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Rayleigh Quotient and Dissipative
Systems
Rayleigh quotients in the context of linear, nonconservative vibrating systems with vis-
cous and nonviscous dissipative forces are studied in this paper. Of particular interest is
the stationarity property of Rayleigh-like quotients for dissipative systems. Stationarity
properties are examined based on the perturbation theory. It is shown that Rayleigh
quotients with stationary properties exist for systems with proportional viscous and non-
viscous damping forces. It is also shown that the stationarity property of Rayleigh quo-
tients in the case of nonproportional damping (viscous and nonviscous) is conditional
upon the diagonal dominance of the modal damping matrix. �DOI: 10.1115/1.2910898�
Introduction
In his classical treatise on the theory of sound �1�, Rayleigh has

ntroduced the notion of a quotient of two quadratics representing
he potential and kinetic energies of a vibrating system. Since
hen, Rayleigh quotient has been widely applied in the analysis of

any vibrating systems and their associated linear algebraic ei-
envalue problems. Rayleigh quotient provides a variational ap-
roach to estimate the eigenvalues of an algebraic, generalized
igenvalue problem, as in the case of determining the natural fre-
uencies of a vibrating system. Numerical methods to solve ei-
envalue problems such as the shifted inverse power method rely
n the properties of Rayleigh quotients for speedier convergence
2�. Thus, the practical utility of the Rayleigh quotient is wide
anging.

Traditionally, and in many textbooks on vibration analysis �3,4�
nd linear algebra �2,5�, a Rayleigh quotient is defined as a ratio
f two quadratics. In the case of a generalized eigenvalue problem
nvolving two real and symmetric matrices A and B, the Rayleigh
uotient is defined as follows:

R�u� =
uTAu

uTBu
, Av = �Bv �EVP� �1�

here the eigenvalue problem is abbreviated as EVP.
The stationarity properties of this “classical” Rayleigh quotient

re well established �2�. The objective of the present investigation
s to explore whether similar Rayleigh-like quotients with station-
ry properties exist for a vibrating system with dissipation. Dis-
rete vibrating systems are chosen here for the purpose of illus-
ration; generalization of the results to continuous systems is
traightforward.

This paper is presented as follows. Rayleigh quotients for dis-
rete systems are defined in Sec. 2. Three quotients are introduced
n the case of a viscously damped system and their stationary
roperties are investigated in Secs. 3 and 4. Rayleigh quotients in
he context of nonviscously damped systems are studied in Sec. 5.
he importance of Rayleigh quotients studied here is illustrated in
ec. 6, and main conclusions emerging from this study are sum-
arized in Sec. 7. Throughout this study, the terms modes and

igenvectors are used interchangeably.
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2 Rayleigh Quotients for Discrete Systems
Small oscillations of a discrete, linear vibrating system with

viscous damping about its equilibrium position are governed by
the following equations of motion:

Mẍ + Cẋ + Kx = f �2�

where the matrices M, K, and C are, respectively, the mass, stiff-
ness, and damping matrices and the vectors x and f denote the
displacement response and applied forces, respectively. In the ab-
sence of damping and applied forces, the above equation simpli-
fies to

Mẍ + Kx = 0 �3�

The above equation leads to a linear, algebraic eigenvalue prob-
lem for the natural frequencies of free vibration, denoted by �,
given as follows:

Ku = �Mu �4�

where the eigenvalue � is related to the frequency via �=��.
Here, the positive branch of the square-root operation is assumed.
u is the eigenvector �mode shape� associated with the eigenvalue
� �or vibration mode with natural frequency ��. For linear sys-
tems that obey Rayleigh’s reciprocity principle, the matrices M
and K are symmetric. This implies that the solutions of the eigen-
value problem in Eq. �4�, � and u, are real.

In the context of vibration analysis of undamped systems, the
two quadratic functions in the Rayleigh quotient assume the
physical meaning of the kinetic and potential energies. Thus, as-
sociated with any admissible deformation vector ���, one can
define the following quantities:

U = �TK�, T = �TM�

R��� =
U
T =

�TK�

�TM�
�5�

where T and U are the kinetic and potential energies of the system
and R is the classical Rayleigh quotient.

