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Abstract
A high-performance shape-free arbitrary polygonal hybrid stress/displacement
-function flat shell finite element method is proposed for linear and geometri-
cally nonlinear analyses of shells. First, an arbitrary polygonal Mindlin–Reissner
plate element and an arbitrary polygonal membrane element with drilling
degrees of freedom are constructed based on hybrid displacement-function and
hybrid stress-function methods, respectively. Both elements have only two cor-
ner nodes along each edge. Second, by assembling the plate and the membrane
elements, an arbitrary polygonal flat shell element is constructed. Third, based
on the corotational method, a proper best-fit corotated frame for geometri-
cally nonlinear polygonal elements is designed. By updating the analytical trial
functions of shell element in each increment step, the original linear flat shell
element is generalized to a geometrically nonlinear model. Numerical exam-
ples show that the new element possesses excellent performance for both linear
and geometrically nonlinear analyses, and possesses outstanding flexibility in
dealing with complex loading distributions and mesh shapes.
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1 INTRODUCTION

The finite element method (FEM) is usually treated as an efficient tool for analyses of shell/plate structures. At present,
most shell elements can be classified into the following categories: the flat shell elements constructed by combining plate
and membrane elements; the degenerated shell elements derived from 3D solid theory by introducing shell assumptions;
the solid shell elements based on 3D solid theory with appropriate simplification; the curve shell elements based on
different shell theories; and so forth. Actually, it is difficult to identify which type is the best choice. But the flat shell
element is commonly recognized as the simplest one due to its convenience on geometric modeling, element construction
and boundary condition (BC) handling.1,2 Meanwhile, their performances mainly depend on the plate and membrane
elements that make up the flat shell elements.

During past decades, numerous flat shell elements with triangular and quadrilateral shapes have been developed and
successfully applied in engineering analysis and design. However, in practical applications, the conventional triangular
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or quadrilateral element shapes may not always be convenient and economic for all situations, especially for discretely or
irregularly distributed loading or materials with complex geometry cases, as shown in Figure 1. When meshing structures
in these special cases, polygonal elements will show more flexibility, and be more effective in mesh generation, transition,
modification and refinement.4

The method of constructing polygonal plane elements appeared in 1971, when Wachspress proposed his famous
polygonal element shape functions based on the perspective geometry method.5 Around 2000, some improved meth-
ods for polygonal elements were also developed from Wachspress shape functions.6-9 In recent 30 years, more atten-
tions were paid to developing new polygonal element methods, such as the Voronoi cell finite element method,10,11

the hybrid polygonal element method,12 the conforming polygonal FEM,13,14 the n-sided polygonal smoothed finite
element method,15,16 the scaled boundary finite element method,17 the base force element method,18 and so forth.
But almost all above methods only focused on the two-dimensional (2D) plane problems. Since 2017, several polyg-
onal shell/plate elements have been successfully developed. Nguyen-Xuan4 proposed a polygonal FEM for analy-
sis of Mindlin–Reissner plate, in which a kind of barycentric shape functions were employed. And the element
method was developed for static and dynamic analyses of plates and shells by a new arbitrary polytope formu-
lation named polytopal composite finite element.19 Videla et al.20 proposed another locking-free polygonal plate
element based on Mindlin–Reissner plate theory and assumed shear strain fields. Katili et al.21 also constructed
a polygonal thin/thick plate element by smoothed finite element method. Ho-Nguyen-Tan and Kim22 developed a
polygonal degenerated shell elements by assuming covariant shear strain field and employing the mixed interpo-
lation technique. Aurojyoti et al.23 proposed an n-sided polygonal finite element for nonlocal nonlinear analysis
of plates and laminates based on Reddy’s third-order shear deformation theory. Similar to the conventional ele-
ments, in order to obtain satisfactory results, relatively refined meshes are still needed for these new polygonal
models.

On the other hand, the hybrid-Trefftz element methods is also an effective way for developing various FEMs in many
fields, such as the T-Trefftz Voronoi cell finite elements,24,25 and the hybrid-Trefftz FEMs for poroelastic media,26 plate
bending,27,28 elastoplassticity,29 Helmholtz problem,30,31 heat conduction,32 and so forth. In the past 10 years, Cen et al.
proposed two hybrid-Trefftz FEMs, a hybrid stress-function (HSF)33-39 and a hybrid displacement-function (HDF)33,40-45

element methods for developing 2D plane and Mindlin–Reissner plate elements, respectively. The constructions of these
element are simply extended from the original hybrid stress element proposed by Pian.46 Instead of directly assuming
equilibrium stress or resultant fields, the trial functions of the element stress or resultant fields are derived from the
analytical solutions of stress or displacement functions (analytical trial function method), respectively, which means
the resulting stresses or resultants and other fields will satisfy all the homogeneous control equations. Then, by adopt-
ing proper element boundary displacement modes and applying the principle of minimum complementary energy, the

F I G U R E 1 Examples for discretely distributed loading and materials: (A) Industrial silos on floor plate; (B) crystal materials3
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element stiffness matrix related to the conventional nodal displacement degrees of freedoms (DOFs) can be obtained.
Following above procedure, Cen et al. proposed several 8- and 12-node plane quadrilateral HSF elements,34 a 4-node
plane quadrilateral HSF element with drilling degree of freedom,35 and a plane HSF element for anisotropic mate-
rial analyses by employ the anisotropic analytical solutions36; Cen et al.,40 Shang et al.,41 Bao et al.,42 and Huang
et al.43 developed several triangular and quadrilateral HDF elements for Mindlin–Reissner plate. Shang et al.44 devel-
oped a 4-node quadrilateral flat shell element by combining 4-node HSF plane and HDF plate elements. These HSF
and HDF elements can provide much better results using extremely coarse meshes, or even severely distorted meshes.
Since the structures of the HSF and HDF element formulations are similar to the conventional hybrid stress ele-
ment, the explicit shape functions for element displacement fields are not needed, which means the main obstacle for
displacement-based polygonal element construction does not exist. Therefore, the HSF and the HDF element methods
possesses an obvious advantage on developing polygonal elements. Zhou et al.37 and Cen et al.38 successfully developed
two arbitrary polygonal crack tip HSF elements for plane fracture analyses. Zhou et al.39 proposed an arbitrary polyg-
onal plane HSF element with mid-side nodes. Wu et al.45 proposed several arbitrary polygonal HDF Mindlin–Reissner
plate elements with mid-side nodes. However, because the analytical solutions of linear elasticity are employed in
HSF and HDF element formulations, and there are no assumed element displacement fields in the whole construc-
tion procedure, whether these methods can be generalized to geometrically nonlinear applications becomes a serious
problem.

The total Lagrangian (TL) and the updated Lagrangian (UL) formulations are the two common schemes for finite
element geometrically nonlinear analyses, in which necessary treatments on element displacement fields must be
performed during their procedures. Obviously, for those elements without explicit assumed element displacement
fields, such as the conventional hybrid stress element, the hybrid-Trefftz element, the HSF elements, the HDF ele-
ments, and so forth, both TL and UL formulations cannot properly work. An alternative scheme is the corotational
(CR) formulation initially proposed by Wempner47 and Belytschko et al.48 in early time. Then, Rankin and Brogan49

developed a concept of element independent corotational (EICR) formulation. Nouromid and Rankin50,51 improved
the EICR method by introducing a rotation projector matrix. Crisfield and Moita52 presented a unified CR analy-
sis procedure of various finite elements. Fellippa and Haugen53 summarized the EICR formulations and developed
a unified theoretical framework for CR formulation with small strain, named by the consistent symmetrizable equi-
librated CR formulation. In the CR method, the element’s large-rotation, small-strain problem is decomposed into
element rigid body translation and local linear elastic deformation. By defining an appropriate local frame, the geomet-
rically nonlinear problem can be linearized, so that any linear finite element can be generalized to the geometrically
nonlinear applications. That is to say, the development of the CR method offers a new way for generalizing linear
elements to geometrically nonlinear analyses. Based on the CR formulations, some geometrically nonlinear shell ele-
ments have been successfully developed.54-60 Here, it should be noted that, according to the difference choices of
reference configurations, initial or current, the CR method possesses its own TL and UL formulations. For most ele-
ments expressed in terms of local coordinates, these two formulations under the CR frame are equivalent. However, as
described above, the trial functions of the HSF and HDF elements are based on the linear analytical solutions related to
global coordinates. Therefore, for the HSF and the HDF elements, only UL formulation can be adopted under the CR
frame.

The purpose of this article is to develop an arbitrary polygonal hybrid stress/displacement-function (HSDF) flat
shell element for linear and geometrically nonlinear analyses. First, a polygonal HDF Mindlin–Reissner plate ele-
ment and a polygonal HSF membrane element with drilling DOFs are constructed, both of which have only two
corner nodes on each element edge. Through theoretical analysis and numerical examinations, a best-fit analyt-
ical trial function selection scheme is proposed for both elements. Second, an arbitrary polygonal flat shell ele-
ment HSDF-PSH is developed by combining above new plate and membrane elements. The shape of new shell
element are flexible, with arbitrary number of edges and convex or concave shapes. As a result, it is suitable
for meshing many structures with complex geometry and discretely distributed loads. Third, by utilizing the CR
method with a best-fit corotated frame selection scheme, and updating analytical trial functions in every incre-
mental step, the linear polygonal flat shell element HSDF-PSH is generalized to a geometrically nonlinear model.
For both linear and geometrically nonlinear numerical examples, the new element exhibits excellent convergence,
accuracy, and flexibility. Good results can be obtained for extremely coarse and distorted meshes, complex geome-
tries, or discretely distributed loads. This is the first HSF or HDF element model for the geometrically non-
linear analyses. It is also demonstrated that the proposed model are beneficial supplements for shell element
library.
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2 PLATE BENDING AND MEMBRANE PARTS OF THE NEW ARBITRARY
POLYGONAL FLAT SHELL ELEMENT

In order to construct a new arbitrary polygonal flat shell element HSDF-PSH, a corresponding plate element and a
membrane element with drilling degree of freedom should be formulated firstly.

