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Abstract
This paper describes the equivalent homogeneous uniaxial mechanical properties of defective
single-wall carbon nanotubes. In particular, non-reconstructed defects that can be produced by
ion or electronic irradiation have been considered. A discrete nonlinear finite-element
approach based on the mechanical properties of individual carbon–carbon (C–C) bonds has
been used. The individual C–C bonds in turn were simulated as beam structural elements.
Extensive Monte Carlo based numerical simulation has been reported in the paper. The results
show that the homogeneous elastic properties of the defective nanotubes can be qualitatively
and quantitatively different from the pristine configurations. The defective nanotubes show a
slight reduction in axial stiffness (Young’s modulus), but large variations of Poisson’s ratio
outside the elastic bounds for isotropic materials, depending on the locations of the vacancies.
The large fluctuations of Poisson’s ratio can lead to extreme positive transversal contractions
or to auxetic behaviour when the nanotubes are subjected to tensile loading.

(Some figures in this article are in colour only in the electronic version)

Poisson’s ratio (PR) indicates the level of transversal
contraction of a material or structure when loaded along one
direction. In isotropic, homogeneous and thermodynamically
stable materials, the PR varies between −1 and 0.5, where
the higher bound corresponds to an incompressible (rubber-
like) solid, while the negative limit is related to a solid with
infinite shear modulus. In anisotropic materials, Poisson’s
ratios can vary beyond the above bounds, the reciprocity
relation between PRs and Young’s moduli being the only
thermodynamic constraint for special orthotropic materials,
for example [1]. The negative Poisson’s ratio (NPR) is
also a peculiar characteristic, leading to a counter-intuitive
deformation mechanism where a tensile loading provides
a transverse expansion of the material. NPR, or auxetic
behaviour, has been observed experimentally in iron pyrite [2]

3 Author to whom any correspondence should be addressed.

at the beginning of the twentieth century, and subsequently
confirmed for 69% of the cubic elemental metals and some
face-centred cubic (fcc) rare gas solids, when stretched along
the specific [1 1 0] off-axis direction [3]. Artificially made
materials and structures exhibiting NPR behaviour have been
manufactured as open cell foams [4], long fibre composites [5],
microporous polymers [6] and honeycomb structures [7, 8].
The rationale behind the interest in unusual NPR solids stems
from their increased hardness and bending resistance [9], and
the experimental evidence that auxetic honeycombs and foams
provide enhanced flatwise compression [10] and indentation
[11], acoustic absorption [12] and dielectric loss [13] compared
with their positive Poisson’s ratio counterparts.

According to various nanomechanical models [14, 15],
Poisson’s ratio of single-wall carbon nanotubes (SWCNTs)
vary between 0.29 and 0.16, along with the chirality of the
nanostructure. At the nanoscale level, the possibility of having

0022-3727/09/142002+06$30.00 1 © 2009 IOP Publishing Ltd Printed in the UK

http://dx.doi.org/10.1088/0022-3727/42/14/142002
mailto: f.scarpa@bris.ac.uk
mailto: scarpa.fabrizio@gmail.com
http://stacks.iop.org/JPhysD/42/142002


J. Phys. D: Appl. Phys. 42 (2009) 142002 Fast Track Communication

carbon nanotube (CNT) structures with NPR behaviour has
been reported by Jindal and Jindal [16] and Yao et al [17], when
weakening of the C–C bond strength and variation of its length
could be considered. Ab initio simulations from Van Lier et al
have shown that marginally NPR behaviour (−0.032) could
be achieved in closed short (9,0) SWCNTs [18]. Yakobson
and Couchman [19] have also pointed out that NPR could be
achieved in CNT bundles when an extension of an entangled
mat in one direction releases a relative glide of the CNTs
filaments at their crossing. Evidence of this type of in-plane
NPR behaviour has recently been discovered in buckypapers,
with mixed MWCNTs–SWCNTs arrays, with PR values up
to −0.3 for nanotubes average orientations of 50◦ in the CNT
sheet [20].