However, when systems with dissipation are considered, one is
faced with three quadratics. In this situation, one can define three
quotients as follows:

U = �TK�, T = �TM�, D = �TC�

R1��� =
U
T =

�TK�

�TM�

R2��� =
D

=
�TC�

T
T � M�
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R3��� =
D
U =

�TC�

�TK�
�6�

ote that for Rayleigh quotient to be finite, the denominator terms
n the above equation should not be equal to zero. This requires
hat M be positive definite for R1 and R2 to be finite, and K be
ositive definite for R3 to be finite. For majority of vibrating sys-
ems, M is positive definite while K need not be. Thus, the exis-
ence of R3 is case specific.

It is the objective of this work to investigate the stationarity
roperties of the quotients defined in Eqs. �5� and �6�. The proof
f stationary property of the quotient defined in Eq. �5� is well
nown �2,5,6�. However, it is repeated here for the sake of com-
leteness and also since the proof of stationarity for other quo-
ients closely follows a similar procedure.

2.1 Stationarity of R„�…. Let a vector � be chosen such that
t is close to one of the eigenvectors �modes� ur of the system so
hat we can express � as

� = �
i

ciui = ur + �
i�r

�iui, �i =
ci

cr
� 1 �7�

here �i is a small real quantity. Now, the Rayleigh quotient reads

R��� =
�TK�

�TM�
=

ur
TKur + 2�i�r

�iui
TKur + O��2�

ur
TMur + 2�i�r

�iui
TMur + O��2�

�8�

ere, the symmetry of M and K is assumed. Due to the orthogo-
ality properties of the eigenvectors �2,5�,

ui
TMu j = �ij, ui

TKu j = 0, ui
TKui = �i �9�

quation �8� simplifies to

R��� =
�r + O��2�
1 + O��2�

= �r�1 + O��2�� �10�

he above result proves the stationarity of the Rayleigh quotient,
.e., first order changes in � lead to second order changes in R���.

hen � is close to one of the eigenvectors, the corresponding
alue of the quotient is stationary. Further choosing the first ei-
envector as the trial vector � leads to a minimum value of R���.
��� is maximum when the trial vector is close to the eigenvector
orresponding to the highest eigenvalue. For intermediate eigen-
ectors, R��� is neither a minimum nor a maximum, i.e., R��� is
t a saddle point. A mini-max �or inf-sup� principle due to Courant
nd Fischer applies in this case �2,6�.

Proportional Damping
We consider first the case of proportional damping. Here, pro-

ortional damping is defined in the sense that the same vector �
imultaneously diagonalizes the three quadratics T, U, and D. In
ther words, the three matrices M, K, and C can be simulta-
eously diagonalized. Although a viscous damping matrix of the
orm C=�M+�K is the most widely understood model of a pro-
ortional damping model, it is only a subset of a wider class of
odels �7�. The necessary and sufficient conditions for propor-

ional damping are established in Ref. �7� and revisited in Refs.
8–11�. Adhikari �10� showed that viscously damped linear sys-
ems will have classical normal modes if and only if the damping

atrix can be represented by

�a� C=M�1�M−1K�+K�2�K−1M�
or

�b� C=�3�KM−1�M+�4�MK−1�K

here �i�•� are smooth analytic functions in the neighborhood of
ll the eigenvalues of their argument matrices. Rayleigh’s result

an be obtained directly from this “generalized proportional
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damping” as a special case by choosing each matrix function �i�•�
as a real scalar times an identity matrix, that is �i�•�=�iI. In the
case of proportionally damped systems, the eigenvectors are real
but the eigenvalues are not, i.e., the undamped modes are also the
modes of the proportionally damped system. Thus, the proof of
stationarity of the first Rayleigh quotient R1��� is the same as that
given in Sec. 2.1.

We consider the second Rayleigh quotient associated with any
admissible deformation vector � as defined in Eq. �7�,

R2��� =
�TC�

�TM�
=

ur
TCur + 2�i�r

�iui
TCur + O��2�

ur
TMur + 2�i�r

�iui
TMur + O��2�

�11�

here, the symmetry of M and C is assumed. Due to the orthogo-
nality properties of the eigenvectors,

ui
TMu j = �ij �12�

We define

ui
TCu j = Cij� , ui

TCui = Cii� �13�
With the above definition, Eq. �11� can be expressed as

R2��� =
Crr� + 2�i�r�iCir� + O��2�

1 + O��2�
�14�

When damping is proportional, the matrix Cir� is diagonal, i.e.,
Cir� =0 for i�r. In this case, the above equation simplifies to

R2��� =
Crr� + O��2�
1 + O��2�

= Crr� �1 + O��2�� �15�

which proves the stationarity of Rayleigh quotient in the case of a
proportionally damped system.