2.1 The plate bending part of the new flat shell element HSDF-PSH

In this section, a new arbitrary polygonal Mindlin–Riessner plate element is developed by the HDF method.
The typical model of an arbitrary polygonal Mindlin–Reissner plate element is shown in Figure 2(A). The

element has n edges and two corner nodes along each edge, that is, one element contains n nodes in total.
Figure 2(B) shows the positive directions of the displacements (w, 𝜓x, 𝜓y) and the stress resultants (Mx, My,
Mxy, Tx, Ty) for the Mindlin–Reissner plate model. Thus, the element nodal displacement vector can be written
as:

qe
b = [w1 𝜓x1 𝜓y1 w2 𝜓x2 𝜓y2 · · · · · · · · · wn 𝜓xn 𝜓yn]T. (1)

For Mindlin–Reissner plates, the analytical solutions of deflection w, rotations 𝜓x and 𝜓y can be derived from two
displacement functions F and f 61 determined by

D∇2∇2F = q, (2)

1
2
(1 − 𝜇)D∇2f − Cf = 0, (3)

where F affects the whole field, while f represents the edge effects and only works within a small region near particular
boundary; q is the uniformly distributed load;𝜇 is Poisson’s ratio; D and C are the bending and shear stiffness, respectively,
and

D = Eh3

12(1 − 𝜇2)
,C = 5

6
Gh, (4)

in which E is the Young’s modulus; G = E/[2(1+𝜇)], the shear modulus; h, the plate thickness. In general situations
without edge effects, the displacement function f can be ignored, thus, the displacement vector ub can be expressed by
displacement function F as follows61.

ub =
⎧⎪⎨⎪⎩

w
𝜓x

𝜓y

⎫⎪⎬⎪⎭ =
⎧⎪⎨⎪⎩

F − D
C
∇2F

𝜕F
𝜕x
𝜕F
𝜕y

⎫⎪⎬⎪⎭ . (5)

Then, according to the geometry equation and the constitutive equation, the resultant vector Rb can be written as

Rb =

⎧⎪⎪⎪⎨⎪⎪⎪⎩

Mx

My

Mxy

Tx

Ty

⎫⎪⎪⎪⎬⎪⎪⎪⎭
=

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

−D
(

𝜕2F
𝜕x2 + 𝜇 𝜕2F

𝜕y2

)
−D

(
𝜕2F
𝜕y2 + 𝜇 𝜕2F

𝜕x2

)
−D(1 − 𝜇) 𝜕2F

𝜕x𝜕y

−D 𝜕

𝜕x
(∇2F)

−D 𝜕

𝜕y
(∇2F)

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭
. (6)

The displacement function F in Equation (2) can be expressed by the sum of a general solution F0 and a particular
solution F*:
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F I G U R E 2 An arbitrary polygonal Mindlin–Reissner plate element and the positive directions of the displacements, bending
moments, and shear forces

F = F0 + F∗, (7)

in which F0 and F* satisfy the following two equations:

D∇2∇2F0 = 0, (8)

D∇2∇2F∗ = q, (9)

respectively.
When formulating the HDF plate elements, the displacement function F is assumed as:

F = F0 + F∗ =
nF∑
i=1

F0
i 𝛽bi + F∗, (10)

in which 𝛽bi (i = 1, 2, · · · , nF) are nF unknown coefficients; F0
i (i = 1, 2, · · · ,nF) are the first nF fundamental ana-

lytical solutions of F0 satisfying Equation (8), and their expressions in terms of Cartesian coordinates of the first
23 terms and resulting resultants are given in Table 140; F* is one particular solution satisfying Equation (9).
Here,

F∗ =
q

48D
(x4 + y4) (11)

is selected. Thus, the resulting resultant vector R∗
b related to F* can be obtained:
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T A B L E 1 The first 23 fundamental analytical solutions for the general part of the displacement function and resulting
resultant forces

i 1 2 3 4 5 6 7

−DF0
i x2 xy y2 x3 x2y xy2 y3

R0
bi M0

xi 2 0 2𝜇 6x 2y 2𝜇x 6𝜇y

M0
yi 2𝜇 0 2 6𝜇x 2𝜇y 2x 6y

M0
xyi 0 1−𝜇 0 0 2(1−𝜇)x 2(1−𝜇)y 0

T0
xi 0 0 0 6 0 2 0

T0
yi 0 0 0 0 2 0 6

i 8 9 10
−DF0

i x3y xy3 x4 − y4

R0
bi M0

xi 6xy 6𝜇xy 12(x2 −𝜇y2)
M0

yi 6𝜇xy 6xy −12(y2 −𝜇x2)
M0

xyi 3(1−𝜇)x2 3(1−𝜇)y2 0
T0

xi 6y 6y 24x
T0

yi 6x 6x −24y

i 11 12 13

−DF0
i 6x2y2 − x4 − y4 x3y2 − xy4 5x3y2 − x5

R0
bi M0

xi 12(1−𝜇)(y2 − x2) 6xy2 +𝜇(2x3 − 12xy2) 10𝜇x3 − 20x3 + 30xy2

M0
yi 12(1−𝜇)(x2 − y2) 6𝜇xy2 + 2x3 − 12xy2 10x3 +𝜇(−20x3 + 30xy2)

M0
xyi 24(1−𝜇)xy (1−𝜇)(6x2y− 4y3) 30(1−𝜇)x2y

T0
xi 0 6(x2 − y2) −30x2 + 30y2

T0
yi 0 −12xy 60xy

i 14 15

−DF0
i x2y3 − x4y 5x2y3 − y5

R0
bi M0

xi 6𝜇x2y+ 2y3 − 12x2y 10y3 +𝜇(−20y3 + 30x2y)

M0
yi 6x2y+𝜇(2y3 − 12x2y) 10𝜇y3 − 20y3 + 30x2y

M0
xyi (1−𝜇)(6xy2 − 4x3) 30(1−𝜇)xy2

T0
xi −12xy 60xy

T0
yi 6(−x2 + y2) 30x2 − 30y2

i 16 17

−DF0
i x5y− xy5 10x3y3 − 3x5y− 3xy5

R0
bi M0

xi −20𝜇xy3 + 20x3y 60(1−𝜇)(xy3 − x3y)

M0
yi −20xy3 + 20𝜇x3y 60(1−𝜇)(x3y− xy3)

M0
xyi 5(1−𝜇)(x4 − y4) −15(1−𝜇)(x4 − 6x2y2+ y4)

T0
xi 60x2y− 20y3 0

T0
yi 20x3 − 60xy2 0

i 18 19

−DF0
i x6 − 10x4y2 + 5x2y4 y6 − 10x2y4 + 5x4y2

R0
bi M0

xi 30x4 − 120x2y2 + 10y4 +𝜇(−20x4 + 60x2y2) −20y4 + 60x2y2 +𝜇(30y4 − 120x2y2 + 10x4)

M0
yi −20x4 + 60x2y2 +𝜇(30x4 − 120x2y2 + 10y4) 30y4 − 120x2y2 + 10x4 +𝜇(−20y4 + 60x2y2)

M0
xyi 40(1−𝜇)(−2x3y+ xy3) 40(1−𝜇)(−2xy3 + x3y)

T0
xi 40x3 − 120xy2 40x3 − 120xy2

T0
yi 40y3 − 120x2y 40y3 − 120x2y

(Continues)
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T A B L E 1 (Continued)

i 20 21

−DF0
i 21x5y2 − 2x7 − 7xy6 35x4y3 − y7 − 14x6y

R0
bi M0

xi 42(−2x5 + 10x3y2)+ 42𝜇(x5 − 5xy4) 420(−x4y+ x2y3)+ 42𝜇(5x4y− y5)

M0
yi 42(x5 − 5xy4)+ 42𝜇(−2x5 + 10x3y2) 42(5x4y− y5)+ 420𝜇(−x4y+ x2y3)

M0
xyi 42(1−𝜇)(5x4y− y5) 84(1−𝜇)(5x3y2 − x5)

T0
xi −210(x4 − 6x2y2 + y4) −840(x3y− xy3)

T0
yi 840(x3y− xy3) −210(x4 − 6x2y2 + y4)

i 22 23

−DF0
i 35x3y4 − x7 − 14xy6 21x2y5 − 2y7 − 7x6y

R0
bi M0

xi 42(5xy4 − x5)+ 420𝜇(−xy4 + x3y2) 42(y5 − 5x4y)+ 42𝜇(−2y5 + 10x2y3)

M0
yi 420(−xy4 + x3y2)+ 42𝜇(5xy4 − x5) 42(−2y5 + 10x2y3)+ 42𝜇(y5 − 5x4y)

M0
xyi 84(1−𝜇)(5x2y3 − y5) 42(1−𝜇)(5xy4 − x5)

T0
xi −210(x4 − 6x2y2 + y4) −840(x3y− xy3)

T0
yi 840(x3y− xy3) −210(x4 − 6x2y2 + y4)

R∗
b =

⎧⎪⎪⎪⎨⎪⎪⎪⎩

M∗
x

M∗
y

M∗
xy

T∗
x

T∗
y

⎫⎪⎪⎪⎬⎪⎪⎪⎭
=

⎧⎪⎪⎪⎨⎪⎪⎪⎩

− q
4
(x2 + 𝜇y2)

− q
4
(𝜇x2 + y2)

0
− q

2
x

− q
2

y

⎫⎪⎪⎪⎬⎪⎪⎪⎭
. (12)

Substitution of Equation (10) into Equation (6) yields the final resultant vector:

Rb =

⎧⎪⎪⎪⎨⎪⎪⎪⎩

Mx

My

Mxy

Tx

Ty

⎫⎪⎪⎪⎬⎪⎪⎪⎭
=

nF∑
i=1

⎧⎪⎪⎪⎨⎪⎪⎪⎩

M0
xi

M0
yi

M0
xyi

T0
xi

T0
yi

⎫⎪⎪⎪⎬⎪⎪⎪⎭
𝛽i +

⎧⎪⎪⎪⎨⎪⎪⎪⎩

M∗
xi

M∗
yi

M∗
xyi

T∗
xi

T∗
yi

⎫⎪⎪⎪⎬⎪⎪⎪⎭
=

nF∑
i=1

R0
bi𝛽bi + R∗

b = Sb𝛃b + R∗
b, (13)

in which R0
bi(i = 1, 2, · · · ,nF) are given in Table 1, and

Sb =
[
R0

b1 R0
b2 · · · R0

bnF

]
, (14)

𝛃b =
[
𝛽b1 𝛽b2 · · · 𝛽bnF

]
. (15)

For a Mindlin–Reissner plate element, the modified element complementary energy functional can be written as

Πe
C = 1

2∫ ∫Ae
RT

b CbRbdA + ∫Se
R

T
b dbds, (16)

where Ae and Se represent element area and element boundary, respectively; Cb is the elasticity matrix of
compliance:
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Cb =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

1
D(1−𝜇2)

−𝜇
D(1−𝜇2)

0 0 0
−𝜇

D(1−𝜇2)
1

D(1−𝜇2)
0 0 0

0 0 2
D(1−𝜇)

0 0

0 0 0 1
C

0
0 0 0 0 1

C

⎤⎥⎥⎥⎥⎥⎥⎥⎦
; (17)

Rb and db denote resultant and displacement vectors along the element boundary, respectively:

Rb =
⎧⎪⎨⎪⎩

Mn

Mns

−Tn

⎫⎪⎬⎪⎭ = LbRb,db =
⎧⎪⎨⎪⎩
𝜓n

𝜓 s

w

⎫⎪⎬⎪⎭ = Nbqe
b, (18)

in which Lb is the direction cosine matrix on the element boundary:

Lb =
⎡⎢⎢⎢⎣

l2 m2 2lm 0 0
−lm lm l2 − m2 0 0

0 0 0 −l −m

⎤⎥⎥⎥⎦ , (19)

and l and m denote direction cosines of the element boundaries’ outer normal; Nb is the interpolation matrix of
element boundary displacement field, and it can be obtained by the locking-free formulae of Timoshenko’s beam
theory.