In this paper, we have discovered evidence of extreme
positive and NPR (auxetic) behaviour in defective SWCNTs.
These defects are due to the presence of non-reconstructed
vacancies (NRVs) [21]. CNTs, originally thought to be
almost defect free, could have a high density of defects
that are introduced by (a) particular synthesis techniques,
e.g. chemical synthesis [22], or created deliberately by (b)
the chemical treatment in the purification process [23, 24]
and (c) irradiation to achieve desired functionality [25–27].
Specifically, vacancies [28, 29] and the Stone–Wales (SW)
defects [29–34] are most frequently found in CNTs. In
the defects of vacancy, there are only two axial orientations
mutually distinguishable at 2π/3. Although metastable, the
non-reconstructed SWCNT configurations can be present at
low temperatures and low dose irradiation [36], as well as in
configurations with dangling bonds surrounded by a polymer
matrix or in MWCNTs and bundles of SWCNTs [37]. A lattice
configuration similar to the one of NRVs has been hinted as a
lattice topology to generate auxetic and extreme Poisson’s ratio
in open cell foams [39] and centresymmetric honeycombs [40].

To verify whether an extreme Poisson’s ratio behaviour
could be present in non-reconstructed defective SWCNTs,
we have used an equivalent atomistic–continuum structural
model, where the C–C bonds are represented by 3D structural
beams having flexural, bending and torsional stiffness [41, 42].
In structural mechanics of nanoassemblies, the thickness of
the C–C bond is an important parameter in determining the
equivalent stiffness of the nanostructure, and the large scatter of
thickness (and Young’s modulus) present in the open literature
is referred to as ‘Yakobson’s paradox’ [43]. In our models,
the thickness of the C–C bonds of the SWCNTs has been
determined using an equivalent atomistic–continuum model
based on the equivalence between the harmonic potential
expressed through the AMBER force model and structural
shear beam strain energies [44, 45]. The thickness of the
C–C bond identified using this method is 0.084 nm, with an
equilibrium bond length of 0.142 nm, leading to Young’s axial
and flexural modulus for armchair and zigzag configurations in
good agreement with MD-based simulations and experimental
results in the open literature. SWCNT models were assembled
using Finite Element 3D structural beams equivalent to C–C
bonds for different armchair and zigzag configurations with
chiral index n = 6, 13, 20, 27. The lengths of the CNTs were
varying with aspect ratios (tube length/diameter) of 5, 10, 15

Figure 1. Zigzag (13, 0) nanotube with aspect ratio of 10 having
2.0% of NRVs.

and 20. The vacancies were simulated selecting atoms using a
random Latin Hypercube sampling technique, and deactivating
the connected C–C bonds providing the 120◦ axial directions
for the single defect. The defective CNTs were modelled
using four different percentages of vacancies over the total
number of atoms in a single CNT—0.5%, 1.0%, 1.5% and
2.0%, providing a structure with distributed NRVs like the one
of figure 1. To simulate the uniaxial loading, the nanotubes
were clamped at one end, and subjected to a uniaxial strain
ε̄z of 0.1% under a nonlinear geometric loading condition.
The uniaxial strain was applied imposing a corresponding
uniform displacement at the free end of the tube. Each
atom’s radial strain εr was calculated as the ratio between
the radial deformation after loading and the SWCNT radius.
The homogenized radial strain for the whole CNT was then
calculated in integral form as ε̄r = ∫

εrdS/S, where S is the
surface of the tube. Young’s modulus and Poisson’s ratio νrz

were estimated using the following definitions:

Y = σz

ε̄z

, νrz = − ε̄r

ε̄z

, (1)

where the stress σz was calculated averaging the axial forces
at the loaded end of the nanotube. For each nanotube
configuration, 200 Monte Carlo sampling of vacancies were
performed, providing a total of 25 600 simulations for zigzag
and armchair tubes. The FE simulations were carried out using
the commercial code ANSYS Multiphysics [46].

The presence of the non-reconstructed defects provides
a general decrease in Young’s modulus. As a general trend
for all the chiralities considered, the decrease in average axial
stiffness depends mildly on the radius and aspect ratio of the
nanotubes, while the percentage of vacancies appears to be the
most important factor (figure 3(a)). For example, in armchair
tubes with aspect ratio 5, for a defects percentage of 0.5%, the
mean value of the ratio between defected and pristine Young’s
modulus varies between 0.995 for a radius of 0.41 nm to 0.958
for a tube diameter of 3.2 nm, to slightly increase to 0.961 for
a radius of 2.13 nm. This behaviour can also be observed for
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Figure 2. (a) Ratio between mean of axial Young’s modulus and pristine stiffness and (b) between standard deviation of Young’s modulus
against pristine Young’s modulus for armchair (n, n). Pristine Young’s modulus Y0: 2.9, 1.36, 0.91, 0.67 TPa for a thickness d = 0.084 nm.• = 2% NRV; = 1.5% NRV; � = 1% NRV; � = 0.5% NRV.

