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Abstract This paper examines and contrasts the feasibility of joint state and parameter estimation of noisedriven chaotic systems using the extended Kalman filter (EKF), ensemble Kalman filter (EnKF), and particle filter (PF). In particular, we consider the chaotic
vibration of a noisy Duffing oscillator perturbed by
combined harmonic and random inputs ensuing a transition probability density function (pdf) of motion
which displays strongly non-Gaussian features. This
system offers computational simplicity while exhibiting a kaleidoscope of dynamical behavior with a slight
change of input and system parameters. An extensive
numerical study is undertaken to contrast the performance of various nonlinear filtering algorithms with
respect to sparsity of observational data and strength
of model and measurement noise. In general, the performance of EnKF is better than PF for smaller ensemble size, while for larger ensembles PF outperforms
EnKF. For moderate measurement noise and frequent
measurement data, EKF is able to correctly track the
dynamics of the system. However, EKF performance
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is unsatisfactory in the presence of sparse observational data or strong measurement noise.
Keywords Chaos · Duffing oscillator · Ensemble
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particle filter
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1 Introduction
A wide variety of methods have been developed to
deal with the joint state and parameter estimation of
dynamical systems in the data assimilation research
community [1–3]. Kalman filter (KF) has become a
popular tool for state estimation problems in linear
systems (i.e., linear model and measurement operators) due to its mathematical simplicity [4, 5]. KF results in a recursive analytical solution of the posterior distribution of the system state conditional upon
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measurement data. The filter optimally estimates the
state of the system in the presence of additive Gaussian
model and measurement noise. If both model and observation noise are zero-mean and uncorrelated, KF is
the best linear unbiased estimator [1]. In addition, if
the errors are also Gaussian, KF is also the maximum
a posteriori estimator or the maximum likelihood estimator [1, 2].
In the framework of filtering theory applied to parameter estimation, one or more unknown system parameters are appended to the original state vector [1,
2, 6]. In general, the augmented state vector evolves
nonlinearly regardless of whether the original system
model is linear or nonlinear. This fact precludes the direct application of KF. Under certain conditions, however, KF can be extended to the nonlinear case by linearizing the model and measurement operators around
the current estimate of the state vector, leading to the
popular (but no longer optimal) extended Kalman filter
(EKF) [1, 7]. EKF has been widely applied to parameter identification problems (e.g., [8–13]). The major
limitation of KF and EKF stems from the fact that the
state evolution is assumed to be Gaussian or approximately Gaussian, permitting a statistical closure at the
second order moments. Evensen [14] and Gauthier et
al. [15] showed that the Gaussian assumption may produce instabilities and even divergence, when applied to
strongly nonlinear systems. To alleviate such problem,
the unscented transform (UT) [16] is used to propagate
the statistical moments of the state vector through the
full nonlinear model operator leading to the so-called
unscented Kalman filter (UKF) [17–20]. Using a set
of carefully chosen deterministic samples (so-called
sigma points), UKF estimates the first and second order moments of the state vector correct to the second
order Taylor series expansion of the model operator.
In KF and EKF, the analysis of the measurements
are performed sequentially leading to so-called sequential data assimilation techniques. Variational data
assimilation methods, on the other hand, strive to produce an optimal analysis which fits a set of measurement data taken over a period of time [3, 21–24]. The
optimality criterion is formulated as the minimization
of a cost functional that incorporates the least-squares
distance to (1) a prior estimate of the initial and boundary state (in the context of partial differential questions), (2) time distributed observations, and (3) modeling residual in an analysis interval. For a linear and
Gaussian model, variational method leads to the same
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estimate as KF [3]. Variational data assimilation with
adjoint models [3, 25] leads to difficulties for chaotic
systems due to (i) their sensitive dependence on initial
conditions; and (ii) its inability to tackle hypersensitivity of state trajectories to small perturbations [26].
Lea et al. [27] and Kohl et al. [28] made some attempts
to alleviate these issues.
Recently, Monte Carlo based sequential filtering algorithms have been developed to tackle the general
case of nonlinear systems perturbed by non-Gaussian
noise. Monte Carlo based approach involves representing the probability density of the state and parameter estimate by a finite number of randomly generated samples. In the context of data assimilation, these
methods have been proved to be successful [1]. These
algorithms circumvent the need for labor-intensive development of the tangent linear model and its adjoint,
as required for variational schemes. For a comparative study between Monte Carlo assimilation algorithms and variational techniques, the reader may refer
to [1, 29]. The most widely used Monte Carlo based
filtering algorithms are (i) ensemble Kalman filter
(EnKF) [30–32]; and (ii) particle filter (PF) [33–41].
The usefulness of EnKF [30, 42, 43] has been successfully demonstrated for different applications in
data assimilation problem (e.g., [1, 31, 32, 40]). EnKF
inherits the same analysis step from the KF (or EKF).
Subsequently, the ensemble members are propagated
from one time step to another using the original model