Similar proof can be constructed for R3���. The equation cor-
responding to Eq. �15� in this case will read as

R3��� =
Crr� + O��2�
�r

2 + O��2�
=

Crr�

�r
2 �1 + O��2�� �16�

4 Nonproportional Damping
We consider the case of nonproportional damping wherein the

damping matrix C cannot be diagonalized simultaneously with M
and K matrices. Consequently, the vector � is not necessarily real.
Vibrating systems with nonproportional damping are known to
possess complex modes in general. Physically, the complex modes
represent nearly standing waves. For systems with small dissipa-
tion, a perturbation theory originally due to Rayleigh �1� can be
used to represent the complex modes in terms of the real modes of
the undamped system.

According to the first order perturbation theory �12�, the com-
plex modes of a viscously damped system are related to the cor-
responding undamped modes by

zn � un + ı�
k�n

�knuk where �kn =
�nCkn�

�n
2 − �k

2 � 1 �17�

The undamped modes are mass normalized i.e., un
TMun=1. In the

above equation, C� is the damping matrix in modal coordinates,
i.e., Ckn� =uk

TCun. The assumption in the perturbation theory is that
the terms of the order �kn

2 are very small and hence negligible.
When k and n refer to two adjacent modes, the coefficient �kn

can be related to the modal overlap factor defined as 	kn

�
n�n / ��k−�n� and the ratio �kn=Ckn� /Cnn� by �kn

��1 /2�	kn�kn. Notice that �kn is a measure of the diagonal domi-
nance of the C� matrix. 	kn is a measure of the spacing of adja-
cent modes normalized with respect to the half power bandwidth
of each mode. Thus, significantly complex modes are to be ex-

pected when the modal damping matrix is not diagonally domi-
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ant and the modal overlap is not small. Unless the modal overlap
actor is of the order of unity, the second and higher order powers
f the �kn can be safely ignored. If not, then the perturbation
xpansion has to be extended suitably until the imaginary part of
he complex mode converges. Adequacy of the first order theory
or systems with small damping has been shown in Ref. �12�.

Since the complex eigenvectors zi , i=1¯n form the complete
asis in an n dimensional complex vector space, any arbitrary
omplex vector � can be written as

� = �
i

cizi �18�

We select a vector close to zr, which can be written as

� = zr + �
i�r

�izi, 	�i	 = 
 ci

cr

 � 1. �19�

We consider the first real valued Rayleigh quotient associated
ith the above trial vector,

R1��� =
�HK�

�HM�
=

zr
HKzr + 2�i�r

R��i�zi
HKzr + O�	�	2�

zr
HMzr + 2�i�r

R��i�zi
HMzr + O�	�	2�

�20�

oting the orthogonality properties given in Eq. �9�, one can de-
uce the following equations:

zr
HMzr = 1 + O��2� �21�

nd

zi
HMzr = O��2� �22�

imilarly with K, one can show

zr
HKzr = �r

2 + O��2� �23�

nd

zi
HKzr = O��2� �24�

ubstituting Eqs. �21�–�24� in Eq. �20�, one obtains

R1��� =
�r

2 + O��2� + O��2�
1 + O��2� + O��2�

� �r
2�1 − O��2�� �25�

hich proves the stationarity of R1���.
We consider the second real valued Rayleigh quotient defined

s follows:

R2��� =
zHCz

zHMz
�26�

ubstituting Eq. �17� in the above equation leads to

R2��� =
�HC�

�HM�
=

zr
HCzr + 2�i�r

R��i�zi
HCzr + O�	�	2�

zr
HMzr + 2�i�r

R��i�zi
HMzr + O�	�	2�

�27�

ow zr
H Czr can be expanded as

zr
HCzr = �ur

T − ı�
k�r

�kruk
T�C�ur + ı�

k�r

�kruk�
= Crr� − ı�

k�r

�kr�uk
TCur − ur

TCuk� + O��2� = Crr� + O��2�

�28�

ote that C is assumed to be symmetric in simplifying the above

quation. Similarly, one can write

ournal of Applied Mechanics
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zi
HCzr = �ui