(a)

(b)

Figure 3. Zigzag (6, 0) with aspect ratio 10 and 2.0% of defects under axial tensile loading, with pristine Poisson’s ratio νrz = 0.188 and
Young’s modulus Y0 = 1.71 TPa. (a) The cross section of the tube enlarges while the nanotube is pulled (undeformed configuration is the
grey dottted line). The overall homogenized NPR coefficient (−0.932) is due to localized out-of-plane rotations caused by the NRVs,
providing local enlargements along the radial direction (b).

increasing values of defects percentages, with a minimum of
〈Y 〉/Y0 of 0.85 for a tube with radius of 1.6 nm corresponding
to 2% defects. Sammalkorpi et al [21] observe a Y/Y0 ratio up
to 0.97 in (5, 5) nanotubes with triple vacancies. A trend similar
to the armchair tubes is also observed for the zigzag ones,
with drops of the average axial stiffness versus the pristine one
from 0.962 for 0.5% vacancies ratio to 0.825 for 2% of defects
(radius = 0.88 nm for a tube aspect ratio of 15). The ratio
between the standard deviation of Young’s modulus versus Y0

shows dependences versus the radius of the type R−1, while
the sensitivity versus the aspect ratio, AR, is remarkably low.
We have noticed that the mean of the standard deviation versus
the pristine Young’s modulus is confined between a maximum
of 2.7% for a radius of 0.43 nm, aspect ratio of 5 and NRV
percentage of 2, to a minimum of 0.14% for radius of 2.14 nm,
maximum aspect ratio of 20 and vacancies percentage of 0.5
(figure 2(b)). Analogous dependences versus the tubes radius,
aspect ratios and NRV percentage were recorded for the zigzag

configurations, both in terms of mean Young’s modulus and its
standard deviation distribution.

On the opposite, Poisson’s ratio νrz in the defected
nanotubes shows large variations, depending on the tube
geometry, the percentage and the location of vacancies. We
have observed that NPR is normally induced by defects close
to the ends of the tube, and concurrently at the middle of the
CNT length, as shown in figure 3 for a (6,0) nanotube. The
NRVs close to the ends provide an amplification of the Saint-
Venant effects [47] on the loading conditions (the distribution
of the applied axial force and the clamping constraint at
the opposite end), causing out-of-plane rotations of the C–C
bonds connected to the vacancies, and local radial expansion
of the nanotube under a positive axial strain. When the
NRVs were located on average 4–5 cells away from the ends,
the mechanical behaviour of the defected nanotubes was the
opposite, with local radial contractions under a global positive
axial strain, that is, when averaged over the tube length provide
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(a) (b)

Figure 4. Probability density functions for Poisson’s ratio in (a) armchair tubes (R = 0.426 nm, aspect ratio = 5, pristine νrz = 0.29) (b)
zigzag tubes (R = 1.57 nm, aspect ratio 20, pristine νrz = 0.167).

a positive Poisson’s ratio effect. Pristine single-wall nanotubes
have Poisson’s ratios νrz values varying with their chirality
in the range 0.29–0.16 [14, 44, 48]. The non-reconstructed
defective nanotubes showed significant variations in terms
of magnitude and sign, for a given chirality, aspect ratio
and percentage of NRVs. While the ratio between the
standard deviation and mean value of Young’s modulus were
in the order of 0.1–2.7% according to the different vacancies
percentages (figure 2(b)), the probability density functions
associated with Poisson’s ratio showed significant levels of
skewness and, in general, a non-Gaussian distribution. For
armchair tubes (6, 6) and aspect ratio of 5, the mean Poisson’s
ratio varies between 0.22 at a NRV percentage of 0.5 to
0.59 for NRV = 2% (figure 4(a)). Poisson’s ratio νrz of
the pristine nanotube is 0.29. The standard deviations are
significantly large, ranging from 0.66 to 2.14–3 to 3.6 times
the mean values. With the maximum aspect ratio considered
in this study (20), the probability density distributions for
Poisson’s ratio show even higher average value and standard
deviation discrepancies from the pristine nanotube values, as
in the case of the zigzag nanotube (32,0) (figure 4(b)). The
mean values range from 0.31 to 0.41, while the standard
deviations fluctuate between 1.9 and 5.39, according to the
NRV percentages. These values of Poisson’s ratio make the
NRD nanotubes anisotropic materials, such as tubular auxetic
truss structures studied previously by some of the authors,
albeit with larger νrz values available [49]. The ‘missing
rib’ mechanism [39] has shown the possibility of obtaining
auxetic behaviour from unit cells with 4-connectivities at 2π/3
internal angles. For these topologies, Poisson’s ratio is equal
to ∼−4 and fairly constant up to true engineering strains of
20%. However, in [39] the whole lattice of the honeycomb
has uniformly distributed vacancies, therefore no localized
deformation effect has been observed. A closer case to our
study is the random distribution of unreconstructed defects
in planar honeycomb lattices simulated by Whitty et al [40].
For re-entrant honeycombs (pristine Poisson’s ratio −1.7),
the deletion of vertical plus diagonal ribs for small volume