A typical 2-node Timoshenko’s beam i′j′ is shown in Figure 3. The deflection wi′j′ and rotation 𝜓 si′j′ is given by Hu61:

wi′j′ = Iw1wi′ + Iw2wj′ + Iw3𝜓si′ + Iw4𝜓sj′

= [1 − s + (1 − 2𝛿i′j′ )Z3]wi′ + [s − (1 − 2𝛿i′j′ )Z3]wj′

+
Li′j′

2
[Z2 + (1 − 2𝛿i′j′ )Z3]𝜓si′ −

Li′j′

2
[Z2 − (1 − 2𝛿i′j′ )Z3]𝜓sj′ , (20)

𝜓 si′j′ = Is1wi′ + Is2wj′ + Is3𝜓si′ + Is4𝜓sj′

= − 6
Li′j′

(1 − 2𝛿i′j′ )Z2wi′ +
6

Li′j′
(1 − 2𝛿i′j′ )Z2wj′

+ [1 − s − 3(1 − 2𝛿i′j′ )Z2]𝜓si′ + [s − 3(1 − 2𝛿i′j′ )Z2]𝜓sj′ , (21)

F I G U R E 3 2-node locking-free Timoshenko’s beam
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in which

𝛿i′j′ =
6𝜆i′j′

1 + 12𝜆i′j′
, 𝜆i′j′ =

D
CL2

i′j′
,Z2 = s(1 − s),Z3 = s(1 − s)(1 − 2s), (22)

where Li′j′ denotes the length of beam; s is the local coordinate along the beam; Iwi and Isi(i = 1, 2, 3, 4) are interpolation
functions; wi′ , 𝜓si′ ,wj′ , 𝜓sj′ denote deflections and tangential rotations of corresponding nodes. The normal rotation along
the element edge is assumed to be linear:

𝜓ni′j′ = In1𝜓ni′ + In2𝜓nj′ = (1 − s)𝜓ni′ + s𝜓nj′ , (23)

in which Ini(i = 1, 2) are also interpolation functions, and 𝜓ni′ , 𝜓nj′ represent normal rotations of corresponding nodes.
For the ith boundary of the element, the end nodes can be denoted by i′ = i, j′ = i+ 1 (when i = n, j = 1). Then, the element
boundary displacement fields can be obtained:

db
|||ith

=
⎧⎪⎨⎪⎩
𝜓n

𝜓 s

w

⎫⎪⎬⎪⎭
||||||||ith

= Lbi′j′qbi′j′ = Nb
|||ith

qe
b, (24)

where

Lbi′j′ =

⎡⎢⎢⎢⎢⎣
0 − yi′ j′

Li′ j′
In1

xi′ j′

Li′ j′
In1 0 − yi′ j′

Li′ j′
In2

xi′ j′

Li′ j′
In2

Is1 − xi′ j′

Li′ j′
Is3 − yi′ j′

Li′ j′
Is3 Is2 − xi′ j′

Li′ j′
Is4 − yi′ j′

Li′ j′
Is4

Iw1 − xi′ j′

Li′ j′
Iw3 − yi′ j′

Li′ j′
Iw3 Iw2 − xi′ j′

Li′ j′
Iw4 − yi′ j′

Li′ j′
Iw4

⎤⎥⎥⎥⎥⎦
=

[
(L̃bi′ )3×3 (L̃bj′ )3×3

]
, (25)

Nb
|||ith

=
[
0 · · · L̃bi′ L̃bj′ · · · 0

]
3×3n

,

∣ ∣
i′ j′

(26)

qbi′j′ =
[
qT

bi′ qT
bj′

]T
, (27)

qbk′ =
[

wk′ 𝜓xk′ 𝜓yk′

]T
(k′ = i′, j′). (28)

By substituting element resultant fields Equations (12)–(15) and boundary displacement fields Equations (24)–(26) into
Equation (16), and applying the stationary conditions of the complementary energy,40 the finite element equation can be
obtained:

Ke
bqe

b = Pe
b, (29)

where Ke
b is the element stiffness matrix; Pe

q is the equivalent nodal load vector;

Ke
b = HT

b M−1
b Hb, (30)

Pe
b = VT − HT

b M−1
b M∗

b, (31)

in which
Mb = ∫ ∫Ae

ST
b CbSb dA, (32)

M∗
b = ∫ ∫Ae

ST
b CbR∗

b dA, (33)

Hb = ∫Se
ST

b LT
b Nb ds, (34)

V = ∫Se
R∗

b
TLT

b Nb ds. (35)



10 WU et al.

F I G U R E 4 Integration scheme for polygonal elements

For the polygonal elements, a simple and effective integration scheme was proposed in Reference 45. As shown in
Figure 4(A), a polygonal element (no matter convex or concave) can be divided into (n−2) 3-node subtriangle domains.
During the integration calculation, each subtriangle will be treated as a degenerated 4-node quadrilateral isoparametric
element in which nodes 3 and 4 coincide with each other, see Figure 4(B). The shape functions of 4-node isoparametric
quadrilateral element are given by:

N1 = 1
4
(1 − 𝜉)(1 − 𝜂) N2 = 1

4
(1 + 𝜉)(1 − 𝜂)

N3 = 1
4
(1 + 𝜉)(1 + 𝜂) N4 = 1

4
(1 − 𝜉)(1 + 𝜂) (36)

.Therefore, the Cartesian coordinates (x, y) of an arbitrary point in the subtriangle domain can be expressed by:

x =
4∑

i=1
Nixi, y =

4∑
i=1

Niyi, (37)

in which (xi, yi) denote the corresponding nodal coordinates. Other procedure are the same as that given in Reference 45.
Thus, an arbitrary polygonal HDF Mindlin–Reissner plate element without mid-node is constructed. And it is the

plate bending part of the new flat shell element HSDF-PSH.

2.2 The membrane part of the new flat shell element HSDF-PSH

A typical model of arbitrary polygonal membrane element with drilling DOF is shown in Figure 5. The element also has
n edges and 2 corner nodes along each side, that is, one element contains n nodes in total. Each element node has three
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F I G U R E 5 An arbitrary
polygonal membrane element with
drilling degrees of freedom

DOFs: in-plane lateral displacements ui, vi (i = 1, 2, · · · , n), and in-plane rotation 𝜃zi (i = 1, 2, · · · , n). It should be noted
that the rotation 𝜃zi is the drilling DOFs defined by Allman,62 rather than physical rotation. Thus, the element nodal
displacement vector can be written as:

qe
m =

[
u1 v1 𝜃z1 u2 v2 𝜃z2 · · · · · · · · · un vn 𝜃zn

]T
. (38)

According to the theory of elasticity, the stress vector 𝛔 can be derived from the Airy stress function 𝜙, which
satisfied

∇2∇2𝜙 = 0. (39)

And the stress vector

𝛔 =
⎧⎪⎨⎪⎩
𝜎x

𝜎y

𝜏xy

⎫⎪⎬⎪⎭ =

⎧⎪⎪⎨⎪⎪⎩
𝜕2𝜙

𝜕y2

𝜕2𝜙

𝜕x2

− 𝜕2𝜙

𝜕x𝜕y

⎫⎪⎪⎬⎪⎪⎭
= Rm(𝜙). (40)

The first 27 fundamental analytical solutions of the Airy stress function for isotropic problems and the resulting stress
solutions are listed in Table 2.34 By interpolation of these analytical solutions, the stress function and resulting stress
vector can be expressed by:

𝜙 =
n𝜙∑
i=1

𝜙i𝛽i = 𝛗𝛃m, (41)

Rm = Sm𝛃m, (42)

with

𝛗 =
[
𝜙1 𝜙2 𝜙3 · · · · · · 𝜙n𝜙

]
𝛃m =

[
𝛽m1 𝛽m2 𝛽m3 · · · · · · 𝛽mn𝜙

]T
,

(43)

Sm =
⎡⎢⎢⎢⎣
𝜎x1 𝜎x2 𝜎x3 · · · 𝜎xn𝜙

𝜎y1 𝜎y2 𝜎y3 · · · 𝜎yn𝜙

𝜏xy1 𝜏xy2 𝜏xy3 · · · 𝜏xyn𝜙

⎤⎥⎥⎥⎦ , (44)
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T A B L E 2 The first 27 fundamental analytical solutions for Airy stress function and resulting stresses

i 1 2 3 4 5 6 7 8 9

𝝓i x2 xy y2 x3 x2y xy2 y3 x3y xy3

𝜎xi 0 0 2 0 0 2x 6y 0 6xy

𝜎yi 2 0 0 6x 2y 0 0 6xy 0

𝜏xyi 0 −1 0 0 −2x −2y 0 −3x2 −3y2

i 10 11 12 13 14 15

𝝓i x4 − 3x2y2 y4 − 3x2y2 10x3y2 − 2x5 10x2y3 − 2y5 5x4y− y5 5xy4 − x5

𝜎xi −6x2 12y2 − 6x2 20x3 20y(3x2 − 2y2) −20y3 60xy2

𝜎yi 12x2 − 6y2 −6y2 −20x(2x2 − 3y2) 20y3 60x2y −20x3

𝜏xyi 12xy 12xy −60x2y −60xy2 −20x3 −20y3

i 16 17 18 19

𝝓i 6x5y− 10x3y3 6xy5 − 10x3y3 −4x6 + 30x4y2 − 2y6 −4y6 + 30x2y4 − 2x6

𝜎xi −60x3y 120xy3 − 60x3y 60x4 − 60y4 −120y4 + 360x2y2

𝜎yi 120x3y− 60xy3 −60xy3 −120x4 + 360x2y2 60y4 − 60x4

𝜏xyi 90x2y2 − 30x4 90x2y2 − 30y4 −240x3y −240xy3

i 20 21 22 23

𝝓i 21x5y2 − 2x7 − 7xy6 35x4y3 − y7 − 14x6y 35x3y4 − x7 − 14xy6 21x2y5 − 2y7 − 7x6y

𝜎xi 42x5 − 210xy4 210x4y− 42y5 420x3y2 − 420xy4 420x2y3 − 84y5

𝜎yi 420x3y2 − 84x5 420x2y3 − 420x4y 210xy4 − 42x5 42y5 − 210x4y

𝜏xyi −210x4y+ 42y5 −420x3y2 + 84x5 −420x2y3 + 84y5 −210xy4 + 42x5

i 24 25 26 27

𝝓i −3x8 − 70x4y4 + 56x6y2 + y8 x8 − 70x4y4 + 56x2y6 − 3y8 −16x7y+ 56x5y3 − 8xy7 −8x7y+ 56x3y5 − 16xy7

𝜎xi −840x4y2 + 112x6 + 56y6 −840x4y2 + 1680x2y4 − 168y6 336x5y− 336xy5 1120x3y3 − 672xy5

𝜎yi −168x6 − 840x2y4 + 1680x4y2 56x6 − 840x2y4 + 112y6 −672x5y+ 1120x3y3 −336x5y+ 336xy5

𝜏xyi 1120x3y3 − 672x5y 1120x3y3 − 672xy5 112x6 − 840x4y2 + 56y6 56x6 − 840x2y4 + 112y6

in which n𝜙 denotes the number of analytical solutions; 𝜙i, σxi, σyi, 𝜏xyi (i = 1, 2, · · · , n𝜙) are the analytical solutions
of Airy stress function and resulting stress solutions, and can be found in Table 2; 𝛽 i (i = 1, 2, · · · , n𝜙) are unknown
coefficients.

The modified element complementary energy functional can be written as

ΠC = 1
2∫ ∫Ae

RT
mCmRmtdA − ∫Se

RT
mLT

mdmtdS, (45)

where

Lm =

[
l 0 m
0 m l

]
, (46)

l and m are direction cosines of the element boundaries’ outer normal; and Cm is the elasticity matrix of compliance

Cm = 1
E′

⎡⎢⎢⎢⎣
1 −𝜇′ 0

−𝜇′ 1 0
0 0 2(1 + 𝜇′)

⎤⎥⎥⎥⎦ , (47)
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let E be the Young’s modulus, and 𝜇 be the Poisson’s ratio. Then, E′ = E and 𝜇′ =𝜇 for plane stress problem, whereas
E′ =E/(1−𝜇2) and 𝜇′ =𝜇/(1−𝜇) for plane strain problem; for the membrane part of the flat shell element, only plane stress
state is considered; dm represents the displacement fields along the element edges, and with the Allman’s definitions, the
displacement fields along the ith element boundary can be expressed as:

dm
|||ith

=

{
u
v

}||||||ith

= Lmi′j′qmi′j′ = Nm
|||ith

qe
m, (48)

with

Lmi′j′ =

[
N1 0 Nu𝜃1 N2 0 Nu𝜃2

0 N1 Nv𝜃1 0 N2 Nv𝜃2

]
=

[
(L̃mi′ )2×3 (L̃mj′ )2×3

]
, (49)

N1 = 1
2
(1 − 𝜉) N2 = 1

2
(1 + 𝜉)

Nu𝜃1 =
yi′ − yj′

8
(1 − 𝜉2) Nv𝜃1 =

xj′ − xi′

8
(1 − 𝜉2)

Nu𝜃2 = −Nu𝜃1 Nv𝜃2 = −Nv𝜃1 (50)

, Nm
|||ith

=
[
0 · · · L̃mi′ L̃mj′ · · · 0

]
2×3n

,

∣ ∣
i′ j′

(51)

qmi′j′ =
[
qT

mi′ qT
mj′

]T
, (52)

qmk′ =
[

uk′ vk′ 𝜃zk′

]T
(k′ = i′, j′), (53)

in which i′ and j′ denote the nodal number along the ith boundary, that is, i′ = i and j′ = i+ 1 (j′ = 1, when i = n);
(xi′ , yi′ ), (xj′ , yj′ ) are Cartesian coordinates of these two nodes; 𝜉 is the local isoparametric coordinate along the edge.