operator (no tangent linear system operator is required). Additionally, the measurement error covariance matrix in EnKF is estimated from the statistics
of the ensemble of state vectors [30]. An artificially
generated ensemble of measurements is also required
by perturbing the original measurements [42, 43]. In
numerous applications, it has been demonstrated that
EnKF resolves the issue of poor error covariance evolution commonly encountered in EKF [30]. In the context of structural dynamics, EnKF has recently been
introduced as a nonparametric identification tool by
Ghanem and Ferro [32].
EnKF is a particularly appealing ensemble-based
data assimilation method because it assumes a
Gaussian prior pdf as in KF. The Gaussian assumption greatly simplifies the analysis step. However,
the nonlinear and non-Gaussian effect is fully accounted for in the state evolution (forecast) in contrast to KF. Although this approach has been widely
used for some time, some publications reported rather
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poor performance by EnKF in certain applications. For
example, Kivman [40] demonstrated that EnKF performed rather poorly when applied to simultaneous
state and parameter estimation in the Lorenz model.
For an atmospheric system, Miller et al. [44] also reported the poor performance of EnKF. In the aforementioned cases, highly non-Gaussian posterior pdfs
lead to difficulties in EnKF. To alleviate such problem, a non-Gaussian extension of EnKF is reported
that utilizes a weighted sum of Gaussian pdfs (instead
of a single Gaussian pdf) to represent the prior distribution [35, 45, 46]. Mandel et al. [47] proposed another
extension that combines EnKF with nonparametric
density estimation techniques based on the distance
in Sobolev spaces.
A more general approach, namely PF, is devised in
the framework of Bayesian inference [36, 41, 48, 49].
This methodology relaxes the assumption of Gaussian
posterior pdf and linearity of model and measurement operators as assumed in KF, EKF and EnKF.
In this approach, the ensemble members (so-called
particles) are properly weighted based on the measurements. However, in contrast to EnKF, the trajectories of the particles evolve independently without
any analysis step. This fact partly undermines the efficacy of PF demanding larger ensembles compared
to EnKF leading to higher computational costs. This
problem is generally tackled using the so-called resampling technique [36, 37, 50]. Perhaps the earliest
applications of PF for statistical inference are given
by Handschin [51], Akashi, and Kumamoto [52], and
Zaritskii et al. [53]. However, the formal particle filter approach was established by Doucet et al. [49] and
Ristic et al. [48] through the introduction of a novel
resampling technique. The approach is also sometimes
known as the bootstrap filter, condensation algorithm,
interacting particle approximation, or survival of the
fittest algorithm [36, 48, 50, 54–56]. In the context
of nonlinear dynamics, Manohar et al. applied PF to
identify a nonlinear stiffness parameter of a Duffing
oscillator [37–39]. Kivman compared the applicability of EnKF and PF for parameter estimation in the
Lorenz model [40]. Ching, Beck, and Porter compared the performance of EKF and PF for the state
and parameter estimation of various nonlinear systems [57]. To improve the performance of PF, hybrid
algorithms which combine EKF or unscented Kalman
filter (UKF) with PF have also been proposed leading to the so-called EKF and UKF particle filters
(e.g., [20]).
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In the literature of data assimilation (most common in climate research community), the Lorenz system describing the three state variable model for
chaotic atmospheric turbulence is extensively used
as a demonstration tool to study various filtering algorithms (e.g., [1, 40, 44]). Such comparative studies for nonlinear filters are, however, not widely reported in the literature of mechanical vibration. In this
paper, we conduct a detailed numerical investigation
to compare the performance of various Gaussian and
non-Gaussian filters for chaotic mechanical vibration.
In particular, we investigate the chaotic vibration of
a Duffing oscillator1 which may, for instance, represent a single mode Galerkin approximation of the
motion of a buckled elastic beam [59]. In particular,
we consider a double-well potential Duffing oscillator
whereby the unforced system is characterized by two
stable and one unstable fixed points [59]. This system offers computational simplicity while exhibiting
a kaleidoscope of dynamical behavior with a slight
change of its input and system parameters.
This investigation compares the feasibility of using EKF, EnKF and PF for joint state and parameter estimation of a noisy Duffing oscillator undergoing chaotic motion. The system is perturbed by combined harmonic and random inputs ensuing a transition pdf of motion which displays strongly nonGaussian features. An extensive numerical study is undertaken to contrast the performance of various filtering algorithms with respect to sparsity of observational
data and strength of model and measurement noise.
The paper is organized as follows: Sect. 2 provides a
description of noisy dynamical systems in the framework of Itô stochastic differential equations. A brief
background of KF is given in Sect. 3. The application
of EKF to nonlinear systems is briefly presented in
Sect. 4. A brief introduction to EnKF is presented in
Sect. 5. In Sect. 6, the formulation of PF is reviewed.
Section 7 reports the results of numerical investigations elucidating the capabilities and limitations of
various filtering techniques. The paper concludes in
Sect. 8 where a summary and findings of the current
investigation are provided.
1 Although the Lorenz and Duffing models describe entirely different physical phenomena relating to turbulence and mechanical vibration, respectively, a connection can be drawn with these
two systems whereby the Lorenz model can be compared to a
controlled Duffing oscillator [58].
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2 Background to noisy dynamical systems

