
sive σ2 one need to use the stiffness coefficients for the tensile case in Eq.
(44), and for a tensile σ2 one need to use the stiffness coefficients for the
compressive case in Eq. (38). Once the axial force parameter μ is
obtained, the equivalent elastic properties of the auxetic lattice can be
derived from Eqs. (52)–(55) by substituting θ ¼ �θ as

E1ðμÞ ¼ Eα3 cos θ
ðβ � sin θÞ 12 sin2 θ=d1 þ α2 cos2 θ

� � ð84Þ

E2ðμÞ ¼ Eα3ðβ � sin θÞ
ð12=d1 � α2Þ cos3 θ þ α2ð2β þ 1Þ cos θ ð85Þ

ν12ðμÞ ¼ � cos2 θ 12=d1 � α2ð Þ
ðβ � sin θÞ sin θ 12=d1 þ α2cot2θð Þ ð86Þ

ν21ðμÞ ¼ � ðβ � sin θÞ sin θ 12=d1 � α2ð Þ
ð12=d1 � α2Þ cos2 θ þ α2ð2β þ 1Þ ð87Þ

The shear modulus can also be obtained from (58) as

G12ðμÞ ¼ Eα3ðβ � sin θÞ
β2ð6=d2 þ 2βÞ þ α2 cos θ � ðβ � sin θÞ tan θð Þ2
� �

cos θ
ð88Þ
6.2. The rhombus lattice: h ¼ 0

The rhombus lattice is obtained when h ¼ β ¼ 0. This implies the
absence of the vertical member in the unit cell as shown in Fig. 1.
The revised unit cell and the corresponding lattice material is shown
in Fig. 18(b). Taking the limit β ¼ 0 in Eq. (60), the axial force param-
eter for stress in direction 1 can be obtained as

μ ¼ lim
β!0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ1
Eα3

� �
12ðβ þ sin θÞ cos θ

r
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ1
Eα3

� �
12 sin θ cos θ

r
ð89Þ

The axial force parameter for stress in direction 2 is unaltered and
given by Eq. (70) as this is not a function of β. Once the axial force
parameter μ is obtained, the equivalent elastic properties of the rhom-
bus lattice can be derived from Eqs. (52)–(55) by taking the limit β ¼ 0
as

E1ðμÞ ¼ lim
β!0

Eα3 cos θ
ðβ þ sin θÞ 12 sin2 θ=d1 þ α2 cos2 θ

� �
¼ Eα3 cos θ

sin θ 12 sin2 θ=d1 þ α2 cos2 θ
� � ð90Þ

E2ðμÞ ¼ lim
β!0

Eα3ðβ þ sin θÞ
ð12=d1 � α2Þ cos3 θ þ α2ð2β þ 1Þ cos θ

¼ Eα3 sin θ
cos θ 12 cos2 θ=d1 þ α2 sin2 θ

� � ð91Þ

ν12ðμÞ ¼ lim
β!0

cos2 θ 12=d1 � α2ð Þ
ðβ þ sin θÞ sin θ 12=d1 þ α2cot2θð Þ

¼ cos2 θ 12=d1 � α2ð Þ
12 sin2 θ=d1 þ α2 cos2 θ

ð92Þ
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ν21ðμÞ ¼ lim
β!0

ðβ þ sin θÞ sin θ 12=d1 � α2ð Þ
ð12=d1 � α2Þ cos2 θ þ α2ð2β þ 1Þ

¼ sin2 θ 12=d1 � α2ð Þ
12 cos2 θ=d1 þ α2 sin2 θ
� � ð93Þ

The shear modulus can be obtained in a similar manner from Eq.
(58) as

G12ðμÞ ¼ lim
β!0

Eα3ðβþsin θÞ
β2ð6=d2þ2βÞþα2 cos θþðβþsin θÞ tan θð Þ2ð Þ cos θ

¼ Eα sin θ cos θ
ð94Þ
6.3. The rectangular lattice: θ ¼ 0

The rectangular lattice is obtained when θ ¼ 0. This implies that
the two inclined beams become aligned in the unit cell shown in
Fig. 1. The revised unit cell and the corresponding lattice material is
shown in Fig. 18(c). Taking the limit θ ¼ 0 in Eq. (60), the axial force
parameter for stress in direction 1 can be obtained as

μ ¼ lim
θ!0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ1
Eα3

� �
12ðβ þ sin θÞ cos θ

r
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ1
Eα3

� �
12β

r
ð95Þ

The axial force parameter for stress in direction 2 given by Eq. (70)
becomes 0 when θ ¼ 0. This implies that the stress in direction 2 does
not have any effect on the elastic properties of a rectangular lattice.
The equivalent elastic properties of the rhombus lattice can be derived
from Eqs. (52)–(55) by taking the limit θ ¼ 0 as