By substituting element resultant fields Equations (42)–(44) and boundary displacement fields Equations (48)–(51)
into Equation (45), and applying the stationary conditions of the complementary energy, the finite element equation can
be obtained34:

Ke
mqe

m = Pe
m, (54)

where the element stiffness matrix

Ke
m = HT

mM−1
m Hm, (55)

with

Mm = ∫ ∫Ae
ST

mCmSmtdA, (56)

Hm = ∫Se
ST

mLT
mNmds, (57)

and the expression of equivalent nodal load vector Pe
m caused by concentrated load or boundary distributed load is same

as conventional FEM method. For example, for element boundary with distributed load pe =
[
px py

]T, Pe
m = ∫Se N

T
mpeds.

By utilizing the same integration scheme introduced in Section 2.1, the integration for arbitrary polygonal HSF
element can be obtained. Thus, an arbitrary polygonal HSF membrane element with drilling DOFs is constructed. And
it is the membrane part of the new flat shell element HSDF-PSH.
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3 NEW ARBITRARY POLYGONAL HSDF FLAT SHELL ELEMENT

3.1 The selection scheme of the analytical trial functions for arbitrary polygonal plate
and membrane elements

A common feature of HSF and HDF element methods is that both formulations take advantage of the analytical trial
functions derived from the homogeneous analytical solutions of stress or displacement function. For various elements
with different nodes or edges, different numbers of the analytical trial functions should be adopted to achieve the best
performance in both precision and efficiency. Actually, through theoretical analysis and numerical test, it can be found
that the best choice of analytical trial functions is definite for an element with corresponding edges.

Similar to the conventional finite elements, the HSF and HDF element stiffness matrices also have inherent zero
energy modes. For the Mindlin–Reissner plate element, there are three zero energy modes, including one rigid body
translation and two rigid rotations. For the membrane element with drilling DOFs, beside the three usual zero energy
modes corresponding to two rigid body translations and one rigid rotation, an additional zero energy mode exists due to
the Allman’s definitions of drilling DOFs.62 From Equations (48) to (53), it can be found, if all the element nodal rotations
are equal, the magnitude of rotations cannot influence the boundary displacement fields. That is to say, in this situation,
the nodal rotations will not affect the element deformation. During calculation, this additional zero energy modes can be
simply avoided by appropriate constraint or mesh refinement. Except these acceptable modes, other spurious zero energy
modes must be avoided.

For both HSF and HDF elements, the analytical trial functions (Tables 1 and 2) should be selected in turn from the
lowest-order to higher-order, and the resulting assumed stress or resultant fields should possess completeness in Cartesian
coordinates. The first three terms in Tables 1 and 2 are corresponding to the constant resultant or stress fields, while there
are four terms for each other higher-order resultant or stress fields. Thus, the number of the analytical trial functions
should be 3+ 4nc, in which nc is the completeness order of the resultant or stress fields in Cartesian coordinates.

In order to inspect the number of element zero energy modes influenced by different numbers of the selected analytical
trial functions, the following numerical examination procedure is implemented: (i) construct different HSF and HDF
element stiffness matrices by selecting different numbers of analytical trial functions and element edges; (ii) find the
number of zero eigenvalues of these element stiffness matrices that represents the total number of zero energy modes;
(iii) compare the results with the element’s inherent zero energy modes. All the results are listed in Tables 3 and 4.

For an n-edge element, the total number of element DOFs is 3n. From the results listed in Tables 3 and 4, the proper
relationship of the number DOFs 3n, the number of analytical trial functions, nATF, and the number of element’s inherent
zero energy modes M, can be obtained. That is, when

nATF ≥ 3n − M, (58)

the element will not have spurious zero energy modes.

T A B L E 3 Numbers of zero-energy modes with different numbers of element edges and analytical trial functions for polygonal plate
elements

No. of analytical trial functions nATF 7 11 15 19 23 27

No. of element edges n No. of DOFs 3n Number of zero eigenvalues/nonzero eigenvalues

3 9 3/6 3/6 3/6

4 12 5/7 3/9 3/9 3/9

5 15 8/7 4/11 3/12 3/12 3/12 3/12

6 18 11/7 7/11 3/15 3/15 3/15 3/15

7 21 10/11 6/15 3/18 3/18 3/18

8 24 13/11 9/15 5/19 3/21 3/21

9 27 12/15 8/19 4/23 3/24

10 30 11/19 7/23 3/27

Abbreviation: DOF, degrees of freedom.
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T A B L E 4 Numbers of zero-energy modes with different numbers of element edges and analytical trial functions for polygonal
membrane elements with drilling DOFs

No. of analytical trial functions nATF 7 11 15 19 23 27

No. of element edges n No. of DOFs 3n Number of zero eigenvalues/nonzero eigenvalues

3 9 4/5 4/5 4/5

4 12 5/7 4/8 4/8 4/8

5 15 8/7 4/11 4/11 4/11 4/11 4/11

6 18 11/7 7/11 4/14 4/14 4/14 4/11

7 21 10/11 6/15 4/17 4/17 4/17

8 24 13/11 9/15 5/19 4/20 4/20

9 27 12/15 8/19 4/23 4/23

10 30 11/19 7/23 4/26

Abbreviation: DOF, degrees of freedom.

T A B L E 5 Reference selection scheme of
the analytical trial functions for polygonal HDF
plate and HSF membrane elements

Plate element

Element edges n DOFs 3n Best-fit number of analytical solutions

3 9 7

4 12 11

5 15 15

6 18 15

7 21 19

8 24 23

9 27 27

10 30 27

Membrane elements with drilling DOFs

Element edges n DOFs 3n Best-fit number of analytical solutions

3 9 7

4 12 11

5 15 11

6 18 15

7 21 19

8 24 23

9 27 23

10 30 27

Abbreviations: DOF, degrees of freedom; HDF, hybrid displacement-function; HSF, hybrid
stress-function.

More analytical trial functions means the assumed stress fields possess higher-order completeness. But for
a specified number of DOFs, over high-order interpolation functions will damage the numerical stability and
computation efficiency. Therefore, the minimum number satisfying both Equation (58) and the completeness of
analytical trial functions is the best-fit choice. For various HSF and HDF elements with different numbers of
edges, the suggestions for the selected numbers of analytical trial functions are given in Table 5. Following
these best-fit selection scheme of analytical trial functions, the corresponding arbitrary polygonal elements can be
formulated.
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3.2 The formulations of polygonal flat shell element HSDF-PSH

The typical model of an arbitrary polygonal flat shell element is shown in Figure 6. The shell element has n sides and 2
nodes along each side, that is, the element has n nodes in total. First, suppose all the element nodes are coplanar. Thus,
the element can be represented by its mid-face 123-n. For a flat shell, each element node has six DOFs. Thus, the element
nodal displacement vector qe can be defined as

qe =
[
ae

1
T ae

2
T · · · ae

n
T
]T
, (59)

ae
i =

[
ui vi wi 𝜃xi 𝜃yi 𝜃zi

]T
. (60)

In order to construct a flat shell element, a local coordinate system is needed to divide the element into a plate bend-
ing part and a membrane part. The local coordinate system is also shown in Figure 6 and represented by (x′, y′, z′). As
all the element nodes are supposed to be coplanar, the plane 12n is set to be the x′O′y′ plane. Then, the local coordi-
nate system can be determined, and the transformation relationship between it and the global coordinate system can be
expressed as

⎧⎪⎨⎪⎩
x′

y′

z′

⎫⎪⎬⎪⎭ =
⎡⎢⎢⎢⎣
𝜆x′x 𝜆x′y 𝜆x′z

𝜆y′x 𝜆y′y 𝜆y′z

𝜆z′x 𝜆z′y 𝜆z′z

⎤⎥⎥⎥⎦
⎧⎪⎨⎪⎩

x
y
z

⎫⎪⎬⎪⎭ = 𝛌
⎧⎪⎨⎪⎩

x
y
z

⎫⎪⎬⎪⎭ , (61)

in which ⎧⎪⎨⎪⎩
𝜆x′x

𝜆x′y

𝜆x′z

⎫⎪⎬⎪⎭ = V1||V1|| ,
⎧⎪⎨⎪⎩
𝜆z′x

𝜆z′y

𝜆z′z

⎫⎪⎬⎪⎭ = V3||V3|| ,
⎧⎪⎨⎪⎩
𝜆y′x

𝜆y′y

𝜆y′z

⎫⎪⎬⎪⎭ = V3 × V1||V3 × V1|| , (62)

V1 =
⎧⎪⎨⎪⎩

x2 − x1

y2 − y1

z2 − z1

⎫⎪⎬⎪⎭ ,V2 =
⎧⎪⎨⎪⎩

xn − x1

yn − y1

zn − z1

⎫⎪⎬⎪⎭ ,V3 = V1 × V2, (63)

F I G U R E 6 An arbitrary polygonal flat shell element and the corresponding local coordinate system
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and ||⋅|| represents the modulus of vector. From above transformation, the element nodal displacement vector in local
coordinate system can be obtained by

q′e = Tqe, (64)

in which

q′e =
{

a′e
1

T a′e
2

T · · · a′e
n

T
}T

, (65)

a′e
i =

[
u′

i v′i w′
i 𝜃′xi 𝜃′yi 𝜃′zi

]T
, (66)

T = diag(𝛌, 𝛌, · · · , 𝛌
⏟⏞⏞⏞⏟⏞⏞⏞⏟

2n

). (67)

It should be noted that the above choice for local frame may not always be optimal when the element is warped, which
means not all element nodes are coplanar. Even so, the influence caused by element warping can be reduced by mesh
refinement.