3 Kalman filter

The temporal evolution of a nonlinear dynamical system can be represented by the vector Itô stochastic differential equation [7, 60–62]

KF assimilates data into linear systems with linear
measurement operator subject to additive Gaussian
noise. The filter has the advantage of being a sequential data assimilation method in which only the state
variables at the previous time step are required. In
addition, KF also serves as the mathematical foundation of other filters, such as EKF and EnKF. This section presents a brief overview of KF for completeness
based on the references [1, 7, 48, 64, 65].
The discrete state-space representation of a linear
dynamical system with a linear measurement operator
is given by

dx = g(x, t) dt + H(x, t) dw,

(1)

where x is an n-dimensional state vector, g is an ndimensional random vector function, H is a n × m
matrix-valued function and w is an m-dimensional
vector Wiener process. It is a well-known fact that the
interpretation of the solutions of (1) is problematical
in the classical sense as the solution x(t) is continuous everywhere but not differentiable anywhere with
probability 1.
The transition pdf p(x, t|x0 , t0 ) of the state vector
x(t) given the initial pdf of state vector p(x0 , t0 ) satisfies the Fokker–Planck equation [7, 60–62] given by:
 ∂
∂p
=−
{pgi }
∂t
∂xi
n

i=1

+



n


1  ∂2
p HHT ij .
2
∂xi ∂xj

(2)

i,j =1

Note that the Fokker–Planck equation is an advection-diffusion partial differential equation (pde)
having spatial dimension equal to the order of the
state vector x. The closed-form solution of the Fokker–
Plank equation is available only for a restrictive class
of systems [60, 61, 63]. In the framework of data assimilation, one is interested in obtaining the pdf of the
state vector conditional upon the observational data dk
available at time tk . Applying Bayes rule, the conditional pdf is given by:
p(xk , tk |dk ) = 

p(dk |xk , tk )p(xk , tk |d−
k)
.
−
p(dk |xk , tk )p(xk , tk |dk )dxk

p(xk , tk |d−
k)

(3)

is the pdf given by the Fokker–
where
Planck equation up to but not including the new observation dk and p(dk |xk , tk ) is the pdf of the observation dk given the current state vector xk . The analytical
expression for the conditional pdf of the state vector
p(xk , tk |dk ) is not available in general, therefore, numerical solutions are sought using filtering techniques,
such as EKF, EnKF and PF [1, 7]. For a problem described by linear model and measurement operators,
perturbed by additive Gaussian model and measurement noise, KF solves (3) analytically [1, 7].

xk+1 = k xk + fk + qk ,

(4)

dk = C k xk +  k ,

(5)

where x ∈ Rn is the state vector,  ∈ Rn×n is the discrete model operator, f ∈ Rn is a deterministic external input, d ∈ Rm is the measurement vector which
relates to the true state by the measurement matrix
C ∈ Rm×n . q ∈ Rn and  ∈ Rm are independent zeromean Gaussian vector random processes with covariance matrices Q ∈ Rn×n and  ∈ Rm×m , denoting
model and measurement errors, respectively. It is also
assumed that x has a Gaussian prior pdf given by
f
xk ∼ N (xk , Pk ). KF first estimates the conditional
mean and covariance of xk given the measurement
 k , respectively. This
vector dk , denoted by xak and P
constitutes the analysis step of the filter:
Analysis step:
Kk = Pk CTk  k + Ck Pk CTk

f
f
xak = xk + Kk dk − Ck xk ,
 k = [I − Kk Ck ]Pk .
P

−1

,

(6)
(7)
(8)

Kk ∈ Rn×m is known as the Kalman gain matrix.
The estimate xak given in (7) is the optimal linear unbiased estimate. The optimality is achieved in the sense
that the error covariance of the state conditional upon
an observation dk given in (8) is minimum. In (6–8),
the superscript f indicates the best estimate of the current state denoting the forecast obtained from the previous state. The superscript a denotes the analysis step
providing the best estimate of the current state conditional upon available observation dk .
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The next step in KF is to estimate the mean and
covariance of the state vector for the next time step,
given by
Forecast step:
f
xk+1

= k xak

+ fk ,

 k Tk + Qk .
Pk+1 = k P

(9)
(10)

The underlying assumptions in KF involves linearity in the model and measurement operators and
Gaussian model and measurement noise. These two
assumptions are the limitations of this technique to
tackle nonlinear systems. EKF is an extension of KF
to deal with weakly nonlinear evolution equations as
described next.

From (13), the posterior mean and error covariance
[1, 48, 64, 65] can be expressed as:


f
xk+1 =  k xak , fk ,




 k  k xak , fk
Pk+1 =  k xak , fk P

(14)
T

+ Qk .