fractions (<5%) leads to stiffness decreases of the order of
10%, and similar changes in terms of Poisson’s ratio. However,
there are some differences between the planar honeycomb
lattice model in [40], and the SWCNT representation used in
the present Monte Carlo analysis. In [40], the slenderness
of the rib (16%) and the internal cell angle of the pristine
unit cell make the flexural deflection of the rib itself as the
main deformation mechanism of the whole honeycomb [50].
The C–C bond model used for these simulations imply very
short beams (slenderness 60%), making therefore the shear
deformation as the main deformation mechanism for the lattice
structure [45], with significant changes to Poisson’s ratios
in uniform lattices [7]. Also in slender ribs assemblies, the
introduction of small amounts of heterogeneity in regular
honeycomb assemblies also leads to large fluctuations of
Poisson’s ratios, with �ν = 1.70 for pristine ν = 0.71
[51]. The increased level of heterogeneity induced by the
NRV defects in the SWCNT is therefore likely to augment
the anisotropy of the lattice tube assemblies [49], amplified
also by the coupling between axial and bending on the whole
tube due to the localized deformations induced by the NRVs
themselves.

The percentage of NPRs in the NRV tubes varies according
to the nanotube chirality, aspect ratio and vacancy ratios. We
have observed that the percentage of auxetic nanotubes varies
between a 12.5% for an armchair (6, 6) at an aspect ratio of 5
and NRV of 0.5% to 33% for zigzag (27, 0), aspect ratio 20
and NRV of 2%. The percentage of auxetic nanotubes for a
given radius appears to be linearly dependent on the tube aspect
ratio and proportional to NRV1/2 for the vacancies. The mean
values for the positive and negative PR values for a given tube
aspect ratio appear also linearly dependent on the percentage
of vacancies, as well as proportional to R−1. In zigzag
configurations (figure 5(a)), mean positive νzr varies between
12.7 for a radius of 0.297 nm and 2.31 for a chirality index n

of 27, all for a NRV percentage of 2.0%. For the minimum
vacancies ratio considered in this study, the positive mean
Poisson’s ratio is reported to be 1.04 for the same aspect ratio
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(a) (b)

Figure 5. (a) Mean values for PPR and NPR for zigzag configurations and aspect ratio of 20 (pristine PR ranging between 0.22 and 0.16).
(b) Distribution of the standard deviations for armchair configurations (pristine Poisson’s ratios varying between 0.29 and 0.16).

and tube radius (AR = 20 and R = 1.278 nm, respectively).
For the auxetic CNTs, the average Poisson’s ratios range
between −9.1 for n = 6 and NRV = 2.0% to −0.87 for n = 27
and NRV = 0.5%. The distribution of the standard deviations
(figure 5(b)) again follows the inverse radius dependence and
linear proportionality with the vacancies percentages, with a
maximum of 7.9 for positive PR (6, 0) nanotubes at 2.0% of
NRVs to a minimum of 0.58 for (27, 0) at 0.5%. The standard
deviations for the auxetic nanotubes follow a similar trend,
with a general decrease of 13–17% compared with the positive
Poisson’s ratio nanotubes. A similar behaviour has been also
recorded for (n, n) nanotubes.