In the local coordinate system, the six DOFs in Equation (66) can be divided into two parts: the plate bending part a′e
bi

and the membrane part a′e
mi,

a′e
bi =

[
w′

i 𝜃′xi 𝜃′yi

]T
, (68)

a′e
mi =

[
u′

i v′i 𝜃′zi

]T
. (69)

The plate bending part can be obtained by the polygonal HDF Mindlin–Reissner plate element developed in Section 2.1,
and the corresponding element stiffness matrix is denoted by Ke

p. Note that the three DOFs of the plate bending part are
not consistent with the DOFs of the plate element in Section 2.1. Therefore, a transformation is needed:

a′e
p = tba′e

b , (70)

with

tb =
⎡⎢⎢⎢⎣
1 0 0
0 0 −1
0 1 0

⎤⎥⎥⎥⎦ . (71)

Thus, the element stiffness matrix of plate bending part can be obtained by

Ke
p = TT

b Ke
bTb, (72)

with

Tb = diag(tb, tb, · · · , tb
⏟⏞⏞⏞⏞⏟⏞⏞⏞⏞⏟

n

). (73)

The membrane part can be obtained by the polygonal HSF membrane element with drilling DOFs developed in
Section 2.2, and the corresponding element stiffness matrix is denoted by Ke

m. Finally, assembling the two parts, the
stiffness matrix of flat shell element in local coordinate system is obtained:

Ke
flat = assemble(Ke

p,Ke
m). (74)

The above construction procedures are based on that all element nodes are coplanar. However, in practical problems,
the element may be warped. Therefore, it is necessary to modify the element stiffness matrix for better precision. In this
article, the rigid link correction strategy proposed by Taylor63 is employed.
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While the element become warped, let di denotes the distance between node i and the plane x′Oy′, and the modified
nodal DOFs can be expressed as ⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

uf
i

vf
i

wf
i

𝜃
f
xi

𝜃
f
yi

𝜃
f
zi

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1
0 1
0 0 1
0 di 0 1
−di 0 0 0 1

0 0 0 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

ur
i

vr
i

wr
i

𝜃r
xi

𝜃r
yi

𝜃r
zi

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭
= Wi

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

ur
i

vr
i

wr
i

𝜃r
xi

𝜃r
yi

𝜃r
zi

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭
, (75)

in which the superscript f represents the DOF after modification, and the superscript r represent the DOF before
modification. Thus, the element stiffness matrix can be modified as

Ke
local = WKKe

flatW
T
K , (76)

with
WK = diag(W1,W2, · · · ,Wn). (77)

Finally, according to the transformation relationship, the stiffness matrix of flat shell element in the global coordinate
system can be obtained:

Ke
global = TTKe

localT. (78)

With the procedures introduced in this section, an arbitrary polygonal hybrid stress/displacement function (HSDF) flat
shell element is constructed, which is uniformly denoted by HSDF-PSH. In order to distinguish the number of element
edges, a polygonal element with n edges can also be denoted by HSDF-PSHn.

4 GEOMETRICALLY NONLINEAR FORMULATIONS FOR ARBITRARY
POLYGONAL FLAT SHELL ELEMENT HSDF-PSH

4.1 Geometrically nonlinear formulations of arbitrary polygonal elements based
on the CR method

As described in Introduction, Felippa and Haugen53 proposed a relatively complete formulation of the CR method for
conventional triangular and quadrilateral elements. According to their derivations, a unified formulation for arbitrary
polygonal elements with the analytical trial functions is established in this section. Only the final element formulations
with the essential expressions are given here, and more details can be found in Reference 53.

The main feature of the CR method is to decompose a large-rotation, small-strain geometric nonlinear problem into
an element rigid body translation and an element local small deformation, so that any linear element stiffness matrix can
be extended to geometrically nonlinear analyses. The related element configurations, coordinate systems, and kinemat-
ics of the CR method are shown in Figure 7. In order to implement the decomposition, three configurations should be
defined: initial configuration ℜ0, CR configuration ℜR, and deformed configuration ℜD. The motion from ℜ0 to ℜR rep-
resents the rigid body translation, while the motion from ℜR to ℜD represents the local small deformation. The global
coordinate system is denoted by G; the local coordinate system based on initial configuration ℜ0 is denoted by E0, with
the corresponding base vectors (e0

1, e
0
2, e

0
3); the local coordinate system based on CR configuration ℜR is denoted by ER,

with the corresponding base vectors (e1, e2, e3); the local coordinate system based on deformed configuration ℜD is the
same to ℜR, that is, E = ER. The two local coordinate systems are determined by the transformation matrices from global
coordinate system:

TT
0 =

[
e0

1 e0
2 e0

3

]
, (79)

TT =
[
e1 e2 e3

]
. (80)



WU et al. 19

F I G U R E 7 Element configurations, coordinate systems, and kinematics of corotational method

From the derivation in Reference 53, it can be seen that the selection of E0 does not affect the final expressions.
Therefore, for an element with n edges, just three nodes, Nodes 1, 2, and n, are employed to set the initial configuration.
The expressions are:

e0
1 =

x0
21||x0
21|| , e0

3 =
x0

21 × x0
n1||x0

21 × x0
n1|| , e0

2 = e0
3 × e0

1, (81)

with

x0
ab = x0

a − x0
b, (a, b = 1, 2, · · · ,n), (82)

where x0
a and x0

b are the global coordinates of Nodes a and b.
The selection of CR configuration E = ER is required to satisfy that, the deformation is small enough so that the

local deformation can be treated as a linear problem. Related selection scheme for arbitrary polygonal elements will be
introduced in Section 4.2.

The geometrically nonlinear problems are usually solved by increment formulation. Therefore, in each increment
step, the initial configuration ℜ0 is the configuration at the moment t, with t corresponding the initial time of the step.
Thus, the global coordinates x0

a(a = 1, 2, · · · ,n) in Equation (82) are written as txa(a = 1, 2, · · · , n) in each increment step.
Let t +Δt denotes the end moment of the incremental step, so the total displacement vector can be written as

t+Δtqe
a =

[
t+Δtua1

t+Δtua2
t+Δtua3

t+Δt𝜃a1
t+Δt𝜃a2

t+Δt𝜃a3

]T
, (83)

where t +Δtua1, t +Δtua2, t +Δtua3 denote the translations of Node A, and t +Δt𝜃a1, t +Δt𝜃a2, t +Δt𝜃a3 denote the rotations. From
the rotation vector t+Δt𝛉a =

[t+Δt𝜃a1
t+Δt𝜃a2

t+Δt𝜃a3
]T, the corresponding 3× 3 rotation matrix t +ΔtRa can be obtained

(see Appendix A). Then, the coordinates t+Δtxa(a = 1, 2, · · · ,n), the translations t+Δtuda(a = 1, 2, · · · ,n), and rotations
t+Δt

Rda(a = 1, 2, · · · ,n) in the local coordinate system can be expressed by

t+Δtxa = T(txa + t+Δtua − txC0 − t+ΔtuC), (84)
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t+Δtuda = T(txa + t+Δtua − txC0 − t+ΔtuC) −
txC0A , (85)

t+Δt
Rda = Tt+ΔtRa TT

0 , (86)

where txC0 denotes the coordinate vector of the element centroid C0:

txC0 = 1
n

n∑
i=1

txa ,
txC0A = txa − txC0 . (87)

From rotation
t+Δt

Rda , the corresponding rotation vector da𝛉t+Δt can also be obtained (see Appendix A).
Thus, similar to Ke

local in Equation (76), the element stiffness matrix
t+Δt

K
e

at time t +Δt can be formulated in local
coordinates. And the increment displacements can be written as

t+Δtqe =
{

t+ΔtuT
d1

t+Δt
𝛉

T
d1

t+ΔtuT
d2

t+Δt
𝛉

T
d2 · · · · · · t+ΔtuT

dn
t+Δt

𝛉
T
dn

}T
. (88)

Then, the inner force vector
t+Δt

f
e

can be obtained:

t+Δt
f

e
=

t+Δt
K

e t+Δtqe
. (89)

It should be noted that the construction of
t+Δt

K
e

is based on local coordinates in current configuration. Therefore,
for element HSDF-PSH, the analytical trial functions should be updated in each step according to the current element
configuration. This operation will be introduced in Section 4.3.

The element inner force vector in global coordinate system is

t+Δtfe = TT
EP

T
H

Tt+Δt
f

e
, (90)

where

TE = diag
[
T T · · · T

]
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

n

, (91)

H = diag
(

I3 H1 I3 H2 · · · · · · I3 Hn

)
, (92)

P = Pu − P𝜔 = Pu − SG, (93)

G =
[
G1 03 G2 03 · · · · · · Gn 03

]
, (94)

in which I3 denotes the 3× 3 identity matrix; Ga(i = 1, 2, · · · ,n) are related to the choice of local frame and its expressions,
and will be given in Section 4.2; Ha(i = 1, 2, · · · ,n), Pu, and S will be given in Appendix B.

The element tangent stiffness matrix in global coordinate system is

t+ΔtKe = KGR + KGP + KGM + KM, (95)

KGR = −TT
EFnmGTE,KGP = −TT

EG
T

F
T
nPTE

KGM = TT
EP

T
LPTE,KM = TT

EP
T

H
T

KHPTE, (96)

where

Fnm =
[
spin(n1)T spin(m1)T · · · · · · spin(nn)T spin(mn)T

]T
, (97)
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Fn =
[
spin(n1)T 03 · · · · · · spin(nn)T 03

]T
, (98)

L = diag
[
03 L1 · · · · · · 03 Ln

]
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

n

, (99)

in which ni and mi(i = 1, 2, · · · ,n) represent the inner force and inner moment in the local frame after
projection:

fP = P
T

H
Tt+Δt

f
e
=

{
nT

1 mT
1 nT

2 mT
2 · · · · · · nT

n mT
n

}T
, (100)

and

spin(na) =
⎡⎢⎢⎢⎣

0 −na3 na2

na3 0 −na1

−na2 na1 0

⎤⎥⎥⎥⎦ , spin(ma) =
⎡⎢⎢⎢⎣

0 −ma3 ma2

ma3 0 −ma1

−ma2 ma1 0

⎤⎥⎥⎥⎦ , (101)

na =
[

na1 na2 na3

]T
,ma =

[
ma1 ma2 ma3

]T
. (102)

The expressions of La(a = 1, 2, · · · ,n) can also be found in Appendix B.
In this article, the nonlinear solver of Abaqus/Standard is adopted by the user-defined subroutine.64 The major

procedures are shown in Figure 8.

4.2 The selection scheme of the best-fit CR frame

Considering an arbitrary polygonal flat shell element without warping. Obviously, one coordinate plane of the best-fit
CR frame should be the element plane. Thus, two steps are needed to determine the best-fit frame: first, establish an
initial mid-frame, in which one coordinate plane is the element plane; second, determine the final best-fit CR frame by
appending an in-plane rotation to the mid-frame.

In order to satisfy the small-deformation assumption in the local CR coordinate system, the selection of the best-fit
CR frame must insure that the nodal displacements are small enough. Generally, the small-deformation condition can
be set by minimizing the sum of element nodal displacements in the best-fit coordinate system.65 There are two different
reference configurations for the nodal displacements: one is the initial configuration, in which the total displacements
will be employed during the whole analytical step; the other is the current configuration, in which the incremental
displacements will be adopted in the current increment step. Although the best-fit selection based on the current
configuration is more precise, but for small-strain problems, the element nodal displacements in the local coordinate sys-
tem is small enough, so that the results based on both configurations are almost identical. Because the procedures based
on the initial configuration are more convenient, most proposed best-fit frame selection schemes prefer to the initial
configuration. Of course, for finite-strain geometrically nonlinear analyses, the procedures based on the current configu-
ration are still necessary. In this article, only small-strain condition is considered, that is, the best-fit CR frame for element
HSDF-PSH is based on the initial configuration.

First, define a coordinate plane and a coordinate axis perpendicular to the coordinate plane formed by Nodes 1, 2,
and n. Thus, the mid-frame can be obtained, with its three base vectors:

eM
1 =

x0
21||x0
21|| , eM

3 =
x0

21 × x0
n1||x0

21 × x0
n1|| , eM

2 = e0
3 × e0

1, (103)

in which subscript “M” denotes mid-frame. The transformation matrix between this mid-frame and global frame can be
written as

RM =
[
eM

1 eM
2 eM

3

]
. (104)
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F I G U R E 8 Geometrically nonlinear incremental formulation solving procedure

Let 𝛚M be the pseudo-vector corresponding to rotation RM. Then, the infinitesimal variation of RM is

𝛿RM = RM𝛿𝛚M, (105)

consequently,

𝛿𝛚M =
⎡⎢⎢⎢⎣
𝛿𝜔M1

𝛿𝜔M2

𝛿𝜔M3

⎤⎥⎥⎥⎦ =
⎡⎢⎢⎢⎣
−eMT

2 𝛿eM
3

eMT
1 𝛿eM

3

eMT
2 𝛿eM

1

⎤⎥⎥⎥⎦ . (106)

In local coordinate system, the variation of eM
3 is (see Reference 65):
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𝛿eM
3 = 1||x21 × xn1||

⎛⎜⎜⎜⎝
⎡⎢⎢⎢⎣
𝛿u2 − 𝛿u1

𝛿v2 − 𝛿v1

𝛿w2 − 𝛿w1

⎤⎥⎥⎥⎦ ×
⎡⎢⎢⎢⎣
xn − x1

yn − y1

0

⎤⎥⎥⎥⎦ +
⎡⎢⎢⎢⎣
x2 − x1

y2 − y1

0

⎤⎥⎥⎥⎦ ×
⎡⎢⎢⎢⎣
𝛿un − 𝛿u1

𝛿vn − 𝛿v1

𝛿wn − 𝛿w1

⎤⎥⎥⎥⎦
⎞⎟⎟⎟⎠

+ 𝛿

(
1||x21 × xn1||

)
x21 × xn1, (107)

where xa, ya, za(a = 1, 2, · · · ,n) are element nodal local coordinates after deformation at the moment t +Δt. Here, the
subscript “t +Δt” is omitted for convenience). And the corresponding infinitesimal variations of displacements are
𝛿ua, 𝛿va, 𝛿wa(a = 1, 2, · · · ,n).