(15)

Note that the Jacobian matrix is being used in (15)
instead of k in (9) in KF. Therefore, the major steps
in EKF are:
1. Analysis step:
Kk = Pk CTk  k + Ck Pk CTk

f
f
xak = xk + Kk dk − Ck xk ,

−1

(16)

,

(17)

 k = [I − Kk Ck ]Pk .
P

(18)

2. Forecast step:
4 Extended Kalman filter
For nonlinear systems, the pdf of the state vector x is
generally non-Gaussian even if the model noise is additive and Gaussian. For weakly non-Gaussian behavior, one can reasonably approximate the pdf of x by a
Gaussian process through linearization.
For general nonlinear dynamical systems with additive model noise, the state evolution equation is given
by
xk+1 =  k (xk , fk ) + qk ,

(11)

where  is the discrete nonlinear model operator, f
and q are the deterministic and random input terms as
described in the previous section.
Given some measurement vector dk , we obtain a
Gaussian conditional pdf of the state vector with mean
 k using the same analyxak and covariance matrix P
sis step as in KF given by (6)–(8). Linearizing  k
about xak , we obtain





 k (xk , fk ) ≈  k xak , fk +  k xak , fk xk − xak (12)
where  k (xk , fk ) is the tangent linear operator which
denotes the Jacobian matrix of  k (xk , fk ) with respect
to xk .
From (11) and (12), we obtain





xk+1 =  k xak , fk +  k xak , fk xk − xak + qk . (13)



f
xk+1 =  k xak , fk ,




 k  k xak , fk
Pk+1 =  k xak , fk P

(19)
T

+ Qk . (20)

5 Ensemble Kalman filter
The linearization step in EKF may lead to poor error covariance evolution for strongly nonlinear systems [1, 48]. EnKF partly alleviates this issue. EnKF is
based on the representation of the probability density
of the state estimate by a finite number N of randomly
generated system states, known as ensemble members.
Each sample is integrated forward in time independently using the full nonlinear evolution model defined
in (11). However, the linear analysis step performed in
KF and EKF remains the same for EnKF. EnKF algorithm can be summarized as follows [66]:
f

1. Create an ensemble {x0,i } of size N with i =
1, . . . , N , using the prior pdf of x0 .
2. For each subsequent step, obtain perturbed measurements and estimated measurement error covariance matrix:
dk,i = dk +  k,i ,
1 
 k,j  Tk,j .
N −1

(21)

N

k =

j =1

(22)
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3. Analysis step:
−1

Kk = Pk CTk  k + Ck Pk CTk
,


f
f
xak,i = xk,i + Kk dk,i − Ck xk,i ,

(24)

 k = [I − Kk Ck ]Pk .
P

(25)

4. Forecast step:


f
xk+1,i =  k xak,i , fk + qk,i ,
f


xk+1 =

N
1  f
xk+1,j ,
N

(23)

(26)
(27)

6 Particle filter

j =1

1  f
f 
xk+1,j −
xk+1
N −1
N

Pk+1 =

Consider a more general representation of the evolution and measurement equations:

j =1

 f
f T
× xk+1,j −
xk+1 .

large. In EnKF, the forecast covariance matrix Pk+1
is estimated using statistical averaging, circumventing the need to store the analysis covariance matrix.
– The need to perturb the measurements as in (21) is
pointed out by Burgers et al. [42] and Whitaker and
Hamill [67]. Such perturbation of the observational
data is necessary to prevent underestimation of the
error covariance matrix. It may be conjectured that
the measurement perturbation induces a regularization effect on the estimates of EnKF.

(28)

It is worthwhile at this stage to point out the following features of EnKF:
– The linear analysis step performed in KF and EKF
remains the same for EnKF. This step provides an
analytical expression for the conditional mean and
covariance of the state vector at the analysis step.
However, this is also the major limitation of EnKF
for strongly nonlinear models, due to the statistical
closure at the second order moments in the analysis step. This closure leads to saturation of the performance of EnKF at a certain ensemble size. In
other words, a further increase in ensemble size
beyond a critical value does not improve the estimate [40]. The inevitable loss of information (regarding higher-order statistics) emerging from this
closure may have a significant impact on the estimate for strongly non-Gaussian models.
– In the forecast step, the full nonlinear model is integrated forward in time which, in contrast to EKF,
captures the non-Gaussian effect in the state vector
introduced by the nonlinear evolution. This eliminates the errors introduced in EKF in the forecast
step due to linearization. Furthermore, the computational overhead associated with the tangent linear
operator  k (xak , fk ) required in EKF is also obviated.
– In EKF, the computation of the forecast covariance
matrix Pk+1 explicitly requires the analysis covari k may be memory
 k . The storage of P
ance matrix P
intensive when the dimension of the state vector n is

xk+1 = gk (xk , fk , qk ),

(29)

dk = hk (xk ,  k ),

(30)

where x is the system state vector, q and  are independent zero-mean random vectors describing model and
measurement errors, respectively, f is a deterministic
input vector and d is a vector of the measurements.
Let us define the state and the measurement matrices
as
Xk = {x0 , x1 , . . . , xk },

(31)

Dk = {d0 , d1 , . . . , dk },

(32)

where the state matrix Xk and observation matrix Dk
denote the collection of state and observation vectors
up to and including time instance tk , respectively.
By applying Bayes’ theorem [1, 37, 48], we obtain
p(Xk |Dk ) = 

p(Dk |Xk )p(Xk )
.
p(Dk |Xk )p(Xk )dXk

(33)

Thus,

p(Dk |Xk )p(Xk )dXk−1
p(xk |Dk ) = 
.
p(Dk |Xk )p(Xk )dXk

(34)

One obtains the conditional mean of the state vector
by
x̂k =

xk p(xk |Dk )dxk


xk p(Dk |Xk )p(Xk )dXk
= 
.
p(Dk |Xk )p(Xk )dXk

(35)
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Note from (30), dk depends only on xk . We, therefore, obtain
k

p(Dk |Xk ) =

p(ds |xs ).