T − ı�
k�i

�kiuk
T�C�ur + ı�

k�r

�kruk�
= Cir� − ı�

k�i

�kiCkr� + ı�
k�r

�krCik� + O��2�

= Cir� + O��� + O��2� �29�
Substituting Eqs. �21� and �22�, and Eqs. �28� and �29� in Eq. �27�,
one obtains

R2��� =
Crr� + 2�i�r

R��i�Cir� + O���O��� + O��2� + O��2�

1 + O��2� + O��2�
�30�

It can be seen that first order changes in � lead to first order
changes in R2���. However, if the modal damping matrix is di-
agonally dominant, i.e.,

Cir�

Crr�
� 1 �31�

then first order changes in � lead to second order changes in
R2���. In this case, stationarity of the Rayleigh quotient is ob-
tained.

Returning to the third quotient R3���,

R3��� =
�HC�

�HK�

=
Crr� + 2�i�r

R��i�Cir� + O���O��� + O��2� + O��2�

�r
2 + O��2� + O��2�

�32�
The above quotient is not stationary in general. However, when
the modal damping matrix is diagonally dominant in accordance
with Eq. �31�, stationarity of R3��� can be shown as earlier �see
Sec. 3�.

In the case of a complex vector �, one is also tempted to define
complex valued Rayleigh quotients by replacing the Hermitian
transpose �complex conjugate transpose� with the ordinary trans-
pose operator. The stationarity property of these complex valued
quotients, however, cannot be shown. Hence, the discussion of
these quotients will not be pursued any further.

5 Nonviscous Damping
In this section, we consider general linear damping models,

described by convolution integrals of the generalized coordinates
over appropriate kernel functions. The equation of motion of a N
degrees-of-freedom nonviscously damped system is given by

Mẍ�t� +
−

t

G�t − ��ẋ���d� + Kx�t� = f�t� �33�

Here, G�t� is a N�N matrix of kernel functions. It will be as-
sumed that G�t� is a symmetric matrix so that reciprocity auto-
matically holds. In the special case when G�t�=C��t�, where ��t�
is the Dirac delta function and C is a N�N matrix, Eq. �33�
reduces to the standard form for viscous damping.

Taking the Fourier transform of Eq. �33�, the eigenvalue equa-
tion can be expressed as

− �n
2Mzn + ı�nG��n�zn + Kzn = 0 �34�

where G��� is the Fourier transform of G�t�. In general, G��� is a
complex valued function of �. For viscously damped system,
G���=C , ∀�. Equation �34� is a nonlinear eigenvalue problem. In
contrast with the viscously damped case, the number of eigenval-
ues will not necessarily be equal to 2N, since additional eigenval-

ues may be introduced by the form of the functions G��n�. Wood-
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ouse �12� and Adhikari �13� have treated this problem using a
rst order perturbation method assuming the damping to be small.
e suppose the undamped problem has eigenvalues �natural fre-

uencies� �n and eigenvectors �modes� un. The complex eigenval-
es can then be expressed as

�n � � �n + ıGnn� ���n�/2 �35�

here Gkl� ��n�=uk
TG��n�ul is the frequency dependent damping

atrix expressed in normal coordinates. Since the inverse Fourier
ransform of G��� must be real, it must satisfy the condition
�−��=G���*, where �•�* denotes complex conjugation. It fol-

ows that the eigenvalues of the generally damped system appear
n pairs � and −�* �unless � is purely imaginary�. The first order
pproximate expression for the complex eigenvectors can be ob-
ained in a way similar to that used for the viscously damped
ystem �as was first given by Rayleigh �1��. The result is

zn � un + ı�
k�n

�knuk where �kn =
�nGkn� ��n�
��n

2 − �k
2�

�36�

ote that the eigenvectors also appear in complex conjugate pairs.
ince, in general, Gkn� ��n� will be complex, in contrast to the
iscously damped case, the real part of natural frequencies and
ode shapes do not coincide with the undamped ones. Adequacy

f the first order theory for systems with small damping has been
nvestigated in Refs. �12,13�.