Substitution of Equation (107) into Equation (106) yields

𝛿𝜔M1 = 1||x21 × xn1|| [(xn − x2)𝛿w1 + (x1 − xn)𝛿w2 + (x2 − x1)𝛿wn],

𝛿𝜔M2 = 1||x21 × xn1|| [(yn − y2)𝛿w1 + (y1 − yn)𝛿w2 + (y2 − y1)𝛿wn]. (108)

Second, let the element rotate around the axis eM
3 with an angle 𝜔, a new frame will be obtained, in which the coordinates

of element node a can be expressed by

xan = xa cos𝜔 + ya sin𝜔, yan = −xa sin𝜔 + ya cos𝜔. (109)

The small-strain condition is set by minimizing the sum of square of all the element nodal displacements, that is,

min

{ n∑
a=1

[(xa cos𝜔 + ya sin𝜔 − X
M
a )2 + (−xa sin𝜔 + ya cos𝜔 − Y

M
a )2]

}
, (110)

where (X
M
a ,Y

M
a ) are the local coordinates of Node a in mid-frame before deformation. From the condition given by

Equation (110), the tangent of angle 𝜔 can be obtained:

tan𝜔 =
∑n

a=1(yaXa − xaYa)∑n
a=1(xaXa + yaYa)

. (111)

After rotate 𝜔, Equation (108) remains unchanged, that is, 𝛿𝜔1 = 𝛿𝜔M1, 𝛿𝜔2 = 𝛿𝜔M2 and

𝜕𝜔3

𝜕ua
= −Ya∑n

a=1(xanXa + yanYa)
,
𝜕𝜔3

𝜕va
= Xa∑n

a=1(xanXa + yanYa)
, (112)

where 𝛚 =
{
𝜔1 𝜔2 𝜔3

}T is the pseudo-vector corresponding to finial rotation T in Equation (80). According to
Equations (108) and (112), the expression of Ga in Equation (94) can be expressed by:

Ga =
⎡⎢⎢⎢⎣

0 0 gua

0 0 gva

gwa1 gwa2 0

⎤⎥⎥⎥⎦ , (113)

with

gua = −Y a∑n
a=1(xanX

M
a + yanY

M
a )

, (114)

gva = Xa∑n
a=1(xanX

M
a + yanY

M
a )

, (115)
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gwa1 =

⎧⎪⎪⎪⎨⎪⎪⎪⎩

xn−x2||x21×xn1|| , a = 1
x1−xn||x21×xn1|| , a = 2
x2−x1||x21×xn1|| , a = n

0, a ≠ 1, 2,n

, (116)

gwa2 =

⎧⎪⎪⎪⎨⎪⎪⎪⎩

yn−y2||x21×xn1|| , a = 1
y1−yn||x21×xn1|| , a = 2
y2−y1||x21×xn1|| , a = n

0, a ≠ 1, 2,n

. (117)

The transformation matrix in second step is

R𝜔 =
⎡⎢⎢⎢⎣

cos𝜔 sin𝜔 0
−sin𝜔 cos𝜔 0

0 0 1

⎤⎥⎥⎥⎦ , (118)

and the transformation matrix between the best-fit CR frame and global frame can be expressed by

T = R𝜔RM. (119)

Thus, T in Equation (80) can be obtained by Equation (119) and the best-fit frame is determined.

4.3 Updating analytical trial functions in CR formulation

In most geometric nonlinear analyses, the incremental finite element equations should be solved. For conventional FEM,
the element stiffness matrix is usually expressed only in terms of local coordinates, which means it does not depend on
the element configuration, so that TL and UL formulations are equivalent. However, for the HSF and HDF elements,
things become quite different. As mentioned in Section 2, the formulations of the proposed element HSDF-PSH employed
the analytical trial functions expressed in terms of Cartesian coordinates, which implies that its formulations have
close relationship with element configuration. Therefore, for element HSDF-PSH, only UL formulation can be adopted,
which means the analytical trial functions must be updated in each increment step during geometrically nonlinear
analyses.

Let the initial time be 0, the beginning time of current increment step be t, the end time of current increment step
be t +Δt. Thus, the corresponding element nodal coordinate vectors are denoted by 0x, tx, t +Δtx, respectively. At time
t +Δt, by using transformation relationship Equation (84), the local coordinate vector t +Δtx can be obtained from tx. And
according to the local coordinate system selection scheme of flat shell elements, the element nodal coordinate vector can
be written as t+Δtxa = [t+Δtxa ,

t+Δtya , 0]T.
Substitution of t+Δtxa and t+Δtya into the expressions of Airy stress function 𝜙 and displacement function F yields the

Airy stress function
t+Δt

𝜙 and displacement function
t+Δt

F in local coordinate system, which are expressed in terms of
the analytical trial functions in local coordinates:

t+Δt
𝜙 =

n𝜙∑
i=1

𝜙i

(
t+Δtxa ,

t+Δtya

)
𝛽mi, (120)

t+Δt
F =

mF∑
i=1

t+Δt
F

0
i

(
t+Δtxa ,

t+Δtya

)
𝛽bi +

t+Δt
F
∗ (t+Δtxa ,

t+Δtya

)
. (121)
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Then, in local coordinate system, the stress matrix
t+Δt

Sm of the HSF element, the resultant matrix
t+Δt

Sb , and the resultant
particular solution vector

t+Δt
R

∗
b of the HDF element, can be written as:

t+Δt
Sm =

[
t+Δt𝛔1

t+Δt𝛔2 · · · t+Δt𝛔n𝜙

]
, (122)

t+Δt
Sb =

[
t+Δt

R
0
1

t+Δt
R

0
2 · · ·

t+Δt
R

0
nF

]
, (123)

t+Δt
R

∗
b =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

M
∗
x

(
t+Δtxa ,

t+Δtya

)
M

∗
y

(
t+Δtxa ,

t+Δtya

)
M

∗
xy

(
t+Δtxa ,

t+Δtya

)
T
∗
x

(
t+Δtxa ,

t+Δtya

)
T
∗
y

(
t+Δtxa ,

t+Δtya

)

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭
, (124)

with

t+Δt𝛔i =

⎧⎪⎪⎨⎪⎪⎩
𝜎xi

(
t+Δtxa ,

t+Δtya

)
𝜎yi

(
t+Δtxa ,

t+Δtya

)
𝜏xyi

(
t+Δtxa ,

t+Δtya

)
⎫⎪⎪⎬⎪⎪⎭
,

t+Δt
R

0
1 =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

M
0
xi

(
t+Δtxa ,

t+Δtya

)
M

0
yi

(
t+Δtxa ,

t+Δtya

)
M

0
xyi

(
t+Δtxa ,

t+Δtya

)
T

0
xi

(
t+Δtxa ,

t+Δtya

)
T

0
yi

(
t+Δtxa ,

t+Δtya

)

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭
. (125)

Through above updating scheme, substituting the resultant field in local coordinate system into HSDF method
procedures, the stiffness matrix t+ΔtK

e
of element HSDF-PSH in local coordinate system can be obtained.

5 NUMERICAL EXAMPLES

The plate bending and the membrane parts of the new flat shell element HSDF-PSH can pass corresponding constant
resultant/stress patch tests. In this section, other nine numerical examples are employed to assess the performance of
element HSDF-PSH, including five linear and four geometrically nonlinear tests.

5.1 Linear examples for shell structures

5.1.1 Test for plate bending part: Square plate subjected to uniformly distributed load

A square plate subjected to uniformly distributed load q = 1.0 is shown in Figure 9(A). This is a classical examination for
testing plate bending elements. Here, the new arbitrary polygonal flat shell element HSDF-PSH proposed in this article
is used to evaluate its performance of the plate bending part. Due to the biaxial symmetry, only a quarter of the plate is
analyzed. And the geometry and material parameters are also given in Figure 9(A). Two BC cases for all boundaries are
considered: (i) the hard simply supported (SS2) BC (w = 𝜓 s = 0) and (ii) the clamped BC (w = 𝜓n = 𝜓 s = 0). And three
thickness-span ratio cases h/L = 0.001, 0.01, 0.1 are calculated. First, four regular 2× 2, 4× 4, 8× 8, 16× 16 square meshes
shown in Figure 9(B), denoted by A1, A2, A3, and A4, respectively, are employed to investigate element convergence.
As a special case of arbitrary polygonal element, element HSDF-PSH with four edges, HSDF-PSH4 (4-node quadrilateral
element), is used in these meshes, and its results are compared with those obtained by the 4-node quadrilateral shell
elements S4 and S4R in Abaqus.64 Second, four polygonal meshes, as shown in Figure 9(C), are also adopted. These
polygonal meshes are denoted by Mesh B1, B2, B3, and B4, respectively.
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The normalized results of the deflections at the central point c of the plate are presented in Tables 6 and 7. The results
obtained by other polygonal elements, including DKMT-ngon20 and PRMn-PL,4 are also given in Table 7 for comparison.
And their meshes are denoted by C1–C4 (for DKMT-ngon), and D1–D4 (for PRMn-PL), respectively. It can be seen that,
for quadrilateral elements, the precision of HSDF-PSH4 is better than S4 and S4R; and for polygonal elements, HSDF-PSH
also performs much better than the other two polygonal plate elements. The results show that HSDF-PSH possessed high
accuracy and good convergence, it can obtain quite good results even in very coarse meshes, while the other two polygonal
elements cannot do.

5.1.2 Test for membrane part: Pure bending test

A simply supported beam under pure bending state is shown in Figure 10(A), and the geometries and material param-
eters are also given. Exact solutions can be obtained from the beam theory for the vertical displacement, the lateral
displacement, and the end rotation. This example is usually used to test plane quadrilateral elements. Here, the meshes
for the new polygonal element HSDF-PSH, denoted by A1, A2, A3, and A4, respectively, are given in Figure 10(B). For
comparisons, those results obtained by Abaqus elements with Meshes A1 (for S4 and S4R,64 respectively) and B1 (for S364

and S4, simultaneously) are also calculated, in which Mesh B1 is a refined version of Mesh A4. In order to show the con-
vergence of element HSDF-PSH, the results using a new mesh B2 for HSDF-PSH are also considered, which is extended
from Mesh B1.

The results are listed in Table 8. It can be seen that, the Abaqus shell elements S3 and S4 exhibit locking problem,
while S4R without hourglass control suffers from hourglass phenomenon. And the results obtained by S4R with hour-
glass control (denoted by S4R[enhanced]) still stay away from the reference solutions. However, element HSDF-PSH can
produce much better results, no matter which mesh is used.