(36)

s=0

Furthermore, xk+1 depends on xk , as evident
from (29), leading to
k

p(Xk ) = p(x0 )

p(xs |xs−1 ).

(37)

s=1

N random samples of Xk are generated from p(Xk )
using (37). The estimate of the mean in (35) can be
statistically approximated by (e.g., [48, 49])
x̂k ≈

1
N
1
N

N
i=1 xk,i p(Dk |Xk,i )
N
j =1 p(Dk |Xk,j )

=

N


wk,i xk,i

(38)

i=1

where
wk,i =

p(dk |xk,i )wk−1,i
N
j =1 p(dk |xk,j )wk−1,j

.

(39)

Equation (39) implies the need for initial values
w0,i , i = 1, . . . , N . One can start with w0,i = 1/N .
This leads to the following algorithm for the particle
filter:
1. Draw N samples x0,i using p(x0 ), i = 1, . . . , N
2. Set w0,i = 1/N
3. Perform the following steps recursively:
(a) Obtain xk,i from xk−1,i for each value of i using (29)
(b) Obtain wk,i for each value of i using (39)
(c) Compute the estimate of xk using (38)
The following points should be noted which contrast PF to EnKF:
– PF is a fully non-Gaussian filter that handles general forms of nonlinearities in measurement and
model operators and non-Gaussian model and measurement errors. No Gaussian approximation is resorted to, in contrast to EnKF and EKF whereby a
Gaussian assumption is inherent in the analysis step.
Therefore, PF may outperform EnKF and EKF in
dealing with strongly nonlinear systems.
– PF involves a fully Bayesian paradigm which relies on nonparametric statistics and directly deals
with the estimation of the pdf of state vector. In the

limit of infinitely large ensembles, PF offers an asymptotically exact estimate to the conditional pdf
in (3). This is in stark contrast to EnKF whereby a
saturation of the filter estimate is encountered at a
relatively small ensemble size. Excluding the nonGaussian effect in the analysis step leads to erroneous state estimates even with infinitely large ensembles.
– Note that in EKF and EnKF, the analysis step induces a shock (or discontinuity) in the dynamics of
the state by modifying the current estimate of the
state vector using the observational data (see (24)).
Evidently, such shock is absent in PF, thereby a natural temporal evolution of the state vector is maintained.
– Given a small ensemble size, EnKF generally provides better estimates compared to PF due to the
presence of an analysis step. This may be attributed
to the fact that the analysis step nudges the state trajectories toward the observational data by implicitly performing Tikhonov regularization [68]. When
large ensemble sizes are necessary, PF may become
impractical due to intensive computational requirements. In that case, EnKF may provide more practical means for data assimilation.
– The requirement for larger ensembles can be partly
alleviated by adopting stratified sampling methods,
such as Latin hypercube sampling (LHS) [69, 70],
which is adopted in this paper. From the experience
gathered by the authors through numerical investigations, the application of LHS, as opposed to simple Monte Carlo simulation, may dramatically reduce the required ensemble size PF. In particular,
the application of LHS crucially improves the resampling step in PF.
6.1 Resampling
In most practical applications of PF, all but one particle (sample) will have negligible weights wk,i after
a certain number of recursive steps. This is known as
the degeneracy phenomenon [36, 71]. As a result of
degeneracy, a large computational effort is wasted in
updating particles which make little contribution to the
state vector estimate. A suitable measure of degeneracy is the effective sample size [36, 48] given by
Neff =

1
N
2
i=1 (wk,i )

.

(40)
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When wk,i = 1/N , we obtain Neff = N . On the
other hand, when all but one weight is zero, we have
Neff = 1 indicating degeneracy.
Thus, the degeneracy phenomenon can be detected
when Neff < Nthr , where Nthr is the threshold value.
When such condition is encountered, a resampling
step is introduced in the following manner:

ẋ2 = − cx2 + k1 x1 + k2 x13
+ T cos(ωt) + σ1 ξ1 (t),

(44)

where x1 = u and x2 = u̇. The above equation can be
recast in the Itô stochastic differential equation form
as in (1) given by
dx1 = x2 dt,

(45)

1. Draw N particles from the current particle set with
probabilities proportional to their weights wk,i , replacing the current particle set with the new one.
2. Set wk,i = 1/N for i = 1, . . . , N .

dx2 = − cx2 + k1 x1 + k2 x13 − T cos(ωt) dt

Note that the resampling step may artificially reduce the estimated variance of the state vector, which
may be misleading while interpreting the filter estimates.

In (46), ξ1 (t) dt = dW1 = W1 (tk+1 ) − W1 (tk )
where dW1 is a Brownian path increment. Temporal
discretization with time step t leads to the discrete
state-evolution equations

{x2 }k+1 = {x2 }k − t

In this section, we consider a Duffing oscillator for
joint parameter and state estimation using the aforementioned nonlinear filters. This simple model is well
suited to demonstrate the capabilities of the various
filtering methods without undue computational complexity.
7.1 Original system model
The stochastic analogue of the deterministic Duffing
equation has the following form [59]:
ü(t) + cu̇(t) + k1 u(t) + k2 u3 (t)
(41)

where c is the damping coefficient, k1 and k2 are the
stiffness coefficients, u(t) is the displacement, T and
ω are the amplitude and frequency of the harmonic input, respectively, ξ1 (t) is a Gaussian white noise describing modeling error and σ1 is some constant describing the strength of the random input. Our aim is
to estimate the displacement u as well as the stiffness
coefficients k1 and k2 from some noisy measurements
dk obtained at specific times tk expressed by
dk = u(tk ) + k .