The mechanical behaviour of the NRD nanotubes could
lead to some very interesting potential applications, such
as nanoscillators, reinforcing fibres for nanocomposites and
elastic strings in nanoscale energy storage devices. When
assessing the advantages of auxetic (NPR) materials, it is
seldom indicated that the negative Poisson’s ratio could provide
step changing improvements in the mechanical properties,
when compared with PPR materials having the same stiffness.
In reality, engineering solids obtained from transforming a PPR
phase, such as open cell foams, tend to have a decrease in
stiffness by a factor of 2–3 compared with their conventional
counterpart [4, 52]. NRD nanotubes have only a slight
decrease in stiffness (0.85–0.98), but could exhibit extreme
values of Poisson’s ratio. This feature can be very appealing
as it could substantially enhance the structural stiffness of
CNTs. Assuming an isotropic behaviour of the CNT, the
bending stiffness of an elastic nano-shell can be estimated
by D0 = Y0d

3/12/(1 − ν2
0 ). Assuming a constant thickness

d, the bending stiffness of the NRD nanotube would become
D ∼ 0.9Y0d

3/12/(1 − ν2). Taking a pristine PR ν0 ≈
0.16 [43–48], the bending stiffness ratio between the NRD
nanotube (armchair of zigzag) and pristine configuration would
be ∼0.88/(1 − ν2). Apart from Poisson’s ratio interval
−0.34 < νrz < 0.34, the bending stiffness of a NRD
nanotube would be significantly higher than the one of a

pristine nanotube. In the extreme case when νrz approaches
−0.99, the bending stiffness ratio would assume values close
to 45. This suggests an increase in the fundamental frequency
by a factor of 6.7 for NRD nanotubes as nano-resonators
when modelled as Donnell–Vlasov thin shells [53]. Moreover,
the critical buckling strain of CNTs under axial compression
is proportional to their bending stiffness. Thus, the NRD
nanotubes could achieve a critical value up to an order of
magnitude greater than that of their pristine counterparts, even
if the effect of the geometric imperfections due to vacancies
is taken into consideration. However, the tensile strength
and critical strain are significantly reduced compared with
the pristine configuration [21, 38]. Accordingly, under axial
compression, the strain energy density of CNT springs in
energy storage devices would be raised considerably when the
extreme value of Poisson’s ratio is introduced in the presence
of NRD vacancies.

Another noteworthy implication on having nanotubes with
slightly reduced stiffness but large variations of Poisson’s ratio
compared with their pristine counterpart can also be found in
the development of nanocomposites, especially based on the
unidirectional ones. The use of variational methods (Hashin–
Shritkman bounds (HS) [54]) to evaluate the overall bulk and
shear modulus indicates that with auxetic isotropic inclusions
having νrz → −1, the shear modulus of the composite
calculated with the upper HS would tend towards infinity.
In this case, the shear modulus ratio versus the composite
configuration with pristine nanotubes would assume a value
of 100 for νrz = −0.98, a volume fraction of 7% and typical
Young’s modulus ratio Y/Ym of 1000 between nanotubes
and matrix. On the other hand, the bulk modulus of the
nanocomposite would increase by 60% for similar volume
fraction of isotropic inclusions with νrz approaching 0.49. In
terms of unidirectional stiffness, a nanocomposite with NRD
inclusions would have the 90% of Young’s modulus of the
pristine nanotube configuration. The structural integrity of
the nanocomposites would also benefit by the presence of
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this type of extreme Poisson’s ratio nanotubes, especially
for the fibre pullout characteristics. Let us assume we are
using a typical epoxy-based matrix with a Poisson’s ratio
νm = 0.25, and pristine CNTs inclusions of radius 1.27 nm
and aspect ratio 20. If we consider a dry friction of 0.1
between the nanotubes and the matrix, the ratios between the
linear maximum tensile membrane forces along the CNTs
and maximum shear stresses for the defective and pristine
configurations are, respectively [55]:

T

T0
= 0.2724

−1 + e−0.027νrz−0.3161

τ

τ0
= 0.0109νrz + 0.2708

1 − e−0.027νrz−0.3161
. (2)

While the maximum membrane force T would only change
slightly compared with the pristine configuration (±5% from
the most auxetic to positive PR values), the maximum shear
stresses would be significantly reduced, from 67% with νrz =
−0.98 to 76% for νrz = 0.49. The pullout of the nanofibres
would also be impeded by the auxetic nanotube configurations,
providing a lateral expansion against the surrounding matrix
when subjected to tensile loading, as it occurs for auxetic
polypropylene fibres [56] and NPR polyethylene yarns [57].
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