Since the complex eigenvectors zi , i=1¯N form the complete
asis of an N-dimensional complex vector space, any arbitrary
omplex vector � can be expressed as

� = �
i

cizi �37�

We consider a vector close to zr, which can be written as

� = zr + �
i�r

�izi, 	�i	 = 
 ci

cr

 � 1 �38�

eplacing the matrix G��r� with M and noting the orthogonality
roperties given in Eq. �9�, one obtains

zr
HMzr = 1 + O�	�	2� �39�

zi
HMzr = O�	�	2� �40�

imilarly with K, one obtains

zr
HKzr = �r

2 + O�	�	2� �41�

zi
HKzr = O�	�	2� �42�

We consider the first Rayleigh quotient

R1��� =
�HK�

�HM�
=

zr
HKzr + 2�i�r

R��i�zi
HKzr + O�	�	2�

zr
HMzr + 2�i�r

R��i�zi
HMzr + O�	�	2�

�43�
Substituting Eqs. �39�–�42� in the above equation, one obtains

R1��� =
�r

2 + O�	�	2� + O��2�
1 + O�	�	2� + O��2�

� �r
2�1 − O��2�� �44�

hich proves the stationarity of R1���.
The second and third Rayleigh quotients involving the damping

erm need to be carefully defined. The difference between the
iscous and the nonviscous case is that the �effective� damping

atrix for the nonviscous case is complex valued and a function
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of frequency. Therefore, in order to define a meaningful Rayleigh
quotient, we need to select a value of frequency. If we are inter-
ested in studying the stationary behavior of rth mode, then it is
logical to select the frequency value as �r. We define the real
valued Rayleigh quotient for a nonviscously damped system as

R2��,�r� =
	�HG��r��	

�HM�
�45�

For a viscously damped system G��r�=C , ∀r and because C is a
real matrix, Eq. �45� reduces to Eq. �26� as a special case. There-
fore, Eq. �45� can be viewed as a generalization of the Rayleigh
quotient defined in Eq. �26�.

Substituting Eq. �36� in the above equation leads to

R2��� =
�HG��r��

�HM�

=
	zr

HG��r�zr + 2�i�r
R��i�zi

HG��r�zr + O�	�	2�	

zr
HMzr + 2�i�r

R��i�zi
HMzr + O�	�	2�

�46�

The first term in numerator can be expressed as

zr
HG��r�zr = �ur

T − ı�
k�r

�
kr
* uk

T�G��r��ur + ı�
k�r

�kruk�
= ur

TG��r�ur − ı�
k�r

��
kr
* − �kr��uk

TG��r�ur

− ur
TG��r�uk� + O�	�	2�

= Grr� + 2ı�
k�r

I��kr��uk
TG��r�ur

− ur
TG��r�uk� + O�	�	2�

= Grr� + O�I���� + O�	�	2� �47�

where Grr� =ur
TG��r�ur. Note that G��r� is assumed to be symmet-

ric in simplifying the above equation. From the second term in the
numerator of Eq. �46�, one has

zi
HG��r�zr = �ui

T − ı�
k�i

�
ki
*uk

T�G��r��ur + ı�
k�r

�kruk�
= ui

TG��r�ur − ı�
k�i

�
ki
*uk

TG��r�ur

+ ı�
k�r

�krui
TG��r�uk + O�	�	2�

= Gir� + O��� + O�	�	2� �48�

where Gir� =ui
TG��r�ur.

Substituting Eqs. �47�, �46�, �45�, �44�, �43�, �42�, �41�, and �40�

in Eq. �46�, one obtains
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R2��� =
	Grr� + 2�i�r

R��i�Gir� + O���O��� + O��2� + O�I���� + O�	�	2�	

1 + O��2� + O�	�	2�

�
	Grr� 	 + 2�i�rR��i�	Gir� 	 + O���O��� + O��2� + O�I���� + O�	�	2�

1 + O��2� + O�	�	2�
�49�
he last line in the above equation follows from the triangle in-
quality. The terms involving O�I���� are smaller than O�	�	�
erms. Moreover, for lightly nonviscous systems, the terms involv-
ng O�I���� are expected to be smaller than the O�R���� terms
14�. As a result, one expects to have the inequality

O�I���� � O�R���� � O�	�	� �50�

rom Eq. �49�, it can be seen that first order changes in � lead to
rst order changes in R2���. However, if the complex modal

amping matrix is diagonally dominant, i.e.,

iscous dissipative processes.

ournal of Applied Mechanics
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	Gir� 	
	Grr� 	

� 1 �51�

then first order changes in � lead to second order changes in
R2���. In this case, stationarity of the Rayleigh quotient is
obtained.