(42)

The state-space representation of the above equation is
ẋ1 = x2 ,

(46)

{x1 }k+1 = {x1 }k + t{x2 }k ,

7 Application to nonlinear dynamical systems

= T cos(ωt) + σ1 ξ1 (t),

+ σ1 ξ1 (t) dt.

(43)

(47)

c{x2 }k + k1 {x1 }k + k2 {x1 }3k

√
− T cos(ωtk ) + σ1 tε1,k ,

(48)

where ε1,k is a standard (zero-mean and unit standard
deviation) Gaussian random variable.
Figure 1 displays the system response u under
purely deterministic loading when c = 0.3, k1 = −1,
k2 = 1, T = 0.5, ω = 1.25, σ1 = 0 and t = 5 × 10−4 .
The phase-space diagram for the system indicating
chaotic behavior is given in Fig. 2. The Poincaré map
of the system is shown in Fig. 3, in which a strange
attractor is displayed demonstrating some underlying
structure.
Figures 4–5 present the transition pdf of the system state x1 under purely random excitation as a function of time, with σ1 = 0.1 and σ1 = 0.2, respectively.
These results illustrate the highly non-Gaussian nature of the system even in the absence of harmonic
forcing. The results are shown for c = 0.3, k1 = −1,
k2 = 1 and T = 0. The transition pdfs are obtained
using 1.5 × 106 realizations. Initial conditions are
x1 ∼ U(−2, 2) and x2 = 0, where U denotes the uniform probability density function. The transition pdfs
evolves from a uniform initial pdf to a bimodal stationary (equilibrium) distributions shown in both cases. It
is interesting to note that for the case of weaker random input shown in Fig. 4, the probability of the state
variable x1 being zero is almost zero. This is in contrast for the case of stronger random input shown in
Fig. 5. Note that the underlying autonomous system
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Fig. 1 Chaotic trajectory u(t) of the Duffing oscillator
Fig. 2 Phase-space
diagram of the chaotic
Duffing oscillator

Fig. 3 Poincaré map of the
chaotic Duffing oscillator
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Fig. 4 Transition pdf of the system under purely random input, with σ1 = 0.1 and T = 0

has three fixed points at u = 0 and ±1. The two dominant peaks of the pdfs are centered around the stable
fixed points u = ±1.
Figures 6–7 show the transition pdf of the system
state x1 under combined deterministic and random input, with σ1 = 0.1 and σ1 = 0.2, respectively. The pdf
results are obtained using 1.5 × 106 realizations. Initial conditions are x1 ∼ U(−2, 2) and x2 = 0. It is
clear that the pdfs are highly non-Gaussian, with multimodal characteristics. It is also interesting to see that
increasing the strength of modeling error flattens the
transition pdf inducing (loosely speaking) more randomness in the response.
Figure 8 shows the prior and posterior pdfs of the
state x1 with uniform initial conditions and experimental data available at a single time instant tk = 12 s.

For simplicity, the posterior pdfs are plotted by assimilating only a single measurement data for demonstration purposes. Two posterior pdfs (see (3)) are
shown, one for the measurement data dk = −0.2 and
the other for the measurement dk = 0.2, assuming
zero mean Gaussian measurement errors with variance
equal to 0.2. It is clear that the posterior pdfs in Fig. 8
are strongly non-Gaussian, again identifying the need
for non-Gaussian filters for data assimilation.
7.2 State estimation
Figure 9 shows the displacement of the oscillator under the harmonic force f (t) = 0.5 cos(1.25t) with a
noise perturbation term whose amplitude is σ1 = 0.1.
The measured displacement dk contaminated by
Gaussian noise k ∼ N (0, 7.8 × 10−3 ) is also shown
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Fig. 5 Transition pdf of the system under purely random input, with σ1 = 0.2 and T = 0

in Fig. 9. The standard deviation of the measurement
noise is 10% of that of the true displacement. We consider the observations obtained at time intervals of
1 second.
The results of the state estimation using the three
filtering techniques are plotted in Fig. 9. For EnKF
and PF, firstly, one hundred independent experiments
are performed. In each of these experiments, an ensemble size N = 10 is used. Secondly, another twenty
independent experiments are conducted with an ensemble size N = 50. The mean of the estimates of
these experiments is plotted in Fig. 9 to reduce statistical errors. As the results from individual experiments
may be misleading, these are not shown. To minimize
sampling errors, LHS [69, 70] is used as an efficient
sampling scheme for EnKF and PF. Initial conditions

are x1 ∼ N (0.5, 0.1) and x2 ∼ N (0, 0.1). This figure presents the state estimation results using EKF
(second panel from the top), EnKF and PF using 10
samples (third and fifth panels from the top) and 50
samples (fourth and sixth panels from the top). The
moving average of the normalized root-mean-square
(RMS) error of the estimates is also plotted in the
bottom-most panel. The error is normalized by the
variance of the true displacement and the average is
taken over the last 10 seconds. The threshold effective
sample size for PF is chosen to be 75% of the ensemble size (i.e., Nthr = 0.75N ), which is found to be adequate for effective resampling. Using only 10 samples,
EnKF provides a better estimate than PF (as observed
in the RMS error plot). EKF gives the least accurate
estimates. When comparing the estimates of EnKF and