F I G U R E 9 Square plate
subjected to uniformly distributed
load, geometry, and meshes
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T A B L E 6 Normalized results of square plate with regular square meshes

Mesh type A1 A2 A3 A4 Reference [wc/(qL4/100D)]

SS2, h/L = 0.001

S4 0.9771 0.9948 0.9988 0.9998 1.0000 (0.4062)

S4R 1.0123 1.0032 1.0007 1.0002

HSDF-PSH4 0.9975 1.0000 1.0000 1.0000

SS2, h/L = 0.01

S4 0.9771 0.9951 0.9988 0.9998 1.0000 (0.4064)

S4R 1.0123 1.0032 1.0007 1.0002

HSDF-PSH4 0.9975 1.0000 1.0000 1.0000

SS2, h/L = 0.1

S4 0.9822 0.9960 0.9991 0.9998 1.0000 (0.4273)

S4R 1.0157 1.0037 1.0009 1.0002

HSDF-PSH4 0.9981 0.9984 0.9993 0.9998

Clamped, h/L = 0.001

S4 0.9573 0.9889 0.9976 0.9992 1.0000 (0.1265)

S4R 1.0237 1.0040 1.0016 1.0008

HSDF-PSH4 0.9794 0.9960 1.0000 1.0000

Clamped, h/L = 0.01

S4 0.9582 0.9890 0.9976 1.0000 1.0000 (0.1267)

S4R 1.0245 1.0047 1.0016 1.0008

HSDF-PSH4 0.9803 0.9968 1.0000 1.0008

Clamped, h/L = 0.1

S4 0.9620 0.9953 1.0020 1.0033 1.0000 (0.1499)

S4R 1.0133 1.0073 1.0047 1.0040

HSDF-PSH4 1.0033 1.0053 1.0040 1.0040

5.1.3 Test for membrane part: Cook’s skew beam

A skew cantilever beam subjected to a distributed shear load P = 1.0 at the free edge is shown in Figure 11. Four polyg-
onal meshes shown in Figure 11, denoted by A1, A2, A3, and A4, are employed for element HSDF-PSH, in which
those nodes connecting two collinear element edges are marked. It can be seen that the element shapes in each mesh
is quite free, even severely distorted element exists. In order to compare the results with those obtained by triangular
shell element S3 and quadrilateral shell element S4 in Abaqus, the elements in above meshes are subdivided into tri-
angle or quadrilateral without changing the total number of element nodes. Furthermore, four regular quadrilateral
meshes with 2× 2, 4× 4, 8× 8, 12× 12 elements, denoted by B1, B2, B3, and B4, are also used for HSDF-PSH4 and S4
elements.

The normalized results of vertical displacement vA at the node A is listed in Table 9 and plotted in Figure 12. The
results indicate that HSDF-PSH can produce good results with much free element shapes.

5.1.4 Pinched cylinder

A pinched cylinder with end diaphragms is subjected to a pair of opposite concentrated forces in the mid-span,
as shown in Figure 13. Only one-eighth structure is considered due to symmetry, and the geometry and
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T A B L E 7 Results of square plate with polygonal meshes

Element Mesh type/Number of nodes Deflection Reference [wc/(qL4/100D)]

SS2, h/L = 0.001

DKMT-ngon20 C1/104 C2/204 C3/404 C4/602 1.0000 (0.4062)

0.9879 0.9825 0.9956 0.9951

PRMn-PL4 D1/80 D2/190 D3/496 D4/1396

1.0183 1.0066 1.0027 1.0009

HSDF-PSH B1/18 B2/46 B3/80 B4/136

0.9970 0.9988 0.9995 0.9998

SS2, h/L = 0.01

DKMT-ngon C1/104 C2/204 C3/404 C4/602 1.0000 (0.4064)

0.9875 0.9820 0.9951 0.9946

HSDF-PSH B1/18 B2/46 B3/80 B4/136

0.9970 0.9990 0.9998 1.0000

SS2, h/L = 0.1

DKMT-ngon C1/104 C2/204 C3/404 C4/602 1.0000 (0.4273)

0.9827 0.9806 0.9949 0.9946

clamped, h/L = 0.001

DKMT-ngon C1/104 C2/204 C3/404 C4/602 1.0000 (0.1265)

1.0427 1.0055 1.0087 1.0024

HSDF-PSH B1/18 B2/46 B3/80 B4/136

0.9968 0.9984 0.9992 1.0000

clamped, h/L = 0.01

DKMT-ngon C1/104 C2/204 C3/404 C4/602 1.0000 (0.1267)

1.0418 1.0047 1.0079 1.0024

HSDF-PSH B1/18 B2/46 B3/80 B4/136

0.9968 0.9992 1.0000 1.0000

clamped, h/L = 0.1

DKMT-ngon C1/104 C2/204 C3/404 C4/602 1.0000 (0.1499)

1.0227 0.9987 1.0080 1.0040

HSDF-PSH B1/18 B2/46 B3/80 B4/136

1.0067 1.0053 1.0040 1.0047

PRMn-PL D1/80 D2/190 D3/496 D4/1396

1.0072 1.0029 1.0009 1.0003

HSDF-PSH B1/18 B2/46 B3/80 B4/136

0.9991 0.9995 0.9998 1.0000
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F I G U R E 10 Pure
bending test, geometry, and
meshes

T A B L E 8 Results of displacements and rotations
for pure bending test

Element Mesh uA vB 𝜽C

S4 A1 −0.376 0.926 −0.280

S4R A1 −1.067 2.630 −0.796

S4R (enhanced) A1 −0.396 0.977 −0.296

S3 and S4 B1 −0.046 0.057 −0.031

HSDF-PSH A1 −0.600 1.500 −0.600

A2 −0.600 1.500 −0.600

A3 −0.600 1.499 −0.602

A4 −0.597 1.491 −0.598

B1 −0.369 0.933 −0.378

B2 −0.464 1.288 −0.492

Exact −0.600 1.500 −0.600
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F I G U R E 11 Cook’s skew
beam, geometry, material, and
mesh
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T A B L E 9 Results of Cook’s skew beam Mesh type A1 A2 A3 A4

Total number of nodes 8 24 75 169

HSDF-PSH 0.977 0.981 0.987 0.996

S3 and S4 0.438 0.776 0.952 0.977

Mesh type B1 B2 B3 B4

Total number of nodes 9 25 81 169

HSDF-PSH4 0.967 0.975 0.991 0.995

S4 0.864 0.959 0.987 0.993

FSSQ66 0.983 0.979 0.993 0.998

NMS-4F67 0.898 0.958 0.983 –

Reference vA = 23.9668

F I G U R E 12 Convergence result of Cook’s skew
beam

the material parameters are also given in Figure 13. First, different quadrilateral meshes are designed for
HSDF-PSH, including 4-node quadrilateral and 6-node degenerated quadrilateral elements, as shown in Figure 14(A),
denoted by A1, A2, A3, and A4. In the same mesh type, the total element node numbers of 4- and
6-node elements are the same, with two neighbored 4-node elements degenerating into a 6-node one. Sec-
ond, four regular hexagon meshes shown in Figure 14(B) are considered, denoted by H1, H2, H3, and H4,
respectively.

The vertical displacement of Node A, vA, is calculated. The normalized results obtained by different quadri-
lateral elements (including the 6-node degenerated quadrilateral element) are listed in Table 10. And the cor-
responding convergence rates are plotted in Figure 15(A). For the hexagonal meshes, the hexagonal flat ele-
ments will be warped, which may influence the precision. The relative errors of vA obtained by meshes H1,
H2, H3, and H4 are plotted in Figure 15(B). Furthermore, the results obtained by shell element PSE-Poly22 with
similar meshes are also plotted for comparison. It can be seen that element HSDF-PSH can obtain very sta-
ble and precise results with various element sides. Compared with the other element listed here, HSDF-PSH
shows obvious advantages. Even though the element is distorted or warped, the arbitrary element still keeps good
performance.
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F I G U R E 13 Pinched cylinder, geometry, material, and constraint

5.1.5 Cylindrical structure subjected to discretely distributed load

This problem is a simplified model for practical engineering. Due to symmetry, only a quarter of the cylindrical struc-
ture is considered, as shown in Figure 16(A). The structure is subjected to discretely distributed vertical load q, and the
loading regions are the shadow parts plotted in Figure 16(A). For this complex loading case, it is very convenient to mesh
the structure with the arbitrary polygonal element HSDF-PSH. Figure 16(B,C) are two typical coarse mesh types. For
comparison, the results obtained by Abaqus shell elements S3, S4, and S4R with Abaqus’s automeshing technology are
also given.

The results of the vertical displacement vA at the node A are listed in Table 11, and the convergence curves are plotted
in Figure 17. Here, the new polygonal element HSDF-PSH exhibits its flexibility and good performance. It can produce
better results with coarse and irregular meshes.

5.2 Geometric nonlinear problems for shell structures

5.2.1 Angle frame

An angle frame with one end clamped is shown in Figure 18(A), and the other end of the frame is subjected to a shear
load F. The membrane part of the flat shell will play the leading role in this test. Three meshes are given in Figure 18, in
which mesh (b) contains seven rectangular elements, mesh (c) contains 19 hexagonal elements, and mesh (d) is a refined
version of mesh (c) and contains 38 quadrilateral elements. Mesh (b) is designed for elements HSDF-PSH4, S4 and S4R,
while mesh (c) for HSDF-PSH6, and mesh (d) for S4 and S4R. The results of 8-node quadrilateral element S8R with a fine
mesh (304 elements) are taken as reference solutions. The load–displacement curves of the load F with the horizontal
displacement uA at the node A are shown in Figure 19. It can be seen that, the new element HSDF-PSH can present the
best solutions in this problem. For the quadrilateral mesh given in Figure 18(B), HSDF-PSH4 is much more precise than



WU et al. 33

F I G U R E 14 Pinched cylinder, mesh types
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Mesh type Mesh A1 Mesh A2 Mesh A3 Mesh A4

Number of nodes 25 81 289 625

S4 0.3882 0.7543 0.9328 0.9743

S4R 0.4743 0.8049 0.9543 0.9860

QCS1 0.6090 0.9255 1.0131

QFSUQ 0.6230 0.9180 0.9960

MIST1 0.4705 0.8016 0.9482 0.9794

FSSQ 0.5651 0.9107 0.9973

MISQ24 0.6416 0.9411 1.0018

XSHELL41 0.6250 0.9180 0.9920

MIN4T 0.5074 0.8405 0.9624 0.9958

HDF-PSH4 0.6286 0.9184 0.9916 1.0023

HDF-PSH6 0.6658 0.9544 1.0083 1.0117

Reference vA = 1.8248× 10−569

T A B L E 10 Normalized results of pinched
cylinder

F I G U R E 15 Convergence plot of pinched cylinder
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F I G U R E 16 Cylindrical
structure subjected to discretely
distributed load, geometry, and
mesh

T A B L E 11 Results of
cylindrical structure

Nodes Elements S3 and S4 Nodes Elements S4 S4R

76 89 −0.55409 92 82 −0.55351 −0.58413

198 207 −0.56943 144 126 −0.56068 −0.57649

541 518 −0.57106 666 623 −0.57088 −0.57321

1991 1947 −0.57072 2113 2027 −0.57074 −0.57158

5299 5238 −0.57088 5437 5295 −0.57090 −0.57116

Nodes Elements S3 Nodes Elements HSDF-PSH

80 138 −0.42336 56 27 −0.55984

183 320 −0.52658 120 54 −0.56782

652 1208 −0.56143 666 623 −0.56986

2734 5252 −0.56808 1991 1947 −0.57179

4848 9412 −0.56912 5437 5295 −0.57075

S4 and S4R. And for the hexagonal mesh given in Figure 18(C), the results of element HSDF-PSH6 also agree well with
the reference solutions, while elements S4 and S4R cannot reach the equal precision even the refined mesh (d) is used.