Returning to the third quotient, the equation corresponding to
Eq. �46� in the case of R3��� is
R3��� =
	�HG��r��	

�HK�
�

	Grr� 	 + 2�i�r
R��i�	Gir� 	 + O���O��� + O��2� + O�I���� + O�	�	2�

�r
2 + O��2� + O�	�	2�

�52�
he above quotient is not stationary. However, when the modal
amping matrix is diagonally dominant in accordance with Eq.
31�, stationarity of R3��� holds.

Application of Rayleigh Quotients
In the case of a single degree of freedom system with viscous

amping the three quotients simplify to R1=�2, R2=2
�, and
3=2
 /�, where � and 
 denote the natural frequency and the
ritical damping factor, respectively. The response of the system
n the time domain is described by exp�−
�t− ı��1−
2t�. We
ote that R2 governs the decay rate �or real part of the complex
igenvalue� of vibration in the time domain. The same will be true
or a multidegree of freedom system, provided that its response
an be decomposed into a single degree of freedom system using
odal summation i.e., damping is proportional �3�.
The Rayleigh quotient R1 and its usefulness in solving the ei-

envalue problem associated with the undamped system are well
ocumented �2,3,5�. Consequent to the stationary property of R1, a
heorem originally due to Rayleigh, known as Rayleigh’s principle
r interlacing theorem, gives the influence of constraints. It states
hat the eigenvalues of the constrained system ���� interlace with
he eigenvalues of the unconstrained system ��� such that �n

�n���n+1.
Similar results follow from the stationarity of R2 and R3. In this

ontext, we refer to Rayleigh’s original statement in Sec. 88 of
ef. �1�: “… theorems, of importance in other branches of sci-
nce, may be stated for systems such that only T and F, or only V
nd F, are sensible.” We note that T�T, V�U, and F�D in the
otation of the present paper. Thus, stationarity of R2 implies that
he decay rates of each normal mode are stationary. The interlac-
ng theorem would suggest that the decay rates of each normal

ode also interlace when a constraint is applied. The interlacing
roperty was discussed in Sec. 88 of Ref. �1� and a less known
ork of Rayleigh �15�. The present study extends these ideas to

he general case of nonconservative systems with viscous or non-
In a viscoelastic system, one deals with elastic potentials and
dissipative potentials. Stationarity of R3 has important conse-
quences for such problems, especially in conjunction with the
interlacing theorem. A noteworthy work on applying the Rayleigh
quotients to determine the elastic and material loss constants of
orthotropic sheet materials was undertaken in Refs. �16,17�.

Our primary aim in this work has been to show the range of
applicability of stationarity principles in nonconservative viscous
and nonviscous systems. Further application of these results re-
mains to be explored in future studies.

7 Conclusions
Rayleigh quotients are revisited in the context of dissipative

systems. The study of their stationarity properties leads to the
following conclusions.

1. In the case of a proportionally damped viscous system, the
three Rayleigh quotients associated with the damped system
are stationary.

2. In the case of a nonproportionally damped system, the Ray-
leigh quotient involving mass and stiffness matrix is station-
ary while the remaining two involving damping matrix are
not. Stationarity in this case is subject to the diagonal domi-
nance of the modal damping matrix. For an arbitrarily cho-
sen viscous damping matrix, the stationarity property does
not hold true. However, this negative conclusion is to be
balanced by the wide variety of practical engineering struc-
tures where the modal damping is diagonally dominant; con-
sequently, Rayleigh quotients are stationary.

3. In the case of a nonviscously damped system, the Rayleigh
quotient involving mass and stiffness matrix is still station-
ary while the remaining two involving the frequency depen-
dent damping matrix are not. Stationarity in this case is sub-
ject to �a� the diagonal dominance of the absolute value of
the frequency dependent complex modal damping matrix,
and �b� light nonviscous damping. For an arbitrarily chosen
nonviscous damping function, the stationarity property does

not hold true.
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