124

M. Khalil et al.

Fig. 6 Transition pdf of the system under combined deterministic and random input, with σ1 = 0.1 and T = 0.5

PF using 10 samples and 50 samples, it is apparent that
PF improves in accuracy with an increase of ensemble size, whereas EnKF does not improve significantly.
The authors conjecture that the saturation in performance of EnKF is due to the Gaussian closure inherent to the analysis step. Therefore, the further increase
in the ensemble size does not offer any improvement
in the state estimation. On the other hand, PF increasingly benefits from larger ensembles providing better
estimates by capturing non-Gaussian features in the
state vector.
7.2.1 Effect of measurement noise amplitude
To demonstrate the effect of noise on the state estimates, we consider the observations obtained at time
intervals of 1 second, as in the previous experiment,

but with stronger measurement noise in relation to
the previous experiment. Figure 10 shows the true response of the oscillator and the measured response
dk polluted by k ∼ N (0, 7.0 × 10−2 ). The standard
deviation of the measurement noise is taken to be
30% of that of the true displacement. The results of
the state estimation using various filtering techniques
are also plotted in Fig. 10. The same experimental
setup was used from the previous section, with the
same initial conditions. It is clear that an increase in
the strength of measurement noise diminishes the accuracy of the estimates for all filters, in comparison
to the previous experiment shown in Fig. 9. EKF is
most severely affected leading to strongly biased estimates. Again, it is clear that EnKF does not benefit from a larger ensemble size N = 50, when com-
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Fig. 7 Transition pdf of the system under combined deterministic and random input, with σ1 = 0.2 and T = 0.5

pared to N = 10. PF provides less accurate results
than EnKF with 10 samples. PF however, outperforms
EnKF for the case with N = 50 samples. It is believed
that the slightly superior performance of PF in this
experiment is due to stronger non-Gaussian features
in the conditional pdf compared to the previous case.
This maybe inferred, for instance, observing the conditional pdf plotted in Fig. 8 whereby the increase in
measurement noise more effectively retains the nonGaussian features in the posterior pdf dominant in the
prior pdf.
7.2.2 Effect of measurement sparsity
To demonstrate the effect of measurement sparsity on
the state estimates, we consider the case of sparse observations obtained at time intervals of 3 seconds, in-

stead of 1 second used in the previous experiments.
The noise signal is taken to have standard deviation
equal to 10% of that of the true displacement. Figure 11 shows the true response of the oscillator and the
measured response dk corrupted by k ∼ N (0, 7.8 ×
10−3 ). The results of the state estimation are plotted
in Fig. 11. Similar to the last experiment, EKF fails
spectacularly in estimating the true state as the data
sparsity is increased. It is also observed that EnKF
does not benefit significantly from a larger ensemble.
PF provides more accurate results with a larger ensemble size (N = 50). The infrequent assimilation of
data due to increased data sparsity permits the pdf of
the state to increasingly gain the non-Gaussian features of the transition pdf in Figs. 6–7. In contrast,
the frequent assimilation of measurement data with
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Fig. 8 Prior and posterior pdf of the system

Gaussian error tends to make conditional pdfs more
Gaussian.
7.2.3 Effect of modeling uncertainty
To demonstrate the effect of modeling uncertainty on
the filter estimates, we consider the case with modeling noise strength σ1 = 0.2. Figure 12 presents the true
response of the oscillator and the noisy measured response dk with k ∼ N (0, 7.8 × 10−3 ). The strength
of the measurement noise is 10% of that of the true
displacement. The results of the state estimation using
various filters are also plotted in Fig. 12. We present
the state estimates using N = 10 and N = 50 samples for EnKF and PF. As in the previous cases, using 10 samples, EnKF provides good estimates when

compared to the case when modeling error was significantly smaller (refer to Fig. 9). When 50 samples are
used, PF matches the accuracy of EnKF in the state
estimate.
7.3 Joint state and parameter estimation
We now investigate the performance of EKF, EnKF
and PF for combined state and parameter estimation.
The unknown parameters to be estimated are the stiffness coefficients k1 and k2 . We augment the state vector by appending the coefficients k1 and k2 as two new
state variables x3 = k1 and x4 = k2 . The new variables
are assumed to evolve using the following model
ẋ3 = σ2 ξ2 (t),

(49)

ẋ4 = σ3 ξ3 (t),

(50)
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Fig. 9 True, measured and estimated displacement of the Duffing oscillator
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Fig. 10 True, measured and estimated displacement of the Duffing oscillator under stronger measurement noise
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Fig. 11 True, measured and estimated displacement of the Duffing oscillator with sparse measurements
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Fig. 12 True, measured and estimated displacement of the Duffing oscillator under greater modeling uncertainty
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leading to the following augmented state-evolution
equations
{x1 }k+1 = {x1 }k + t{x2 }k ,