5.2.2 Cantilever beam subjected to end moment

As shown in Figure 20, a slender cantilever beam is subjected a moment at free end. This is a classical test of geometrically
nonlinear analyses. Five different meshes are adopted and given in Figure 20(B), where Mesh A and Mesh B are made of
regular and distorted quadrilateral elements with different nodes, respectively.
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F I G U R E 17 Convergence plot of cylindrical
structure

F I G U R E 18 Angle frame, geometry, and mesh
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F I G U R E 19 Load–displacement curves for angle
frame

The results of tip displacements utip along x-axis and wtip along z-axis are considered. For all element and mesh types,
Abaqus nonlinear solver is utilized with initial, minimum and maximum increment sizes 0.1, 10−5, and 1.0, respec-
tively. In this condition, elements S4, S4R, and S8R cannot provide convergence results even using regular Mesh A.
However, the polygonal element HSDF-PSH can completely finish the whole calculation, no matter which shape is
used. The convergence results are listed in Table 12, in which NINC represents the total number of increment steps,
NITER represents the total number of iteration steps and the total time is set to 1.0. Furthermore, Sze et al.70 used
S4R to calculate this problem as well, and their data are also given in Table 12 for comparison. The final deforma-
tion diagrams obtained by HSDF-PSH are given in Figure 21. And related load–displacement curves are plotted in
Figure 22. It can be seen that the new shell element HSDF-PSH shows the best convergence and precision in this
problem.
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F I G U R E 20 Cantilever beam subjected to end moment, geometry, mesh

5.2.3 Pullout of an open-ended cylindrical shell

As shown in Figure 23, an open-ended cylindrical shell is subjected to a pair of opposite concentrated forces in the
mid-span. Due to symmetry, only one-eighth of the shell is considered. In this problem, the structure deforms severely,
and elements with too many edges are not suitable because of element warping. Therefore, the new element HSDF-PSH
with triangular and quadrilateral shapes, HSDF-PSH3 and HSDF-PSH4 are utilized together with Abaqus element S3,
S4, S4R. Figure 23(B,C) are the 4× 6 and 8× 12 meshes for calculation. For HSDF-PSH4, 8× 12 distorted mesh given
Figure 23(D) is also used.
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T A B L E 12 Convergence
results of cantilever beam

Element Mesh NINC NITER Total time

HSDF-PSH4 12× 1, regular 10 71 1.000

12× 1, distorted 32 162 1.000

HSDF-PSH6 12× 1, regular 20 105 1.000

12× 1, distorted 29 172 1.000

S4 12× 1, regular 78 567 0.827

S4R 12× 1, regular 30 206 0.340

S8R 12× 1, regular 116 916 0.994

S4R(Sze)69 8× 1, regular 125 715 1.000

16× 1, regular 125 714 1.000

F I G U R E 21 Deformation diagram of cantilever
beam

F I G U R E 22 Load–displacement curve of
cantilever beam subjected to end moment
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F I G U R E 23 Pullout of an open-ended cylindrical shell, geometry, and mesh

Relative error

Element wA uB uC

4× 6 mesh

HSDF-PSH3 −4.21% −4.02% 8.99%

HSDF-PSH4 0.75% 0.29% 1.72%

S3 −9.41% −8.37% 15.48%

S4 −6.67% −5.13% 9.28%

S4R Aborted

8× 12 mesh

HSDF-PSH3 −2.17% −0.77% 1.61%

HSDF-PSH4 0.01% 0.15% 0.28%

HSDF-PSH4 (distorted) 1.02% 1.18% 0.74%

S3 −4.79% −2.55% 5.94%

S4 −2.80% −1.04% 1.16%

S4R −0.71% −0.28% −3.16%

Reference wA = 2.768, uB =−4.551, uC =−3.269

T A B L E 13 Relative errors of open-ended cylindrical
shell
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F I G U R E 24 Load–displacement curves of open-ended
cylindrical shell

Results of element S4R with 24× 36 regular mesh are taken as the reference solutions. The relative errors of the dis-
placements at node A, B, and C under the max load Pmax are listed in Table 13. It should be noted that the 4× 6 mesh is a
very coarse mesh for this problem, so that elements S3 and S4 present obvious errors, and S4R even aborts without final
results. However, the new element HSDF-PSH4 can still provide good results in this rigorous condition. Although the
precision of HSDF-PSH3 is not as good as HSDF-PSH4, it is still better than S3 and S4. This feature can also be seen in
Figure 24. When the refined 8× 12 mesh is used, both HSDF-PSH3 and HSDF-PSH4 exhibit good precision. Furthermore,
HSDF-PSH4 even keeps good precision in distorted mesh (d).

5.2.4 Hinged cylindrical shell under concentrated load

A cylindrical shell under concentrated load P is shown in Figure 25(A). A pair of opposite sides is hinged and
the other pair is free. Due to symmetry, a quarter of the shell is considered. For this example, References 71, 72
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F I G U R E 25 Hinged cylindrical shell under concentrated load, geometry, and mesh

proposed two cases with different thickness. Here, only the thin shell case is analyzed because it is a more chal-
lenging one with obvious postbucking behavior. The Risks method73 is employed for the postbucking geometrically
nonlinear analysis. The initial increment size is set to 0.05; the maximum arc length increment is 0.1; and the max-
imum valve of the load proportionality factor is 1. Regular quadrilateral mesh shown in Figure 25(B) is adopted for
HSDF-PSH4, S4 and S4R, while polygonal mesh given in Figure 25(C) is for HSDF-PSH. Take the results of S4 with
64× 64 regular quadrilateral mesh as reference solutions. The deflections at points A and B are calculated, denoted
by wA and wB. The corresponding load–displacement curves are plotted in Figure 26. For the quadrilateral mesh,
although the mesh is coarse, the result of HSDF-PSH4 are still agree well with the reference solution. For the polygonal
mesh, it can be seen that the polygonal element HSDF-PSH possessed high precision and can capture the postbucking
behavior.

6 CONCLUSIONS

In this article, an arbitrary polygonal HSDF flat shell finite element method for analyses of linear and geometrically
nonlinear shell structures is proposed. For linear formulations, two recent advanced FEMs with analytical trail func-
tions are employed to formulated the new element, in which the bending part of the element is constructed by the
HDF element method for Mindlin–Reissner plate,32-38 and the membrane part with drilling DOF is formulated by the
HSF element method.32,39-44 Through a best-fit analytical trial functions selection scheme for different number of ele-
ment edges, the final linear element formulations can be obtained. Then, the linear flat shell element is generalized to
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F I G U R E 26 Load–displacement curves of hinged
cylindrical shell

geometrically nonlinear applications by employing the CR method, in which a best-fit corotated frame for polygonal ele-
ments is defined to achieve the best accuracy. By updating the analytical trial functions in each increment step, the whole
element formulations are fit in the nonlinear procedure.

Numerical examples show that the proposed elements exhibit excellent performance and possess high precision no
matter in linear or geometrically nonlinear problems. It inherits the high-performance and shape-free features of HSDF
elements, and show flexibility for the cases with complex geometry. That is to say, even if very coarse or severely distorted
meshes are used, the new elements can still work well and stably. It should also be noted that it is the first successful
model for HSDF elements for geometrically nonlinear analyses.

The proposed polygonal plate elements possesses advantages from both analytical and discrete methods, and can be
easily integrated into the standard framework of finite element programs. An interesting further work is to develop new
shape-free polygonal shell element models to solve material nonlinear problems. These works will be reported in near
future.
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APPENDIX A. THE TRANSFORMATION RELATIONSHIPS BETWEEN ROTATION VECTOR 𝛉
AND MATRIX R

The transformation relationships between t +Δt𝛉a and t +ΔtRa,
t+Δt

𝛉da and
t+Δt

Rda , are needed in Section 4.1. The
relationships are expressed as follow.

Let 𝛉 represents t +Δt𝛉a or
t+Δt

𝛉da with 𝛉 = 𝜃n = {𝜃1, 𝜃2, 𝜃3}T, n = {n1, n2, n3}T, and R for t +ΔtRa or
t+Δt

Rda , then,

R = I + sin 𝜃

𝜃
𝚯 +

2sin2 1
2
𝜃

𝜃2 𝚯2 = I + sin 𝜃N + (1 − cos 𝜃)N2, (A1)

in which

𝚯 = spin(𝛉) =
⎡⎢⎢⎢⎣

0 −𝜃3 𝜃2

𝜃3 0 −𝜃1

−𝜃2 𝜃1 0

⎤⎥⎥⎥⎦ ,N = spin(n) =
⎡⎢⎢⎢⎣

0 −n3 n2

n3 0 −n1

−n2 n1 0

⎤⎥⎥⎥⎦ , (A2)

and I is unit tensor, obviously, R = I if 𝜃 = 0. And

cos 𝜃 = 1
2
(trace(R) − 1),N = R − RT

2 sin 𝜃
,n =

⎡⎢⎢⎢⎣
n1

n2

n3

⎤⎥⎥⎥⎦ = axial(N), (A3)

in which trace(R) denotes the trace of R, specially, when R = I, 𝛉 = n = 0.

APPENDIX B. THE EXPRESSIONS OF EQUATION CHAPTER 1 SECTION 1 Ha, La, Pu, AND S

For Node A with the node number a,

Ha = H(𝛉da) = I3 −
1
2

spin(𝛉da) + 𝜂spin(𝛉da)2, (B1)

with

𝜂 =
1 − 1

2
𝜃di cot

(
1
2
𝜃di

)
1
2
𝜃

2
di

= 1
12

+ 1
720

𝜃
2
di +

1
30240

𝜃
4
di +

1
1209600

𝜃
6
di + · · · . (B2)

Generally, 𝜂 is computed by equation in the first line, but if 𝜃da turns to be very small (𝜃da ≤ 3◦), the second line should
be adopted to avoid numerical unstable.

La = {𝜂[(𝛉
T
dama)I3 + 𝛉damT

a − 2ma𝛉
T
da]

+𝜇spin(𝛉da)2ma𝛉
T
da −

1
2

spin(ma)
}

H(𝛉da), (B3)

in which

𝜇 = 𝜃
2
da + 4 cos 𝜃da − 𝜃da sin 𝜃da − 4

4𝜃
4
da sin

(
1
2
𝜃da

)
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= 1
360

+ 1
7560

𝜃
2
da +

1
201600

𝜃
4
da +

1
5987520

𝜃
6
da + · · · . (B4)

Generally, 𝜇 is computed by equation in the first line, but if 𝜃da turns to be very small (𝜃da ≤ 3◦), the second line should
be adopted to avoid numerical unstable.

Pu =
⎡⎢⎢⎢⎣
Pu11 Pu12 Pu13

Pu21 Pu22 Pu23

Pu31 Pu32 Pu33

⎤⎥⎥⎥⎦ , (B5)

with Puij(i, j = 1, 2, 3) is a submatrix of Pu, and

Puij =

[
Uij 03

03 I3

]
, (B6)

Uij =
(
𝛿ij −

1
n

)
I3, (B7)

where 𝛿ijis the Kronecker delta, n is the edge number of the element.

S =
[
−S

T
1 I3 −S

T
2 I3 · · · · · · −S

T
n I3

]T
, (B8)

Sa = spin
(

t+Δtxa

)
=

⎡⎢⎢⎢⎣
0 −t+Δtza

t+Δtya
t+Δtza 0 −t+Δtxa

−t+Δtya
t+Δtxa 0

⎤⎥⎥⎥⎦ , (a = 1, 2, · · · ,n), (B9)

with xa =
[
xa ya za

]T denotes the local coordinate vector of node A.