E1ðμÞ ¼ lim
θ!0

Eα3 cos θ
ðβ þ sin θÞ 12 sin2 θ=d1 þ α2 cos2 θ

� � ¼ Eα
β

ð96Þ

E2ðμÞ ¼ lim
θ!0

Eα3ðβ þ sin θÞ
ð12=d1 � α2Þ cos3 θ þ α2ð2β þ 1Þ cos θ

¼ Eα3β

12=d1 þ 2α2β
ð97Þ

ν12ðμÞ ¼ lim
θ!0

cos2 θ 12=d1 � α2ð Þ
ðβ þ sin θÞ sin θ 12=d1 þ α2cot2θð Þ ¼ 0 ð98Þ

ν21ðμÞ ¼ lim
θ!0

ðβ þ sin θÞ sin θ 12=d1 � α2ð Þ
ð12=d1 � α2Þ cos2 θ þ α2ð2β þ 1Þ ¼ 0 ð99Þ

We observe that E1 is independent of the applied stress and both
the Poisson’s ratios are zero. The shear modulus can be obtained in
a similar manner from Eq. (58) as

G12ðμÞ ¼ lim
θ!0

Eα3ðβþsin θÞ
β2ð6=d2þ2βÞþα2 cos θþðβþsin θÞ tan θð Þ2ð Þ cos θ

¼ Eα3β
β2ð6=d2þ2βÞþα2

ð100Þ
7. Conclusions

The in‐plane mechanics of highly stretchable and compressible lat-
tice materials is considered. A key feature of this problem in the under-
lying geometric nonlinearly leading to axial softening and stiffening of
the constituent beam elements. A physics‐based analytical approach
leading to closed‐form expressions of in‐plane equivalent elastic prop-
erties of hexagonal lattices was presented. The route to this analytical
derivation has three key steps. Firstly, noting that the constitutive
members of lattices are thin beams, stiffness matrices of beams under
compression and tension are derived exactly. This is achieved using
transcendental displacement functions which are exact solutions of
the governing ordinary differential equation with appropriate bound-
ary conditions. Secondly, using the mechanics of a selected unit cell,
Young’s moduli, Poisson’s ratios and the shear modulus of the lattice
were derived such that the resulting expressions utilise the stiffness
matrix derived in the first step. Finally, combining these two steps,
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equivalent elastic properties were obtained for compressed and
stretched lattices. Equivalent elastic properties are nonlinear functions
of applied compressive stresses (through trigonometric functions) and
tensile stresses (through hyperbolic functions). This results in a nonlin-
ear homogeneous stress‐strain relationship for the cellular material.
Key novel features of this paper include:

• A general methodology for deriving equivalent elastic properties of
hexagonal lattices using the coefficients of the stiffness matrix of
the constituent beams.

• The explicit employment of ordinary differential equations govern-
ing the deformation of axially loaded beams and incorporating the
results into the unit cell based analysis.

• The direct quantification of the impact of external compressive and
tensile stresses on the equivalent elastic properties through exact
closed‐form expressions.

• The generalised nature of the newly derived expressions arising
from the fact that many special cases of interest are identified by
taking approximate mathematical limits.

It was shown that the general expressions of the equivalent elastic
properties can be used to investigate three special cases of wide inter-
est, namely, auxetic hexagonal lattices, rhombus‐shaped lattices and
rectangular lattices.

The analytical expressions have been validated with the results from
commercial finite element software with nonlinear analysis for both
compressive and tensile stresses. Results obtained from the expressions
derived are graphically illustrated as functions of applied compressive
and tensile stresses. Three scenarios are considered for each case,
namely, when the stress is applied in directions 1 and 2 separately and
together. For the case of compressive stress, a decrease in the effective
elastic moduli was observed. On the contrary, for the case of tensile
stress, an increase in the effective elastic moduli was observed. The
effect of external stresses on both the Poisson’s ratios was insignificant.
The closed‐form expressions derived here to provide excellent opportu-
nities to use them for design and optimisation of highly stretchable and
compressible 2D lattices in a computationally efficient and physically
appealing manner.Application domains of this work will include indus-
trial sectors which exploit highly compressible and stretchable lattice
materials. Specific examples include, but are not limited to, energy
absorbent foams, elastomers, soft robotics, next‐generation stent tech-
nology, stain‐based biosensors, foldable and adaptive lattices, flexible
mechanical and acoustic metamaterials. Although geometric nonlinear-
ity arising due to large deformation is included in thiswork, thematerial
behaviours are assumed to be linear. Future works in this direction
should focus on nonlinear material behaviour to encompass a wide
range of materials available to manufacture lattice materials.
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