(51)

{x2 }k+1 = {x2 }k − t c{x2 }k + {x3 }k {x1 }k
+ {x4 }k {x1 }3k − T cos(ωtk )
√
+ σ1 tε1,k ,
√
{x3 }k+1 = {x3 }k + σ2 tε2,k ,
√
{x4 }k+1 = {x4 }k + σ3 tε3,k ,

(52)
(53)
(54)

where ε1,k , ε2,k and ε3,k are independent standard
Gaussian random variables. The measurement equation remains the same as in (42).
The purpose of introducing the perturbation terms
whose amplitudes are σ2 and σ3 is to inflate the variance of the parameter estimates and thus avoid filter divergence. Several methods are reported in the
literature for inflating the estimates (see [72] for an
overview): (1) Additive inflation in which noise is
added to the estimates; (2) Multiplicative inflation
where the estimate covariance matrix is multiplied by
a constant factor, usually greater than one; (3) Modelspecific inflation where only a subset of the model parameters are perturbed.
In this investigation, we employ model-specific additive inflation for which several methods exist to set
the values σ2 and σ3 : (a) Set the parameters initially to
a fixed value, and possibly reducing the initial value
gradually toward zero as the estimates converge in
time; (b) Set their values proportional to the current
error standard deviation of the parameter estimates;
(c) Set the values proportional to the mismatch between the measurement data and the observed state
estimate. We adopted the first method as this simple
approach leads to satisfactory estimates of the stiffness parameters for the specific cases investigated in
the paper. From extensive numerical experiments, the
values σ2 = 0.03 and σ3 = 0.03 lead to rapid convergence of the filter estimates. Setting these values too
large lead to divergence of the estimates, whereas the
convergence of the estimates is slower for smaller values of these parameters.
The result of the joint state and parameter estimation are shown in Figs. 13–15. The system was exited by f (t) = 0.5 cos(1.25t). Furthermore, the measurement error is given by k ∼ N (0, 7.5 × 10−3 ).
The strength of the measurement noise is taken to

be 10% of standard deviation of the true displacement. Initial conditions are x1 ∼ N (0, 0.01), x2 ∼
N (0, 0.01), k1 = x3 ∼ N (−0.5, 0.01) and k2 = x4 ∼
N (0.5, 0.01). The choice of initial conditions is another factor that influences the convergence of the filters. This set of initial conditions is chosen to illustrate
the ability of the filtering algorithms to successfully
track the system even with inaccurate initial estimates
of the parameters. If the initial conditions are grossly
inaccurate, the filters may diverge in which case one
has to rerun the filters with different initial conditions.
Normally, the prior knowledge, whenever available,
should influence the choice of initial conditions. Figure 13 shows the true response of the oscillator and
the noisy measured response. The filter estimates of
the displacement of the oscillator plotted in Fig. 13.
Comparing the results for the state estimation alone
(see Fig. 9), the combined state and parameter estimation provides significant improvement in the state estimates as observed from Fig. 13. All three filters give
satisfactory results (albeit the need for larger ensemble
(N = 50) for PF as evident in Fig. 13).
The estimates for the stiffness coefficients k1 and k2
are plotted in Figs. 14–15, respectively. Note that EKF
parameter estimates are surprisingly accurate, when
compared to those of EnKF and PF. The superior performance of EKF may be specific to the particular experiment adopted here in which measurement data is
relatively dense and measurement noise strength is relatively small. In general, this conclusion relating to
the performance of EKF may not be true for other
cases.
Using N = 10 samples, EnKF provides better estimates than PF. Increasing the number of samples to
N = 50 improves the estimates for PF. While comparing the standard deviation of the error in the estimates, it is clear that PF leads to smaller error standard
deviation. This is partly attributed to the resampling
step undertaken whenever degeneracy is encountered
in PF.

8 Conclusion
This paper explored the capabilities of EKF, EnKF and
PF for joint state and parameter estimation for a noisy
Duffing oscillator undergoing chaotic motion. Such
methods can simultaneously estimate the state and parameters of a nonlinear system even in the presence
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Fig. 13 True, measured and jointly-estimated displacement of the Duffing oscillator
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Fig. 14 k1 parameter estimates
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Fig. 15 k2 parameter estimates
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of model and measurement errors and accommodate
non-Gaussian signals. To the authors’ best knowledge,
such comparative study in the context of mechanical
vibration is not widely reported in the literature. The
following features were brought out from the current
investigation:
1. It is demonstrated that EnKF and PF perform better than EKF in tracking the true state of the system in the presence of large measurement noise or
infrequent measurement data. This is attributed to
non-Gaussian nature of the state variables, induced
by strong nonlinearities.
2. In relation to PF, the performance of EnKF saturates beyond a certain ensemble size due to
Gaussian closure inherent to the analysis step. On
the other hand, the performance of PF increases
steadily with larger ensemble sizes.
3. Even in the presence of significant model and measurement noise, the nonlinear stiffness coefficients
of the Duffing system can be estimated with reasonable accuracy by EKF, EnKF and PF for system
identification purposes, albeit the need for a larger
ensemble size for PF is pointed out.
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